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PREFACE

As all manuscripts of this type must be, this volume of the SIAM series
Frontiers in Applied Mathematics was designed as much by compromise as
by anything else. Decisions were carefully made about such things as
notation, structure, content, style, purpose, and targeted audience, but,
almost always, tradeoffs were involved.

We first decided on our basic purpose, the underlying formal structure we
wanted, and what we expected of our audience. Our intent was a fairly
cohesive book that developed, organized, and surveyed selected fields in the
multigrid discipline. New material would be included, but only to fill gaps.
The book would be directed toward readers who were well versed in related
fields, especially the numerical solution of partial differential equations, but
who were otherwise unfamiliar with multigrid methods.

Our biggest problem was designing a common system of notation and
conventions. The system had to be simple, clean, versatile, unambiguous,
and general enough to meet our diverse needs. At the end of this Preface,
we summarize the design that emerged from our compromises.

It is crucial that the reader pay close attention to our notation. Most
significantly, in lieu of iteration subscripts, we use dynamic variables, much
as variables are used in computer languages. This puts the responsibility on
the reader to always have in mind the sense of these variables, especially
those that represent coarse grid quantities. It is a serious warning that
significant subtleties in our notation must not be overlooked. We point out
some of these subtleties in Chapter 1.

Since this volume is but one of several in the SIAM series Frontiers in
Applied Mathematics, we have conformed to certain common objectives of
the series including development of a basic theme and topic, incorporation
of a survey of tutorial character, treatment of new developments in the
field, and solicitation of individual contributions from experts in each area.
However, because of the flexibility that this series allows, our volume
departs a little from the others in character, primarily by tending toward a
more unified text. From a pedagogical perspective, we have written the first
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X PREFACE

chapter so that it may be used in the classroom as a basis for a module on
multigrid methods; other chapters may provide resources for further topics
of study.

After the section Notation and Convention and the introductory Chapter
1, Chapter 2 provides a practical development of multigrid for linear
equations including a survey of the various forms of multigrid processes in
use as well as the results of some numerical experiments. Chapter 3 surveys
existing approaches for multigrid solution of Euler equations. Chapter 4
presents a state-of-the-art description of algebraic multigrid (AMG) and its
applications. Chapter 5 develops a theoretical foundation for multigrid
methods applied to essentially selfadjoint linear problems. A program that
demonstrates the basic structure and simplicity of the multigrid algorithm is
included as Appendix 1.

Finally, Appendix 2 contains the latest version of the Multigrid Bibliog-
raphy, which is an attempt to provide references for almost all known
multigrid publications. We also include a KWIC reference guide for the
Multigrid Bibliography.

It is an understatement to say that many important topics are not treated
in this volume. Because space forced us to limit our discussion, we tried to
choose topics that have experienced recent and substantial progress, some
almost to the point of unification (e.g., the variational theory of Chapter 5).
This is evidenced by the fact that the problems we treated are pre-
dominantly of (nearly) elliptic type. We also excluded topics already
represented in a unified way in the literature (cf. [101], [244], and [249] in
the Multigrid Bibliography).

The authors wish to acknowledge their debt to Professor Hitoshe Ombe,
whose many suggestions and editorial comments improved this book.

Notation and Convention

Following is a brief summary of the special notation used in this book.
We will not attempt to explain our choices here, except to mention that we
have allowed for certain ambiguities in exchange for simplicity. Thus, this
notation must be considered always with the context in mind. Special
attention should be given the variables that are dynamic (e.g., «, u, ¢, €, x,
and r) or generic (e.g., & and c).

A few, seemingly unavoidable notational exceptions appear in Chapters 3
and 4. Specifically, for AMG it seemed more natural to number the levels
beginning with the finest grid. Also, it was convenient to use H to denote a
level coarser than level h. This usage should not cause confusion with spaces
or operators, since its context primarily involves operators such as I} and
I%. Other notational exceptions were used in Chapter 4 to provide
continuity with the AMG literature. In a similar way, we found it
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inappropriate to adopt all of our notation for Chapter 3 because of the
prevailing conventions for fluid flow applications. Thus, Chapter 3 does not
use script to denote continuous domain quantities or underlining to denote
system variables; it uses Greek symbols for functions and vectors as well as
constants, and capitals for certain functions and variables.

Each chapter will reference equations with numbers that indicate chapter
sections, but not the chapters themselves. Thus, (3.1) will refer to equation
1 in subsection 3 of whatever chapter uses it. This should not cause any
confusion, because no one chapter refers explicitly to equations in any other
chapter.

References to the Multigrid Bibliography in the book are indicated by
numbers in square brackets [ ]. Other references are compiled at the end of
their respective chapters and are indicated in square brackets using the first
two letters of the last name of the first author, with trailing numbers for
resolving ambiguities. Thus, for example, in Chapter 3, [86] refers to
Brandt’s first paper cited in the Multigrid Bibliography, while [La2] refers to
Lax’s second paper cited at the end of the chapter.

GUIDE TO NOTATION

Notation Explanation Comment
RY, C? Real, complex Euclid- d is omitted when
ean space in d understood.
dimensions.
x=(xpp Xpp 70y Xpa)) Independent variables Underbar signifies that
in R® or C*. each entry of the vector
is a function or variable.
We may replace x;, by
x, xiz by y, etc., so
x =(x, y, z) may be used,
for example.
Q (C)Pen region in R* or Its boundary is 8Q, its
. closure is Q. Q* may be
used in place of Q.
H(RQ) Space of functions with () is omitted when
domain Q. understood.
x' Dual space of .
a*(Q) Sobolev space of order 3 may be a generic
s on domain Q. Hilbert scale.
[, 3, Intermediate or inter- These scales are well

polated spaces.

defined when #' < #° is
a dense, continuous
embedding.
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GUIDE TO NOTATION (continued)

Notation

Explanation

Comment

A, F(+)

[#]

(“57‘)’ Ilee ]

(3

("r ”).«u Hee || ¢

by

Function in ¥ that is a
right-hand side of a
specific equation.

Function in  that is a
solution of a specific
equation.

Function in # that is a
dynamic approximation
1o .

Linear, general oper-
ator on #.

Space of continuous lin-
ear mappings from ¥
into itself.

%, inner product, norm
when specified; generic
inner product, norm
otherwise.

This denotes the cross
product space

HXHX XK
P —)
! times

Energy inner product,
norm when  is selfad-
joint and positive defi-
nite (sa.p.d.) or sym-
metric positive definite
(s.p-d.).

Generic mesh size (as-
sumes the mesh size is
constant when A is a
scalar, or constant in
each coordinate direc-

tion when 4 is a vector).

Level index (makes no
assumption about mesh
sizes).

Level k mesh size (as-
sumes the mesh size is
constant on level k&

h may represent a vector
ifd>1sothath =

(xyyp Pxyy) = (hss b)), for
example. In this case, we
may use & for emphasis.
(See the definition of x
above.)

k =1 is the coarsest,
k = q is the finest.

hy=zh,=---=h, k
replaces h, when under-
stood or when A, is not



PREFACE

xiii

GUIDE TO NOTATION (continued)

Notation

Explanation

Comment

Qh

HQ")

hoh h
X;is Xijs OF Xy

A" F'(0)

when A, is a scalar, or
constant in each coordi-
nate direction when A,
is a vector).

Discrete region (grid) in
R? or C? (Q" may or
may not include points
of 3Q).

Grid function space
(i.e., space of functions
with domain Q).

Number of points of Q"
when n is understood to
be a scalar; otherwise a
vector

T TT
where n, is the num-
ber of points of Q" in
the x;-coordinate di-
rection (assumes Q" is
logically rectangular).
In either case, n may or
may not count ‘“bound-
ary points” of Q".

Grid point number i, ij,
orijkin Q" ford =1, 2,
or 3, respectively.

Vector in H thatis a
right-hand side of a
specific equation.
Vector in H thatis a
solution of a specific
equation.

Vector in H thatis a
dynamic approximation
tou.

Linear (matrix), general
operator on H.

defined (e.g., the grid is
irregular). h, will be
dropped altogether when
understood.

h is never dropped here
except that i, may be
rePlaced by k. Note that
Q? refers to Q"2, for
example.

(") may be dropped
here when understood.

When n is a vector, we
may use n = (n,, n,, n,)
or n = (I, m, n), for ex-
ample. We may also use
n in this case for
emphasis.

x; may also refer to grid
point number i when

d > 1 assuming a pre-
defined ordering of all
grid points in Q". We
may use i in place of x7,
ij in place of x}, etc.

h is never dropped here
except that h, may be
replaced by k. Note that
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GUIDE TO NOTATION (continued)
Notation Explanation Comment
A? refers to A"z, for
example. (The square of
A" is denoted (A").)
ay; ijth entry of A. A=(a,).
ul, uf, or ujy Value (entry) of u at
the corresponding grid
point.
= (uxm, Uapp " a"ldl) Vector function in the Underbar signifies that
cross product space each entry of the vector
(7{’)" so each entry «, is a function or a vari-
isin . able. This is useful for
systems of partial
differential equations
(PDEs). We may use
e=(usu,, ;) OT g =
(«, #, @), for example.
ut = (“:m’ “:[21’ . “:m) Same as « with H Here, the entries of u"

Cu, vy el

(u, v}, llull

(R

<u» U)A) "u“A

replacing .

Inner product, norm on
H" approximating its &£,
counterpart on #.

Euclidean inner prod-
uct, norm on H when
specified; generic inner
product, norm
otherwise.

Denotes the norm
{(B™'AYu, u)y" where
A and B are s.p.d.
Energy inner product,

norm on H when A is
sa.p.d. or s.p.d.

are vectors. Allowing this
use means that every
vector could conceivably
use the underbar. How-
ever, we reserve the
underbar for vectors

that really correspond to
discrete systems. Thus,
we imagine that the uf
are discrete versions of
the distinct functions «,,.

Here, h cannot be
dropped. k may replace
h,, however.
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GUIDE TO NOTATION (continued)
Notation Explanation Comment
Ay, v) Bilinear or sesquilinear ~ Useful instead of energy
form on #. forms when & is not
sa.p.d. ors.p.d.
Ay, v) Same as &f(«, ») with H
replacing #.
¢ Analytic error in #. e=ew—u.
" Algebraic error in H. e=u—u
e Global error in H. el =ul — «(x)).
» Residual error in #. xr=Ae.
r Residual error in H. r = Ae.
AT Matrix transpose.
B* Matrix adjoint with B*=A"'B7A.
respect to the energy
inner product.
st Orthogonal comple- Similarly for #* in #.
ment of S in H with
inner product
understood.
R(A) Range of A. Similarly for ().
RQ(u) Rayleigh quotient for RQ(u) =
,B. (Au, u)/{Bu, u).
Similarly for Z2().
p(A) Spectral radius of A. Similarly for p(sf).
A(A) (Discrete) spectrum of Similarly for A(&f). For
A or, generically, one specific values we may
of its eigenvalues. use A7(A), A(s£), A" etc.
N(A), ker A Alternate repre-
sentations for the null
space or kernel of A.
3" Mapping from H to #.
J Mapping from ¥ to H.
57 Identity operator on #.
{ Identity operator on H.
G"(u*, f) General form of one

sweep of a general
algebraic smoother.
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GUIDE TO NOTATION (continued)

Notation

Explanation

Comment

u—wB (Au—f)

h
Uk)

Ah=Dh_Lh_Uh

A'=M"—- N

h
Iy,

L’

MGh(uh, fh)

FMG"(u", f*)

General form of one
sweep of a stationary
linear smoother with
preconditioner B™' and
relaxation parameter .

Denotes replacement;
for use with dynamic
variables.

Specific assignment of
the dynamic variable u.

Splitting of A into its
strictly lower triangular,
diagonal, and strictly
upper triangular parts.

General splitting.

Specific constant inde-
pendent of &, h,, or k.

Generic positive con-
stant independent of
h, h,, or k.

Prolongation operator
mapping H* to H",

Restriction operator
mapping H" to H*,
Basic two-grid multigrid
cycle when specified;
generic otherwise.

Nested iteration based
on MG(u, f).

Truncation error.,

Full approximation
scheme (FAS) transfer.

The linear part is [ —
wB™A.

u < G(u, f) denotes one
smoothing sweep.

May also use Uiy, Unewys
U(intys etc.

Any lowercase Greek
letter other than those
already reserved may be
used here.

¢ and only c is used as an
unspecified constant. The
statement o = O(h?) is
equivalent to |a| = ch®.
I.:H*>H'forl>kis
defined by I, =

Lo 07y I Abso,
I'=1

I, for I < k is defined
analogously.

MG, (4, f), MV (4, f),
and MW (u, f) are u-
cycle, V-cycle (u = 1),
and W-cycle (u = 2),
respectively.

FMG,(u, f), FMV(u, f),
and FMW (u, f) are de-
fined analogously.
FMG(f)=FMG(0, f).
= Ate",

T = A* Pt — PP AR
(the linear case).
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GUIDE TO NOTATION (continued)

Notation Explanation Comment

1-D, 2-D, 3-D Abbreviations for the
respective one-, two-,
and three-dimensions
(or dimensional).

ODE, PDE Abbreviations for the
respective ordinary and
partial differential
equations.

sa.p.d., s.p.d. Abbreviations for the
respective selfadjoint
and symmetric positive
definite.

Stencils:

:
|

| {8
® 2 8

a
a

| R
—_

a

E T ST Y

(a)
(b)
a
(©) al,
a
a a
@ J il
Used for 2-D operators (1-D is analogous). Stencils (a) and (b) are examples of
collection stencils. Stencil (a) is typically used for A* and, when coarsening is by
vertices, 3. Stencil (b) is typically used for I%, when coarsening is by cells. Both are
to be centered at a grid point of the operator range and represent contributions to
this point from neighboring points in the corresponding domain. Stencils (c¢) and (d)
are examples of distribution stencils. They are typically used for I, when coarsening
is by vertices and cells, respectively. Both are to be centered at a grid point of the
domain and represent contributions of this point to neighboring points in the
corresponding range.
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CHAPTER I

Introduction
W. BRIGGS AND S. McCORMICK

1.1. Purpose. This opening chapter is intended to serve several pur-
poses. The primary one is to stand alone as a basic introduction to some of
the essential principles of multigrid methods. Thus, the presentation has
been kept rather basic in an attempt to express the underlying simplicity of
the multigrid concept. The subtleties that inevitably arise in the implemen-
tation and analysis of these methods, especially for more complex applica-
tions, will not be treated in any significant way here but will be included in
later chapters. Nevertheless, the principles and insights developed in this
chapter should form an important basis for understanding multigrid
methods, even in much more sophisticated settings.

An underlying objective of this chapter is to provide educational material
that may be used, for example, as a module in a numerical analysis class.
For this reason, we have included a discussion of some fundamental
concepts of classical numerical analysis that are central to a full understand-
ing of multigrid principles. In particular, some readers may find the
extensive treatment of iterative methods to be unnecessary. However, if
these methods and their convergence properties are well understood, then
the motivation for multigrid methods seems very natural and becomes quite
straightforward.

This chapter is intended not only to stand alone as a primer on multigrid
methods, but also to lay the groundwork for the chapters that follow. For
the remainder of the book, we will assume that the reader is familiar with
the concepts developed in this opening chapter. Equally important, most of
the notational conventions for the book will be explained here.

We begin by treating a few basic model problems, namely, simple linear
second order elliptic boundary value problems in one and two dimensions.
This choice was made primarily because our readers are perhaps most
familiar with these equations and their discretizations, and because the
discrete systems of linear equations that they produce lend themselves to
simple analysis. This choice is also appropriate from a historical perspective
because the early development of multigrid methods focused on such

1



2 MULTIGRID METHODS

problems. However, the reader should not infer from this that multigrid
techniques are limited in any way to these problems. In fact, as later
chapters and cited references show, there is a very broad spectrum of
problems to which these techniques have already been successfully applied,
and this scope of applicability is expanding at a very rapid pace. Indeed, the
very basic principles of multigrid techniques, such as the use of various
discretization levels to resolve different components of error in the
approximation, may well apply to most areas of numerical computation. We
hope that this book will, in fact, help to inspire the reader to see new
avenues where these basic concepts may play an important role.

As with other relatively new areas of research, there are many controver-
sial issues in the multigrid field, many of which are fundamental. We cannot
avoid choosing sides on certain of these issues, but we have tried to
minimize this dilemma by staying with the “consensus” as much as possible.
However, for this and other reasons, the reader should try to maintain a
flexible, open-minded approach to this subject.

1.2. Model problems. A simple model that will serve to illustrate many
important concepts is the familiar one-dimensional (1-D) boundary value
problem
de=—-a"(x)=/ in Q={x:0<x<1},

«(0) = «(1) = 0.

(Functions defined on a continuum will be denoted by script letters;
solutions of specific equations will be denoted by bold letters; the solution
of (2.1) therefore uses both.) At times it may be useful to associate /or the
exact solution « with a general real-valued function space # = (). This
we equip with the usual £,(Q) inner product and norm

o) =[ o WA=
or the energy inner product and norm

(fpya={(Ha), Wla= L)%

The discretization of (2.1) can be accomplished in many different ways.
For simplicity, we choose the discrete domain Q" to be the set of uniformly
spaced grid points x¥=ih, 1=i=n" where h=1/(n"+1). (When no
ambiguity is possible, the superscript # will be dropped from the notation.)
Replacing the derivatives «"(x;) in (2.1) by a centered difference ap-
proximation, we have

Aalx) = —e(Xiv1) + 2“2(xi) e ) +1,
(2.2) h

=/(xi),

(2.1)
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where 7; is the discretization (or truncation) error associated with this
approximation. If we assume that the exact solution « admits a Taylor series
expansion about x;, then 7; may be written as

h* h?
=5 (W) + W) = 5 R,

where x; are numbers between x; and x;,, and x; is between x;_; and x,. .

Clearly, the differentiability of « depends upon that of /£ In this simple
case, «®(x) = —/"(x). Let H" = H"(Q") denote the space of grid functions
on Q. Then the inner product (-, -), on H" that approximates the Z£,(RQ)
inner product may be defined by (u, v),=hu'v for u, v in H". The
associated norm is then given by |[u||, = (u, u)}?. Let 7, and f, /(x) be
components of the n-vectors t and f, respectively. Finally, suppose § is a
bound on the relative size of the second derivatives of /, that is,

(h Z,l (/”’(i,-))2> 2B Uf I

(We assume § <o uniformly in 4, which is true if f is sufficiently smooth.
This may be recognized as a relationship between discrete Sobolev and %,
norms of £) Then it is possible to bound the truncation error by

et <E UL

This means that a second order approximation has been used in (2.2) or,
alternatively, that the discretization error is O(h?). (We define a quantity
g(h) to be O(k*) if lim sup,_.o (g(h)/h®) is finite.)

If the truncation error is dropped from (2.2), the result is a set of
difference equations that are satisfied by the discrete approximations w,,
l1<i=n,ie.,

—W+ 20 —u_,
h2

(2.3)

=f, l=i=n

If u; and f; are regarded as components of the n-vectors u and f, then we
may express (2.3) in matrix form as Au=f, where A is the n X n, symmetric
and positive definite (s.p.d.) tridiagonal matrix with diagonal entries 242
and super- and sub-diagonal entries —k~2 Notice that the boundary
conditions wmy=wu,,; =0 have been incorporated into this system of
equations.

When we compare equations (2.2) and (2.3), it is evident that the
discretization error T may be interpreted as the amount by which the exact
solution « fails to satisfy the discrete equations. Thus, the discretization
error is a measure of how well the discrete equations represent the
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continuous problem. However, this does not directly determine how well
the discrete solution u approximates the exact solution « at the grid points.
To do this, we first define the global error to be the n-vector e with
components

e =u;,— a(x,»).
Now subtracting (2.2) from (2.3), we are led to a relationship between the
global and the truncation errors given by

Ae=r1.
This gives a bound on e of the form

lell, = 1A~ i, < 2L L
where 8 was defined earlier.

To obtain a more quantitative estimate, note that the symmetry of A
implies that

R A7,

A== Sup hA™ ull, =p(A7Y),

where p(-) denotes spectral radius. It is easy to verify that the eigenfunc-
tions of o are wgy(x)=sin(knx), k=1,2,3,---, and the associated
eigenvalues are A, =k?w% Analogously, the matrix A has eigenvectors
whose components are given by

h — .
Wi, = wu(X:), 1=<i k=n,

while its eigenvalues range from A'=A, =x? to Al=4/h*>-a% (By
relations of the form = and =, we mean that their respective relations =
and < hold up to a relative error of O(k?).) Thus, the eigenvalues of A™!
range from A?=h%/4 to A?=1/n? so that ||A"!||, <1/x% A bound on the
global error is therefore given by

BlIf . A

(2.4) lella =50 5

where B = B. Thus, the global error e” is second order in 4, which means
that if 4 is halved, the error bound decreases roughly by a factor of four.
These and many of our later estimates are expressible in other norms. In
fact, we will later refer to the Euclidean inner product and norm on H”
given by
(wvy=uTv, |lull=(u, u)'™

We will also use the energy inner product and norm on H given by
(u: U>A= <u’ AU)! llull.a = <u; u)XZ-

Note that the energy quantities generalize to any s.p.d. matrix A.
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The general objective in applying an iterative method to a system of
linear equations is to compute a vector u” that approximates the exact
solution « at the grid points x| to within a prescribed accuracy £ > 0. More
precisely, choosing the norm|| - ||,,, for instance, and letting w" be the vector
with components w! = «(x¥), then we want

(2.5) lu" — w"||, <e.

Since the immediate numerical problem is to approximate u”, we will satisfy
(2.5) by way of the following:

(2.6) llu” —ut|l, + [lu* —w"|, <&

The first term in (2.6) is controlled by the number of iterations, becoming
smaller the more iterations we perform. The second term in (2.6) is
controlled by the size of & and decreases with # according to (2.4). In
general it seems best to roughly balance these errors: why go to extreme
measures to reduce the algebraic error, " =w" — u", when the global error
is comparatively large; or conversely, why have a poor approximation to a
very accurate discrete solution? Thus, we will attempt to satisfy (2.5) by way
of the conditions

(2.7a) " — ||, ==,
2
(2.7b) ||u"—w"||,,$§.

Although the error norm in (2.7a) is not generally computable, this
condition can lead to practical stopping criteria for the iterative solution of
(2.3). We will discuss this issue later. The immediate concern is (2.7b),
which dictates the choice of h. Specifically, using (2.4), we can replace
(2.7b) by the condition
61’
' < =

(2.70") h BT h,.
Thus, if we are given B (or, more realistically, a bound for 8), then the step
size h = h, is small enough to guarantee that the discretization is sufficiently
accurate to meet our objective.

Another model that will be considered in this chapter is the two-
dimensional (2-D) boundary value problem

—Ba=/(x,y) inQ={(x,y):0<zy<1},

(2.8)

Here, A« =w,, + «,, is the usual 2-D Laplacian and 3Q denotes the
boundary of Q.
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As in the 1-D case, (2.8) may be discretized on a uniform grid given by
Q" ={(x, y): x,=ih, yy=jh, 1=i=n, 1=j=n)}

where A, =1/(n, +1), h,=1/(n,+ 1), and n, and n, are integers. By h we
would generally mean the vector h = (h,, h,), but for simplicity we assume
n, =n, =n and instead use the liberal notation 4 = h, = h,. Now, replacing
the derivatives in (2.8) by centered difference approximations at each grid
point (x;, y;), we have

2.9) % [—ee(xi+ by y;) — elxi — b, )

where again we can show that 7; = O(h®). (These bounds now depend in a
complicated way on the existence and magnitude of various partial
derivatives of ) When we drop the truncation error 7, from (2.9), the result
is a set of difference equations for the discrete approximation u; t0 e(x;, y;),
1 =i, j =n. Assuming that the unknowns u; are ordered lexicographically by
rows (or columns), we then find that this system of discrete equations may
be represented by Au=f, where the n®*x n? matrix A has the following
block tridiagonal form:

T -1 0
11-1 T -1
2.10 == .
0 -1 T

Here, T is the n X n tridiagonal matrix with diagonal entries 4 and super-
and sub-diagonal entries —1, and [ is the appropriate identity matrix. The
equation of this system centered at the grid point (x;, y;) may be represented
using the 5-point stencil

-1

1

;1—2 —1 4 —l ui,'=ﬁ}‘,
-1

which displays the interconnections between the unknowns associated with
neighboring grid points. When we proceed as in the 1-D case, it is possible
to show that the global error and truncation error are related by Ae = t and
that the error vector satisfies a bound of the form ||e||, < kh*, where k is a
constant which depends only upon /and certain of its partial derivatives.
An important observation is that the matrix of (2.10) is sparse and, in
many practical applications, quite large. The sparseness, though highly
structured, can cause difficulties for elimination methods because of the
substantial fill-in that occurs. Therefore, conventional elimination methods
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can be quite inefficient and iterative methods should be considered. As will
be shown, traditional iterative (or relaxation) methods tend to become
ineffective as the problem size grows. Nevertheless, these basic iterative
methods provide the foundation of multigrid methods, so it is important to
discuss them and understand where their limitations lie.

1.3. Basic iterative schemes (relaxation). In the following treatment of
iterative methods, the notation will be simplified by the use of dynamic
variables to represent approximations that are successively updated, thereby
taking on various assignments during the solution procedure. The replace-
ment process of a particular iterative scheme will be indicated by a left
arrow («). Thus, if u is an approximation to u, the solution of (2.3), then
an update of u will be represented by

u<—G(u),

where G is some expression involving the old (current) assignment of u.
When it becomes absolutely necessary to distinguish between different
specific assignments, notation such as way, U(new), OT Uy Will be used.
When U,y is used, then u will be understood to mean uyq).

An important word of caution: the reader should be very careful to
understand precisely what each dynamic variable means, that is, what its
assignment is at each point in the discussion. We will try to emphasize this
at appropriate times.

Among the simplest iterative methods for solving matrix equations, such
as (2.3), are the relaxation schemes that change u one entry at a time to
meet certain criteria for each corresponding equation. Specifically, the ith
step of the Jacobi method involves changing u; so that the ith equation in
(2.3) is satisfied. Thus, one full sweep of Jacobi applied to (2.3) can be
expressed as follows:

2
Uiyt +hf
inew) 2 ’

3.1 u i=1,2,---,n

When we let D, —L, and —U denote the diagonal, strictly lower triangular,
and strictly upper triangular parts of A, respectively, then A=D - L - U,
and we may rewrite (3.1) in the following convenient matrix form:

u—D"YL+Uu+ DY

As we will show, the convergence of this scheme depends upon properties
of the iteration matrix R = D™'(L + U).

The closely related Gauss—Seidel method results from the Jacobi method
by using the updated approximations as soon as they are computed. In
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component form, this may be expressed as follows:
Uivs + Ui-1pew) + hzfi
i(new) 2 ’

(3.2) u

i=1,2 -+, n

If we again use the splitting A = D — L — U, then a Gauss—Seidel relaxation
sweep appears in matrix form as follows:

u—(D—-L)y""Uu+(D-L)f.

Now the iteration matrix R=(D — L) 'U determines the convergence
properties of the scheme.

The Jacobi and Gauss—Seidel methods are just two of many stationary
linear iteration schemes that can be written in the general form

(3.3) u<Ru+g,

where R is the iteration matrix. We will analyze the Jacobi method in some
detail but will first make several key observations on the general scheme
(3.3).

Convergence can occur in (3.3) only if the solution of the original
problem Au = f is unchanged by the iteration. We therefore assume that

3.4) u=Ru+g.

When we recall that e =u—u and subtract (3.3) from (3.4), then (3.3)
becomes

(3.5) ¢ —Re.

This means that the evolution of the error is determined only by the
iteration matrix and the initial error.

A simple but important theoretical and practical observation can now be
made concerning the homogeneous system Au=0. Specifically, note that
the right-hand side f enters into (3.5) only by way of the initial error e. Since
it is usual to assume that this error is arbitrary, the analysis of stationary
linear iterative methods on general linear equations can usually be restricted
to the homogeneous equations Au = 0 if we assume an arbitrary initial guess
u. Doing so provides the added advantage that the error is known: u=0
implies that e = —u, that is, the current approximation is also the actual
error. We will use this approach in the following convergence analysis. (It
can also be useful for numerical tests of performance, especially since it
usually avoids difficulties with machine accuracy.)

In practice, the error e is generally not computable. However, it is often
possible to determine useful information about the error by computing the
residual, r=f — Au, which is analogous to the discretization error in the
sense that r is the amount by which an iterate u fails to satisfy the original
discrete problem. Furthermore, the definitions of the residual r and the
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error e combine to give the following important relationship:
(3.6) Ae=r.

Another simple but very useful observation that arises from this relation-
ship is that solving Au=f with an initial guess u is equivalent to solving
Ae =r with the initial guess e = 0. The two problems are connected by the
relationship e = u — u. This observation is fundamental to multigrid analysis
and underlies the development that is given in the remainder of this
chapter.

At this point, it is instructive to analyze the convergence properties of
Jacobi relaxation. Recall that the error is governed by the relation

h2
emewy=D L+ U)e= (I ——2—A>e,
where the splitting A =D — L — U has been used. Using the symmetry of
R=1-(h*/2)A, we can bound the Euclidean norm of the new error in
terms of that for the old according to the following:

le@eml = IRl llell = p(R) le]|.

(In fact, for the case considered here, this inequality is also valid in the
norms || ‘||, and |[-|[4.) Thus, p(R) is a bound for the convergence factor
[lemewll/ll€ll and the error is therefore decreased by each relaxation sweep
provided p(R) < 1. Recall that A?(A) = x* and A%(A) = 4/h* — % Since R is
a polynomial in A, its spectrum, A(R), consists of the eigenvalues y; given
approximately by

m*h? n*h?

mh=1-=, py=1-27%h% -, p,=-1+ 5

We see that the inequality p(R) <1 is satisfied. Notice that the eigenvalues
associated with low frequency (or long wave) modes (i << n) are close to 1,
while the eigenvalues associated with the high frequency (or short wave)
modes (i =n) are close to —1. A spectral radius very near 1 is attained in
practice and does, in fact, result in poor convergence. More accurately, it
implies slow attenuation for those eigencomponents of the error associated
with eigenvalues near 1 in absolute value. Because these components are
invariant under R (since R is a polynomial in A), they quickly begin to
dominate the evolving error. This almost always guarantees slow asymptotic
convergence. (It is possible but highly unlikely that the initial, and hence
all subsequent, errors are orthogonal to the slowly damped components.)
This is the reason that practitioners observe good reduction of error in the
early iterations with Jacobi (and other relaxation) schemes, but much
poorer performance as relaxation proceeds.



10 MULTIGRID METHODS

It is useful to ask whether classical modifications to Jacobi relaxation can
improve convergence in any significant way. Consider, for example, the
procedure in which a Jacobi update u,,, is computed as an intermediate
step from the current approximation u and then used to form the new
iterate

Uew) <~ U + w(u(im) - u)’

where w is a prescribed scalar parameter. Notice that w = 1 corresponds to
a Jacobi update. The iteration matrix for this damped (or underrelaxed)
Jacobi process is just

The matrix R, can be analyzed in much the same way as the Jacobi
iteration matrix, R,. Its spectrum, A(R,), consists of the values

wh?r?
2 s

py=1- u,=1-2wh*a% -+, u,=1-2o.

If we now attempt to choose w to damp the high frequencies (for example,
w =13 so that u,=0), then we still have u, =1— O(h* and slow conver-
gence remains for the low frequency error components. On the other hand,
choosing @ to damp the low frequencies (for example, w =2/h*z” so that
¢, =0) actually leads to magnification of the high frequency components,
since then u, =1 - O(h~?).

A choice of w which approximately balances the extreme eigenvalues

(1 =p,) is

2
Bort = 3 ¥ H27212”
for which
4—h%n?
p(Rmom) E4 + thZ = 1 - O(hz)'

(Note that wg,=1. Thus, Jacobi’s method without damping already
approximately balances its effect on the extreme ends of the spectrum of A.)
Unfortunately, now both high and low frequency error components have
slow decay rates.

Having determined that Jacobi relaxation, even with damping, cannot
effectively reduce all components of the error, can we still use it to
advantage in reducing some subset of the components? Suppose the
spectrum of A is contained in the interval {a, c¢], which we partition as
[a, c] =[a, b) U[b, c]. Consider the interval [b, c] corresponding to the high
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frequency components and let the “optimal” w for this interval be denoted
wy.; that is, w,. balances the eigenvalues of R,,_ over [b, ¢]. This implies
that

h2 h2
l—wa2b=wbc?c 1
so that
N
T RAb +c)

With ¢ =4/h?, suppose we choose b =2/h? so that (b, c] captures the top
half of A(A). Then w,. =% and

h2

1
p(Rtubc/S[b,c]) == .1 - wbc—z_ b

3)

where R, /S5, is the iteration matrix R, restricted to S, ;= {spanw in
H: Aw = Aw, b = A =c}. Thus, the Jacobi method can be damped to give a
satisfactory convergence factor for the high frequency components of the
error. In fact, this factor depends directly on the condition number of
A/Si5, given by cond (A/S, ) =max {A/u: A, u in A(A)N[b,c]}=2.
Because this condition number is small and independent of k, so is the
convergence factor for damped Jacobi.

Figures 1.1(a)—(c) illustrate how the damped Jacobi method behaves on
certain error components. Specifically, the method was used with @ =% to
solve (2.3) with 4 =1/64, f =0, and various initial guesses (errors). Figure
1.1(a) shows that the oscillatory (high frequency) error is quickly attenuated
after 10 iterations, while the smooth (low frequency) error of Fig. 1.1(b) is
not. The error of Fig. 1.1(c) with mixed frequencies shows a good initial
reduction because the oscillatory components are eliminated. However,
further sweeps do little to eliminate the remaining smooth components.

The above argument suggests that a spectral (or Fourier mode) analysis
might be useful in understanding relaxation methods. Indeed, much of the
original analysis of the basic multigrid schemes (cf. [88], [538]") used
precisely this point of view. Although spectral analysis will not be pursued
in this chapter, this might be a good place to present some of the essential
ideas. Specifically, if we are working in 1-D on a grid Q”, then an arbitrary
grid function u € H” may be represented in terms of a discrete Fourier series
of the form

- i8,j
u = % cre’v.

! Numbers in square brackets refer to the Multigrid Bibliography included as Appendix 2.
Other references are compiled at the end of their respective chapters and are referred to by
letters.
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FIG. 1.1(a). The damped Jacobi method (w = 2/3) applied to equation (2.3) of the text with
h=1/64 and f =0. The initial guess (which is also the initial error) has a short wavelength of
A =1/8. In this case 10 iterations of the damped Jacobi method produce a significant decrease in

the solution.

F1G. 1.1(b). The same experiment as shown in Fig. 1.1(a) except that the initial solution has a
relative long wavelength of A =2/3. The upper figure shows the solution after one iteration. The
lower figure shows very little damping after 10 iterations.
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F16. 1.1(c). The damped Jacobi method applied to an inital guess consisting of a long wave
(A=1) and a short wave (A=1/8). After 10 iterations, the wave is significantly reduced in
amplitude, while the long wave persists.

Here, i =V—1. (The precise form of the boundary conditions does not
affect the following discussion.) Unlike the continuous case, however, only
roughly n modes are needed for this representation. The wave numbers (or
spatial frequencies) 6, have the form 2zk/(n +1) for —n/2<k=n/2 and
correspond to the Fourier modes with wavelengths A, =, 1,1, - - - | 4k, 2h.
This leads to the important observation that variations on a scale less than
2h cannot be resolved on Q". (In fact, these variations will undergo aliasing,
appearing spuriously on a scale that can be resolved by the grid, e.g., the
mode ¢**””, which has a wavelength of 3h/2 < 2k, will appear as the mode
e'Cr3mi = 243 with wavelength 3k >2h.) In this setting, we see that
S, c; (defined above) is the space of grid functions spanned by the modes
with wavelengths 4h <= A <2h. This is roughly half of the Fourier modes
present on Q"

In anticipation of later developments, we might ask what the Fourier
modes of Q" look like on the coarser grid Q*. Figure 1.2 shows Q" marked
by x’s and >s. The dashed line represents the 6,, mode on Q" with a
wavelength of 4h. Seen on grid Q* marked by x’s, however, this mode
(marked by open circles) has a wavelength of 2(24) which means that it is
the mode with the shortest possible wavelength on Q. Modes with a
wavelength of less than 4k on Q" cannot be represented on Q2. One of the
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FIG. 1.2. The coarse grid Q% is marked by x’s. The fine grid Q" is marked by x’s and ’s. A
wave with wavelength 4h (dashed line) on Q" appears as the mode with the shortest possible
wavelength on Q™ (open circles).

useful interpretations of this observation is that a grid function with
moderate smoothness on Q" appears as an oscillatory function on Q. It
then follows that a relaxation scheme such as weighted Jacobi, in eliminat-
ing the oscillatory modes on Q”, generally leaves modes that are still
oscillatory on Q. This suggests that a repeated application of relaxation on
successively coarse grids, if we can decide how to do this, should
progressively eliminate all of the modes in the error. These ideas will be
taken up again in a more systematic way in the next section.

The damped Jacobi method’s ability to selectively eliminate the high
frequency components of the error will be important in all that follows; we
will call it the smoothing property. This property is certainly not confined to
damped Jacobi. Many common relaxation methods, when applied to s.p.d.
systems, also possess it. The property appears to be a limitation of these
methods, but this limitation provides our first clue to how the method can
be salvaged. This is one of the entry points to multigrid methods. Before
pursuing this clue, however, we present two additional arguments that offer
alternative ways to approach and interpret multigrid methods.

One natural way to improve the performance of classical iterative
methods is to try to obtain a good initial guess at as little cost as possible. A
well-known strategy involves a coarser grid, say, Q*. Computation of u®*,
an approximation to u?”, is less expensive, not only because there are fewer
unknowns to update, but also because the convergence factor 1 — O(h?) is
improved. However, if the coarse grid does not satisfy the bound (2.7b"),
then the global error bound (2.7b) may not be satisfied, so we cannot expect
that u® by itself will be accurate enough. At the same time, though, u®*
may still be valuable as an initial approximation in a relaxation method for
finding u”.

In order to use u** as an initial guess for u”, we must first devise an
effective scheme for mapping coarse grid vectors in H*" into fine grid vectors
in H". The most natural way to do this is with an operation called
interpolation (or prolongation). We restrict ourselves to piecewise multi-
linear interpolation (although there are many alternatives) and define the
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W

FiG. 1.3. A coarse grid vector u*" (open circles) interpolated to a fine grid vector u" (open and
closed circles) by the operation u" = I, u® defined in the text.

operator I%,: H*— H", with u"=I4u®, in 1-D by the following (see
Fig. 1.3):

h 2h
Uy =u;,
Usiy = (u +u:+1)/2 0<i=n™
In 2-D this becomes
2h
u2¢ 2y u,, »

2h
T =(uy + ut 2,
Uy, 2%4+17 (u + uz,+1)/2
u2i+1,2[+1 (uu +ul+ll+ull+l+ul+1[+1)/4

(Notice that when these formulas refer to values of u at boundary points, we
assume that these values are zero on both 24 and 4.)
These operators may be represented in stencil form:

one dimension two dimensions

1 1 1

By P44
51
1 1 1
4 2 4

Stencils representing maps of H* into H” use reverse square brackets. The
stencil is defined on the fine grid and is meant to be centered at a point
corresponding to the coarse grid. Each entry indicates the contribution of
the coarse grid point to the three (or nine) corresponding fine grid points.
The central entry is the coefficient of u% (or u% ;) in the formula for u?*
(or ui’).

The idea now is that we can form an initial guess on grid 4 by determining
a rough approximation, u?, to u** and computing u* = I,u**. The issue, of
course, is how well this strategy works. If we examine the smooth function
of Fig. 1.4(a), it appears that, for such u”, this process could be very effective.
In fact, numerical experience shows that such an initial guess can eliminate
many of the early relaxation sweeps generally required by naive guesses
(e.g., zero or random vectors). Thus, the (residual) error usually starts off
much smaller than it would with the initial guess u”=0. However,
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FiG. 1.4(a). A smooth fine grid vector (dashed line through open and closed circles) may be
well approximated by a coarse grid interpolant (solid line through open circles).

oo o
. \ - .
‘ ~

FiG. 1.4(b). However, an oscillatory fine grid vector (dashed line through open and closed
circles) may be poorly approximated by its coarse grid interpolant (solid line through open
circles).

asymptotic convergence rates are generally independent of the initial guess,
so slow rates will quickly begin to appear. Thus this strategy does have some
limitations, particularly when a high degree of accuracy is required, which is
just where efficient computation is really needed.

Notice, however, that this initial guess strategy would not be very useful if
u” were highly oscillatory as depicted in Fig. 1.4(b). This figure shows that,
while smooth errors can be well approximated by coarse grid interpolants,
oscillatory errors cannot. This means that the initial guess for oscillatory
errors might just as well be naive.

We will call this strategy of generating an informed initial guess nested
iteration, since it uses a nested sequence of grids Q*, Q" to compute better
approximations to u. At this point (and in later sections), it is important to
think recursively. Specifically, while it may be effective to use grid 24 to get
a good initial guess for grid 4, we may find that iteration on grid 24 is still so
slow that a good initial guess is desirable here as well. We are thus led to
using grid 4k just as we used grid 2h. This suggests the use of a nested
sequence of ¢ =1 grids Q", h, =277*h, 1 <k =<gq, where the approximation
u™ is easy to compute and where

uhk+| _ IZ:H uhk

is used to start the grid A, iteration.

The idea of nested iteration has some intuitive appeal, since it is natural
to think that a coarse grid solution should give an improved initial guess for
a fine grid problem. Yet the idea does have its limitations, as we have
observed. Once again, however, the drawbacks of nested iteration also hold
a clue to salvaging it, as we shall see in the next section.
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We have seen that nested iteration can be an effective method of
obtaining a good initial guess for relaxation when none is available. Our
third line of thinking arises when we ask what can be done if an initial guess
is already given. Recall an earlier observation that iterating on the original
equation (2.3), with an arbitrary initial guess, is equivalent to iterating on
the residual equation (3.6) with an initial guess of zero. Thus, in situations
where some initial guess is given, it is important to think about the residual
equation and the possibility of using relaxation to solve for the error starting
with a naive initial guess of zero. This approximation to the error can be
used to correct the current approximation to u”. But now, all of our
previous discussions of relaxation ideas pertain to the solution of the
residual equation. In particular, we are led to consider using nested
iteration as a means of obtaining an initial guess for the error. To do this,
however, we must first have a way of writing the coarse grid (say, Q%)
counterpart of the residual equation (3.6). This means that we need to find
a sensible representation of #* on Q*. (This question does not arise when
nested iteration is applied directly to the original problem (2.3), since f* is
presumably a sensible approximation to f*.)

Suppose that u” is given on Q" and let r* =f" — A"u*, which is easily
computed. In order to represent r* on Q% we need a way to map fine grid
vectors in H” to coarse grid vectors in H?*. This may be accomplished using
a restriction operator, 1¥: H"— H*. We will consider the two most
common ones, the first of which is injection. In 1-D, injection is defined by
u? =Iu", where ul"=uj. In 2-D, it is given by u2'=u%,. The
full-weighting restriction operator is defined in 1-D by

ui2h = %(ugi—l + 2“3:' + ugi+l)
and in 2-D by

2h _ L[, h n h n
uy' = 1g[U%i+1,2541 F Uzivr,2i-1 F Uzioy 2 + Uzioy 2y

n h n h h
+ 22 g1 t Uz o1t UG 2+ Uy ) + AUT; o)

The stencils for these operators are as follows:

One Dimension Two Dimensions

Injection: [0 1 0 [0 0 0
010 ,
[0 0 0

Full Weighting: R Bl
1 1 1
8 4 8
1l 1 1
16 8 16|
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Stencils representing maps of H” into H* use square brackets. The stencil
covers the fine grid and is meant to be centered at a corresponding coarse
grid point. Each entry indicates the contribution of the neighboring fine grid
points to the central coarse grid point. Thus, for injection, the value at the
coarse grid points is just the value at the corresponding fine grid point.
Full weighting uses a weighted average of the values at the corresponding
fine grid point and its nearest neighbors.

The idea is now fairly simple, though somewhat subtle. Suppose that an
initial guess, u”, is given. Then instead of applying nested iteration to (2.3)
in ignorance of u”, we apply it to (3.6) as follows:

Step 1: Form r* = f" — A*u".

Step 2: Set f* =I1"r".

Step 3: Compute an approximation, u*, to the solution of A*u? =
2h

Step 4: Set u” —u" + I5,u*".

A few comments are certainly in order. First of all, f* is now being used
as a dynamic variable. In the above scheme, it is used as a grid 2h
approximation to #, not f*. In a similar way, u? is a grid 2 approximation
to e”, not w”. (This is a very important subtlety of the notation.) Therefore,
I4,u?" is not an approximation to the solution u”, but rather to the error e”.
The correction to the solution thus takes the form u” < u” + I%,u*. Finally,
we should mention that this strategy could also be used recursively. An
initial guess for u** (an approximation to the error) could be obtained from
grid Q* by solving the grid 4k counterpart of the residual equation. This
grid 4h problem could also be started by way of grid 8k, and so on.

How good is this strategy? The assessment of nested iteration applied to
the original equation (2.3) can be applied equally well to the residual
equation (3.6). The resulting conclusion is that nested iteration applied to
the residual equation is effective for, at most, improving the early stages of
relaxation, and then only when the error is smooth. There is an encouraging
complementarity here: nested iteration will do well if the error is smooth,
but if the error is not smooth, then relaxation should be effective.

Before continuing, it may be helpful to summarize the major points of
this section. Taking damped Jacobi relaxation as a fairly representative
stationary linear iterative scheme, we find that an analysis of its convergence
properties leads to three observations:

(i) Relaxation. The damped Jacobi method has the smoothing property
that ensures rapid convergence during early stages of relaxation when high
frequency components of the error are quickly eliminated. Unfortunately,
this scheme is usually very slow to eliminate low frequency error
components.

(i1) Nested iteration. When a good initial approximation for relaxation
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on a grid Q" is unavailable, one may often be found by solving the
corresponding problem on a coarser grid Q. Recursive application of this
idea leads to the strategy of nested iteration, in which a sequence of nested
grids is used to obtain informed initial guesses. Unfortunately, this has no
effect on the asymptotic convergence rate of relaxation, so when high
accuracy is required, many relaxation sweeps must still be done. Moreover,
this can be effective only to the extent that the solution w* is smooth.

(iii) Residual equation. When an initial guess is available, it is advisable
to think in terms of the residual equation Ae=r using zero as an initial
guess. Thus, nested iteration may be used even here to obtain an improved
initial guess for e. This too has the limitation that it can improve only early
stages of relaxation, and then only when the error e is smooth.

1.4. Multigrid methods. We will now follow the clues in the previous
section to see how the limitations of relaxation and nested iteration can be
overcome. In fact, we will tie these ideas together to form one effective
process, namely, multigrid. From what we already know, this should seem
like a natural possibility. Since relaxation is successful in eliminating
oscillatory error components, but not smooth ones—and since, quite the
reverse, nested iteration on the residual equation can be effective on smooth
components but not oscillatory ones—there should be a way to combine
them to mutual advantage.

Toward this end, imagine that we are faced with solving the original
equation (2.3) from scratch with no good initial guess. In this instance, it
would seem worthwhile to try nested iteration to obtain a better initial
guess: the worst that could happen is that u”* would be so oscillatory that
the initial guess u” = I%,u® would be of little value. In the best case, u*
might be very smooth and nested iteration would provide an improved
initial guess. In either case, the error ¢” =u”" —u* after nested iteration
should be oscillatory, since the smooth part of u” is well approximated by
u” = I, u*". Thus, if relaxation is used just after nested iteration, it should
work very well.

Unfortunately, there is still the persistent problem of slow asymptotic
convergence of the relaxation. Suppose, for example, that the error
tolerance ¢ is very small so that a small mesh size 4 is needed to satisfy
(2.7b). Then relaxation on Q" will usually slow to its asymptotic rate well
before the convergence criterion (2.7a) is met. But such slow convergence is
a clear indication that the error e” is smooth. According to the third clue,
this is just the point at which nested iteration should be most effective.
However, now we should use nested iteration, not on (2.3), but on the
residual equation (3.6), to obtain an estimate for the error. This estimate of
the error can then be transferred to Q" to correct the current approximation
u”. We can then apply further relaxation sweeps to the corrected u”. When
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the error once again becomes smooth, nested iteration may be applied
again. In summary, we can use nested iteration on the residual equation
(3.6) to reduce smooth components of e” and relaxation on the original
equation (2.3) to reduce the oscillatory ones. The continued use of nested
iteration interspersed with relaxation on Q”* is the essence of multigrid.

The basic two-grid cycling scheme can now be described as follows. Let v,
and v, be integers that determine the number of Q* relaxation sweeps to be
done before and after nested iteration, respectively. Then one two-grid
cycle of multigrid beginning with an initial guess u” and right-hand side f* is
denoted by

uh e—MG"(u",f")
and defined by the following steps:

Step 1: (pre-relaxation): Perform v, relaxation sweeps (damped Jacobi,
for example) on A"w” = f* starting with initial guess u”.

Step 2: (coarse grid solution): Form r"=f"— Ahy* and f* =",
Czc;mpute an approximation, u?, to the solution of A*u® =

Step 3: (coarse grid correction): Let u* «—u” + I%u?.
Step 4: (post-relaxation): Perform v, relaxation sweeps on A"u” = f*
with initial guess u”.

The development of this basic multigrid scheme has been highly heuristic,
and it leaves many issues open. In the remaining sections and in other
chapters, both practical and theoretical aspects of multigrid methods will be
treated in a more rigorous way. We first finish this section by introducing
more practical multigrid algorithms that use several grids in the cycling
process. Again, we are asked to think recursively: The second step of the
above two-level scheme requires solving a linear system on the grid Q. If
an iterative scheme is applied to this problem, it should not be surprising
that the slow convergence that plagued the Q" problem will also occur on
Q% In order to overcome this, we are led to repeat the two-level scheme
on a yet coarser grid Q*. This suggests a recursive scheme in which
successively coarser grids are used, where the descent to coarser levels
continues until the convergence rate of relaxation is acceptable. (We could
also stop at some coarse level and solve the system directly or by some other
iterative process.) From the coarsest grid, the algorithm then would ascend
through finer grids, correcting the solution at each level. Perhaps the
simplest such multi-level scheme is called the V-cycle: Given h, f*, u”, v,,
and v, as before, let &, be the coarsest grid which is to be used. The V-cycle
scheme is then denoted by

uh —~ MV*(u", *)
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and is defined recursively by the following four steps:

Step 1: Relax v, times on A"u” = f* starting with initial guess u".

Step 2: If h="h,, go to Step 4. Otherwise, set " =f" — A", f? =
", u? <0, and u®* <MV, f4).

Step 3: Set u" —u" + Ihu*".

Step 4: Relax v, times on A"u” = f” starting with initial guess u".

Figure 1.5(a) illustrates the grid schedule of the V-cycle where h; = 8h.

Another multi-level scheme is the W-cycle. This can be useful for more
general applications because it expends more effort on coarser levels,
hopefully producing better coarse grid corrections. Denoted by

uh e—MW"(u",f"),

the W-cycle is a special case of the u-cycle scheme, which is defined as
follows. Let u be a positive integer. With &, f*, u”, v, v,, and h, as before,
the u-cycle is denoted by

u" —MG(u", f")

FiG. 1.5(a). Grid schedule for a V-cycle with four levels.

’ /
2h

4h
h,=8h
FI1G. 1.5(b). Grid schedule for a W-cycle with four levels.

h
2h
4h

h, = 8h

FIG. 1.5(c). Grid schedule for an FMV cycle on four levels with v,=1 applications of the
basic V-cycle.
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and defined recursively by the following four steps:

Step 1: Relax v, times on A*u” =f” starting with initial guess u".

Step 2: If h=h,, go to Step 4. Otherwise, set " =f" — A", =
I7r", and u® <0, and perform u®* «— MG?*(u*", f**) u times.

Step 3: Set u" —u" + I5,u".

Step 4: Relax v, times on A"u” = f* starting with initial guess u".

Figure 1.5(b) illustrates the grid schedule of the W-cycle which is defined
by MW = MG,. (Note that the V-cycle is also a special case of the p-cycle
because MV = MG;,.)

Nested iteration was used to develop the coarse grid correction process of
multigrid. In essence, we capitalized on the dual advantage that coarse grid
relaxation is both cheaper (because there are fewer points) and more
effective (because the asymptotic convergence factor 1 — O(h?) is smaller).
Thus, multigrid basic cycling schemes start with relaxations on the fine grid,
then proceed to coarser levels to reduce smooth error components. Yet, if
coarse grid computation has such advantages, it is perhaps better to start on
coarser levels and proceed to finer grids only when sufficiently good
approximations to the solution of the original equation have been achieved.
In effect, we are thus led to using nested iteration again, but this time on the
multigrid scheme itself. This yields the so-called full multigrid (FMG)
cycling scheme. With the same quantities as those used with MV and an
additional integer v, that dictates the number of basic cycles, the full
multigrid algorithm for the V-cycle is denoted by

uh —« FMV*(u", f*)
and defined recursively by the following two steps:

Step 1: If h="h,, then go to Step 2. Otherwise, set r* =f" — A"u*,
=0 u? <0, u? —FMV* W, f*), and u* < Bu®.
Step 2: Perform u” «— MV"*(u", f*) v, times.

Figure 1.5(c) illustrates the FMV cycle with vy = 1. Similar definitions can
be made for FMW and FMG,.

The basic aim of FMG is to guarantee a good initial guess for level A
before any processing is done there. Thus, FMG will often be used without
a starting guess or, more precisely, with u” =0. In this case, we write
FMG"(f") in place of FMG"(u", f"), for example. If we initially have
f* =f" for all h, then this algorithm simplifies so that u" < FMV*(f") now
becomes the following:

Step 1: If h=h,, go to Step 2. Otherwise, set u** «— FMV?(f?**) and
ul — I u®.
Step 2: Perform u” < MV"(u”, f*) v, times.
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For each of the cycling schemes just introduced, there are many issues
and alternatives including the number of different grids that should be used,
the number of cycles that should be made through those grids, and the
number of iterations that should be made on each level. These are some of
the more immediate issues that arise, but there are many more, some of
which will be considered in the remaining sections and chapters. The reader
is also directed to other references (cf. [101], [538]) for further study.

1.5. Performance (implementation, complexity, results). Most of the
discussion up to this point has dealt with the model problem in d=1
dimension. With little extra work, implementation and complexity can be
discussed in the general case d = 1. Therefore, in this section we consider
the solution of the model problems (2.2) (d =1) and (2.8) (d =2) and their
analogues in higher dimensions.

A simple but representative calculation concerns the storage costs of the
various multigrid methods presented in § 4. On each grid Q, it is necessary
to store u” and f”, each requiring about n* locations. If Q" is coarsened in
powers of two, as in our previous discussion, then the total storage
requirement is about

2n?

2nf(1 4279427 4. . )= :
n( V=17

This means that multigrid requires only a marginal increase in storage over
fine grid relaxation.

For programming multigrid methods in 1-D, it is easiest to store the
unknowns for the various grids sequentially in one long vector. In two or
more dimensions, there are several possible data structures. One common
practice is to store the unknowns for the various grids sequentially in a
single vector but to reference them as d-dimensional arrays in subroutines
by passing initial indices for the appropriate level. The sample program
given at the end of the book as Appendix 1 illustrates this approach.

We can make a similar calculation of the computational cost of the
various cycling schemes. If we assume that relaxation requires ¢ arithmetic
operations to update a single unknown, then one sweep of relaxation on Q"
costs about cn? operations. (Throughout this book, ¢ is taken to be a
generic constant and will be used for different purposes.) This cost is called
a work unit (WU). Experience indicates that intergrid transfers and other
noniterative operations typically add only 10-20% to the computational
load, so such costs will be neglected. The cost of performing one V-cycle,
MV", with v, = v, =1 is therefore about

2en?(1+2794+27% .. )=
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or 2/(1—27%) WUs. Similarly, the cost of one complete FMV cycle with
vo=1 is about

2cn

1-274 Ta-2%2

or 2/(1—279) WUs. This means that one FMV cycle costs roughly the
same as three or four fine grid relaxation sweeps.

Of course, the question is how well the MV and FMV cycling schemes
work. It is often said that multigrid processes converge at a rate independ-
ent of A. The reasoning is that the convergence factor for most relaxation
schemes is independent of A for the oscillatory modes. Through the use of
coarse grids, multigrid methods use relaxation essentially as a means of
attenuating the oscillatory modes. Therefore, the overall convergence factor
for a good multigrid scheme is usually close to the convergence factor of
relaxation restricted to the oscillatory modes. This is usually small and
bounded independent of h.

A more precise statement about multigrid convergence is difficult to
make. First of all, the analysis of any multigrid algorithm and application
can be quite complex, since it must account for many factors (e.g.,
relaxation and its ordering, prolongation, restriction, and operator
coefficients). Second, a priori analysis can provide valuable qualitative
insight, but is almost always deficient in giving quantitative results. Most of
all, different philosophical perspectives lead to substantially different
approaches to analysis. Three popular forms of analysis have emerged; we
will discuss each briefly.

Fourier Mode Analysis. The basic approach here is to make several
simplifying but presumably reasonable assumptions regarding each of the
various processes in a particular algorithm as well as features of the
underlying problem. This allows us to avoid such difficulties as non-
linearities, boundary effects, and mixing of the various modes, and to
concentrate on a narrow range of frequencies. For example, analysis of
MG" with damped Jacobi applied to the Poisson equation (2.2) might
assume that the coarse grid correction exactly eliminates smooth modes and
does not influence oscillatory modes. It is then enough to analyze the
worst-case convergence factor of damped Jacobi for modes that do not
appear on grid 2h. For 1-D, we may define the smoothing factors to be

cn?(1+274+427% +.. )

p= max u(6),
nxl’2=|8|=m
where u(6) is the convergence factor of the damped Jacobi method applied
to the mode with wave number 6. (The Jacobi method as applied to
uniformly discretized Poisson equations leaves Fourier modes invariant, so
the Fourier modes are also eigenvectors of the iteration matrix R and the
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u(0) are really the corresponding eigenvalues of R.) Our earlier analysis
showed that, for the damped Jacobi method, u =3. We may then suppose
that the convergence rate of MG" is essentially u*'**2 which, for small v,
and v,, is close to the rate of convergence observed in practice.

The major limitation to this approach is that, while it can be a very
effective predictor of performance, it is usually not rigorous. Mode analysis
may be made rigorous under certain circumstances and for small enough 4,
but the question is still unsettled for practical, general applications.

Rigorous Theory. As we shall see in the next and subsequent chapters,
there is now an abundant and rigorous theory of multigrid methods applied
to an increasingly broad class of problems. In fact, rigorous theoretical
results establish in a very general setting that these methods have
convergence factors bounded independent of 4. In some cases, the provided
estimates depend on various details of the method and application and can
become quantitative only when these details are specified. Thus, although
theoretical work has led to many practical algorithms and principles, it is
not yet very useful for predicting convergence factors.

Numerical Tests. The proof is in the pudding, so careful numerical
experiments can be used to assess performance for particular algorithms and
applications. In fact, worst-case convergence factors of the basic cycling
schemes can usually be determined independently of the right-hand side.
This can be done by setting /= 0, starting with a random initial guess «” and
carrying out several cycles until the ratio of successive discrete errors
e” =u" has stabilized. (This approach generally does not apply to FMG
algorithms.) There are general limitations on such tests; the obvious one is
that they give only a posteriori results. Nevertheless, multigrid methods are
now surviving the test of time in many numerical environments, so this form
of analysis is essential.

Rather than pursuing these three lines of analysis further, we will assume
that the basic multigrid cycle under consideration has a per-cycle conver-
gence factor bounded by y <1, which is independent of A. In particular, we
will assume that MV" with fixed choices for v, and v, has this property. The
real question, then, concerns the cost of achieving acceptable numerical
results by multigrid. More precisely, what is the order of complexity of a
multigrid scheme that achieves the computational objective expressed in
(2.5)?

To answer this question, we first need some assumptions on discretization
error. In analogy to (2.4), we suppose the discretization is O(h”) for some
positive integer p, which means that there exists a constant k <o
independent of 4 so that

(5.1) lle|lx = Kh?.

Now suppose the tolerance ¢ >0 is given and that 4 is chosen to meet the
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objective in (2.7b) (i.e., h=(&/2x)"?). Because, as we remember, e =
u — u, the criterion that our numerical approximation must meet is simply

(5:2) lle|l < xh?.

When we have satisfied (5.2), we will say that we have solved the grid h
problem to the level of truncation.

For the standard multigrid algorithm MV?, the error in the initial guess
u” «0 is typically O(1) in norm. This means that in order to satisfy (5.2),
we must reduce the error at least by a factor of O(#”). Since h =1/(n + 1),
we must perform v cycles where y*=O(n™"). Letting n, =n* denote the
number of grid points in Q”, we then find this requires O(logn,) cycles.
Since each MV"” cycle costs O(n,) arithmetic operations, then the total
computational complexity is O(n, log n,).

This is essentially the complexity of specialized direct Poisson solvers. Yet
multigrid can do much better. The key is to use a better initial guess,
something we have already achieved with FMG. Specifically, suppose we
have solved the grid 2/ problem to the level of truncation, i.e.,

e = u? |l = k(2hY.
Then by (5.1) and our choice of &, we will have

[ — W || 0 < 2Kk (2R)° < 2Ps,

where again we have used w to denote the vector with components
w; = «(x;). Thus, u* is an approximation to w** with error no larger than a
factor of 27 times the tolerance £. Under reasonable conditions, we can then
easily show that the approximation u” = I%,u*" satisfies

Nu' — whll, = 627,

where 8=2. (In fact, if we use a natural variational approach when A is
s.p.d., then 8 =1.) In other words, if we start by solving grid 2k to within
the level of truncation, then we need to further reduce the error by a factor
of only 82°. This requires v, basic cycles where y* = 827, that is, vo = O(1).
If FMV" (or some other appropriate FMG scheme) is implemented with this
vo, then we are assured that each grid, including the finest, is solved to
within the level of truncation. Thus, the real computational complexity of
FMV™" is just O(n?).

The convergence bound y = y(v,, v,) for the basic cycling process tends
to zero as v, + v, tends to infinity. Thus, we can achieve the relation
y™= 62" by increasing the number of relaxation sweeps (v, v,), the
number of cycles (v,), or both. However, for many practical problems and
for proper implementations, vo=1 and v, = v, =1 or 2 suffice. We are led
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to the conclusion that (full) multigrid can solve many problems to the level
of truncation at a cost equivalent to three to five relaxation sweeps.

Another practical issue concerns the scheduling procedure that deter-
mines the ordering of the grids during the multigrid cycles. The algorithms
that we have developed are based on one general scheduling technique
called the fixed scheme, where the schedule is predetermined, in this case by
the choices of vy, v, and v,. This now seems to be the most popular
method, partly because it is possible to determine its performance by one of
the analytical approaches mentioned above and to use this analysis to
“optimize” choices of the parameters. A second approach, the
accommodative scheme, is a selfadjusting strategy that monitors the
convergence of relaxation in order to determine where to use coarser or
finer levels. For example, if on grid 4 a criterion of the form ||r**||,, <
o |||, is met, this signals acceptable convergence and the scheme can
proceed to level h. If this criterion is not yet satisfied and one of the form
Nreeuyllze = (1 = 8) ||r* |2 is met, this signals slow convergence and the
scheme can proceed to level 4h. A danger with this scheme is that the
residual may be inappropriate for measuring the behavior of the evolving
error. (Compared to Euclidean and energy norms of the error, the residual
norm magnifies oscillatory effects at the expense of smooth ones.)

Both scheduling schemes require termination criteria. If the objective is
to converge to within truncation error, the advantage of the fixed scheme is
that a priori analysis may be able to predetermine the proper FMG scheme
that ensures such accuracy. However, both schemes have advantages over
most iterative methods in that the various grid levels can be used to estimate
the actual accuracy achieved in the finest grid. In any case, multigrid can
also use conventional stopping criteria. This includes tests of the form
IF*]l <& where, without information afforded by the various multigrid
levels, we would take € very small (say, on the order of machine accuracy).

We close this chapter with some numerical experiments illustrating the
performance of the methods that we have just discussed. Consider the 2-D
boundary value problem

—Ae=2[(1-6x*)y*(1~-y*) + (1 - 6y*)x*(1 - x?)),
(5.3) in Q=(0, 1)x (0, 1),
«=0 on 9%,

which has the exact solution « = x?y*(1 — x?)(1 — y?). This problem will be
treated by the V-cycle method and the full multigrid (FMV) method, both
of which use red-black Gauss—~Seidel relaxation. (This is a specially ordered
Gauss—Seidel method that labels a point ij as red if i +j is even and as black
otherwise. One red-black sweep now involves relaxing first on the red
points, then on the black. Note that the ordering within a red sweep—or
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TaBLE 1.1
Numerical results for V-cycle with red-black Gauss-
Seidel applied to the model problem (5.3) on n X n grids
with n = 15, 31 and 63.

Grid
n size i, Factor  error, €rror,,
17 17 .71(-3) - .60(-3) .49(-3)

17 17 31(-4) .04  41(-3) .19(-3)
17 17 21(-5) 07 41(=3) .20(=3)
17 17 17(-6) 08  41(-3) .20(-3)
17 17 20(-7) .12 .41(-3) .20(-3)
17 17 24(-7) 71 41(=3) .20(-3)

33 33 23(=3) - T4(=3) .34(-3)
3333 13(-4) 06 .15(=3) .48(—4)
33 33 .A1(-5) .08 .15(-3) .50(-4)
33 33 12(=6) .08 .15(=3) .49(-4)
33 33 23(-7) .18 .15(=3) .49(-4)
33 33 18(-7) .80  .15(=3) .49(-4)

65 65 .0(-4) - 11(=2) .30(-3)
65 65 .47(=5) .07 59(-4) .15(-4)
65 6 .49(—6) .10  .48(-4) .13(-4)
65 65 .70(=7) .14  4T(-4) .11(-4)
65 65 28(=7) 40  47(-4) .11(-4)
65 65 .26(-7) .93 4T7(-4) .11(-4)

Note. One relaxation sweep is performed on each
level. Results are given after each fine grid relaxation.
Factor is the ratio of ||rj}, on two successive cycles.

Error, = ||u* — w”||, and error, = |u* — w”||.., where
h

wh = co(xl).
within a black one—is irrelevant for five-point stencils, since changing a red
point variable here has no effect on any other red point equation.)

Table 1.1 summarizes the results of using the V'-cycle with one relaxation
sweep on each level. For each of the n X n grids (n =15, 31, and 63), the
norms of the residual and global errors are printed after each fine grid
relaxation. The discrete %, norm of the residual, ||7||,, and the factor by
which it decreases (i.e., the ratio of successive values) are given. Notice
that the norm decreases at an asymptotic rate of roughly 0.1 until the effects
of roundoff error (in the computation of the residual) enter. At this point,
the convergence degrades abruptly. On all three grids, this occurs after five
V-cycles. The discrete £, norm of the error « — u decreases with each
V-cycle and quickly reaches the level of the truncation error. The maximum
norm of this error also reaches the level of truncation error quickly, showing
the expected decrease by a factor of four as the grid size is halved.

The V-cycle solutions clearly show the values of the various norms when
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TABLE 1.2
Numerical results for FMV with red-black Gauss—
Seidel applied to the model problem (5.3) on a
63 % 63 grid.

Grid
size ||k errory!  |r13!  errory!

3 00  83(-2) 00  .83(-2)
5 27(-2) .35(-2) 33(-3) .33(-2)
9 17(-2) 17(-2) .36(-3) .12(-2)
17 .62(-3) .81(-3) .13(-3) .41(-3)
33 18(-3) .36(=3) .37(-4) .14(-3)
65 A4T(-4) .15(=3) .96(=5) .48(-4)

Note. Results are printed after each fine grid
relaxation. Scheme (1,1) uses one relaxation on
each level. Scheme (2, 1) uses two relaxation sweeps
before injection and one sweep before interpola-
tion. Error, is as defined in Table 1.1. Note that
r =0 on the coarsest level because it contains only
one interior point, making relaxation a direct solver.

the method converges to the discrete solution u. These results can be used
for comparison when we turn to FMV approximations. Table 1.2 shows the
results of applying two different FMV cycling schemes to the model problem
(5.3). Both schemes use red-black Gauss—Seidel relaxation. The scheme
denoted by (1, 1) performs one relaxation sweep on each level. As Table 1.2
indicates, after a single (1,1) FMV cycle, the norm of the error « —u has
not reached the level of the truncation error as determined by the V-cycle
results. The FMV errors are 2.0, 2.5, and 3.1 times the V-cycle errors on
the respective grids. Clearly, additional relaxation sweeps are needed in the
FMV cycle. Specifically, the scheme denoted by (2,1) performs two
relaxation sweeps before each residual injection and one sweep before each
interpolation. Table 1.2 shows the effect of the extra sweeps. The norms of
the error for a single (2, 1) FMV cycle are virtually identical to the norms of
the converged approximation obtained by the V-cycle.

A final rough comparison of the work involved in these calculations might
be useful. Let one work unit be the amount of work required to do one
relaxation sweep on the finest grid. Ignoring the work involved in intergrid
transfers, we find (see § 1.5) that one V-cycle costs roughly 8/3 work units.
It can also be shown that a (1,1) FMV cycle costs about 4/3 of a V-cycle
or 32/9 work units. Since the (2, 1) FMV cycle requires half again as many
sweeps as the (1, 1) FMV cycle, 16/3 work units are required to converge to
truncation error for the model problem. Table 1.1 indicates that two to four
V-cycles suffice to converge to within truncation error, which costs 16/3 to
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32/3 work units. This suggests that, while the two schemes may have
comparable costs for small problems, the V-cycle may become relatively
more expensive as the problem size grows. (Remember that FMV
complexity in terms of work units is essentially bounded independent of
h.) We emphasize, however, that the objective of a V-cycle should be
reduction of the algebraic error (which is usually intermediate to some
grander objective), not convergence to within truncation error, so strict
comparisons are not really appropriate here.

A listing of a FORTRAN program for the FMV scheme is given at the
end of the book as Appendix 1.
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CHAPTER 2

Linear Multigrid Methods

P. WESSELING

2.1. Introduction. This chapter is devoted to linear multigrid (MG)
methods, by which we mean MG methods especially designed for linear
partial differential equations. However, some examples of applications of
linear MG to nonlinear problems will be given. The practical aspects of the
present state of the art will also be discussed.

MG principles have a much wider scope than the class of problems
described here; see Brandt [102] for a bird’s-eye view.

The focus of this chapter is on finite difference and finite volume
discretization. For finite elements, see Chapter 5.

We restrict ourselves to two-dimensional (2-D) problems because this
simplifies our exposition. Most of the concepts and methods discussed here
carry over to 3-D. Also, not much work has been done yet on 3-D MG (see,
however, Behie and Forsyth [61], Caughey [123], Fuchs and Zhao [181],
Gary et al. [189], Kettler and Wesseling [330], Scott [511], Thole and
Trottenberg [552], van der Wees [Va2],! and van der Wees et al. [Va3)).

2.2. Equations and discretizations. Application of linear MG to two
types of equations will be considered, namely, the single second order
equation (note that Cartesian tensor notation is used with conventional
summation over repeated indices; Greek subscripts stand for dimension
indices [i], and the subscript ,a denotes the derivative with respect to x,,)

(2.1) - (c/aﬂa,a),ﬂ + (ﬁaw),a +ae =3,

and the system of first order equations or conservation laws
3

(2.2) % + —a-éi*) + —22(*) =4

where Y

(2.3) «, ::R" XR*>R?, /» ¢ RPE—>R”

Here R™ denotes the set of nonnegative reals.

! References using letters are compiled at the end of each chapter.

31
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The application of MG to general systems of second order equations is
not yet well developed, although some general considerations are given by
Hackbusch [244, Chap. 11]. Progress has been made for the special cases of
the Stokes and Navier—Stokes equations (Brandt [99], [101], Brandt and
Dinar [105], Fuchs and Zhao [181], Hackbusch [244, § 9.4], Johnson [316],
Maitre et al. [366], Mol [418], Pitkdranta and Saarinen [458], Verfiirth
[569], [570], Wesseling [594], and Wesseling and Sonneveld [595]). How-
ever, we will not review systems of second order equations here, but rather
will discuss applications of linear MG to nonlinear versions of (2.1) and
(2.2). For the application of nonlinear MG to (2.2), see Chapter 3.

It is convenient to use Cartesian tensor notation for (2.1) but not for
(2.2). For equation (2.1) ellipticity is assumed:

(24) daﬂ&a&ﬂ > YSaEa’ Y >0 fOI' all Ezy €R.

If, furthermore, ¢ =0, then linear MG can be made to work efficiently, as
will be seen.

Equation (2.2) is assumed to be hyperbolic. Important examples of (2.2)
in fluid dynamics are the Euler equations of inviscid gas dynamics and the
shallow water (or de Saint-Venant) equations; see Courant and Friedrichs
[Col]. We will focus on the Euler equations in this chapter, because implicit
schemes are more important to this application than to shallow water
equations, where MG has not been applied.

The region Q, in which (2.1) and (2.2) are to be solved, is assumed to be
the unit square covered by a uniform computational grid Q" with mesh size
h in both directions. These restrictions on € and Q" are not severe because,
for ease of programming in MG applications, the computational grid is
usually chosen to be topologically equivalent to a uniform rectangular mesh;
furthermore, a boundary-fitted coordinate transformation to a rectangular
uniform grid is usually employed. In fact, one of the strengths of MG as
compared with older methods is that the restrictions to be placed on the
coefficients in (2.1) and (2.2) are very weak, so that one has great freedom
in applying coordinate transformations. Another way to obtain a rectangu-
lar computational domain is to embed the physical domain in a rectangle by
“padding” the equations. (This will be discussed later.) The assumption of
equal mesh size in all directions is merely for ease of exposition.

Equation (2.1) may, for example, be discretized with finite differences as
follows. Define forward and backward divided differences in the x,-
direction on Q" by the following:

Ayu(x) = (e(x + e h) — w(x))/h,
Vate(x) = (e(x) — u(x — e h))/h,

with x = (x(y, x2;) and e, the unit vector in the x,-direction. Then a finite

2.5)
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FIG. 2.1. Finite difference stencils.

difference approximation of equation (2.1) is given by
(2.6) —3(VodopBp + Bodog V) + 3(Vy + Ay )bo ) + aee =5

The difference stencil corresponding to this finite difference discretization
is the 7-point stencil in Fig. 2.1. Throughout this chapter, the grid points
will be numbered in the usual way, which is as follows. We have
h=1/(n-1), n —1=27 for some positive integer ¢, in the finite difference
case. The grid points have coordinates (ih, jh), i,j=0,1,2,--+-,n—1, and
receive a corresponding number 1+ i+ jrn. The number of points in the
xy-direction is n.

To clarify whether one might expect to obtain effective MG methods for
solving (2.6), we define the following property.

DEfINITION 2.1. A matrix A is called a K-matrix if a; >0, a; <0, j#i,
a; = — Y, a;, with strict inequality for at least one i.

If A is an irreducible K-matrix, K is an M-matrix (Varga [Va6, Chap. 3]).
In the present case, A is irreducible because the computational grid is
sufficiently connected. If some a; >0, j#i, then A is not an M-matrix.
Generally, if A is an M-matrix, good smoothing methods can be found, and
the existence of incomplete factorizations is guaranteed (Meijerink and van
der Vorst [Mel] and Varga et al. [Va7]). If A is not an M-matrix, good
smoothing methods are generally harder to find.

Let us take, for example, ),[1) = 42) 2 = € = constant, j;,;2; = 2, = 0,
4o = b, = constant, « =0 in (2.6). Then, the matrix A corresponding to the
system of equations (2.6), with the grid point numbering introduced above,

has the following elements (after multiplication by #?):
2.7) Gii-n=—E=bph/2, a,;y=—e-byh/2, a,;=4,
Qiiv1= ——£+bmh/2, Aiiwn= _€+b[2]h/2,

with obvious modifications near the boundaries that are treated in the usual
way and will not be discussed. All other elements are zero. It is immediately
clear that we have a K-matrix if and only if

(2.8) Pe, =2, a=1,2,
where Pe, is the so-called mesh-Péclet number in the x,-direction given by

_h1b.|
-

Pe,
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(We assume strict inequality in Definition 2.1 for some i due to boundary
conditions.) In the case of variable coefficients, similar reasoning leads to a
similar condition on the local Péclet numbers.

In practical applications, notably in computational fluid dynamics, we
often have £<«1, Pe, >2. In order to handle this case with MG using
state-of-the-art methods, one must either increase ¢ artificially (the artificial
viscosity method), or replace the central discretization of (4,«), used
above by a one-sided discretization (upwind differencing). In both cases, the
discretization accuracy is lowered, and there is a practical need to increase it
again. For this purpose, defect correction has been proposed (cf. Bohmer et
al. [66] and Hemker [269]). We will not pursue this further.

Before describing upwind differencing, we first introduce the concept of
flux splitting. We write

(2.9) Culanimy=fi +f5,

with f*, f~ denoting the so-called split fluxes defined below. The term
(¢pye) 1 is discretized by

(2.10) Gn).=Vif T+ A f.

The advantage of flux splitting is that it ensures that the discretization
is conservative, which means that when summing over i we are left with only
boundary terms:

n n—1
(2.11) hé%ﬁ+h§Aﬁe@mh—%mw

First order upwind differencing is defined by (2.10) with
fi = 3n(x) + Ypy(x)De(x),
fi= l(4[1](3?) = by (x))ee(x),

The term ({z«) 1) is treated analogously. It is easy to see that now A is a
K-matrix for all € and 4,,.

Next, we turn to finite volume discretization of (2.1). The computational
region (the unit square) is covered by squares of size h X h, h =1/n, n =27,
where ¢q is a positive integer. These squares are called grid cells, or finite
volumes. Their centers are at ((i + 3)h, (j +3)h), i,j=0,1,2,---,n—1;
their ordering number is 1+ i +jn. The construction of a finite volume
discretization of (2.1) starts with integrating (2.1) over a grid cell and
applying Green’s formula, which gives

(213) f {—zl,,ﬂw_a +£ﬂ¢}nﬂ dS + fja“ dV =ff4 dV,
Si vy Vi

(2.12) x = (ih, jh).

where Vj, is the grid cell with center at ((i + )k, (j + 3)h), S; is its boundary,
and g is the x; component of the unit normal. We approximate equation
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(2.13) numerically by assuming all functions to be constant in V;. To explain
the evaluation of the boundary integral, we describe the treatment of the
west face of the cell. For simplicity, assume that 4,5 =0, a#p. We
approximate the contribution of the diffusion term as follows (temporarily
denoting &|;; 1) by &, suppressing subscripts):

(+1k

2.14) L (‘/“,[1]) |(ih,x[;|) dxpp = h(‘/“,[l]) l¢it, ¢+ 1729m)

=2dyd;_;, ;(u; — wioy )/ (dy +diy ).

The subscript ij refers to the cell with center at ((i + 2)4, (j + 3)h), and the
u; are the discrete approximations to «(x). The above approximation to
de [y takes into account the possibility that d,; and d;_, ; differ significantly.
The contribution of the convection term is approximated by

(j+ 1)
(2.15) - L () I(ih,xm) dxp = =h(f1;+ 1)
7

where again the concept of flux splitting is used. If the split fluxes are
defined by (2.12), we have upwind flux splitting, and a K-matrix is obtained.
The other faces of the cell are treated analogously. The volume integrals in
(2.13) are simply approximated by A%a,u, and h’s;.

Let us take the example leading to equation (2.7). It is easily seen that
finite volume discretization again results in (2.7). What, then, is the
distinction between finite difference and finite volume discretization as we
have developed them? Apart from the application of MG, there is a
distinction in the treatment of the boundary conditions. With finite
differences we have grid points on the boundary, whereas with finite
volumes the unknown values of u; are assigned to cell centers located at
((i + 3)h, (j + 3)h); such points do not lie on the boundary but at a distance
h/2 from it. For example, assume that the side with x; =0 is a Dirichlet
boundary. In the finite difference case, the unknowns ug, j=

0,1,2,---,n—1 are simply replaced by known values. In the finite volume
case, virtual grid cells are introduced with centers at (—3h, (j+3)h),
j=0,1,2,.--,n—1. For the computation of the diffusive flux along the

west face of cell (0,j), a virtual value u_,; is computed by linear
extrapolation:

(2.16) u_l.l'=2uwl'_ull',

with u,; the prescribed boundary value. This value could also be used for
the computation of the convective flux, but then the discretization is no
longer conservative. Therefore, it is better to use the approximation

(2.17) fii= 30 x) + b (x)Du;,
where x = (0, (j + 1)h).
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Next, we turn to the discrete approximation of (2.2). Schemes of
Lax-Wendroff type (see Richtmyer and Morton [Ril]) have long been
popular and still are widely used. These schemes are explicit and, for
time-dependent problems, there is no need for MG: stability and accuracy
restrictions on the time step At are about equally severe. If the instationary
formulation is employed solely as a means to compute a steady state, then
we would like to be unrestricted in the choice of Ar and/or use artificial
means to get rid of the transient quickly. Ni [428] has proposed a method to
do this using multiple grids. This method has been further developed by
Johnson [316]. A Runge-Kutta—-type discretization combined with artificial
dissipation terms and MG has been developed by Jameson [300]. Straight-
forward nonlinear MG methods have been proposed by Jespersen [310] and
Hemker and Spekreijse [274], [275]. (The methods just mentioned are not
of linear MG type and are reviewed in Chapter 3, which treats the Euler
equations.) Linear MG methods for (2.2) have been proposed by Jespersen
[309] and Mulder [423]. These methods use discretizations of flux-splitting
type. Jespersen uses the flux splitting proposed by Steger and Warming
[St1], whereas Mulder uses the flux splitting proposed by van Leer [Va4].
For a survey of flux splitting, see Harten et al. [Hal] and van Leer [Va$5].
For (2.2), the fluxes / and ¢ are split by

(2.18) [=07YF  g=¢"+s

such that the Jacobians d/*/d« and dg*/d« have positive real eigenvalues
and d/"/d¢ and dg~/du have negative real eigenvalues. Then (2.2) is
discretized according to the following:

(2.19) R (u—a)/At+ Ayf +Vif" + Arg™ + V8% = b,

where f* =f*(«), g* = g*(«), and u (@) is the discrete approximation of «
at time ¢ (¢t — At). Here we have used an implicit (backward) Euler time
discretization. The aim is to rapidly find steady solutions without regard for
temporal accuracy. We have multiplied the equation by the cell volume A%
on a uniform grid this is irrelevant, but on a nonuniform grid it is useful.
Equation (2.19) is not solved directly but by way of its Newton-
linearization:

(2.20) (h*/Ad + K)y=r,

where y=u—1,

d .. = -
(2.21) K=h—[f"—f"+g"-§ +Tf L.
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and
(2.22) r=hs— A fT -V ft - A8 - V8.

Here, f*=f*(@), §* =g*(@), and T, is the forward shift operator in the
x-direction defined by

(2.23) (Teu)y = Ui 1),

and similarly for 7. The discretization (2.21), (2.22) is to be interpreted as
a finite volume discretization.

With Ar large, equation (2.20) begins to look like Newton’s method
applied directly to the steady state equation. Thus, it can be expected to
converge rapidly in the vicinity of a steady state solution, but may diverge
far from it when At is too large. Therefore, a safe procedure is to start with
At small and approximately follow the physical time evolution of the
solution, increasing At¢ as the steady state solution is approached. An
algorithmic implementation of this principle is given by Mulder and van
Leer [Mul].

The flux splitting (2.18) is analogous to upwind differencing in the scalar
case and increases the main diagonal, which is probably essential for the
success of the MG methods of Mulder and Jespersen.

2.3. Prolongation and restriction. The finest grid is Q" or, simply, Q7.
Coarser grids Q471, Q?72, .../ Q' are generated by successive doubling of
the mesh size. The set of grid functions on Q is denoted by H*, keeping in
mind the distinction between finite differences and finite volumes (grid
function values are defined at grid nodes and cell centers, respectively).
Prolongation and restriction are denoted respectively by

(3.1) If_H*'-SHY  [K"U.H—>H!

In the finite difference case, I5_, is defined by interpolation (see Fig. 2.2).
Points 1-4 belong both to the finer grid Q* and the coarser grid Q*~*; points
5-14 belong to Q* but not to Q*~'. Linear interpolation gives

(3.2) () =uy,  (T5 w)s=(u,+u)/2.

Of course, points 2—4 and 6-8 are treated analogously to points 1 and 5,
respectively. For point 9 there are two obvious possibilities, namely,

(3.3) (TE_iu)e = (uy + up + us + uy)/4
and
(3.4) (Li-1)o = (uz + uy)/2.

(Of course, using u, and u; in (3.4) is analogous.) We will call (3.3) 9-point
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F1G6. 2.2. Coarse and fine grid points.

and (3.4) 7-point prolongation because, if we define restriction by

(3.5) B = (kL)

we obtain a weighted average of 9 or 7 grid function values, respectively.
Seven-point prolongation leads to somewhat better efficiency if Galerkin
coarse grid approximation is used (see below), but has the disadvantage
that, for problems in which the solution possesses some symmetry, the
numerical approximation may not reproduce this symmetry exactly. Equa-

tion (3.5) leads to the restrictions corresponding to prolongations (3.2) and
(3.3) given by

(3.6) ™ u) = uy + (U + us + ug + Uyg) /2 + (g + Ugp + ug + uys)/4,
and to (3.2) and (3.4) given by
(3.7 (IF7 ")y =y + (Uyy +Ugg + Us + Ug + Uy + Uy) /2.

Other restrictions that occur in the literature are

(3.8) (If_lu)l =Uy
and
(3.9) (57 u), = Suy + (s + ug + uys + uyy)/8.

The restriction defined by equation (3.6) is called full weighting or 9-point
restriction; by equation (3.7), 7-point restriction; by (3.8), injection; and by
(3.9), half weighting. Scaling of restrictions is irrelevant for linear MG, but
for nonlinear MG it may be necessary for 1f~'u to approximate u, so that
the sum of the weights should be 1. For further considerations about
restrictions, see Hackbusch [244, §§3.5 and 3.8.5].

Prolongation by linear interpolation is inaccurate when e is not locally
linear between coarse grid points. This inaccuracy is severe when d,4 in (2.1)
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is discontinuous between coarse grid lines. The resulting jump in the slope
of the manifold x; = «(x,, x,) has to be approximately taken into account.
Ways to do this are described by Alcouffe et al. [5] and Kettler [328]. It
would lead too far to present the resulting prolongations here. For a review,
see Hackbusch [244, §10.3].

Finite volume discretization goes hand in hand with a type of prolonga-
tion and restriction not covered above. Grid function values represent
averages over a cell; these values are assigned more or less arbitrarily to the
cell centers. In this context, a ‘“‘natural” prolongation is piecewise constant
interpolation given by (cf. Fig. 2.2)

(3.10) (Illg—lu)i[ = Uyy.

The same value uy, is assigned to cells (i +1,/), (i, j+1), ((+1,j+1).
This definition of I%_, is also useful on nonuniform grids. If « would instead
be interpreted as an integral over a cell, so that the factor 4? in equation
(2.17) would be absorbed in the definition of u, then a spatially varying
weight factor would appear in (3.10) for nonuniform grids. This would
increase the computational cost.

We now turn to restriction in the finite volume case. Later it will become
clear that restriction is applied, not to v, but to the right-hand side r in
(2.20), which represents the source strength and the flux balance through
the sides of the cells. The motivation for the multiplication of equation (2.8)
with the cell volume A” is to make this interpretation possible. It follows
immediately that when cells coalesce to form a coarse cell, the new source
strength and flux balance are simply the sum of the original sources and
fluxes. This leads to the following restriction operator:

(3.11) (IEr)y = Bitrivijtrijeitricsjer

Without multiplication of (2.17) by the cell volume, spatially varying weight
factors would appear in (3.11), increasing the computational cost.

How should we choose prolongation and restriction in practice? Brandt
(88] gives the following result. We say that I5_, is of order m,, if polynomials
of degree m, — 1 are interpolated exactly, and that I; ' is of order m, if
(I¥"YH7 interpolates polynomials of degree m, — 1 exactly. If the order of the
differential equation is 2m, then we should have

(3.12) m, +m,>2m.

We therefore expect that (3.10) and (3.11) (m, = m, = 1) will work for (2.2)
but not for (2.1). This expectation will be confirmed by a numerical
experiment to be described in §6.

2.4. Coarse grid approximation. We consider here two kinds of coarse
grid approximations: coarse grid finite difference approximations (CFA) and
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coarse grid Galerkin approximations (CGA). In CFA, equation (2.1) is
discretized on QF, k <gq, by (2.6) (or a similar formula, maybe with
additional mesh-size—dependent artificial viscosity; cf. de Zeeuw and van
Asselt [607]). In CGA the coarse discrete approximation on Q7! is defined
by

(4.1) AFt=pAR s, k=q,q-1,---,2

Here A* is the matrix corresponding to the (linear) discrete approximation
on Q* The use of the term “Galerkin approximation” is explained at the
end of this section.

Considering first CGA for finite difference discretizations, we have
depicted three possible stencil types in Fig. 2.1. Note that the 7-point stencil
corresponds to equation (2.6). When we use 9-point prolongation and

restriction, CGA leads to 9-point stencils on Q% k=q—-1,q-2, -, 1,
with either a 9-, 7-, or 5-point stencil on Q4. With 7-point prolongation and
restriction, CGA leads to 7-point stencils on Q%, k=g —1,¢—-2,+--, 1,

with either a 7-point or a 5-point stencil on Q% With finite volume
prolongation and restriction (3.10), (3.11), we obtain a 5-point stencil on
QY k=q-1,q-2,---,1, if we have a S-point stencil on Q9.

An algorithm for computing A* according to (4.1) in the finite difference
case is given by Wesseling [592]. The computation of A*™* from A* with
(4.1) requires 64 (7-point A*) or 47 (5-point A*) floating point operations
(flops) per grid point of Q. Whether it costs more or less to compute the
coarse grid matrices with CGA than it does with CFA depends on the cost
of CFA, which is problem-dependent. An advantage of CGA is that
implementation of boundary conditions on coarse grids and homogenization
of rapidly varying coefficients are automatic. For comparative experiments
with CGA and CFA, see Wesseling [593].

In the finite volume case, computation of A* with equation (4.1) is
especially simple, thanks to the simple form of (3.10) and (3.11). The
relation between A*~! and A* can be derived as follows. Let cell (i, j) be the
cell whose center has coordinates (i — 3)h, (j — 3)A. Let the coarse cell (1, J)
be the union of the fine cells (i, j), (i+1,j), (i,j+1), (i+1,j+1), as in
Fig. 2.2. Rewrite equation (2.20) on grid Q* as

(4.2) ARvk =,
The coarse grid approximation on Q“~! becomes
(4.3) KA _ v = I

Let us temporarily denote the equation in cell (i, j) as

ko kyk ko k
(4.4) Vi1 BV Ve 0V 4 eV =

The multiplication with I5~" (defined by (3.11)) amounts to adding together
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the equations in the cells (i, j), (i+1,j), (f, j+1) and (i +1,j+1). This
gives
a’tl'(ivi,[—l + & Vie -t ﬁzkjvqu,,
k k k
+ (1 + Bl + YOV
k P kyok
+ (@i je1 t Yier;+ O)Vina
+65 Vo, + BV
z+1,;v1+2,; ﬁl,[+1vl—1.[+1
ko .k k k
+ (&5t vije1 + Bivrj+0)Vijaa
+ (i Ok YOV
(&ie1,j ij+1 Yi+1,,+1)vi+1.;+1

k k k k
+ 6i+1,[+1vi+2,,’+1 + € Vi 42

(4.5)

k k —
+ EirrjrVivrjr2 =0,

where we do not need the right-hand side. Substitution of v* = I%_ v~}

that v}, _, = v{;1,, vi=v}, etc., results in

, SO

k1 k—1 k—1gk—1 k—igk—1 4 Sk—lgk—1 k—igk—1 _ pk—1,k
4.6) a7 'vi L+ BTyl v A O Vin e Vi =L,

with
ajy '= a/f~;+ a/{‘(+1,p ,1(1_1=ﬁz+ﬁ:"(./+1,
Y}(J_l = a/:'(,j+1 + ﬁu,‘c+1,,‘ + Yxkj + a:l'(+1,j+1 + Y:'(+1,j
4.7) + 05+ ek v+ Bt e
+ 61,5,'4—1 + Yzl'(+1,j+1x
671_1 = 5?«-1./ + 5f+1,,'+1, ey = 3:"(.141 + E:'(+l,j+1'

This defines A*~". In the finite volume case, CGA is usually much cheaper
than CFA; according to (4.7) the flop count is 15 per coarse grid point.

Having discussed the choice of the coarse grid operators, we now describe
how a coarse grid correction is applied. (Here, in the interest of simplicity,
we use the so-called correction scheme as opposed to the so-called full
approximation scheme; cf. Brandt [88].) Suppose we have two grids Q and
Q*~1, The fine grid problem to be solved is denoted by

(4.8) Alwk = fx,

Let wfg) be the current iterand, and let wfl) be the result of applying a
coarse grid correction according to the basic two-grid cycling scheme of
Chapter 1 so that

(4.9 Wfl) = Wfo) + (AT - Akwl((ﬂ))’

where we assume for the sake of argument that the coarse grid problem is
solved exactly. If A*~" is chosen according to (4.1), then it follows that

(4.10) 171 = Afwhy)) = 0.



42 MULTIGRID METHODS

In other words,
(4.11) (f* = A*wh), U5 H2¥") =0 forall z¥'e H* !,

which justifies the appellation “Galerkin approximation” for (4.1).

2.5. Smoothing methods. As we have just seen, after exact coarse grid
correction we have, for the residue r =f — Aw, that

(5.1) réy € ker (1571,

as noted by Hemker [263] and McCormick [388]. Since I5~! is a weighted
average with positive weights, equation (5.1) implies that () has frequent
sign changes. In other words, r{, is nonsmooth. In a similar way we can
show that the error after coarse grid correction is nonsmooth; see the
publications just mentioned. The purpose of smoothing is to efficiently
reduce the nonsmooth part of the error.

With few exceptions, the smoothing methods that are used in MG are of
Gauss—Seidel (GS) or incomplete factorization (IF) type. Kaczmarz [Kal)
relaxation is equivalent to Gauss—Seidel on AA”,

GS comes in many variants, depending on the order in which the points
of the computational grid are visited and on whether they are updated singly
or in blocks. In forward point GS, the points are visited in the order given
after equation (2.6). In backward point GS, the order is reversed. In line
GS, we solve simultaneously for the unknowns on horizontal and vertical
lines; the order is forward (from left to right or from bottom to top) or
backward (the reverse). In symmetric GS, forward and backward sweeps
alternate.

These methods do not suitably vectorize on a vector computer, because
recursion is generally involved. We obtain vectorizable GS variants by
suitably ordering the points in patterns (groups of different “colors”) and
solving simultaneously for a group. For example, one may use red-black
(checkerboard) ordering for point GS or zebra ordering for line GS. For 7-
or 9-point difference stencils (cf. Fig. 2.1), more than two colors are
necessary for vectorization. Another vectorizable GS variant is obtained by
forward or backward diagonal ordering. Here the points are visited in the
order n,n—1,2n,n-2,2n—-1,3n, ---, etc., or in the reverse order. The
resulting GS process vectorizes for the 5- and 7-point stencils of Fig. 2.1, but
not for the 9-point stencil. Better smoothing properties may compensate for
the fact that with diagonal GS the average vector length is shorter than with
pattern GS. This depends on the problem at hand and the type of vector
computer that is used.

We consider here two kinds of IF methods: Incomplete LU-factorization
(ILU) and Incomplete Block (or line) LU-factorization (IBLU or ILLU).
These methods have been developed for a single elliptic equation (2.1), but
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generalization to systems like (2.2) has yet to be fully explored. For details
on IF methods and their application to MG, see Axelsson et al. [Ax1],
Hackbusch [244], Hemker [267], Hemker et al. [279], Kettler [328], Kettler
and Wesseling [330], Meijerink and van der Vorst [Mel], Sonneveld and
Wesseling [523], van der Wees [Va2], van der Wees et al. [Va3], Varga et
al. [Va7], Wesseling [592], [593], and Wesseling and Sonneveld [595]. IF
methods vectorize somewhat as they stand; full vectorization can be
achieved by introducing certain approximations. See Hemker et al. [278]
and van der Vorst [Val].

Smoothing methods may be improved by conjugate gradients, conjugate
residuals, or Chebyshev acceleration. This may be helpful in difficult
problems where the smoothing method does not perform very well. Bank
and Douglas [32] give some analysis of this type of smoothing method
improvement. Of course, the same techniques can be used to accelerate the
MG method as a whole; practical examples of this approach are given by
Kettler [328].

2.6. Smoothing analysis. For general understanding and development
of MG methods, the analysis of two-grid cycling schemes can be useful. The
general definition of a two-grid method is (cf. Chapter 1)

(6.1a) udim = Gi(uy, f°),
(6.1b) ué‘m) = ufm) + Iﬁ_l(Ak_l)‘ll'/i“r(‘m),
(6.1¢c) uty = G2(U(), 5.

This describes one iteration using the two grids Q* and Q*~!, with starting
iterand ug,. G and G4 represent smoothing on grid Q*; because G§ comes
before and G% after coarse grid correction, these processes are called pre-
and post-smoothing, respectively. When one of these smoothings is omitted,
we have a sawtooth cycle. The iterand after one cycle is uf;,. The residue r*
is defined by

(6.2) rk =k — Aku*,

Equation (6.1b) implies that we compute an exact solution on Q*77, i.e.,
a coarse grid correction that is carried out exactly. It may be assumed quite
generally that the smoothing processes G, consist of v, iterations with
iterative methods for the solution of A*u® = f* of the type

(6.3) uk —uk + BE(fF - A%y,  i=1,2.
Hence, we have
(6.4a) riun = (I - A*BY)"'r(y),

(64b) rfl) = (I - AkB’Z()VZricz/:;).
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B%, B and v,, v, may or may not be different. In the case of a sawtooth
cycle, v; or v, equals 0. Let the exact discrete solution be given by

(6.5) u* = (4%)7'f~
Then the error e = u* — u* satisfies
(6.6a) ety = (I — BYA¥)"ely),
(6.6b) e¢iy = (I — B5A*) ey,
From (6.1b) it follows that
(6.7) rem =Rty elny= E*elis,
with

R*=1-A"I{_ (A"
and

E*=1-TI;_,(A*) 'l Ax
Hence,
(6.8a) réy = (I — A*B5)*R*(I — A*BY)"'rfy),
(6.8b) edy = (I — BSAX)2E*(1 — B5A%)"efy.

If there are no boundaries, and if the coefficients defining A* and A*~! are
constant, then the spectral radii of the operators in (6.8), and hence the rate
of convergence of the two-grid method, may be determined by Fourier
analysis. We will not pursue two-grid Fourier analysis here; we refer the
reader instead to §§ 3 and S of Chapter 1 and § 2.8 of Chapter 5. For a full
exposition, including some applications, see Stiiben and Trottenberg [538).

If A*"!is given by CGA (4.1), the two-grid method has some interesting
properties (cf. Hemker [263], McCormick [388], and Sonneveld and
Wesseling [523]). According to (6.7),

(6.9) Iy =0,

As we noted in the beginning of § 2.5, a function satisfying (6.9) has many
sign changes and may be called nonsmooth. The functions satisfying (6.9)
constitute the subspace ker (IX~!), and its orthogonal complement may be
called smooth.

The orthogonal projection operator on ker (I57) is given by

(6.10) PE=1— () (s )T
From (6.4b) and (6.9) we deduce that
(6.11) rty = (I — A*B5y*Pirly,s,.

This leads us to the following definition.
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DeriNTION 6.1, The R-smoothing factor of the smoothing process (6.1c)
is
pr = |(I - A*B2)"Pi|.

We speak of the R-smoothing factor to emphasize that the kernel of the
restriction is involved.

We now take the dual viewpoint of considering the error instead of the
residue. Write

(612) efl/:&) = es + ens; es € R(I]I:—l); ens € (R(Iz—l))l

The subscripts s and ns refer to “smooth” and “nonsmooth,” respectively.
Again, assuming that A*™" is defined by CGA (4.1), we see by writing
e, = I%_,¢é for some ¢é that

(6 13) efz/:;) = Ekem-.

Hence, for efy3, to be small, it is necessary for smoothing to have made e,
small. This motivates the following definition.

DEerFInTION 6.2, The P-smoothing factor of the smoothing process (6.1a)
is
(6.14) p, = IP5(I — BIA*)"||.
Here P% is the orthogonal projection operator on (R(I%_,))*:
(6.15) Pi=1— I (i) o) ')

We speak of the P-smoothing factor because the prolongation is involved.
The quantity p, is defined and used by McCormick [388]. Note that P5 = P§
if (B_)T =11

The definition of pr and pp is generally valid, but pr and pp are not
always easy to compute because the inverse operators that occur are not
always easy to evaluate. A more easily computed smoothing factor,
originally introduced by Brandt [88], is based on Fourier analysis and is in
widespread use. However, it is valid only under ideal assumptions, such as
those of constant coefficients and periodic boundaries or infinite regions, so
its significance for more general problems is mainly heuristic. Fourier
smoothing analysis is explained and applied extensively elsewhere and will
not be discussed here. See, for example, Brandt [97], Kettler [328], and
Stiiben and Trottenberg [538]. The publication by Kettler contains an
extensive catalogue of Fourier smoothing analysis results. It has been found
that simple smoothing methods, such as point damped Jacobi or point
Gauss-Seidel, are not robust (do not work well for many problems of
practical interest), but that more complicated smoothing methods, such as
block Gauss—Seidel and incomplete factorization, are both robust and
efficient.
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We now take a closer look at coarse grid approximation. For i =1, 2 let

(6.16) r 5/3) = 1s@n) t Tosindy eﬁxs) = €53i3) T €ns(irz)

with 7533y, €53y Smooth and 7,3y, €53y nonsmooth:

(6-17) Ts(ir3) €s(in3) € (ker (I'/ﬁ_l))L; Y rsis3ys €ns(in3) € ker (I’,i"‘)-
From equations (4.1), (6.7), and (6.9), we see that we can write
(6.18a) Fsemy = 0,

(6.18b) Tus23) = Tnsqzy Rk’s(us)-

We see once more that coarse grid correction does a proper job of
annihilating the smooth part of the residual, but we also see a possibility
that the nonsmooth part is amplified. If this amplification is too great, the
MG method will not work properly. This can actually happen in practice.
To avoid this, prolongation and restriction must satisfy criterion (3.12). We
would digress too far by pursuing the matter here, but we will give a
practical illustration shortly.

An analogous treatment can be given from a dual viewpoint if we
consider the error. Since

(6.19) (ker (I™h)* = R(IEHT),
there exists a grid function 5 € H k=1 such that
(6.20) Cs@iz) = (I,Ii_l)Té(us)-

When we assume that (I§~")7 = I%_,, it follows from equations (4.1), (6.7),
and (6.20) that

(6.21a) €ns(23) = €ns(1/3)
(6.21b) ey = ~Lia (A ) T Ay

Again, we see that coarse grid correction does a proper job in the sense that
e,1/3 does not generate a contribution to ec3). However, there is a danger
that e, generates a new smooth error component €23 that is too
large. We can avoid this by adhering to rule (3.12) for choosing I%_, and
I%~1. The fact that €23 has a smooth part whereas 7,3 is wholly nonsmooth
can be explained by our noting that 7,3 = A*e(y3), and since A* corresponds
to a differential operator, A* has an “unsmoothing” effect.

The above considerations explain why a finite volume discretization of a
partial differential equation of order higher than 1 should not be treated
with a MG method using (3.10) and (3.11), although this restriction and
prolongation would seem natural for a finite volume formulation. The
prolongation (3.10) is not exact for polynomials of degree higher than 0.
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The foregoing considerations are illustrated by the following computa-
tions. We take equation (2.1) with oy = 21= & 21 =42.01=0,
bpy=c0s 0, 4z=sinB, =0, and the region Q being the unit square.
Discretization is of finite volume type with a 27 X 27 finest grid and a 2 X 2
coarsest grid. Prolongation and restriction are defined by (3.10) and (3.11);
coarse grid approximation is defined by (4.1). Smoothing consists of one
symmetric point Gauss—Seidel iteration. The MG schedule is the sawtooth
cycle (scheme MV of Chapter 1 with v, =0, v,=1). We take 6 =135°,
which was found to be the worst 6-value for the present smoothing method.

First, pg (Definition 6.1) is determined by using the fact that

(6.22) pr=p{(PY)"(I - A“B3)"(I - A“BY)P})},

with p denoting the spectral radius. We compute p by the power method.
This is facilitated by the fact that in the present case, as is easily verified,

(6.23) LT = 4,

so that the inverse operator occurring in (6.10) is readily available. Table
2.1 gives results for pz on an n X n grid. The power method converges
rapidly in all cases. pr is bounded independent of n, as a smoothing factor
should be for MG to be effective.

TABLE 2.1
R-smoothing factors.

€ n=4 n=8 n=16 n=32 n=64

10’ 021 023 023 023 024
1077 033 039 043 043 042

Next, the MG method is applied. Results are given in Table 2.2. The first
number of each triplet is the maximum reduction factor of the residue that
was observed, the second the average reduction factor, and the third the
number of iterations performed. For & = 107 we are solving something very
close to the Poisson equation. Clearly, MG does not work: the maximum
reduction factor tends to 1 as n—>o. The cause of failure is not the
smoothing process; according to Table 2.1, we have a good smoother.
Failure occurs because prolongation and restriction are not accurate enough

TABLE 2.2
Mudltigrid results.

£ n=4 n=8 n=16 n=32 n=064

107 0.019,0.014, 8 0.16,0.07,8 042,0.15,8 0.65,0.20,8  0.80,0.22, 8
1077 0.03,107%,4 0.10,107%, 6 0.14,0.02,8 0.20,0.14,8 0.29,0.19, 8
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for a second order equation (cf. the end of §2.3). The operator R* in
(6.18b) generates a nonsmooth residue component that is too large. We
observed that ||r ||/ l73)|l > 1; in fact, this ratio increases with n, with 4.7
being a typical value for n = 64. Increasing the number of smoothing steps
or using a W-cycle does not help very much.

For £ =1077 we are effectively solving a first order equation. According
to the discussion in § 2.3, prolongation and restriction should be accurate
enough, and indeed we see in Table 2.2 that MG is working well.

2.7. Remarks on software. Since such a large variety of MG algo-
rithms is possible, software development can be approached in various
ways, two of which will be examined here.

The first approach is to develop general building blocks and diagnostic
tools, which helps users to develop their own software for particular
applications without having to start from scratch. Users will therefore need
at least a basic knowledge of MG methodology. The software package
GRIDPACK (Brandt and Ophir [107]) contains such software tools.

The second approach is to develop autonemous (black box) subroutines,
for which the user has to specify only the problem on the finest grid. (A
subroutine may be called autonomous if it operates independently of the
user and does not require any additional input from the user beyond
problem specification.) The user does not need to know anything about MG
methods, and perceives the subroutine as if it were any other linear algebra
solution method. This approach is adopted in the AMG method (Chapter 4)
and by the MGD codes (MGD1 and MGDS: Hemker and de Zeeuw [277],
Hemker et al. [278], [279], Sonneveld and Wesseling [523], Sonneveld et al.
[Sol], and Wesseling [592]).

An MG code that can be used as an autonomous subroutine is PLTMG
(Bank [26] and Bank and Sherman (39], [40], [42]). This widely used
subroutine does not accept a given fine grid matrix but rather generates its
own with a finite element method. It has a far different scope from that of
linear systems solvers: it can generate finite element grids adaptively and is
directly applicable to nonlinear problems. However, it is not (meant to be)
an efficient linear systems solver and will not be further discussed here.

Of course, it is possible to steer a middle course between the two
approaches just outlined. This is done in BOXMG (Dendy [142], [144]) and
in the MGOO series of codes developed at GMD (Foerster and Witsch [166],
[167] and Stiiben et al. [540]).

By sacrificing generality for efficiency, we can obtain very fast MG
methods for special problems such as the Poisson or the Helmholtz
equation. In MGO0O we can do this by setting certain parameters. A very
fast MG Poisson code tuned for the CYBER-205 has been developed by
Barkai and Brandt [47]. This is probably the fastest 2-D Poisson solver in
existence today.
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If one wants to emulate a linear algebraic systems solver, with the fine
grid matrix and right-hand side supplied by the user, then the use of coarse
grid Galerkin approximation (CGA, equation (4.1)) is inevitable. CGA is
used in BOXMG and the MGD codes. Instead, the problem may be
specified by means of the coefficients in the differential equation. Then the
code may generate, by itself, finite difference approximations on all grids
(CFA). This approach is followed in MG00. For remarks on the relative
advantages and disadvantages of CFA and CGA, see §2.4 and the
references cited therein.

In an autonomous subroutine, the user is not allowed to adapt the
method to the problem at hand. Therefore, the method must be robust, i.e.,
it must work efficiently for a large class of problems.

For linear problems, robustness and efficiency can indeed be realized
simultaneously with simple MG algorithms in autonomous codes, as will
become clear below. This fact brings out the basic soundness and practical
utility of the MG approach. For second order elliptic equations with smooth
coefficients, prolongation defined by linear interpolation (equations (3.2)—
(3.4)), restriction defined as the transpose of prolongation, and CGA—the
coarse grid correction part of the method—are all found to be robust and
efficient in practice and are also theoretically well founded. Apart from the
theoretical foundation, the same is true when the coefficients are strongly
discontinuous (i.e., contain jumps in orders of magnitude) if matrix-
dependent prolongation is used. It is found in practice that even the
simplest MG schedule (the sawtooth cycle) suffices provided coarse grid
correction and smoothing are both effective. Both smoothing analysis (cf.
the catalogue of smoothing analysis results in Kettler [328]) and practical
experience (cf. the next section) indicate that the simplest smoothing
processes, such as Jacobi or point Gauss—Seidel, are not robust, although
they are efficient for certain problems, such as those that are close to the
Poisson equation. Therefore, block Gauss-Seidel or incomplete factoriza-
tion must be used.

Nonlinear problems may be solved with linear MG methods in various
ways. The problem may be linearized and solved iteratively, for example,
by a Newton method. This works well as long as the Jacobian of the
nonlinear discrete problem is nonsingular. But it may happen that the given
continuous problem has no Fréchet derivative. In that case the condition of
the Jacobian deteriorates as the computational grid is refined, and the
Newton method does not converge rapidly or even at all. Examples are
given in the next section. A systematic way of applying numerical software
to problems outside the class of problems to which the software is directly
applicable is the defect correction approach. Auzinger and Stetter [19] and
Bohmer et al. [66] point out how this ties in with MG methods. On the
other hand, codes such as GRIDPACK and PLTMG are directly applicable
to nonlinear problems.
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We end this section with some remarks on the software packages
mentioned above. All are for 2-D second order elliptic partial differential
equations.

MGO0 is for selfadjoint second order elliptic equations without mixed
derivatives on rectangular domains. Finite difference (5-point stencil)
approximations are generated on uniform grids. Especially efficient versions
are invoked for the Poisson and Helmholtz equations. The user interface is
of the ELLPACK type (Rice and Boisvert [464]). The user chooses from
various point and block Gauss—Seidel smoothing processes, restriction
operators, and MG cycling schedules.

BOXMG uses CGA and can handle strongly discontinuous coefficients
because matrix-dependent prolongation is used. It allows mixed derivatives
and nonselfadjoint equations. The user provides a finite difference ap-
proximation (9-point stencil) on the finest grid, which is uniform and
rectangular. More general grids can be handled with boundary-fitted
coordinate transformations and/or by adding artificial equations (‘“‘pad-
ding”). The user has a choice of point and block Gauss—Seidel and
Kaczmarz smoothing, and of various MG schedules. BOXMG works well in
the selfadjoint case for smooth and strongly discontinuous coefficients. But
for equation (8.2) the efficiency degrades badly as € | 0; see Dendy [144].
We believe this is due to the use of central differences on the finest grid, so
that the matrix is not a K-matrix (Definition 2.1).

MGD1 and MGDS5 can handle strongly discontinuous coefficients if
discontinuities occur only along parts of lines that belong to the finest grid
and to two or more coarser grids as well. They work for mixed derivatives
and nonselfadjoint equations, provided there is a K-matrix on the finest
grid. The user has to provide a finite difference approximation (7-point
stencil) on the finest grid, which is uniform and rectangular. More general
grids can be handled in the same way as for BOXMG. The user is not
allowed to interfere with the MG algorithm, and perceives these codes as
linear algebraic systems solvers; they are completely autonomous. For
smoothing, MGD1 and MGDS5 use one ILU and one IBLU iteration,
respectively. Prolongation and restriction are defined by (3.2), (3.4), and
(3.5). The MG schedule is the simplest possible, namely the sawtooth cycle.
As we remarked before, the efficiency and robustness attainable with such a
simple MG algorithm attest to the basic soundness of the MG approach.
These routines are portable and have been designed for auto-vectorization
on CRAY-1 and CYBER-205, without much sacrifice of their capacity on
scalar machines. More details, including CPU-time measurements on
CRAY-1 and CYBER-205, may be found in the publications mentioned
above. Users may obtain the MGD software by sending a magnetic tape to
the author of this chapter.
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2.8. Numerical experiments. The proofs that have been published (see
Chapter 5) concerning the h-independent rate of convergence of MG
usually assume that damped Jacobi iteration is used for smoothing. Also,
most proofs are restricted to selfadjoint problems. However, in practice,
damped Jacobi is rarely used, because other smoothing processes such as
those mentioned before are found to be more efficient, and because damped
Jacobi does not work for important practical problems not covered by the
theory. Typical examples of such problems are the following special cases of
(2.1):

@1 —(eal +ad)epyn — 2(e ~ Daocw aypzy — (607 + ),y =/
and
(82) —Eew qn + 2 (1] + e (2] =K

with @, = cos 8, «, =sin 6. Equation (8.1) is called the rotated anisotropic
diffusion equation, because it is obtained by a rotation of the coordinate
axes over an angle 6 of the anisotropic diffusion equation

(8.3) —€ee )~ @ 212 =/

Equation (8.2) is the convection diffusion equation. It is not selfadjoint.
Equation (8.1) models not only physical anisotropic diffusion, but also
highly stretched meshes. It also includes mixed derivatives, which arise
mostly because of the use of nonorthogonal boundary-fitted coordinate
mappings.

MG convergence theory is not uniform in the value of the coefficients in
the differential equation, and the theoretical rate of convergence is not
bounded away from 1 as € | 0. In the absence of theoretical justification, we
must resort to numerical experiments to validate a method, and equations
(8.1) and (8.2) constitute a discriminating test bed. The fact that the
coefficients in (8.1) and (8.2) are constant does not make these equations
easier to solve with MG. It may happen that the method does not work well
for certain values of £ and 6. This difficulty is more noticeable when ¢ and 6
have these values throughout the domain than when they occur only locally.

Of course, numerical experiments cannot guarantee good performance of
a method for problems that have not yet been attempted, but can be used
only to rule out methods that fail. However, we can build up confidence by
choosing test problems carefully, trying to make them representative for
large classes of problems, and keeping the field of application in mind.

The practical utility of MG was demonstrated at an early stage by the
numerical experiments of Brandt [88], Hackbusch [215], [224], Nicolaides
[434], and Wesseling and Sonneveld [595]. Here we will concentrate on
experiments with software that is now available.
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Constant coefficient test problems are representative of equations with
smooth coefficients. For equations with strongly discontinuous coefficients,
such as those that occur in petroleum reservoir engineering and in neutron
diffusion problems, other test problems are needed. Suitable ones have
been proposed by Kershaw [Kel] and Stone [St2]; a definition of these test
problems may also be found in Kettler [328].

The four test problems mentioned above and similar ones are rapidly
gaining acceptance among MG practitioners as the standard. Sonneveld
and Wesseling [523] give results for (8.1) and (8.2) with the MGD1, MGDS5,
MGHZ, and MGAZ codes. MGHZ and MGAZ differ from MGD1 and
MGDS5 (described in the preceding section) in one respect: smoothing is
done with one block Gauss—Seidel iteration, with horizontal lines in a zebra
pattern, and with combined horizontal/vertical lines in a zebra pattern,
respectively. Table 2.3 gives some results for these methods. In all cases,
€ =10"% and the computational grid has size 65 x 65. In Table 2.3, w is the
estimated number of operations per iteration and per grid point and / is the
number of iterations required for one decimal digit. The 6-values were
samples with an interval of 15° Table 2.3 presents the worst case for each
method. The block Gauss—Seidel methods would work better for equation
(8.2) if a successive ordering (both backward and forward) instead of a
zebra pattern were used. However, the only way to preserve vectorizability
would be to adopt the vectorizable point GS variant referred to in §2.5. For
further details, see Sonneveld and Wesseling [523].

For some comparative experiments with AMG, BOXMG, MG00, and
MGD1, see Ruge and Stiben [486]. In selfadjoint cases, MGOO is
significantly faster when the coefficients are constant. With variable
coefficients, the methods are about equally fast, with AMG needing a large
setup time, which is inherent in the nature of the method. (The statement in
the aforementioned publication that MGD1 is not applicable to equations in
divergence form is not correct.) AMG and BOXMG are most robust, since
they can handle discontinuous coefficients. For the convection-diffusion

TABLE 2.3
Numerical results for equations (8.1) and (8.2).

Equation (8.1) Equation (8.2)

w 0 { 7} {
MGD1 30 30° 4.9 165° 3.5
MGDS 54 135° 3.5 ANY 0.1
MGHZ 22 45° 4.9 MANY >10

MGAZ 40 45° 4.5 MANY >10
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equation, AMG and MGD1 are compared. Due to the smoothing pro-
perties of ILU (see Kettler [328]), MGD1 performance depends on ¢ and 6
(see Sonneveld and Wesseling [523]). But in all cases tested, MGD1 has
produced eight or more decimal digits within the setup time needed by
AMG, with one exception, where AMG overtakes MGD1 after four digits.
On the basis of Table 2.3, MGDS is expected to be much faster in all
convection-diffusion cases. Also, if we disregard setup time, MGD1 is
(much) faster than AMG in most examples. This is due to the greater
generality and complexity of AMG. However, AMG is the method of
choice for problems with very complex structure, where the matrix does not
have the regular 5-, 7-, or 9-diagonal structure assumed by MGO00,
MGD1/5, and BOXMG, respectively.

MG tests on equations with discontinuous coefficients are described by
Alcouffe et al. [S], Behie and Forsyth [60], Kettler [328], Ruge and Stiiben
[486], and Sonneveld and Wesseling [523]. MG works well for these
problems provided matrix-dependent prolongation and CGA are used.
Here we will give no further discussion of this type of problem.

In practice, linear MG (or other) solvers will often be used to iteratively
solve nonlinear problems. For purposes of illustration we mention two
examples.

Nowak and Wesseling [439] apply MGD4 (an extension of MGD1 to
9-point stencils) to the full potential equation for the compressible flow
around an airfoil with lift. The discrete approximation on a 128 X 41 grid is
linearized with Newton’s method, and the linear system is solved with
MGD4, which is found to converge rapidly in all cases. For subsonic flow, the
Newton method also converges rapidly and quadratically. For transonic flow
with a fairly strong shock, the Newton method converges slowly and
erratically because the Fréchet derivative of the global system is ill
conditioned. This trouble can probably be avoided in nonlinear MG
methods that use Newton-linearization only locally in a nonlinear smoothing
process. This implies that, for the given problem, the development of a
special MG method would be more effective than a standard (black box)
linear MG subroutine. Another remedy is to modify the global Newton
process. This approach is followed by Boerstoel and Kassies [Bol]. It turns
out that the underlying cause of the ill-conditioning of the global Fréchet
derivative is erratic change of the shock position, in mutual interference
with the circulation (lift). Therefore, Boerstoel and Kassies freeze the shock
position and circulation within their linear MG computation, and update the
shock position and circulation in a special way outside the MG part of the
algorithm. This results in very satisfactory convergence rates. It is to be
noted that they use a special purpose linear MG solver.

An example of the application of a linear MG solver to a nonlinear
hyperbolic system is given by Mulder [423]. The equation is given by (2.2),
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its discretization by (2.19), and the linearized version by (2.20). Prolonga-
tion and restriction are given by (3.10) and (3.11), and CGA is used.
Smoothing is done with forward/backward, horizontal/vertical line Gauss—
Seidel. The V-cycle is used, with two pre- and two post-smoothing
operations. The rate of convergence is almost independent of grid size, and
important reductions in computer time are realized as compared with the
corrresponding single grid method. Equation (2.19) is first order accurate.
A second order scheme is solved also by the same method with defect
correction. The rate of convergence then is weakly dependent on grid size,
but the acceleration compared with single grid iteration is still significant.
See also Jespersen [309] for a linear MG approach to the same type of
problem.

2.9. Final remarks. We have reviewed the state of the art of the
solution of discretized elliptic and hyperbolic partial differential equations
by means of linear MG. The material presented indicates that dependable
and very rapid methods are evolving.

The effort required for the programming of an MG method is appreci-
able. Preconditioned conjugate gradient (PCG) methods provide an alter-
native to MG for which the programming required may be less and simpler.
MG and PCG can be viewed as acceleration techniques, and have been
compared from this point of view by Sonneveld and Wesseling [523] and
Sonneveld et al. [Sol]. They have in common the iterative method (called
smoother in MG and preconditioner in PCG) that is to be accelerated.
Experience indicates that a good smoother is usually also a good precon-
ditioner and vice versa. Numerical experiments comparing MG and PCG
are reported by Behie and Forsyth [60], Dendy and Hyman [147],
Sonneveld and Wesseling [523], and Wesseling and Sonneveld [595].
Because the computational complexity of PCG is a (weakly) growing
function of the number of unknowns n (O(n>*) has been proven for the
Poisson equation; see Gustafsson [Gul]), for n large enough MG is faster
since its computational complexity is O(n). But the experiments in the
publications cited above indicate that for medium-sized problems, PCG and
MG are fairly comparable.
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CHAPTER 3

Multigrid Approaches to the
Euler Equations
P. W. HEMKER AND G. M. JOHNSON

3.1. Introduction. In this chapter we give a survey of the present state
of the art for multigrid solution of the Euler equations for inviscid
compressible flow. This is an example of a branch of multigrid research in
which a thorough mathematical basis is still missing. What does exist to
guide applications is an abundance of heuristic arguments and analogues
from areas with better theoretical foundations, yet there is a scarcity of solid
theory to account for the convergence speed and efficiency shown in
practice. Such theory as there is lags well behind both practical development
and the excellent results that have already been obtained with multigrid
Euler solvers applied to large scale problems.

We chose to restrict our discussion in this chapter to the Euler equations
because there are a few visible lines of development that can easily be treated
within the scope of this chapter. Much interesting work has also been
done in the general field of compressible and incompressible Navier-Stokes
equations (cf. the pioneering work by Brandt [92], [95], [99], [105]), but the
state of the art in this area is changing too rapidly to be suitable for
discussion here. We refer the reader instead to the literature for other fluid
flow applications. In particular, the KWIC index to the Multigrid Bibliog-
raphy included in Appendix 2 of this book lists a collection of papers on the
compressible and incompressible Navier equations, potential flow, and the
Stokes equations.

Because even the multigrid Euler-solver discipline is continually chang-
ing, in this chapter we adopt the perspective of an overview rather than one
of prescription and detailed guidance. We hope that this overview and the
cited references will prepare the reader for further studies in this advancing
field.

The efficient solution of flow problems was one of the early aims in the
applications of multigrid (MG) methods [86]. However, in recent years most
of the progress in the development of MG has been made in the field of
elliptic partial differential equations and other fields where a solid mathe-
matical theory exists (e.g., integral equations). For the inherently more
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complex equations that describe flow problems, the theoretical development
of MG did not proceed at the same pace. Early numerical work was done by
Brandt [99], [105] and South and Brandt [524], where, for example, the
Stokes equations and the incompressible and compressible Navier—Stokes
equations were considered.

On the other hand, triggered by practical interest from the engineering
sciences, several attempts have been made to apply MG ideas to improving
the efficiency of flow computations. If the flow is assumed to be irrotational,
then it can best be described by the potential equation, which—in the
interesting case of transonic flow—is of mixed hyperbolic and elliptic type.
By the use of MG, substantial improvements were made in the procedures
for solving these equations [70], [123], [297], [382], [439], [524]. When the
assumption of irrotational flow is dropped, an exact description of inviscid
flow is given by the Euler equations. When the physical effects of viscosity
and heat conduction are also included, these equations extend to the
Navier—Stokes equations. Models of turbulence can also be included in the
Navier—Stokes equations.

In this chapter we will treat several multiple grid approaches that are used
for the solution of the equations of compressible flow. We restrict ourselves
to problems in 2 space dimensions. Almost all techniques discussed here can
be applied in 3-D as well, but the burden of 3-D notation makes the
description unattractive. Also, in practice, most codes are written for 2-D
problems because the complexity of 3-D computations and the computa-
tional requirements for their implementation are at the limit of present-day
computer capabilities. The advent of more powerful computers will cer-
tainly change this situation in the near future.

Although practical problems that arise in the aircraft and turbomachinery
industries are often described by the compressible Navier—Stokes equations,
we shall consider mainly the Euler equations of inviscid flow. The reason for
this is the assumption that a good method for the solution of the Euler
equations may be extended to those situations where viscosity plays a
significant role.

In those cases where the solution of the Euler equations can be used as a
first approximation to the solution of the full Navier—Stokes equations, it
may be a convenient approach to compute (an approximation to) this Euler
flow first. This approximation can then be corrected for viscous effects.
Most simply, this is done by a defect correction approach [66], where the
solution of the Navier-Stokes equations is found by an iterative process in
which only Euler-type equations are (approximately) solved and the heat
conduction and viscous Navier—Stokes terms are taken care of by adding the
corresponding corrections as forcing terms. In practice, a simple method to
realize such an iterative process for.the solution of the Navier—Stokes
equation is to neglect the extra Navier-Stokes terms at particular stages of
the solution process.
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3.1.1. The equations. The 2-D Navier—Stokes equations, describing
the physical laws of conservation of mass, momentum and energy, can be
written in conservation form as

2] 2] 2]
. —q+—F(qQ+—G(q)=0,
(1.1a) 7913, ) 3 Y

where

(1.1b)  F(g)=f(g)—Re7'r(q), G(q)=g(q)—Re 's(q),

and
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Here p, u, v, e and p, respectively, represent density, velocity in x- and
y-direction, specific energy and pressure; H=e+p/p is the specific
enthalpy. The pressure is obtained from the equation of state, which for a
perfect gas reads

p=(y—Dp(e—3u*+v?);

y is the ratio of specific heats. q(t, x, y) describes the state of the gas as a
function of time and space and f and g are the convective fluxes in the x-
and y-direction, respectively. Re and Pr denote the Reynolds and Prandtl
numbers; thermal conductivity is given by k; ¢ = Vyp/p is the local speed of
sound; and

T = (A +2u)u, +Av,, 1, =pu(u,+v,), T,, = (A +2u)v, + Au,,

where A and u are viscosity coefficients. Stokes assumption of zero bulk
viscosity may reduce the number of coefficients by one: 34 +2u =0.

We denote the open domain of definition of (1.1) by Q*.

The Euler equations are obtained from (1.1a) by neglecting viscous and
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heat conduction effects:

(1.1c) F(@)=f@q), G(q)=g(q).

The time-dependent Euler equations form a hyperbolic system: written in
the quasi-linear form

3 dg 3
%9, of 99 58 99_

0,
ot 3q Ox Jq Jy
the matrix
3 98
(1.2) k,A +sz=kla—q+kza—§

has real eigenvalues for all directions (k;, k;). These eigenvalues are
(ksu + k,v) £ ¢ and (k,u + k,v) (a double eigenvalue). The sign of the
eigenvalues determines the direction in which the information about the
solution is carried along the line (k,, k;) as time develops (i.e., it
determines the direction of flow of characteristic information). It locates the
direction of the domain of dependence.

It is well known that, because of the nonlinearity, solutions of the Euler
equations may develop discontinuities, even if the initial flow (z =1¢,) is
smooth. To allow discontinuous solutions, (1.1) is rewritten in its integral
form

5
(1.3) —” qudy+f (f -n+g-m)ds=0 forall QcQY
ot g sQ

3Q is the boundary of Q and (n,, n,) is the outward normal vector at the
wall 3Q.

The form (1.3) of equation (1.1) shows clearly the character of the system
of conservation laws: the increase of g in Q can be caused only by the inflow
of q over 3Q. In symbolic form we write (1.3) as

(1.4) g+ N(g) =0.

The solution of the weak form (1.3) of (1.la,c) is known to be
nonunique, and a physically realistic solution (which is the limit of a flow
with vanishing viscosity) is known to satisfy the additional entropy condition
(cf. [Lal], [La2]). The entropy condition implies that characteristics do not
emerge at a discontinuity in the flow.

The steady state equations are obtained by the assumption 3q/3t=0.
Guided by the defect correction principle and knowing how the viscous
effects change the governing equations, for the Navier—Stokes equations
with large Reynolds number we can concentrate on the solution methods for
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the stationary Euler equations
(1.5) N(q)=0.

3.1.2. The discretizations. For the discretization of (1.1) or (1.3), two
different approaches can be taken. First, the time and space discretizations
can be made at once. This leads, for example, to discretization schemes of
Lax-Wendroff type. An initial state of the fluid ¢f,,, defined on a discrete
grid, is advanced over one time step. Using a second order approximation in
time yields

(1.6) Qnery = Qi + B1G"), + 3(A (")

With the equation (1.1a, c), we arrive at

ql(‘inﬂ) = ql(in) - At(fx + gy)ii + %(At)z{[A(fx + gy)]x + [B(fx + gy)]y} ’

U

where A and B are defined by (1.2). Using various difference approximations
of the bracketed terms in the right-hand side, we may obtain different
Lax—Wendroff type discretizations.

This type of discretization is usually made on a rectangular grid. If the
domain Q* is not rectangular, a 1-1-mapping (x, y)«<=—(&, n) between the
physical domain and a rectangular computational domain can be con-
structed. Then the differential equation and the boundary conditions are
reformulated on this computational domain.

A property of most of these Lax—Wendroff discretizations is that, when
by time stepping a stationary state is obtained such that g¢,,,=qf, the
discrete stationary state still depends on At. This is caused by the fact that
the discrete term with (Ar)? in (1.6) in general does not vanish.

A second approach is to distinguish clearly between the time and the
space discretization by the method of lines. First, a space discretization is
made for the partial differential equation (1.4) by which it is reduced to the
large system of ordinary differential equations

a7 S q =N,

Now, to find an approximation of the time-dependent solution of (1.4), any
method can be used for the integration of this system of ordinary differential
equations. The solution of the steady state can be computed by solving (1.7)
until the transients have died out. Alternatively, we can avoid the ordinary
differential equations (1.7) and solve the nonlinear system

(1.8) N*(q") =0

by other (more direct) means. In both cases (1.7) and (1.8), we find a steady
approximate solution q" independent of the choice of a time step.



62 MULTIGRID METHODS

For the construction of the semi-discrete system (1.7) or (1.8) on a
nonrectangular domain Q*, a mapping (x, y)«<—(&, ) can again be
introduced and finite difference approximations (of arbitrarily high order)
can be used to construct a space discretization of the transformed steady
equation

[ F(Q) — x,G(Q)]; + [-y:F(q) + x:G(q)], =0.

Another way to construct system (1.7) on a nonrectangular grid is by a finite
volume technique. Here, the starting point for the discretization is (1.3).
Without an a priori transformation, the domain * is divided into a set of
disjoint quadrilateral cells Q. The discrete representation q” of q is given
by the values q;, the (mean) values of q in the cell Q. Using different
approximations for the computation of fluxes between the cells Q;, we
obtain various finite volume discretizations. We can easily obtain a
conservative scheme by computing a unique approximation for each flux
over the boundary between two neighboring cells.

In order to define a proper sequence of discretizations as #—0 for a
nonrectangular grid, a formal relation between the vertices of cells Q;; and a
regular grid can be given, again by a mapping (x, y)«——(§, n). If this
mapping is smooth enough, it can be proved that, for refinements h—0
corresponding to regular refinements in (§, 1), space discretizations up to
second order can be obtained. An advantage of the finite volume technique
is that the untransformed equations can be used, even for a complex region.
Boundary condition information is also usually simpler for finite volume
methods.

With the finite volume technique, both central difference and upwind type
finite volume schemes are used. They differ by the computation of the flux
between neighboring cells €;;:

(1) For a central difference type, the flux over a cell wall I';z between
two cells with states g, and g is computed as 3f*(q,) +3f*(qz), Where
f*=k\f + k,g is the flux normal to I'; g. On a Cartesian grid this scheme
reduces to the usual central difference scheme. In order to stabilize this
scheme, and to prevent the uncoupling of odd and even cells in the grid, it is
necessary to supplement the scheme with some kind of artificial dissipation
(artificial viscosity).

(2) For upwind difference type discretizations, numerical flux functions
f*(qL, qr) are introduced to compute the flux over I'; . Several functions
f* are possible. They solve approximately the Riemann problem of gas
dynamics: they approximate the flux between two (initially) uniform states
q. and gg. Approximate Riemann solvers have been proposed by Steger
and Warming [St1], van Leer [Val], Roe [Rol], and Osher [Osl], [Os2]. A
description of these upwind schemes and their properties can be found in
the cited literature. For a consistent scheme, f*(q, 9) =f*(q), i.e., the
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numerical flux function with equal arguments conforms with the genuine
flux function in (1.1c). All these upwind flux functions are purely one-sided
if all characteristics point in the same direction, i.e., f*(q,, qz) =f*(q.) if
the flow of all information is from left to right.

3.1.3. The multiple grid methods. When a multiple grid technique is
used to solve the system of nonlinear (differential) equations (1.7) or (1.8),
we assume the existence of a nested set of grids. Usually this nesting is such
that a set of 2 X 2 cells in a fine mesh forms a single cell in the next coarser
one. (No staggered grids!) The coarser grids are used to effect the
acceleration of a basic iterative (time marching or relaxation) procedure on
the finest grid.

Slightly generalizing equations (1.7) and (1.8) to

(1.9 54 =N) -
and
(1.10) N (g =r",

where r* denotes a possible correction or forcing term, we can write the
basic iterative procedure as

(1.11) q" <J"(q", ™).

Generally, for a nonlinear equation this will be a nonlinear operation (e.g.,
a nonlinear Gauss—Seidel relaxation scheme).

The usual coarse grid acceleration algorithm is as follows: with an
approximation q(k) on the ﬁnest mesh, and some approximation q(o) on the
next coarser one (e.g., gy = I2'q(s)), first an approximate solution g, is
found for the coarse grid problem

(1.12) N*(q™) = N*(q38)) — ' (N"(ql) — "),

and then the value qfy, is updated by

(1.13) qf'k“) = qzlk) + I’zlh(Q%{l) - q%(’;))'

Notice that [?" is a restriction operator similar to 13*; the difference is that
I3 works on approx1mate solutions ¢” (the state of the flow), whereas I

works on residuals (rates of change of the flow). The difference is not only
formal: in the simplest case /3" takes the mean value of states in a set of
cells, but 2" performs a summation of rates of change over a set of cells.
The combination of (1.12) and (1.13) is a coarse grid correction (CGC).
The solution g** of (1.12) can be approximated, e.g., by an (accelerated)
iteration process on the 2h-grid again. As for linear problems, by the
recursive application of this idea we can form V-cycles or p-cycles.
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We will see in §3.2 that the coarser grids sometimes play a role in the
acceleration process that is different than the one we have just described
[316], [474].

The nonlinear multigrid cycle (also called the FAS-cycle)

q" —FAS"(q", )
for the solution of (1.10) now consists of the following steps:

Step 0: Start with an approximate solution g”.

Step 1: Improve q" by application of v, nonlinear (pre-) relaxation
iterations (1.11) to N*(¢")=r".

Step 2: If the present grid is the coarsest, go to Step 4. Otherwise
improve g” by application of a coarse grid correction, where the
approximation of (1.12) is effected by u FAS-cycles to this
coarser grid problem; that is, compute

" < N*(q) — IR(N"(g") - r"),
and perform u times
q** < FAS2(q*, ™).

Step 3: q* —q" + 159" — q35))-
Step 4: Improve ¢”" by application of v, nonlinear (post-) relaxation
iterations to N*(q") = r".

Again, the case with u =1 is called a V-cycle; u =2 yields a W-cycle. A
V-cycle with v, + v, =1 is called a sawtooth cycle.

3.2. Methods based on Lax—-Wendroff type time stepping. Ni [428] was
among the first to apply an MG acceleration to the (isenthalpic) Euler
equations. He uses the following time stepping procedure as a basic
iteration. Starting with an initial state gf,,, where the values ¢{") are given at
the grid points, he first computes the following quantities by means of a
control volume centered integration method with fluxes interpolated from
corner values:

1 At
Aqi+1/2,,‘+1/2 = _ix; [(Fi+1,i - Fz:) + (Fi+1.i+1 - Fi,i+1)]

@2.1) 1A

iA_y [(Gi,/+1 - Gi,[) + (Gi+1,j - Gi+1,j+1)];

F;=F(q}"), etc.
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These increments are then distributed over the mesh points using direction-
weighted means (cell increments are distributed over mesh point values):

1 At
Ag; = Z ,2 2 [1 -k EAi+k/2,[+l/2

=x1k=x1

(2.2) At
- IZ; Bi+k/2,j+l/2] Aq:'+k/2,j+1/2;

4y =a + g,

By way of the Jacobian matrices A and B, this distribution formula has an
upwinding effect, but for transonic or supersonic cases an artificial damping
is still necessary.

Symbolically, this time stepping process (2.1)-(2.2) is described as
follows:

(2.3a) compute Aql,,
with cell values Aq;,1p,j+12 = —Al (fag,-ﬂ,z,,ﬂa (f-n, +g-n,)ds)/(Ax - Ay);
(23b) q:ln+1) (_q?n) + Dh Aq’c'ell-

The operator D” is the distribution operator that transfers the cell centered
corrections to the grid points by means of (2.2).

The coarse grid acceleration as introduced in [428] by Ni deviates from
the canonical coarse grid scheme (1.12), (1.13). In [428] the coarse grid
correction is obtained by first computing corrections at coarser cells, AgZ,.
This can be done by restriction of Ag” to the 2h-grid. Then the corrections
AqZ, are distributed to the coarser meshpoints as in (2.2), and the coarse
grid correction is interpolated to the fine grid. Thus, here the coarse grid
correction reads

(2.4a) qugn I Agle,
(2.4b) Q1) <Gl + 15.D* AqZ,

where I%, is a (bi-) linear interpolation operator. Since the coarse grid
corrections are based on fine grid residuals, it is obvious that the possible
convergence to a steady state yields a solution of the system (1.8).

In the same way the correction procedure can be repeated on progres-
sively coarser grids. Therefore, in (2.4), 2k should be replaced by 2°h. We
notice that the corrections on the different levels may be made independ-
ently of each other. This makes it possible to compute all coarse grid
corrections, k =1, + - -, m, in parallel and to form the correction

m
K K
q?n+1) = q?n) + 2 ngth g que;ll
k=1

at once [541]. When optimal use of modern multi-processor computers is
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made, it is also possible to perform both computations (2.3a) and (2.4) in
parallel [320], [541]).

We see that it is still possible to form different variants of the Ni-type
multigrid Euler solver. First, any other Lax—-Wendroff type time-marching
procedure can be used for (2.3a). In [134], [314], [318] Johnson applies the
popular MacCormack scheme. Further, in (2.4a) various restrictions, /7",
can be used. Equation (2.4a) transfers the values of the fine grid corrections
to a single value for each control volume in the coarser grid. Injection of the
correction to the corresponding point of the coarse grid cell is often used
[316], but weighted averages are also an obvious choice.

Heuristically, the coarse grid corrections in (2.4) have an accelerating
effect because they may move disturbances of the steady state over the
distance of many mesh cells in one time step. Apparently, the Lax-
Wendroff schemes used in combination with this coarse grid correction must
be sufficiently dissipative to reduce the high frequency disturbances present
in the initial approximation or introduced by linear interpolation. One way
to do this is to make a careful choice of Ar. Until now, no complete
mathematical theory has been developed to explain or quantify the amount
of acceleration clearly found in the use of this approach.

As an alternative to (2.2), where Jacobians are used to form the
correction, Johnson [315] introduced a correction that is based on ex-
trapolation (in time) of the computed fluxes.

3.3, Methods based on semidiscretization and time stepping. When
only the solution of the steady state is to be computed, the time-accurate
integration of the system of ordinary differential equations is wasteful. The
convergence of (1.4) to steady state is slow. However, there may be several
reasons to prefer time stepping methods, such as the desire to have a
procedure that solves transient as well as steady state problems, coding
convenience, or the restrictions imposed by the optimal use of vector
computers. When no time accuracy is desired, many devices are known to
accelerate the integration process (cf. [305]). For the solution of the Euler
equations, these devices include: (i) local time stepping, which means that
the step size in the integration process may differ over different parts of the
domain Q*; (ii) enthalpy damping, where a priori knowledge about the
behavior of the enthalpy over Q* is used (e.g., H constant over Q*); (iii)
residual smoothing; and (iv) implicit residual averaging, which uses the fact
that instability effects appear first for high frequencies, so that larger time
steps are possible when the residual is smooth.

For all explicit integration methods, stability requirements set a limit on
the size of the possible time steps (CFL limits). Implicit integration
procedures can be unconditionally stable, but they require the solution of a
nonlinear system at each individual time step.
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An important code based on a time stepping method has been developed
by Jameson, Schmidt and Turkel [305]. They use an explicit time stepping
method of Runge—Kutta type. This multistage time stepping procedure is a
specially adapted Runge—Kutta method, where the hyperbolic (convective)
and the parabolic (dissipative) parts of N*(¢") are treated separately. The
Runge-Kutta coefficients in the k-stage Runge-Kutta schemes (k =3, 4)
are selected not only for their large stability bounds, but also with the aim
of improving the damping of the high frequency modes. In the & stages of
the Runge—Kutta process, the updating of the dissipative part is frozen at
the first stage. This saves a substantial part of the computational effort.

The multigrid scheme used by Jameson [300] is an FAS sawtooth cycle
with v, = 1. The restriction 12"(I%") is defined by volume-weighted averaging
of the states (summation of changes of states, respectively). The prolonga-
tion I3, is defined by bilinear interpolation. The basic smoothing procedure
is the “multistage time stepping scheme.” On the coarser grids the stability
bounds for the time step, which are O(h), allow larger time steps. On each
grid the time step is varied locally to yield a fixed Courant number, and the
same Courant number is used on all grids, so that progressively larger time
steps are used after each transfer to a coarser grid. As for Ni’s method, the
reasoning is that disturbances from the steady state will be more rapidly
expelled from the domain Q* by the larger time steps. The interpolation of
corrections back to the fine grid introduces high frequency errors, which
cannot be rapidly expelled. These errors should be locally damped. Hence,
to obtain a fast rate of convergence, the time stepping process should
rapidly damp the high frequency errors.

In [311] Jespersen announced an interesting theorem on the use of the
MG process in combination with a time stepping procedure. This theorem
asserts the following. Let I” (resp. I") be defined as a restriction operator
from the continuous state space (resp. space of rates of change) to its
discrete equivalent’ on Q", and let I, be a prolongation operator that
interpolates states on Q" to states on Q. Let N"(q")=0 be a space
discretization of N(q) = 0 which is consistent, i.e.,

N"(I*(@)) - I"N(g) = O(h),
and let the time stepping procedure be consistent in time, i.e.,
q?n+1) = q?n) + At(")[Nh(q?")) - rh] + O((At(n))z).

If we consider the sawtooth algorithm, with v;=1, v,=0, u=1, and if ],
and I" satisfy an approximation property (i.e., for a smooth function ¢ the
prolongation and restriction in the state space are such that I,I"q —q =
0O(h)), then the MG algorithm on m grids is a consistent, first order in time,
discretization of (1.4) with time step At =X,_; ... . Af;.

In a sense this theorem formalizes the heuristic reasoning that on coarser
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grids the deviations from steady state can be expelled faster by the use of
larger time steps. This may suggest that more, say v>1, steps on the
coarser grids would further improve the convergence. However, the
theorem addresses consistency; stability is not considered. Hence, in the
same paper [311] Jespersen shows by an example that convergence is lost
when a large number of relaxations is made on the coarse grid. In fact, a
strong stability condition of the form At/Ax = O(v™") seems to appear.

3.4. Fully implicit methods. Most methods considered so far are based
on the concept of integrating the equations (1.4) in time until a steady state
is reached. If we are only interested in a possible solution of the steady state
equation (1.5) and assume that this solution is unique, we may disregard the
time-dependence completely. Further, assuming that a suitable space
discretization takes into account the proper directions of dependence in Q*,
we can restrict ourselves simply to the solution of the nonlinear system (1.8)
or

(1.10) N (g =r".

Also, if the time-dependent system (1.9) is solved by means of an implicit
time stepping method in order to circumvent the stability bounds on At, we
have to solve systems (1.10) at each time step. Using these implicit solution
methods and giving up time accuracy for (1.10) means that there is little or
no difference between these time stepping procedures and (nonlinear)
relaxation methods for (1.10).

If we start with the nonlinear system (1.10), two direct MG approaches
can be used. We can either apply the nonlinear multiple grid algorithm
(FAS) directly to the system (1.10), or we may apply linearization
(Newton’s method) and use the linear version of multiple grid (CS) for the
solution of the resulting linear systems. Jespersen [310] gives an extensive
recital of the (dis)advantages of both approaches. Both have been used with
success for the Euler equations.

Linearization and CS have been used by Jespersen [309] and Mulder
[423]; the nonlinear FAS procedure is used by Steger [528], Jespersen [309],
and Hemker and Spekreijse [274], [275].

In all of these papers upwind discretizations have been used. In [309],
[528] the Steger-Warming scheme is used; [423] uses the differentiable van
Leer flux splitting method; [274], [275] use Osher’s flux difference splitting.
In [150] Dick also considers Roe’s flux difference splitting for the 1-D Euler
equations.

When Newton’s method is applied for linearization, it may be difficult to
start in the domain of contraction of the iteration. Therefore, Mulder [423]
introduces the so-called Switched Evolution Relaxation (SER) scheme,
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which is a chimera of a forward Euler time stepping and a Newton method:

1 3
(1) |81 5y V'@t | @y~ gl = NGl
For At— 0, this gives the simple time stepping procedure; for At—, (3.1)
is equivalent to Newton’s method. In the actual computation At varies,
depending on the size of the residual, such that (3.1) is initially a time
stepping procedure and becomes Newton’s method in the final stages of the
solution process.

In an FAS procedure, a natural way to obtain an initial estimate is of
course to use full multigrid (FMG) [97]. The initial estimate is obtained by
interpolation from the approximate solution on the coarser grid(s). For
many problems this process gives very good results, even if one starts with
rough approximations on every coarse grid.

3.4.1. A nested sequence of Galerkin discretizations. When (1.3) is
discretized by a finite volume method, and if a conservative first order
upwind (or a central difference) discretization is used as described in §3.1, it
can be shown [275] that with a particularly simple restriction 2" and
prolongation I%,, the coarse discrete operator N°* is a Galerkin approxima-
tion to the fine grid discretization N*. With I%, the piecewise constant
interpolation over cells, and I the summation of the residual over fine
mesh cells to form a residual on the corresponding coarse cell, the following
relation holds:

(4.2) N2 (g?y = BEN"(I5q™).

This formula has an interesting implication for a coarse grid correction that
is constructed by means of these operators. If the coarse grid correction
(1.12), (1.13) transforms the approximation g, into §*, the residual of §*
satisfies

4.3) D" - NG = BI(N"g" - N' 030 q") = (N"G" = N*I3, 03],
For a smooth operator N*, this implies
" = N*(§") = 0dlg" - 3"11%).
This means that the restriction of the residual mainly contains high
frequency components. As is the case with common elliptic problems, it is

the task of the relaxation method to efficiently damp these highly oscillating
residuals.
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3.4.2. Relaxation methods. Clearly, whether a sequence of Galerkin
approximations is used or not, the important feature of a relaxation method
in a multiple grid context (both CS and FAS) is its capability to damp the
high frequency components in the error (or in the residual). Therefore,
the difference scheme should be sufficiently dissipative as first order upwind
schemes usually are. An advantage of these schemes over central differences
is that this numerical dissipation is well defined and independent of an
artificial parameter for the added dissipation necessary for the central
difference schemes. The lack of differentiability of the numerical flux
function may create a problem, but some differentiable flux functions are
now available [528], [Osl], [Os2], [Val)].

Both in the linearized (CS) and in the nonlinear (FAS) application,
well-known and simple relaxation procedures such as Gauss—Seidel (GS),
symmetric Gauss—Seidel (SGS) and line Gauss—Seidel (LGS) are reported
to work well when applied to the discrete Euler equations. (All of these
relaxation methods are used in their “‘collective” version, i.e., the 3 or 4
variables corresponding to a single point or cell are relaxed simultaneously.)
The smoothing behavior of these relaxations can be analyzed by local mode
analysis. Here we should notice that the smoothing factor, as used for
common elliptic problems, has no significant meaning for the Euler
equation because we have to take into account characteristic (unstable)
modes. A local mode analysis should follow more along the lines used for
singularly perturbed elliptic problems (cf. e.g. [328]). Jespersen [309] has
published some results in this regard. He shows that for a subsonic and
supersonic case, SGS has a reasonably good smoothing behavior when
applied to a first order scheme. Of course, the nonsymmetric GS relaxation
is only effective if the direction of the relaxation sufficiently conforms with
the direction of the characteristics. If we study plots of reduction factors of
Fourier components (spectral radii, or norms for the error or residual
amplification operator), e.g., when SGS is applied to the Euler equations,
we see that two SGS sweeps are usually sufficient for a significant reduction
of the high frequencies (Hemker, unpublished results). For second order
schemes the smoothing rates are not satisfactory.

Van Leer and Mulder published a study [Va2] where several relaxation
schemes (GS, LGS, ZEBRA, point Jacobi, line Jacobi, ADI, AF) were
compared when applied to the linearized isenthalpic Euler equations.

3.4.3. Higher order schemes. When both first and second order
upwind schemes are studied, the best MG performance is found for the first
order discretizations. This can be explained by the fact that first order
upwind schemes are more dissipative and hence more able to damp high
frequencies. As first order schemes may not be accurate enough for
practical computations and, moreover, have the unpleasant property of
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TABLE 3.1
Fully implicit multiple grid approaches.

Discretization
scheme MG Relaxation

Steger Steger—Warming FAS AF
(1981) Finite differences
Jespersen Steger—Warming FAS/CS SGS, GS
(1983) Finite differences
Mulder van Leer CS SGS
(1984) Finite differences
Hemker and Osher FAS SGS, Damped Jacobi
Spekreijse Finite volumes Nested Galerkin
(1985)

smearing out skew discontinuities, second order schemes are highly
desirable.

Beside the possibility of applying the MG acceleration directly to the
second order scheme—with the unwanted effect of slowing the convergence
rate—another possibility exists. Starting with a first approximation, we can
improve the accuracy by the defect correction iteration [66], [271], [525]

(44) N’ll(q?n +1)) = N}ll(q?n)) - Ng(q?n))

Here N2, p=1, 2, denotes the pth order discretization. A theorem [225]
has shown that for smooth solutions a single correction step (3.4) is
sufficient to obtain the higher order of accuracy. Also, for solutions with
discontinuities (where the formal order of convergence has no practical
meaning), it is shown in [271] that one or a few steps (3.4) improve the
accuracy of the solution significantly.

In Table 3.1 we summarize the several attempts to solve the steady Euler
equations by an MG method with implicit relaxation. It is our opinion that
the recent methods of this class are the most robust and efficient ones
for solving the steady Euler equations. The development in the last few
years has led to a significant improvement of the algorithms. However, the
fully implicit methods have a rather complex structure and are not directly
suited for vector computers. Furthermore, at the moment there is much less
practical experience with these methods than, e.g., with Jameson’s
multistage time stepping procedure or the commonly used Beam—Warming
[Bel] algorithm.

Acknowledgments. We are grateful to B. van Leer, whose comments on a draft
of this paper led to several improvements. The investigations were supported in part
by the Netherlands Technology Foundation.
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CHAPTER 4

Algebraic Multigrid

J. W. RUGE AND K. STUBEN

4.1. Introduction. The focus in the application of standard multigrid
methods is on the continuous problem to be solved. With the geometry of
the problem known, the user discretizes the corresponding operators on a
sequence of increasingly finer grids, each grid generally being a uniform
refinement of the previous one, with transfer operators between the grids.
The coarsest grid is sufficiently coarse to make the cost of solving the
(residual) problem there negligible, while the finest is chosen to provide
some desired degree of accuracy. The solution process, which involves
relaxation, transfer of residuals from fine to coarse grids, and interpolation
of corrections from coarse to fine levels, is a very efficient solver for the
problem on the finest grid, provided the above “multigrid components” are
properly chosen.

Roughly, the efficiency of proper multigrid methods is due to the fact that
error only slightly affected by relaxation (smooth error) can be easily
approximated on a coarser grid by solving the residual equation there,
where it is cheaper to compute. This error approximation is interpolated to
the fine grid and used to correct the solution. Generally, uniform coarsening
and linear interpolation are used, so the key to constructing an efficient
multigrid algorithm is to pick the relaxation process that quickly reduces
error not in the range of interpolation.

The algebraic multigrid (AMG) approach is developed to solve matrix
equations using the principles of usual multigrid methods. In contrast to
“geometric” multigrid methods, the relaxation used in AMG is fixed. The
coarsening process (picking the coarse “grid” and defining interpolation) is
performed automatically in a way that ensures the range of interpolation
approximates those errors not efficiently reduced by relaxation. From a
theoretical point of view, the process is best understood in the context of
symmetric M-matrices, although, in practice, its use is not restricted to such
cases. The underlying idea of the coarsening process is to exploit the fact
that the form of the error after relaxation can be approximately expressed
using the equations themselves, so that the coarse grid can be chosen and

73
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interpolation defined if the equations are used directly. This makes AMG
attractive as a “black box” solver. In addition, AMG can be used for many
kinds of problems, described below, where the application of standard
multigrid methods is difficult or impossible.

(1) The first kind of problem that presents difficulties for geometric
multigrid methods is one in which the domain of the problem is complex
enough so that any sensible discretization is too fine to serve as the coarsest
grid. Even if the finest grid can be coarsened sufficiently, the necessary
pattern of coarsening may be quite complex, and the work required to write
the needed interpolation routines would be prohibitive. AMG can be used
in such situations, since coarsening is automatic. As long as solution of the
problem by relaxation remains inefficient, a coarser grid that will help the
process can be chosen, without regard to the underlying geometry.

(2) A second set of problems, related to the first, consists of those for
which the discretization on the finest grid does not allow uniform coarsening
at all. For example, finite element discretizations using irregular triangula-
tions result in such problems. These often arise when finite element
applications packages produce meshes adapted to particular domains or
structures. These packages were not written with multigrid solution methods
in mind, and to change them would be impractical. Again, AMG deals
effectively with such problems, since uniform grids are not at all necessary.

(3) A third case consists of problems caused by the operator itself, not
the domain. In such cases, when uniform coarsening is used with linear
interpolation, it may be difficult to find a relaxation process that smoothes
the error sufficiently to admit a good coarse grid correction. At times this
may not even be possible; for example, when we are solving diffusion
problems with discontinuous coefficients, it is necessary to change the
definition of interpolation across the discontinuities (cf. [5]). Another
example is the skewed Laplace operator, for which no smoothing in the
usual sense is possible. In effect, the discretization splits the grid into two
sets (in a checkerboard fashion) that are not connected at all by the matrix,
and interpolation between the two sets is useless. AMG, however, is not
affected in such cases. Interpolation is defined only from points that are
“strongly connected” as defined by the matrix entries, and weights are
chosen that reflect the relative strength of each connection.

(4) Finally, some problems are purely discrete. It is even possible
(though unlikely) that such a problem has no geometric background.
Examples of discrete problems arise in geodesy (cf. [Pol]), structural
mechanics (trusses and frames, cf. [Chl]), and economics. Often simplified
models of such problems resemble those arising from elliptic partial
differential equations, so multigrid processes should provide efficient
solutions, but a straightforward application of usual multigrid methods is
impossible. In such cases, AMG can be used, since it does not rely on an
underlying continuous problem in order to obtain the coarse grid operators.
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Section 4.2 of this chapter introduces the general AMG components and
contains some introductory remarks. Sections 4.3-4.5 cover theoretical
aspects of AMG, while §§ 4.6-4.8 concentrate on practical considerations.
These theoretical and practical parts can be read independently; references
between them are provided when necessary.

Sections 4.3-4.5 discuss in detail the interaction between the relaxation
process and the coarse grid correction necessary for proper behavior of the
solution process, adapting and developing theoretical results of Brandt,
Mandel, McCormick and others to suit our purposes. Section 4.3 gives
sufficient conditions on relaxation and interpolation for the convergence of
the V-cycle. Section 4.4 focuses on the relaxation used in AMG, what
smoothing means in an algebraic setting, and how it relates to the existing
theory. Section 4.5 discusses the coarse grid correction and the definition of
interpolation. Some properties of the coarse grid operators are discussed,
and results on the convergence of two-level and multi-level convergence are
given.

In § 4.6, we give details of an algorithm particularly suited for problems
obtained by discretizing a single elliptic, second order partial differential
equation (PDE), as well as problems of a similar nature, which we call
“scalar” problems. We also give some information on the work and storage
requirements. Results of experiments with such problems using both finite
difference and finite element discretizations are presented. In addition, we
discuss several modifications to the method, including the explicit use of
geometric information.

Although the convergence behavior of AMG is insensitive to complex
domains and discretizations, the algorithm described in § 4.6 can fail when
more than one function is being approximated, as in a discretized system of
PDEs (‘“system” problems). In §4.7, we discuss modifications of the
algorithm that account for this fact, and give results for several examples,
including some discrete problems and some problems from elasticity and
structural mechanics.

The last section contains concluding remarks on the method and
directions of present and future research. These directions include the use
of AMG for solving chains of linear problems efficiently. Such chains arise
in the solution of time-dependent and nonlinear problems. The approach is
to update the coarser grids and grid transfer operators only when necessary,
and only locally.

4.2. Terminology, assumptions and notation. Formally, an AMG cycle
can be described in the same way as any other multigrid cycle. Differences
are mainly due to the different meaning of the terms grid, grid points, etc.
In this section we will give a formal description, specify certain assumptions
and introduce some notation. In particular, in § 4.2.3 we introduce three inner
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products, important mainly because their related norms behave differently if
applied to “smooth” error vectors. This makes it possible to identify smooth
errors by simply comparing different corresponding norm values. Also, and
for the same reason, these norms will be used in convergence theorems to
formulate reasonable assumptions on the smoothing operators and the
coarse grid correction operators separately.

4.2.1. AMG components in general. In order to solve a (sparse) linear
system of equations

(2.1) Au=b or Eaijuj=bi (i=1,...’n)
j=1

by means of a “multigrid-like” cycling process, we first have to generate a
sequence of smaller and smaller systems of equations:

Jj=1
(m=1,2,---,q with n=n,>n,>--->n,) which, for m>1, will for-

mally play the same role as coarse grid equations in geometric multigrid
methods.! In particular, b™ and u™ will be residuals and corrections,
respectively. For m =1, (2.2) is identical to (2.1). Thus, in the context of
AMG, a grid can simply be regarded as a set of unknowns. Corresponding
grid functions u™ and b™ are just vectors in R"» and the coarse grid
operators A™ are matrices mapping R"" into itself.

Furthermore, we need (linear) transfer operators

mi1 R —>R"™ and [Ip*":R"™— R

called interpolation and restriction, respectively, and smoothing processes of
the form

Upew = G™ully + (I" — G™)(A™) " 'b™,

with corresponding (linear) smoothing operators G™ : R"»— R,

Once the above components are known, we can set up a multigrid cycle in
the usual way (cf. [538,§ 4.4.2]). Our main concern in §§ 4.3-4.5 will be to
get some theoretical insight and to derive some general rules on how to
proceed in constructing these components. In § 4.6 we will give an explicit
algorithm that has turned out to be quite efficient for many applications.

! Compared to geometric multigrid descriptions, the indexing is ‘‘backwards” in AMG. Here
it is more convenient to use increasing numbers m for denoting coarser and coarser “levels,”
since, starting from a given finest level, the number of coarser levels to be used is not known a
priori.
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4.2.2. Assumptions and remarks. A striking difference between a
geometric and an algebraic multigrid solver is the fact that the latter
includes a separate (A-dependent) preparation phase in which the complete
coarsening process is fully automatic. No geometric grid structure is needed.
In fact, in the ideal case, an AMG algorithm uses only information explicitly
contained in the given matrix A (e.g., in terms of the size of the matrix
entries). The coarsening performed by AMG is required to be such that the
resulting cycle will become efficient, i.e., it should exhibit typical multigrid
convergence speed and should need O(n) operations only. (Of course, the
preparation phase itself should also not need more than O(n) operations.)

There is no general algorithm which allows for this without any further
assumptions on the matrix A. For our theoretical discussion we will always
assume A to be symmetric and positive definite.” (These terms, as well as the
definition of the transpose of a matrix, always refer to the Euclidean inner
product, if there is no explicit statement to the contrary.) Concerning the
AMG components, we generally assume the interpolation operators I, ; to
have full rank and the restriction and coarse grid operators to be defined by

(2.3) ' =Un,)T and A™H = [mrigmpm

respectively. These special choices are very convenient, as the symmetry
and positive definiteness of A imply that of A™ for all m and all intermediate
(m, m + 1) coarse grid correction operators (cf. [538, §2.3]),

(24) Tm =]" - I:+1(Am+1)—llz+1Am’

become orthogonal projectors (see §4.3.1). Multigrid methods using (2.3)
are often referred to as Galerkin type methods due to their origin in finite
element formulations, where these equalities hold naturally in an implicit
way. While in geometric multigrid methods (applied to finite difference
equations) there are several different possible ways to choose the restriction
and coarse grid operators, in a purely algebraic setting there is hardly an
alternative to the above choice.

As a smoothing process we usually take the simplest one, namely
Gauss—Seidel relaxation. Summarizing, we see that in the preparation phase
of AMG only the interpolation operators remain to be defined recursively.

4.2.3. Some further notation. For any square matrix A we write A >0
(A=0) if A is symmetric and positive definite (positive semi-definite).
Correspondingly, A>B (A=B) stands for A-B>0 (A—-B=0).

2We could also allow for positive semi-definite row sum zero matrices. For simplicity,
however, we exclude this case from our theoretical discussion. The concrete AMG algorithm
which will be presented in § 4.6 does not require A to be necessarily symmetric and positive
definite. Limitations of this algorithm will be discussed.
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Important parts of our theoretical discussion refer to the ‘“model class” of
symmetric M-matrices, where a symmetric matrix A is defined to be an
M-matrix if it is positive definite and off-diagonally nonpositive. For vectors,
u >0 and u =0 mean that the corresponding inequalities hold component-
wise.

We will usually use the letter u to denote solution quantities and the
letters v or e to denote correction or error quantities. The range of some
matrix operator L is denoted by R(L) and its spectral radius by p(L). In
addition to the Euclidean inner product (-, -), we will need three different
inner products

(u, v)g=(Du,v), (u,v);=(Au,v), (4, v),={(D 'Auy, Av),

along with their corresponding norms |||, (i=0,1,2). Here A>0 is
assumed and D =diag(A). The Euclidean norm is denoted by ||-]|.
Although these definitions will be used on different levels in the multigrid
hierarchy (with A™ instead of A), we will, for simplicity, always use the
same symbols.>

Usually, when no confusion can arise, we simplify notation. For instance,
when we are considering one multigrid level at a time, we omit the indices
m,m+1, .-, On the other hand, when we are considering two consecu-
tive levels only, we use indices # and H instead of m and m+1,
respectively, to distinguish fine and coarse level quantities. For instance,
A"u" =b" denotes the current fine grid problem, and the corresponding
coarse grid operator is denoted by AY = I'A*I% with I = (I%)7 (cf. (2.3)).
These particular indices have been chosen only to have a formal similarity
to known geometric two-level descriptions; generally, 2 and H have nothing
to do with any kind of discretization parameter.

4.3. General results on convergence. In this section we give some
general convergence theorems. This will be in terms of estimates of the
V-cycle convergence factor, assuming a fixed A and that corresponding
multigrid components are given. Clearly, we are not interested in having

? Using the energy inner product (-, },, we find that these inner products actually belong to
a scale of inner products defined by

(u, v)o = ((D7'A)*u, v},

A more general scale would be given by using some matrix B >0 instead of D. (Note that
B7'A is always symmetric and positive definite with respect to the energy inner product
{*,-}:-) While, in particular, the corresponding norm || - || for a = 2 plays an important role in
geometric multigrid (V-cycle) theory for regular elliptic partial differential problems, the norms
for @ <2 allow for a more general (W-cycle) theory in less regular cases [375]. However, we
will not consider “fractional norms” in this chapter, nor will we consider any B different
from D.
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convergence for one particular A only, but rather in having uniform
convergence if A ranges over some reasonable class of matrices. Cor-
responding to the fact that in geometric multigrid the convergence factor of
a cycle does not depend on a discretization parameter, AMG interpolation
should be such that, in particular, convergence speed does not depend on
the size of A. This has to be kept in mind in interpreting the theorems of the
next sections which are usually formulated assuming a fixed A.

The results below are contained in [375], [395], but they have been
included here to serve as a starting point for a theoretical discussion. Also,
they have been reformulated to better suit our purposes and our
terminology.

4.3.1. General estimates of the V-cycle convergence factor. In the
symmetric and positive definite cases (and assuming (2.3)), it is easiest to
investigate convergence with respect to the energy norm ||-||;. This is
because all (m, m + 1) coarse grid correction operators (2.4) are orthogonal
projectors with respect to the energy inner product (-, -}, with R(T™) being
orthogonal to R(I;.,). In particular, ||7™"||;=1 and the energy norm of
errors after an (m, m + 1) coarse grid correction step is minimum (with
respect to changes in R(/;,,)). The following theorem gives a quantitative
estimate for the V-cycle convergence factor.

THEOREM 3.1. Let A>0. Assume that the interpolation operators I .,
have full rank and that the restriction and coarse grid operators are defined
by (2.3) Furthermore, suppose that, for all e™,

(3.1a) IG™e™ 1T = lle™ |3 — 6 1 T™e™ I}

holds with some 6 >0 independently of e™ and m. Then =<1, and—
provided that the coarsest grid equation is solved and that at least one
smoothing step is performed after each coarse grid correction step—the
V-cycle to solve (2.1) has a convergence factor (with respect to the energy
norm) bounded above by V1 — 8.

Proof. The proof is recursive. Let us therefore consider any two
consecutive levels of the multigrid hierarchy described in §4.2.1 (denoted
by indices & and H instead of m and m + 1, respectively), and let us suppose
the convergence factor of the V-cycle on the H-level to be 0 =7, <1. In
order to derive a bound 7, for the convergence factor of the V-cycle on the
h-level as a function of n,, we first note that (with T* denoting the
corresponding coarse grid correction operator) the error after a coarse grid
correction step can be written as

The" = e" — I, 0™ = e" — Il + Iy(v" — 0" = T"e" + I(v™ - v").

Here #¥ and v¥ denote the V-cycle correction and the corresponding
(h, H)-two-level correction (i.e., the exact solution of AYv¥ = [FA%"),
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respectively, and T” is the (h, H)-two-level correction operator (2.4). Due
to our above assumption on the V-cycle convergence on the H-level, we can
estimate the following:

11 = 0"l = v = 8%l = nar Ilv™ 1)y = na 130" -

(Note that because of (2.3), ||w”||; = |[I%w"||, for every w".) As R(T") is
orthogonal to R(I%;) with respect to (- -)1, we obtain

T |13 = 1T e" |13 + 111 (v™ — 9™)I13

(3.2) = || 7" + nk | 3v™ 13
= IT"" |13 + nille®|IF — 1 T"€"|I3).

Using assumption (3.1a), and because T"T"=T" and ||T"||; =1, we find
that the following estimation now shows 7, <max {ny, V1 — 8}:
IG* T "= ||T"" |1} — 8 NT"T"e"|IF = | T"e" |1~ 8 | T"e" 1}

= (1= 8 —ni) IT "3 + nk lle” |1 =< lle" I max {n}, 1 - 6}
A recursive application of this result proves the theorem.

While (3.1a) is a natural requirement if smoothing is performed after the

coarse grid correction steps (cf. the next section), a slightly different
condition is natural if smoothing is done before the coarse grid correction

steps:
Remark 3.2 If, instead of (3.1a), we have
(3.1b) IG™e™ 13 = lle™|IT = 8 I T"G™e™ |13,

the V-cycle convergence factor is bounded above by 1/V1 + § if at least one
smoothing step is performed before each coarse grid correction step.

Proof. The proof is similar to the one of the previous theorem. From
(3.2) (applied to G"¢” instead of ¢"), and from our assumption (3.1b), we
obtain the following two inequalities:

IT"G " |[F=(E+nu(1 - E) G "I}, (1+88) G = le" |,

respectively, with &= E(e")—HT"G"e"||2/l|G"e"||1 By combining these
inequalities, we see that ||T"G"e"||, = 7, |le"||, with

2 _ E+nu(1-8) {2 1 }
(KT
which proves the remark.

In practice, we usually perform one smoothing step both before and after
the coarse grid correction. Then, clearly, either one of the conditions (3.1a)
and (3.1b) can be used. Moreover, if both conditions hold with constants §,
and 8,, respectively, it is easy to see that the convergence factor of the
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V-cycle is bounded above by V(1 — 8,)/(1 + 8,). The proof is the same as
that of Theorem 3.1 (with G”¢” instead of e*) with the only exception that,
just before taking the maximum, we apply (3.1b) in a similar way as in the
proof of Remark 3.2.

4.3.2. Interpretation and sufficient conditions. The conditions (3.1),
which reflect the basic interplay between the two essential multigrid
processes, smoothing and coarse grid correction, have a simple interpreta-
tion. For instance, (3.1a) means that error components e™ that cannot
efficiently be reduced by 7™(i.e., for which ||T™e™||, = |le™(|;) have to be
effectively and uniformly reducible by G™. On the other hand, for
components that can be efficiently reduced by T™ (i.e., for which
| T™e™||, < ||e™|l1, or, in other words, that are approximately in R(I7.,)),
the smoothing operator G™ is allowed to be ineffective.

Errors for which smoothing is ineffective (i.e., for which G™e™ =~ ™) are
called smooth. Thus, the essence of the above remark is, roughly, that
smooth errors have to be approximately in R(I.,,). Achieving this will be
one main objective in the explicit construction of interpolation operators in
AMG. Note that this is the most basic conceptual difference between a
usual geometric multigrid solver and an AMG solver. In geometric solvers,
all coarser level components are predefined, and the smoothing process has
to be selected so that the above objective is satisfied. On the other hand, in
AMG the smoothing process is fixed, and, by exploiting properties of
corresponding smooth errors, we explicitly construct suitable (operator-
dependent) interpolation operators. Of course, we still need a handy
algebraic characterization of smooth errors. For this see § 4.4.3,

In applications, the assumption (3.1a) (and similarly (3.1b})) is usually
replaced by two separate inequalities for G™ and 7™ which are often called
the smoothing assumption and the approximation assumption, respectively.
For this, observe that ||[7™¢™||; can be regarded as a (semi-) norm for e™
which, as we mentioned above, necessarily has to be « |e™||; for smooth
errors. We now replace this norm by a simpler one which does not depend
on T™, namely by |le™|l,, but which will turn out to still have a similar
property. It is obvious that the following two conditions imply (3.1a) with
d=aff:

IG™e™ (1= lle™ 1T — a lle™ |12,

(3.3a) - m
IT™e™|I3=B lle™|5 (e, B>0).
Similarly,
Gmem 25 em 2—0/ Gmem 2,
(3.3b) I li=lle™lli -« ll2

IT™e™ I3 <B lle™ I3 (a, B>0)
are sufficient for (3.1b) to hold.
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The first inequalities in (3.3a) and (3.3b) hold under quite general
circumstances, as the next section shows. It is the corresponding second
inequalities that present the most problems (cf. §4.5.5). In § 4.5.3 we will
consider a weaker condition that can easily be satisfied under reasonable
assumptions on A and still allow for a two-level convergence theory.

4.4. The smoothing property. In this section, we will consider smooth-
ing only. Omitting the index m, we will see that, for typical relaxation
operators G like that of Gauss—Seidel relaxation, the inequalities (cf. (3.3))

(4.1a) IGell? = llell} - a llell3,
(4.1b) IGellf =< llell} — @ || Gell3
hold for all e with some constant o >0 (which is usually different for the

two different inequalities). Moreover, under reasonable assumptions on A,
they also hold uniformly with respect to A.

44.1. An auxiliary result. Note first that «|le|5=]le]> and
« ||Gel)3 =< |le]|3, respectively, are necessary for the inequalities in (4.1) to
hold. In order to have smoothing in the sense of (4.1a), for instance,
uniformly for A ranging over a certain class & of matrices, this means that
the 2-norm has to be weaker than the 1-norm, uniformly for A € &. Because
p(D~'A) =sup {|le|3/|le]|3}, this is equivalent to the uniform boundedness
of p(D~'A) which is satisfied for all important cases under consideration
(cf. Examples 4.3).

To be more specific, let G be of the general form

(4.2) G=1-07'4,

with some nonsingular matrix Q. We then have [377] the following lemma.
Lemma 4.1.  Given any A >0, the two inequalities in (4.1) are equivalent
to

aQ'D7'Q=0+Q7-A
and
¥(A-Q0")DHA-Q)=Q+Q" -4,

respectively.
Proof. Using the definition of G, we obtain

| Gell = llell; — (@ + Q" — A)Q'Ae, Q7 'Ae).
Thus, the two inequalities in (4.1) are equivalent to the following:
@ |lel3=((Q + QT — A)Q'Ae, Q" 'Ae),
@ ||Gel3= ((Q + QT — A)Q7'Ae, Q7' Ae),
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which in turn are equivalent to

a(D7'Qe, Qe) = ((Q + Q7 — A)e, e),
a(D7H(Q —A)e, (Q —A)e) ={((Q+ Q" —A)e, e),

respectively. This proves the lemma.

4.4.2, Specific cases. We first look at standard Gauss—Seidel relaxation
(cf. [103]). In this case, Q is just the lower triangular part of A (including
the diagonal).

THEOREM 4.2. Let A >0 and define, with any positive vector w = (w;),

1
Y- = max {TJ,Z W, la,»,-l}, Y+ = max {wa”; w; la| }
Then Gauss—Seidel relaxation satisfies (4.1a) and (4.1b) if a=<1/
(1+y)A+vy.)and a<1/y_y,, respectively.

Proof. We first observe that Q + Q7 — A = D. Thus, because of Lemma
4.1, the two inequalities (4.1) are equivalent to

a<1/p(D7'QD7'QT) and a=1/p(D"Y(A-Q)D ' (A-Q7)),
respectively, which in turn are implied by
«=1/|D7'QIIDT'QT| and a=1l/D7'A-Q)IDT(A-Q"),

respectively. Here |-| stands for any arbitrary matrix norm induced by a
vector norm. The special choice
(43) L= 1Ll = max {5 11}
I=si=n LW,z

proves the theorem.

Examples 4.3. The inequalities (4.1) hold uniformly for essentially ail

matrices that are of interest here. For instance, for any sparse A > 0 with no
more than a fixed number [/ of nonvanishing off- dlagonal entries per row, the
choice w; = 1/Vay gives y_ <! and y, <! because a} < a;a; (i #j). Thus, for
any such A4, (4.1a) and (4.1b) are satisfied with @ = (1+)7% and a=l‘2,
respectively. From a practical point of view, however, these values are far
too pessimistic in typical situations. In practice, we usually have ¥, la;]| =
a;, which means that by selecting w; =1 we can expect y_ and y, to be
close to or even less than 1. An important class of matrices in which we
have uniform smoothing is the class of symmetric M-matrices. To see this,
note that for any such matrix A there exists a vector z >0 with Az >0 (cf.
[Scl1]). By choosing w = z in Theorem 4.2, we obtain

>z |a,,} max {1—;1—2 za ,,}<1

ZiQ; j<i I=i=n i%ii j=i

y_ = max {

1=i=n
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Similarly, we obtain y, <1. Thus, (4.1a) and (4.1b) are satisfied with o =}
and « = 1, respectively.

Gauss—Seidel relaxation is the scheme we usually use for smoothing in
AMG. With respect to vector and parallel computers, Jacobi-type relaxa-
tions are also of interest. In particular, standard Jacobi relaxation has
properties similar to Gauss—Seidel relaxation, if some relaxation parameter
w is used, i.e., if O =D/w.

THEOREM 4.4. Let A>0 and yo= p(D™'A). Then Jacobi relaxation with
relaxation parameter 0<w <2/y, satisfies (4.1a) and (4.1b) if a=<
w(2 — wyy) and a < o min {2, (2 — wye)/(1 — wy)*}, respectively.

Proof. Using Lemma 4.1, we see that the two inequalities (4.1) are
equivalent to

2 1\ 2
p(D“A +—%I>S— and p(D‘1A+a<D‘1A——I> )s—,
) ) w w
which in turn are implied by

2
yO+-%Sg— and max {A+ a(l—l> }SE,
w w 0=A=<yg w w
respectively. From this, our statement follows by a simple calculation.

As a bound for p(D"'A) we can use, for instance, y,=|D'A|, with
any vector w > 0 (see (4.3)). For scalar PDE applications we typically have
Yo=2. Also, for symmetric M-matrices we can choose y,=2 (cf. Examples
4.3). In terms of y,, the optimal values for w (which give the largest values
of a) are easily computed to be w*=1/y, in the case of (4.1a) and
w*=3/2y, in the case of (4.1b). For these optimal parameters, the
smoothing inequalities are satisfied with a=1/y, and a=3/y,,
respectively, giving « =1 and a =3 if y,=2.

4.4.3. Interpretation of algebraic smoothness. In AMG we define an
error e to be smooth if it is slow to converge with respect to G, i.e., if
[|Gell; = ||el]:- Note that, in this generality, the term “smooth” is not always
related to what is called smooth in a geometric environment. Actually, e
being smooth does not mean much more here than that e has to be taken
care of by the coarse grid correction in order to obtain an efficient multigrid
method. From an algebraic point of view, this is the important point in
distinguishing smooth and nonsmooth error. Geometrically, however, the
term smooth is used in a more restrictive (viz. the “natural”) way. In fact,
without any further assumptions on A (besides A >0), an algebraically
smooth error may well be highly oscillating geometrically, e.g., in certain
cases of off-diagonally nonnegative matrices. Also, there may not be any
algebraically smooth error at all, e.g., if A is a strongly diagonally dominant
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M-matrix. Such cases, however, are generally not those that typically arise
from interesting PDE applications or those that require a particular fast
solution method.

For common relaxation schemes, a smooth error e is algebraically
characterized by the fact that the residual r = Ae is small in some sense
compared to the error itself. This can be seen either directly from their
definition (4.2) or from the properties (4.1). The latter, for instance, show
that a smooth error necessarily has to satisfy |le|l,<«<|le]l;, or, more
explicitly, X;r?/a; < L,re;, Therefore, on the average, we can expect
|ri| < a; |e;| for all i. Consequently, we obtain a quite good approximation
for e; as a function of its “‘neighboring’ error values e; (j € N;) by evaluating

(4.4) (ri=)age; + 2, aze;=0,
JEN,

where N; = {j #i:a;#0} denotes the neighborhood of i. This simple fact
about smooth errors gives the basic information needed for the construction
of interpolation, one goal of which is to guarantee that smooth error is
approximately in the range of interpolation (cf. § 4.3.2). However, as (4.4)
is usually not “local enough,” it cannot be used directly in order to obtain
an efficient interpolation formula for AMG (see Example 5.1 below), but
rather has to be “truncated.” In § 4.5 we will discuss some possibilities.

In the important case of symmetric M-matrices one easily obtains some
more information on what smooth error looks like (cf. [103]). For this, note
first that

(4.5) llelfs < llello llell2,

which follows from (Ae, e) = (D~ '?4e, DY%) by applying Schwarz’ in-
equality. This shows that |le||,< |le||; implies {le||; < |le}lo, or, more
explicitly,

(Ae, e) = %E} (—ay)(e;, —¢)* + Z (Z ,,)e « Z a;e>.

For the most important case that Y, |a;| =a;, this means that, on the

average for each i,
—1.

2 la;;| (e; — )

J*E u el

In other words, smooth error generally varies slowly in the direction of
strong connections, i.e., from e; to e; if |a;l/a; is relatively large. This
observation is important in connection with the question of the truncation
mentioned above (see §§4.5.4 and 4.6.1).

4.5. The coarse grid approximation and convergence. The main topic
of this section is how the coarsening enters the question of smoothing,
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which was not considered in the previous section. As the corresponding
discussion will refer to only two consecutive levels at a time, we will,
according to our convention, use indices £ and H to distinguish fine and
coarse level quantities.

All of the following considerations could be applied in the framework of
vectors, matrices, etc. The transfer of information between different levels,
however, becomes (at least formally) more transparent and easier to
describe if we use some kind of grid terminology as introduced in §4.5.1.
Also, an AMG method then becomes formally completely analogous to a
usual geometric multigrid method.

We have seen in § 4.3 that the approximation property (second inequality
in (3.3)) is sufficient for a V-cycle convergence theory. However, even if we
know that coarsening strategies with this property exist (e.g., in regular
elliptic scalar PDE problems), it is quite difficult to determine one in an
automatic AMG process that uses only algebraic information. This will be
discussed in §4.5.5. In §4.5.3, we first consider a weaker condition, due to
Brandt [103], which will turn out to be sufficient for a two-level convergence
theory. As an application, we will treat symmetric M-matrices in § 4.5.4.

Some major results given in §§ 4.5.3 and 4.5.4 are also contained in [103].
However, we consider some additional results which are relevant for the
practical development of an AMG algorithm and we also have a different
point of view here in that we stress connections to the general convergence
theorems of § 4.3.

4.5.1. Grid terminology. As was mentioned earlier, we can, for
instance, introduce grids as sets of unknowns. By accepting some loss in
generality, however, we can go one step further, namely, if we regard the
sets of coarse level variables as being “‘subsets” of the finer level variables:
in terms of any two consecutive levels, h and H, we assume that each coarse
level variable u£ is used to directly correct some uniquely defined finer level
variable u}y,.* Thus, the set of variables on level & can be split into two
disjoint subsets: the first one contains the variables also represented in the
coarser level (C-variables), and the second one is just the complementary
set (F-variables). The corresponding sets of indices are denoted by C* and
F", respectively. By renumbering the coarse level unknowns (and all related
quantities) such that they have the same index as their finer grid analogues,
we can now, for instance, write the H-level equations in the form

(5.1 > afull=bl  (ieCh).

jeC”

*This assumption is “natural” for all cases we have in mind in this paper, and it corresponds
formally to the geometric multigrid case if coarser grids are defined to be subsets of the finer
ones.
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By identifying each i € Q" = C* U F* with some fictitious point in the plane,
we interpret the equations A"u" =b" and A”u” =b" as grid equations on
the fictitious grid Q" and the subgrid Q” = C*, respectively. In this sense,
referring to a point i € Q" means nothing else than referring to the variable
ul.
According to the above terminology, the actual £ to H coarsening
proceeds in three steps. First we have to decide which variables (points) are
to become C- and which F-variables (-points), i.e., we have to define a
splitting Q" = C" U F*. Then, with Q” = C*, the weights wy = wh of the
interpolation
(5.2) (e = Eh waell (i€ Q") with wy =8, ifieC”
keC

have to be defined (8, denotes the Kronecker symbol). Coarsening is
concluded by the computation of 7' = (I%)" and A" = If’A"I%;. Clearly, for
reasons of efficiency, interpolation should be “local,” i.e., for each i e F h
we must have w, = 0 unless k € C?, where C" = C" is some reasonable small
set of interpolation points. For reasons of easy referencing, we call an
interpolation of the above form standard interpolation. Note that each
standard interpolation has full rank. In practice, the selection of a coarser
grid and the definition of a corresponding interpolation formula are closely
coupled processes. Whenever we talk about “construction of interpolation,”
we actually mean both processes.

When we are setting up more than two levels, all of the above applies
recursively in a straightforward manner starting from the given finest level.

Finally, we define connections between grid points in a natural way in the
sense of the directed graph which is associated with any matrix. That is, for
any level h, we define a point i € Q" to be (directly) connected to a point
j € Q" if al #0. Correspondingly, we define the (direct) neighborhood of a

point i € Q" by ) .
Ni={jeQ":j#i, ali+0}.

4.5.2. Convergence versus numerical work. Before we investigate the
question of coarsening, we want to point out that, in the context of AMG, it
is not enough to merely look at convergence: convergence does not mean
anything if numerical work is not taken into account. This point is much
more crucial here than it is in standard geometric multigrid applications
where the numerical work (per cycle, say) is approximately known a priori.
In an algebraic multigrid process, in general, nothing definite is known a
priori about the numerical work. Consequently, it is very important to find
conditions (for the practical construction of interpolation) that not only give
good convergence, but also allow for a reasonable control of the numerical
work by the aigorithm (cf. §4.6.3). The following example stresses the
importance of this remark.
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Example 5.1. It is easy to develop an AMG solver that has a
convergence factor of 0, i.e., that solves (2.1) exactly in one cycle only.
Assuming any A>0, we find that the preparation phase of such an
algorithm runs as follows. First, the set of all n variables is subdivided
somehow into two nonempty sets of C- and F-variables (cf. § 4.5.1) in such
a way that each F-variable has no connection to any other F-variable. (Note
that this is always possible unless #n = 1.) The interpolation (5.2) is defined
by wi = —ay/a; (i € F, k € C). After the computation of (2.3), this process
is recursively repeated until only very few unknowns are left. As there are
no F-to-F connections on any level, it is easy to see that R(G™) c R(I1;.,)
holds for all m, if only the order of (Gauss—Seidel) relaxation is arranged
such that F-variables are always relaxed last. Because T"e¢™ =0 if e €
R(I},+1), we therefore have T77°G™e™ =0. As a consequence, (3.1b) is
satisfied for any arbitrarily large 8, which proves our statement. However, a
closer examination immediately shows that such an algorithm is compietely
useless for practical purposes: with increasing m, not only does the
reduction of the number of unknowns usually become extremely slow from
one level to the next, but there is also a tremendous fill-in in the coarse grid
matrices. The major drawback of the above coarsening process is that it is
actually defined just to give R(G™) < R(I;.,). Smoothing effects are not
really exploited, and this condition is too strong to be practical.

4.5.3. Two-level convergence. In this section we will consider two-
level methods only. Without essential loss of generality, we therefore
restrict our investigation to the case where smoothing is performed after
each coarse grid correction step. Assuming that the corresponding smooth-
ing property (cf. (3.3a))

(5.3) IG"" i< lle"IF—alle"l}  (ax>0)

holds, we will give a general condition on % that allows for an estimation of
the two-level convergence factor |G"T"||,. As a motivation recall that, due
to (5.3), error reduction by smoothing becomes inefficient if ||e”||, << ||e*|l;.
Therefore, in order to obtain reasonable two-level convergence, the least
we have to require is that the coarse grid correction T” raises the error
norm ||e”||, relative to ||le”||,. More precisely, we need an inequality of the
form

(5.4) IT"e" =B IIT"")Z  (B>0).

Note that this is just the approximation property in (3.3), required for
e” € R(T") only. Instead of (5.4), a more practical, sufficient condition is
used in the following theorem.
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THEOREM 5.2. Let A">0 and let G" satisfy (5.3). Suppose that the
interpolation I% has full rank and that, for each e",

(5.5) min lle” = Ie™ 115 =B lle" I3,

with >0 independent of e". Then f=a, and the (h, H)-two-level
convergence factor satisfies ||G"T"||, = V1 — a/B.

Proof. We first show that assumption (5.5) implies (5.4). As R(T") is
orthogonal to R(I%) with respect to (-.-);, we have, for all e* € R(T") and
for all e,

eI = (A%e", " — Ie).

A simple calculation using Schwarz’ inequality (writing A and D instead of
A" and D", respectively, and observing that D™'A >0 with respect to

(+,+)1) yields
”ehl‘il’. - <A1/2(D—1A)1/23h, A1/2(D~1A)—1/2(eh _ IZCH)>
< ”AI/Z(D—IA)I/Zeh” ”AIIZ(D—IA)—I/Z(eh — Ii;leH)”
= lle" |12 lle" = Iize"llo.

Because of (5.5), we therefore obtain |le"]|3= B |le"||3 for all e" € R(T"),
which proves (5.4). The convergence estimate of the theorem is now an
immediate consequence of (5.4) and (5.3):

IG"T"e" [} [ T"e"F = & N T"e B <1 T*" 1 ~
a o

=(1=g)ireti=(1-5) et

Assume the interpolation to be of the standard type (5.2); the following
theorem gives a condition sufficient for (5.5) and relating the interpolation
weights wj to the matrix entries a}. Here and in the following we use the
notation s; = Y., . Wy for the ith row sum of interpolation.

THeorReM 5.3. Let A">0 and assume, for any given set C=C" of
C-points, that I} is of the form (5.2) with wy =0 and s;<1. Then property
(5.5) is satisfied if the following two inequalities hold with B>0
independently of e = e*:

I T"e" 11}

S, 3 alwale~ e <2 3 (~afyie e,

(56) ieF keC
S a1t -s)i=<p 3 (3 af)et

ieF
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Proof. Let e” be arbitrary and define e} = ej(k e C). With this particu-
lar e” and omitting the index k, inequality (5.5) reads

2 a; (e,- - 2 w,~kek>2 =p (%% (—ay)(e; — e + Z <§;: a,-j)e,z).

ieF keC

Estimating the left-hand side by

> a; (e,- -2 wikek>2 =2 aii( 2 wiele;—ex) +(1- s,.)e,-)z

ieF keC ieF  \keC
= 2 aii( 2 wile, — )’ +(1— si)eiz>1
ieF keC

we see that (5.6) is sufficient for (5.5).

4.5.4. Application to M-matrices. In this section, we will discuss
interpolation in some detail for symmetric M-matrices A*. Recall that, in
this class of matrices, we have uniform smoothing (cf. § 4.4.2). Under the
additional assumption of weak diagonal dominance, i.e., ¥;a;=0 for all i,
we will consider ways to interpolate such that (5.5) also holds uniformly.
Theorem 5.2 then guarantees uniform two-level convergence. The following
considerations will be mainly theoretical; for an efficient algorithm and
practical applications we refer to §§4.6.1, 4.6.2 and 4.6.4.

As we already mentioned in §4.4.3, the general idea in deriving an
interpolation formula for some F-point i is to use the ith residual equation
(4.4) of A" In particular, for each i€ F with N;c C, a good formula is
obtained by defining the set of interpolation points by C;=N; with
corresponding weights wy = |a%|/ak (k € C;) (cf. Example 5.1). For reasons
of localness, however, we want C; to be small. Therefore, we generally
allow D,=N,—C;# and we have to make a decision about how to
“distribute” the noninterpolatory connections @} (j € D,) in interpolating to
i. This distribution is the most crucial point in the development of a good
interpolation: the goal of obtaining local interpolation has to be achieved
without losing too much precision compared to (4.4).

The interpolation formula introduced in § 4.5.4.1 below is quite simple in
that all a}; (j € D;) are added to the diagonal element af.. In terms of (4.4),
this means that we replace e; by e, for all jeD, If |a¥| is small, this
replacement should not cause too much harm. If, on the other hand, |a,’-}| is
large, we generally can expect this replacement to be reasonable due to
smoothness arguments (cf. § 4.4.3). Although this approach leads to a quite
acceptable AMG algorithm (cf. [536], [486]), it can be improved con-
siderably by interpolating in a different way which is described in § 4.5.4.2.
The main idea here is to distribute the noninterpolatory connections a;;

> Such matrices are called positive type matrices in [103].
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(j € D;) in a weighted average way to the interpolation points in C; instead
of simply adding them to the diagonal.

A combination of the above two approaches is used in actual practice.
This is, in general, considerably better for geometrically posed problems
than the simple approach of §4.5.4.1. The reasons, however, are not
apparent from merely algebraic estimates as given below; rather, we must
take certain geometric arguments into account (see §4.6.1).

4.5.4.1. Interpolation along direct connections. In this section we
consider interpolation along direct connections. That is, we consider only
interpolation points C; with C; c N;N C and corresponding weights of the
form

(5.7) Wi = 11; |af] (ieF, keCy),

with 0< g, <1/ Z,ec,_|af;|, which just ensures s;=1. In order for property
(5.5) to hold, it is, due to Theorem 5.3, obviously sufficient to require for
everyieF, keC,

(5.8) 0=<ajwy =B lakl, 0505}(1—si)5ﬂ205',--
i

From these simple inequalities, we can easily derive more practical
conditions, which can be used to effectively develop an automatic coars-
ening algorithm that has f§ as input parameter and chooses interpolation
with weights (5.7) satisfying (5.8). An example which has been tested in
practical applications is given in the following theorem.

THEOREM 5.4. Let S =1 be fixed. Assume for any symmetric, weakly
diagonally dominant M-matrix A" the C-points are picked such that, for each
i € F, there is a nonempty set C; = N; "N C with

(5.9) B2 at=al

j¢C;

and define the interpolation weights (5.7) by 1, =1/L,¢c, ai. Then property
(5.5) is satisfied.

For fixed B, there are usually many possible ways to choose C and C; so
that they satisfy (5.9). Aside from this purely algebraic condition, there are,
however, others that should be met (at least approximately) to ensure
efficiency in practice. For instance (further requirements are discussed in
§4.6.1), we want C to be as small as possible. Consequently, we should try
to satisfy (5.9) with sets C; as small as possible. This, in turn, requires
arranging a concrete algorithm such that each F-point i is strongly connected
to its interpolation points, i.e., we actually want each |a;| (j € C;) to be
comparable in size to the largest of the |a,| (k € N)).
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We want to make a few remarks concerning the choice of the parameter
B. Clearly, the larger 8, the weaker the assumption (5.9) is. In particular,
for large B, (5.9) allows for rapid coarsening, but, due to Theorem 5.2, the
two-level convergence speed will be very slow. On the other hand, the
choice § =1 gives best convergence, but will lead to an extremely expensive
method (cf. Example 5.1). For real computations, experience shows that,
on the average, a reasonable compromise is given by 8 =2, which means
that about 50% of the total strength of connections of every F-point will be
represented on the coarser level (and used for interpolation). If applied
recursively in a real multi-level cycle (cf. §4.5.4.4), this still limits the
efficiency of coarsening so that, in practice, a corresponding AMG
algorithm is not fully satisfactory (in particular, if the occurring matrices
have many row entries of similar size (see [486])).

4.5.4.2. More general interpolation. Instead of (5.7), we now consider
weights of the more general form

(5.10) W = n,~<|af‘k| +3 0l ) (i eF, keC),

JjeD;
with nonnegative 7, and n{. This form is obtained if we perform, for every
F-point i, a weighted distribution of all nomnterpolatory connections a
(j € D)) to the mterpolatlon points k € C; using the distribution weights 1
Here we do not require C; to be a subset of N;, which means that we allow
long-range interpolation, i.e., interpolation from points to which there is no
direct connection.

Again, there are several reasonable ways to spec1fy n; and the distribution
welghts n{. In the following theorem, we choose n$ to be proportional to
a,k, i.e., we distribute only along direct connections. The essential condition
for this to be reasonable is that, for every F-point i, the total connection of
each noninterpolatory point j to the set of interpolation points C; is strong
enough, i.e., L., laj| is sufficiently large. The following theorem expresses
this more quantitatively.

THEOREM 5.5. Let £ >0 be a fixed number. Assume, for any symmetric,
weakly diagonally dominant M-matrix A", that the C-points and C,cC
(i € F) are picked such that, for each j and k € N; N\ C, we have

(5-11) £ 2 lafl= 2 lail (e Fy),
leC; veFjy
where Fp={ieF:keC; and je D} Then, zf the weights (5.10) of
interpolation are defined by n;=1/ah and n¥ =\alk|/Licc |akl, property
(5.5) is satisfied with some B that depends only on { but not on A"
Proof. For the proof, we apply Theorem 5.3. We first observe that the
second inequality in (5.6) is satisfied for every f=1 because a;(1 —s;) =
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¥, a; (i € F). The first inequality in (5.6) follows from the estimate

awi (e — ex)’ = lag| (e, — e’ + 2, n |a,| (e; — ex)’
jeD,

< |ay (e; — ek)2 +2 Z ng la;| ((e; — ei)2 + (e, — ek)z)

jeD,

by observing that

Z Z Z 77:('7';) |aij| (e; — ej)2 = Z 2 ( Z '7:‘"1'2) |aij| (e; — ej)z

ieF keC; jeD, ieF jeD, ‘keC,
= Z Z la;| (e: — ¢;)?
ieFjeD;
and
: ||
> 2 2 nPlal(e—e)=2 > (2 - >| il (e — )
ieF keC, jeD, j keC ‘ieFy EleCl ]ll

=133 (3 ) o - e

j keC MieFy EveF,kl jvl

= Z kZC |a | (e; — ex)

4.5.4.3. Extensions and further remarks. In constructing interpolation
formulas in the previous two sections, we used Theorem 5.3 as our
theoretical tool. From the basic inequalities (5.6), it can be seen that the
essential ideas carry over to matrices that also contain some (small) positive
off-diagonal elements. For instance, for the construction of interpolation in
§4.5.4. 1 it is sufficient to require that A” satisfies af;<0 (i€ F, j € C,) and,
for all e”,

2 (-al)el ey’ =t 3, 3 (~ai)(el ~efy
ieF jeC,

with £ > 0.° For cases involving higher order difference approximations to
second order elliptic problems, or for certain problems involving mixed
derivatives, such relations can usually be derived by using simple estimates
like
PV (s pR =gt +yB (4 y>0)
e (
A last remark refers to the assumption of weak diagonal dominance. While
uniform smoothing is guaranteed in the class of all symmetric M-matrices
A", (5.5) cannot be expected to hold in this class with 8 being independent

® Such matrices are called essentiaily positive type in [103].
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of A" This becomes obvious if, e.g., we consider the subclass of matrices
Al (n < Ao) defined by discretizing the Helmholtz operator —A — ul on the
unit square with fixed mesh size & and Dirichlet boundary conditions. Here,
Ao is the first eigenvalue of Af. If we select e” =e! as the corresponding
(normalized) eigenfunction, we have for each A* = Al that lle" |3 =4, —
Thus, for (5.5) to hold mdependently of uif u— Ay, 1ts left side necessarlly
has to approach zero, i.e., I} has to be such that this particular
eigenfunction e” is arbitrarily close to R(I%;), which is generally not true
unless special techniques are used (see § 4.6.6).

Note, however, that A" can be allowed to have zero row sums. This is
because the first eigenvector, which is in the range of interpolation by
definition, is then constant. In fact, as is easily seen, constants are always
interpolated to constants and the zero row sum property is preserved on all
coarser grids.

4.5.4.4. Recursive application in multi-level cycles. In order to recur-
sively set up a multi-level cycle, we need, first of all, that the finest grid
operator’s essential properties, which have been exploited in our considera-
tions, carry over to the coarser grids. The following theorem shows that this
can be achieved for M-matrices.

THEOREM 5.6. Let A" be any symmetric, weakly diagonally dominant
M-matrix and let the interpolation weights satisfy (5.8) with some 8 <2. Then
A" is also a symmetric, weakly diagonally dominant M-matrix.

Proof. First, because of the Galerkin formulation, A” is symmetric and
positive definite. In order to show that A” is off-diagonally nonpositive, we
write its entries in their explicit form:

ag=2, Wi Wy (k, e C).

ij

Because wy, = 8 (if i, k € C) and for reasons of symmetry, we can rewrite
this in the following way:

ap=ap+ 2 (waali + waalk) + 2 > Wi Wy

ieF ieF jeF
h
= akl+ 2 lk( ay += 2 w]lau> + z tl( A +- 2 kaij>~
ieF jEF

Due to our assumption that wyali<2|a%| (i € F, k € C), we have

1 )
.k+ 2 ka,’-'jsaﬁ'k+§mka§$0 (ieF, keC),
]eF

which implies af; <0 (k, I € C, k #1). To show that A” is weakly diagonally
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dominant, we compute Y, ¢ afy by adding up the above equations for aj;:

1 1
> afi=05+ >, w,-k<0,~c+52s,af}) +> si<af’k+iz w,»kaf,’-)

leC ieF jeF ieF jeF
1 1
=0+, w,-k<0,- +5 > (s — l)af,’-) + > (si— 1)(af’k +5 D w,-kaﬁ}).
ieF jeF ieF jeF

Here we used the abbreviations o, = X;a! and of := ¥ ,.ca} Using (5.8),
we obtain

0,-+12 (s,-—l)af,’-za,-+1(s,~—l)aff-20,
2/cF 2
which implies the diagonal dominance.

The situation is more involved if the interpolation strategy of §4.5.4.2 is
used. Instead of going into detail, we just mention that the coarsening
process, if arranged as described in § 4.6, will then generate coarse grid
matrices which are generaily close to being weakly diagonally dominant
M-matrices. In any case, as long as the remarks of the previous section
apply, there will be no essential deterioration in practice.

4.5.5. Remarks on multi-level convergence. So far, we have given
conditions which, e.g., in our model class of symmetric, weakly diagonally
dominant M-matrices or certain perturbations thereof, guarantee uniform
two-level convergence. We have also seen that, in these cases, a recursive
application in a real multi-level cycle is formally possible in the sense that
the important properties of the finest level operator carry over to the
coarser level ones. In this section we now discuss the question of multi-level
convergence.

We first note that the two-level theory does not directly carry over to a
multi-level theory. That is, requiring (5.5) to hold on each of the
intermediate levels with the same § is not sufficient to guarantee that the
V-cycle convergence factor is independent of g, the number of levels. This
can be seen from the following simple counterexample (cf. {103]).

Example 5.7. Let A" be derived from discretizing —«” on the unit
interval with mesh size 4, i.e., the rows of A" correspond to the difference
stencil 1/h?[—1 2 —1],. (For our purpose we may ignore the boundary in
the following.) One possibility for satisfying (5.5) with 8 =2 is to coarsen
the grid by doubling the mesh size, and to define strictly one-sided inter-
polation to each F-point (using only the respective neighboring C-point to
the right, say, with the interpolation weight being 1). The corresponding
coarse grid operator A% is then easily computed to correspond to the
difference stencil 1/(2h)*[—4 8 —4],,, which, after proper scaling of the
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restriction operator by 3, is seen to be off by a factor of 2 compared to the
“natural” 2h-discretization of —«". Due to this, for a very smooth error
frequency, sin (sx) say, we obtain T"e”" =~ e". Consequently, as smoothing
hardly affects this frequency, we cannot expect the asymptotic two-level
convergence factor to be better than 3. If the same coarsening strategy is
now used recursively to introduce coarser and coarser levels, the above
arguments carry over to each of the intermediate levels. In particular, each
coarser grid operator is off by a factor of 2 compared to the previous one. A
simple recursive argument, applied to the same frequency as above, shows
that errors are accumulated from grid to grid, and that the asymptotic
(V-cycle) convergence factor cannot be expected to be better than 1-
172971

Clearly, one standard way to overcome g-dependent convergence factors
is to use “better” cycles such as F- or W-cycles (cf. [101]). Apart from the
fact that such cycles are more expensive (expense may be considerable in
AMG, depending on the actual coarsening), they will have at best the
same convergence factor as the corresponding two-level method. This
method, in turn and for the same reasons that may lead to g-dependent
convergence, may not be satisfactory. Therefore, a sufficient understanding
of the reasons for g-dependent convergence is necessary.

As seen from the above example, a basic deficiency of the essential
condition (5.5) is that it, by itself, does not guarantee a sufficiently good
interpolation for smooth errors. A stronger condition that has been shown
to be suitable for a V-cycle convergence theory is the approximation
property given in § 4.3.2, namely

(5-12) I T"e" (13 < B lle"|I3.

Its essential relation to condition (5.5) is seen from the following lemma.
Lemma 5.8.  If (5.12) holds, then we also have

(5.13) min [le" — L™ I3 < B2 le” 13
Proof. We first observe that (5.12) is equivalent to

(5.14) IT"e" (3= B lle" I,

which, omitting the index h, follows from

||Te||1 ||Te||2
P el T
with E = D™'A. Applying (5.14) to T"e” and using (5.12), we have
T e I5 =B I T"e" |17 = B |le"|I3,

p(E—I/ZTE 1/2) p(TE IT)

which, in particular, implies (5.13).
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For smooth errors e”, (5.13) is much stronger than (5.5) because
lle”|l, < )le”]);. For instance, in the case of second order scalar PDE
problems and smooth error frequencies on a regular grid of mesh size h, we
typically have that ||e"|l, = O(h) ||e"||,. In such situations, (5.13) increases
the order of interpolation compared to (5.5).

In summary, it becomes clear that, in order to obtain robust and efficient
V-cycle convergence, we have to increase the accuracy of interpolation for
smooth errors. Theoretically, we could achieve this by constructing inter-
polation that satisfies (5.13) rather than (5.5), a sufficient condition being
that the inequality in (5.13) must hold for each e* with the special choice

el =el (keC): 2 )
S al(ef = 3 waet) =g at(%),
ieF keC i a;

where r" = A"¢". Unfortunately, it is hardly possible to construct the
interpolation so that we satisfy this inequality exactly by using only algebraic
information (such as the matrix entries), unless we define it in the inefficient
way described in Example 5.1.

In practice, however, it turns out that it is not really necessary to satisfy
this inequality exactly. For geometrically posed problems, a sufficient
improvement of the accuracy of interpolation is generally obtained if we add
certain objectives to the interpolation requirements that result from § 4.5.4.
These objectives (see criteria (C1) and (C2) in §4.6.1), although partly
motivated by geometric arguments, do not explicitly use geometric informa-
tion. In particular, extremely one-sided interpolation like the one in
Example 5.7 will be avoided.

Of course, if there is really no geometric background to a problem, or if
the underlying structure of the connections is far from being local, there is
no a priori guarantee of highest efficiency. However, a large number of
practical tests, including complicated problems with random matrices and
quite irregular finite element triangulations, show that obeying the objec-
tives mentioned above resuits in a very robust and efficient method. For
more information and, in particular, a collection of examples, see the
following numerical sections.

For solving problems with underlying geometry, there are ways to
improve interpolation further. One possibility is to supply AMG with some
minimum geometric information, e.g., point locations. Along with other
possibilities, this will also be discussed in the following section. All these
“more sophisticated” techniques are not really needed in connection with
the problems we had in mind up to now: the extra work does not pay. They
become, however, quite important for certain “systems’” problems.

4.6. AMG for scalar problems. AMG, as we stated previously, is
designed to use the principles of geometric muitigrid methods without
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relying on the geometry of the problem being solved. In the developmental
phase, design choices were often based on experiences with discretized
second order elliptic PDEs, but an effort was made to keep the explicit
dependence on the underlying geometry to a minimum. As a result, the
method is applicable to a wide class of problems including, but not limited
to, those involving symmetric M-matrices. The method developed for such
problems, called the scalar algorithm, only makes explicit use of the
information contained in the matrix itself and does not rely on the geometry
of the problem.

The application of AMG to a matrix equation is a two-part process. The
first part, called the sefup phase, consists of choosing the coarser grids and
defining the grid transfer and coarse grid operators. The second, called the
solution phase, uses the components defined in order to perform standard
multigrid cycling until a desired level of tolerance is reached.

The purpose of this section is to describe the setup phase in some detail,
to give the work and storage requirements, and to give results for a number
of sample problems. First, in § 4.6.1, an overview of the principles and the
reasons for our choice of the algorithm will be given. Section 4.6.2 covers
the technical details of the basic setup algorithm. This will be of interest
primarily to the reader wishing to program AMG. Section 4.6.3 contains a
discussion of the work and storage required for the AMG algorithm.
Numerical results for a number of sample problems are given in §4.6.4.
Section 4.6.5 contains a simple method for computing a posteriori error
estimates for problems involving symmetric M-matrices. Finally, §4.6.6
outlines ways to improve the performance of the algorithm by, in some
cases, explicitly using geometric information, which is usually readily
available.

In the remainder of the paper, we assume that the reader is familiar with
the notation and terminology introduced in §§ 4.2 and 4.5.1.

4.6.1. The setup phase: a general discussion. In any multigrid ap-
proach, relaxation and coarse grid correction are used in conjunction to
eliminate the error. This requires that any error which cannot be corrected
by appealing to a coarser grid problem (i.e., any error not approximately
represented in the range of interpolation) must be effectively reduced by
relaxation. In geometric multigrid methods, linear interpolation is normally
used; then relaxation must be chosen that smoothes the error in the usual
geometric sense. The approach in AMG is just the opposite. The relaxation
method is fixed, and the coarse grid and interpolation operator are chosen
so that the range of interpolation is forced to (approximately) contain those
functions unaffected by relaxation. The other multigrid components needed
are then defined as in § 4.2.2.



ALGEBRAIC MULTIGRID 99

Consider the application of AMG to a problem Au=b. An outline for
the setup algorithm, provided A' = A, is as follows:

Al. The setup phase:
Step 1. Setm=1.
Step 2. Choose the coarse grid Q™*'! and define the interpolation
operator I, ;.
Step 3. Set I7*'=(I7.) and A" =mrigmm
Step 4. If Q™! is small enough to allow for inexpensive inversion of
A™*!, set g =m + 1 and stop. Otherwise, set m =m + 1 and go

to Step 2.

Step 2, called the coarsening step, is the only process not fully specified. In
this section, we define the interpolation formula and determine the
properties that the coarse grid should have. This will be done for any fixed
level, denoted by the index h, since the method is the same for all levels.
The corresponding coarser level to be constructed will be denoted by the
index H. All sets of points used below (C, F, S, D and N) actually depend
on h, but the index will be omitted for convenience.

Now, to determine what is required of the coarsening procedure, we
consider the matrix equation

(6.1) Alu’ = b,

where, for ease of motivation, we assume that A" is a symmetric M-matrix.
In this case, the theoretical results of the previous section apply. (The
algorithm itself, however, does not require this to be true, and it can
formally be applied in more general situations. Some examples of such
situations are presented in § 4.6.4.) In particular, we have shown in §4.4.3
that Gauss—Seidel relaxation converges slowly if and only if the (properly
scaled) residuals are small compared to the error, e, between the current
approximation and the exact solution. Thus, error that is siow to converge is
characterized by

(6.2) akel~ — > ale!  (ieQ").

jeN;

Such error is called algebraically smooth. Functions with this property
should be well represented by the range of interpolation.

We assume that the interpolation operator is constructed as in §4.5.1.
That is, the grid Q" is partitioned into two sets, C and F, called C- and
F-points, respectively. C is identified with the coarse grid Q”. Then, for any
function e”,

el ifieC,
(6.3) (he"); = S

keC,

wyeell ifieF,
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with some small sets of interpolation points C; = C. Formula (6.2) is used to
obtain the interpolation weights w;, = wh for the points in F. For instance, if
C and F are chosen so that, for each i € F, N; c C and we set C; = N,, then
(6.2) can be used directly to define the weights (i.e., set wy = —ak/a? for
i€ F, k € C). However, as noted in Example 5.1, this is seldom practical,
and we would generally like to interpolate to i € F from as small a set C; as
possible. Then, in order to obtain an interpolation formula from (6.2), for
each je D;=N,—C,, e,'-’ must be approximated in terms of e” at points
in C;.

Formula (6.2) states that, at each point i, e/ is essentially determined by
those ef for which —aj is large. For this reason, we introduce the following
definition. A point i is strongly connected to j, or strongly depends on j, if
—a; = 0 max,,; {—aj} with some 0<@=1 (usually taken to be .25 in
practice). With §; denoting the set of all strong connections of point i, we
will take C;=C N S,.” (Here, C is assumed to be given. Criteria for how to
actually choose C will be derived below.) Then let Di=D,NS; and
D} =D;—S;. These are called the strong and weak noninterpolatory
connections, respectively. Now, for points j € D}, we can replace e/ by e} in
(6.2). For points j € Di, however, this is generally not sufficient. Since the
value of e/ is also determined by e” at the points to which j is strongly
connected, we make the approximation

(6.4) el =~ ( > af’,gﬁ)/( > a )

keC, keC,

These approximations are substituted into (6.2), which is then solved for e,
yielding the interpolation weights for point i. The more strongly connected j
is to the points in C;, the more accurate we can expect (6.4) to be (cf.
Theorem 5.5). In practice, we only require at least one such strong
connection. This requirement is considerably weaker than the correspond-
ing one of Theorem 5.5, but it turned out to be sufficient in all our
applications and gave highest efficiency in terms of overall work. Thus, the
following criterion is suggested for choosing the sets C and F:

(C1) For each ieF, each point jeS; should either be in C, or
should be strongly connected to at least one point in C; (= CN §;).

A primary concern in the coarsening process is to produce multigrid
components that result in an efficient solution process. The efficiency is

7 Note that if, in contrast to our assumption, 4" is not an M-matrix, but rather contains few
positive off-diagonal entries per row, the corresponding connections are not defined to be
strong. Correspondingly, an F-point i does not interpolate from any point j with a};> 0. Unless
such coefficients become substantial, AMG performance will not seriously deteriorate.
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determined by the convergence factors and the amount of work needed per
cycle. As a general rule, the more points QY has, the better h-level
convergence can be. On the other hand, the amount of work necessary for
relaxation on the H-level increases with the size of A", so it is advantageous
to limit the number of C-points while still enforcing (C1). We do this by
introducing the following additional criterion:

(C2) C should be a maximal subset of all points with the property
that no two C-points are strongly connected to each other.

It is easy to construct examples for which it is impossible to strictly satisfy
both (C1) and (C2). However, (C2) is used as a guideline for constructing
C while ensuring that (C1) holds. The details of the C-point choice, and
how it relates to these criteria, are discussed in the next section.

Remark 6.1. The coarse grids chosen according to (C1) and (C2) tend to
produce an especially efficient solution process in problems with a geometric
background, such as discretized PDEs. Since the work of relaxation, which
dominates the cycling time, is proportional to the number of nonzero entries
in the matrices, it is important to keep the “stencil size” as small as possible
on all levels. This is generally achieved by the criteria used. Another
consequence of the coarsening produced is that the grids chosen generally
avoid “‘one-sided” interpolation, such as that discussed in Example 5.7.
Lemma 5.8 essentially states that, in solving a regular, second order elliptic
partial differential equation, second order interpolation is required for
proper V-cycle convergence. Although this cannot be guaranteed without
the explicit use of geometric information, grids chosen according to (C1)
and (C2) typically give balanced sets of interpolation points, allowing for
interpolation that is sufficiently accurate for the problems tested.

4.6.2. Technical details of the coarsening process. This section is not
essential for the remainder of the paper and can be skipped by the casual
reader. Its purpose is to describe the coarsening process (Step 2) of the
setup phase Al in the previous section in detail. In addition to the notation
used there, we define the set of points strongly connected to i by
ST={j:ieS;}. Furthermore, for a set P, |P| denotes the number of
elements in P.

In order to keep the work involved in the choice of the coarse grid small,
a two-part process is used. First, a relatively quick C-point choice is
performed; this attempts to enforce the criterion (C2) by distributing
C-points uniformly over the grid. In the second part, which is combined
with the computation of interpolation weights, the tentative F-points
resulting from the first part are tested to ensure that (C1) holds, with new
C-points added as necessary. The first part is given below.
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A2. Preliminary C-point choice:

Step 1. Set C=@, F=@, U=Q" and 4, =S| for all .

Step 2. Pick an i € U with maximal ;. Set C=CU{i} and U=U -
{i}.

Step 3. For all j € ST N U, perform Steps 4 and 5.
Step 4. Set F=F U {j} and U=U — {j}.
Step 5. For all [ € §; N U, set A, A+ 1.

Step 6. For all j € §; ﬂUsetl Ai—

Step 7. If U=, stop. Otherwise, go to Step 2.

Roughly speaking, the tendency is to “build” the grid starting from one
point and continuing outwards until the domain is covered. In Step 2, 4,,
which can be written as |S7 N U|+2|S7 N F|, measures the value of the
point i € U as a C-point given the current status of C and F, since a point
that can be used for interpolation to a large number of F-points should help
to satisfy (C1) with smaller C. Initially, points with many others strongly
connected to them become C-points, while later the tendency is to pick as
C-points those on which many F-points depend. This tends to produce a
grid with a maximal number of C-points subject to the restriction that there
are few, if any, strong C-C connections. In addition, this guarantees that
each F-point produced has at least one strong connection to a C-point.

The algorithm for performing the final C-point choice and defining the
interpolation weights is as follows:

A3. Final C-point choice and definition of interpolation weights:
Step 1. Set T = (.
Step 2. If T o F, stop. Otherwise, pick ie F— T and T =T U {i}.
Step 3. Set C;=85,NC, Di=S,—C;,, D'=N,-S,and C,= .
Step 4. Set d, = a}+ ¥, .pyaj; and for k € C,, set d = ak.
Step 5. For each j € D} do Steps 6 through 8.
Step 6. If §; N C; #(J, then go to Step 8.
Step 7. If C,# @, set C=CU {i}, F=F — {i}, and go to Step
2. Otherwise, set C;,={j}, C;=C;U{j}, Di=D;~-
{j}, and go to Step 4.
Step 8. Set dy =d; + a,,a,k/Z,eC aj; for k € C..
Step 9. Set C=CUC;, F=F—C,, and wy = —d,/d, for each k € C,
and go to Step 2.

The main idea of this algorithm is to sequentially test each F-point i in
order to ensure that each point in D7 has a strong connection to at least one
point in C; The set of F-points tested is denoted by 7, and when all
F-points have been tested, the algorithm terminates. When an F-point i is
found to have a noninterpolatory strong connection j € D] that does not
strongly depend on C;, then j is tentatively made into a C-point (it is put in
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the sets C; and C;), and testing of the points in Dj (which no longer contains
j) starts again. If all those points now depend strongly on C;, then
interpolation is defined for i (Step 8) and j is put into C (Step 9). However,
if the algorithm finds another point in D] that does not depend strongly on
C;, then the point i itself is put into C. This is done in an effort to minimize
the number of additional C-points introduced. From this viewpoint, it is
better to make i itself a C-point than to force more than one of its strong
connections to be C-points.

In practice, this two-part coarsening process performs well. The prelimi-
nary choice is fast, and the number of C-points added in the final choice is
normally small.

4.6.3. Work and storage requirements. It is important to have some
idea of the work (in terms of floating point operations) and the storage
necessary to solve a given problem with AMG. Since the process is fully
automatic, this cannot be predicted exactly. However, the total work
necessary for both setup and cycling can be estimated in terms of several
basic quantities. Ideally, this work should be O(n), and the constant should
depend only on the nature of the problem, not the size.

The quantities used in the estimates are: x*, the average “stencil size”
over all grids; x’, the average number of interpolation points per F-point,
o°, the ratio of the total number of points on all grids to that on the fine
grid (called the grid complexity); and o, the ratio of the total number of
nonzero entries in all the matrices to that in the fine grid matrix (called the
operator complexity). The goal of the AMG setup phase is to keep these
values as small as possible in order to ensure efficient cycling. Typical values
are given in § 4.6.4 for a number of problems.

In usual geometric multigrid, these quantities are known in advance. The
grids are generally coarsened by a factor of 2 in all directions, so the grid
complexity 6 is 1/(1 —27%), where d is the dimension of the domain. If the
same type of approximation to the continuous operator is used on all grids,
x4 is equal to the stencil size of the fine grid problem, and the operator
complexity ¢* is also 1/(1—279). For linear interpolation, we have
x'=d/(1-279). Thus, for example, a PDE defined on a region of the
plane discretized with a 5-point stencil will give the values o = 0 = 4/3,
k*=5, and x' = 8/3.

Numerical work in the setup phase. The floating point arithmetic
needed for the setup phase represents only a small amount of the total time
required, since the dominant part involves sorting, keeping counters,
looping, maintaining linked lists, dynamic storage manipulation, garbage
collection, etc. For this reason, we do not go into detail, but only present
the final estimates for the total number of floating point operations needed
to define the interpolation weights and the coarse grid operators. These are
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denoted by @’ and w*, respectively, and are as follows®:
(6.5) o'=nk'(3(x*-k")-2), @*=nc'Q2K'(xk* - &)+ 3x! + k1)

Numerical work per cycle. The approximate numbers of floating point
operations on level m required for one relaxation sweep, residual transfer,
and interpolation are

A A I F C I F
2n;,,, 2n,,+2Kk'n,, n;,+2x'n,,

respectively. Here, nj, is the number of nonzero entries of A™, and nS, and
nf, denote the numbers of C- and F-points on Q™ The actual work per
cycle, of course, depends on its type. The most common one is the (v, v,)
V-cycle, in which v, and v, are the numbers of relaxation sweeps performed
before and after each coarse grid correction. Then, for example, the total
amount of work per V-cycle, if we let v=v,+v, (and note that
Y. nk =n), is approximately

(6.6) n2(v + )x*o® + 4k’ + 0%~ 1).

Remark 6.2. The number of operations required for relaxation domi-
nates the work per V-cycle and is proportional to the number of nonzero
entries in all the matrices. Thus, the operator complexity, o, which does
not occur in the above estimate, is actually a convenient approximation of
the ratio of the total work per V-cycle to the relaxation work on the finest
grid.

Remark 6.3. Some cycling schemes used in usual multigrid methods may
not be appropriate at times for AMG, because the reduction of the problem
size from one level to the next is not fast enough. For example, for a 2-D
anisotropic problem, this reduction is given by a factor of around .5 (cf.
Table 4.2). In this case, the total work per point in a W-cycle is known to
depend on the size of the fine grid problem (cf. {538, § 4.4]).

Storage requirements. The most convenient storage scheme for AMG is
that used in the Yale Sparse Matrix Package (cf. [Eil]). This form allows
the use of general matrices and does not require storage of the zero entries.
Three one-dimensional arrays are used to specify a matrix: A, IA, and JA.
We assume that the rows of the matrix are ordered so that the ith equation
corresponds to the ith variable. The diagonal entry a; is stored in the real
vector A at the position indicated by the ith entry of IA, with the nonzero
off-diagonals following in any order. The rows are stored consecutively. The
vector JA, which has the same length as A, contains the column number of
the corresponding entries of A. The interpolation operators are stored in a

8 This estimate for ' assumes that all connections are strong, which is the worst case. In
addition, there has been no effort to take advantage of the symmetry in defining the coarse grid
operator. An algorithm so designed could cut the work for the operator construction by close
to a factor of 2.
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similar form. The restriction operator does not need to be stored, since it is
simply the transpose of interpolation. In addition to the matrices and the
interpolation operators, we need storage for the solution approximation and
the right-hand side, and pointers giving the correspondence between
points on different grids. We need a total of (k*+2)o®+ k' real and
(x* +3)0® + K’ + 1 integer storage locations per point on the finest grid.”

Remark 6.4. The values of ¢, 0®, k*, and &’ for geometric multigrid
applied to a given problem can generally be regarded as ‘‘best-case” values
for AMG applied to the same problem. Consequently, using the values
given before in the above formulas, we can expect the solution of a PDE
discretized on a uniform grid with a 5-point stencil AMG to require at least
12 real storage locations and 14 integer locations per point on the finest
grid. In practice, values may be higher, but will seldom exceed about 19 real
and 22 integer locations.

Remark 6.5. During the setup phase some work space is necessary.
However, at any stage of the process, there is available storage, which will
be needed for matrices and pointers for levels not yet determined; this
usually suffices.

4.6.4. Numerical resnlts. In this section we present results of experi-
ments with AMG on a number of discretized partial differential equations.
They demonstrate the robustness and efficiency of the method in a variety
of cases, including irregular domains and discretizations, anisotropic and
discontinuous coefficients and nonsymmetric operators.

In all cases, the parameter @ defining strong connections and described in
§4.6.2 was taken as 0.25. (1, 1) V-cycles with Gauss-Seidel relaxation and
C/F-ordering of points were used in all tests, and the convergence factors
were computed by a von Mises vector iteration. The values given in Tables
4.1-4.7 are as follows (cf. § 4.6.3)."°

P Asymptotic V-cycle convergence factor,
ty  Time required for one V-cycle,

t Time required for the setup phase,
Operator complexity,

Grid complexity,

K Average stencil size,

k' Average number of interpolation points per F-point.

prep

Q

N

® Again, there can be some savings if we take advantage of symmetry., The setup phase is
most efficient when both the upper and lower off-diagonal nonzero matrix entries are stored,
but it is possible to keep all nonzeros stored only for the current working level, and to discard
the lower (or upper) off-diagonal elements before proceeding.

19 All the time measurements reported in this section were obtained on an IBM 3083
computer at the Gesellschaft fir Mathematik und Datenverarbeitung, St. Augustin, West
Germany.
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The Laplace operator. First, in order to establish the behavior of the
method in the absence of any irregularities, results are given for several
different finite difference discretizations of the Laplace operator on the unit
square with Dirichlet boundary conditions. In all cases, a uniform square
grid with mesh size & = 1/64 is used. The stencils used are as follows:

. -1 L
@ = -1 4 -1y @) 52 4 ,
-1 -1 -1
! -1 -1 -1 ] -1 -4 -1
@G 251 8 -1 ¥ 55| -4 20 -4
20h
il R -1 -4 -1

Table 4.1 contains the results for these problems, which are typical for
isotropic operators. There are some important points to note here.

First, although the 9-point stencils require more time for relaxation on the
finest grid than the 5-point stencils, the overall times per cycle are somewhat
less. The reason is that the complexity values and average numbers of
interpolation points are lower for the 9-point stencil. Quantitatively, this
can be seen when the complexities and average values shown in Table 4.1
are inserted in (6.6) to approximate the number of floating point operations.
Both Problem 1, with a 5-point stencil, and Problem 3, with a 9-point
stencil, require approximately 79 operations per cycle and per point on the
finest grid. It is generally true that larger stencils result in faster coarsening,
lowering the complexity, since (C1) can be satisfied with a smaller
percentage of the strong connections of each F-point in C. For example, for
the 5-point stencil, all the neighbors of each F-point must be in C, while for
the 9-point stencil, as few as 2 can suffice.

Remark 6.6. For comparison, a standard geometric multigrid cycle for
isotropic problems, using full weighting for the residual transfer, would
require approximately 48 operations per fine grid point for a (general)
5-point stencil and 80 for a 9-point stencil. Thus, in these examples, the

TaBLE 4.1
Times Complexity Averages
Problem P ty  toeep | OF o | ¥t K

0.054 | 0.29 1.63 | 2.21 1.69 | 646 3.29
0.067 | 0.27 1.52 | 2.12 1.64 | 628 3.12
0.078 | 0.26 1.83 | 1.30 131 873 251
0.109 | 0.26 1.83 | 1.30 131 | 873 251

BV
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work per AMG cycle is comparable for 5-point stencils and for 9-point
stencils it is nearly optimal.

Second, AMG works well when applied to the skewed Laplacian, while
geometric multigrid methods do not. This is because the grid actually
consists of two sets of points with no connections between these sets. We
cannot define any relaxation process that results in smoothing of the error
between the two sets, so usual geometric coarsening and linear interpolation
cannot give meaningful coarse grid corrections. AMG, on the other hand,
automatically treats the problem as two decoupled problems, since the
coarsening process is based on interpolation along strong connections.

Remark 6.7. The average ratio of setup time to V-cycle time for the
above problems is about 6.3, while that of the corresponding numbers of
floating point operations (computed from (6.5), (6.6)) is around 2. This
clearly shows that real arithmetic actually takes up a relatively small amount
of the total setup time.

Anisotropic operators and discontinuous diffusion coefficients. ~ Although
somewhat artificial, the example of the skewed Laplace operator demon-
strates the ability of AMG to tailor coarsening to the problem at hand. It is
easy to see from the algorithm described in § 4.6.2 that coarsening must
occur in the direction of strong connections, so that, for example, 2-D
problems that are strongly anisotropic in a direction aligned with the grid
are actually treated as a number of separate 1-D problems.

Here, we report on experiments with three examples of operators
involving “problem” coefficients. As before, the domain for each is the unit
square, Dirichlet boundary conditions are imposed, and each is discretized
on a uniform grid with 4 = 1/64, using 5-point stencils. The first problem is

—Ety — wy, =f,
and several choices for ¢ are used. In geometric multigrid, a line relaxation
must be used in order to ensure smoothing when standard coarsening is
used, with the direction of the relaxation depending on the size of €. An
alternative is to coarsen only in one direction (and to use point relaxation).
The second problem, more complex than the previous one, is

—(100x+y_1“x)x — tyy =/

Here, the direction and strength of the anisotropy varies over the domain.
In order to solve this problem by usual multigrid methods, alternating
direction line relaxation is necessary. In this case coarsening in one direction
is not useful, since the direction would have to change over the domain.
This is not a problem in AMG, since the type of coarsening in each part of
the domain is automatically adapted to the direction of strong connections
there. Finally, we present a problem that we cannot solve with geometric
multigrid methods simply by choosing the proper relaxation scheme. This is
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a diffusion problem with a discontinuous diffusion coefficient, and is as
follows:

1 0.0=x=<05 00=<y=0S5,

10 0.0=x=0.5 05<y=1.0,

100 0.5<x=10 05<y=1.0,

1000 0.5<x=<1.0 0.0=y=0.5

—V(dx, y)Ve) =/ with Ax, y) =

In the application of usual multigrid to such problems, error is not
smoothed across the discontinuities and interpolation must be adapted at
interfaces (cf. [5]).

The results for the application of AMG to these problems are given in
Table 4.2. Note that the convergence factors do not vary much, and are
comparable to those obtained for the Laplace operator, even when the
direction of strong connections changes or the coefficients are
discontinuous.

For Problem 1, there are two points to note. First, the grid complexity
tends to 2 as € becomes very small or very large. This is because coarsening
is basically in one direction only for such problems, so about half the grid
points are chosen as C-points. On coarser grids, the strength of connections
in all directions becomes more uniform, and faster coarsening, such as that
obtained for the 9-point stencils, results, thereby decreasing the complexity.
For problems with very small or large ¢, however, this only occurs on very
coarse grids, if at all, and the grid complexity stays around 2.

Second, the operator complexity, and thus the time per cycle, becomes
quite high for £ =.1 or 10. This is mainly due to the coarsening obtained

TABLE 4.2
Times Complexity | Averages
Differential

£ operator p ty | toep| 0% | 0% | x*| K
0.001 0.082 } 0.31] 1.05] 2.54 | 1.92 | 6.55| 1.84
0.01 0.094 | 0321 1.20| 2.72| 1.93 | 6.96| 2.03
0.1 0.063 | 037 1.82| 3.33| 1.87 | 8.80| 2.64
0.5 0071 | 0.28| 1.62| 2.19| 1.68 | 6.44 | 3.27
1 —Etiy, — 2y, 0.054 {029] 1.63| 2.21 | 1.69 | 6.46| 3.29

2 0.059 | 0.28] 1.61| 2.19| 1.68 | 6.44 | 3.28
10 0.079 | 0.36| 1.84 ! 3.37| 1.87 | 8.90| 2.62
100 0.095 | 0.31] 1.18| 2.68 | 1.92 | 6.90| 2.00
1000 0.083 1030 1.07 | 2.54| 1.92 | 6.55| 1.84
—(100°7 " w,), — w,, 0.089 (0.30| 1.68 | 2.35| 1.72 | 6.76 | 3.31
—V(d(x, y)Ve) 0.082 [ 0.30| 1.45| 2.45| 1.79 | 6.75 | 2.72
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from grid 2 to grid 3, and is a result of the choice of 6 in the definition of
strong connections. For this problem, the complexity can be reduced to a
more reasonable level by a different choice of the parameter 6.

The solution of the above problems requires an average of 89 operations
per fine grid point per V-cycle. For comparison, a robust geometric
multigrid algorithm capable of solving these problems without changes (with
the exception of Problem 3), using a V-cycle, standard coarsening, full
weighting, and two alternating line relaxation sweeps per level (assuming
that the decompositions have been previously computed and stored),
requires 70 operations per fine grid point per cycle.

Problem grids and domains. Irregular domains and grids can cause
problems for usual geometric multigrid methods in several ways. The
domain may contain features that cannot be resolved easily on coarse grids,
so that the operators defined cannot provide good coarse grid corrections.
Irregular grids are used for a variety of reasons, often in combination with
finite elements. In such cases, it may not be possible to find a natural
sequence of coarser grids, and it may be inconvenient (or impossible) to
define a finest grid that does admit a natural coarsening. Here we give
results for finite element discretizations of the Laplace operator on several
such domains. These are shown in Figs. 4.1-4.4. (Some of the figures show
grids coarser than the ones actually used so that the grid details are not
obscured.) Each of these problems presents special difficulties for usual
multigrid methods.

Problem 1. Figure 4.1 shows a regular discretization of a complex
domain. Small holes in the region with a size equal to the mesh size, and

Cafsddtideacaradhirads 3hedvyailst
T R E T R AR

ao
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detailed structures, make usual coarsening impossible. The re-entrant
corners also present singularities.

Problem 2. The domain and grid in Fig. 4.2 cause several problems.
First, there is a singularity due to the re-entrant corner. Also the grid near
the corner is locally refined, resulting in irregular stencils at a number of
points. The difference in mesh sizes over the region can cause problems for
other iterative methods. In usual multigrid methods, the approach to local
refinement is to define a sequence of successively finer uniform grids, each
covering a smaller area. With the grid given, though, choosing the coarser
grids will be difficult.

Problem 3. The triangle in Fig. 4.3 is discretized on a “random™ grid,
which would cause many problems in the geometric approach. This example
actually does have “natural” coarser grids, but determining these grids can
be impractical. AMG, however, uses no knowledge of the grid structure, so
that finding a natural coarsening, if one even exists, is not necessary.
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FIG. 4.4(b)

Problems 4 and 5. Finally, Figs. 4.4(a) and (b) show a grid generated at
INRIA to model flow around two NACAOQ12 airfoils (representing a cross
section of an air intake). The outer boundary is a circle, and the figures
show the details of the grid around the airfoils. This example incorporates
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many of the difficulties of the previous problems. The grid is refined close to
the airfoils, the trailing edges cause singularities, and there is no natural
coarsening. For Problem 5, another similar domain not shown here, is used
to model flow around a single NACAO12 airfoil. Neumann boundary
conditions are imposed on the surface of the airfoils, and Dirichiet
conditions are used at the outer boundary (to specify the flow at “infinity”).

The results of the application of AMG to each of these problems is given
in Table 4.3. The number of points on the finest grid is given by n. The
increase of the convergence factors over those for the finite difference
discretizations is small, in spite of the difficulties in the problems. It should
be noted that the matrices obtained for Problems 3-5 are not M-matrices
(off-diagonals of both signs result), so the assumptions made to motivate the
coarsening process do not have to hold strictly.

Nonsymmetric operators.  Although AMG was developed primarily for
symmetric problems, some nonsymmetric problems can be handled as well
with no modifications to the algorithm. We show this here using the
convection-diffusion operator

—eAa+ta(x, y)a, +4(x, y)a,=/(x, y).

Again, the domain is the unit square and Dirichlet boundary conditions are
used. The problem is discretized on a uniform grid with A =1/64. The
discrete operator is the S-point finite difference approximation of the form

1 —€+bhp,

i —e+ah(p,.—1) -X —&+ahp, |,
—€+bh(p,—1)

where
€/2ah if ah > ¢, £/2bh if bh > €,
:=41+¢/2ah ifah<-e and p,=941+¢/2bh if bh<—¢,

1 if jah| = ¢, 1 if |bh| =&

TABLE 4.3
Problem Times Complexity

Q
n o by | tyep| 0% | @

4064 [0.089| 0.29 | 2.22| 193 | 1.71
2232 10.124] 0.17 | 1.10| 2.48 | 1.68
1953 10.153| 0.20 | 1.26 | 2.84 | 1.87
1650 {0.229| 0.16 | 0.83 | 2.54 | 1.73
960 0.153] 0.09 | 0.42 | 2.50 | 1.82

Do W N
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TABLE 4.4

Problem Times Complexity

£ p ty | toep | O | 0%

(=0 1073 0.00005 | 0.29| 0.78 | 2.30 | 1.97

=1 10°% 0.005 0.45| 1.67 | 4.45 | 2.19

1 =2 1073 0.0004 | 0.46) 2.01 ) 4.63 | 2.07
=3 1073 0.002 0.41{ 1.57] 3.81 | 2.05

=4 10~° 0.00005 | 0.29| 0.78 ] 2.30 | 1.97

0.1 0.060 0.29| 1.62| 2.21 | 1.69
0.001 0.055 0.40| 1.49] 3.68 | 2.10
0.00001 | 0.030 0.39| 1.41| 3.57 | 2.10

N

0.1 0.056 0.29] 1.63]| 2.21 | 1.68
3 0.001 0.160 0401 1.51) 3.76 | 2.10
0.00001 | 0.173 0.40 | 1.46] 3.72 | 2.13

Y. denotes the sum of the surrounding coefficients. Simple central
differencing cannot be used when ah or bh become large compared to g,
since the operator is no longer stable.

Table 4.4 contains the convergence factors for AMG applied to several
different choices of a, b, £. The functions a and b used are as follows:

(1) a(x,y)Esinlg, A(x,y)Ecoslg, (1=0,1,2,3,4),

(2)  e(xy)=@Q-DA-x%, 4x y)=2y(p-1),
(3)  alxr,y)=dx(x—-1)(1-2y), 4x, y)=—4y(y—1)(1-2x).

In Problem 1, £ =107 was used. The characteristic directions given in
Problems 2 and 3 are shown in Table 4.4, and the values of € used are .1,
.001, and .00001.

For Problem 1, where the characteristic directions are straight lines,
convergence is extremely fast. This is especially true when the characteris-
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tics are aligned with the grid lines. In this case, if £ were 0, AMG would act
as a direct solver, giving the exact solution in one cycle. For small ¢, the
convergence factors actually decrease to zero with cycling, in contrast to the
behavior for symmetric problems, where the factors generally increase to
some asymptotic value. For this reason, the convergence factors given are
geometric averages over a number of cycles.

For Problems 2 and 3, convergence factors are similar to those obtained
for the symmetric problems studied when ¢ is large. As ¢ is decreased,
Problem 2 behaves in a manner similar to Problem 1, with decreasing
convergence factors. However, the factors increase in Problem 3. This may
be due to the fact that as ¢—0 the problem becomes more and more
singular. The continuous problem for £ =0 is not well defined, since the null
space includes functions with arbitrary constant values on any characteristic
circle that does not intersect the boundary.

Remark 6.8. The behavior of AMG as a direct solver for some problems
with £ =0 is a consequence of the coarsening. Since strong connections are
in the upstream direction, for any point i, there are generally few, if any,
strong connections between points in §;. This results in choosing C; = S, for
all i e F. The C/F-relaxation then produces error that lies exactly in the
range of interpolation, and the coarse grid correction is exact. Thus, the
reason for convergence is purely algebraic, and not a consequence of
smoothing in the usual sense. When the characteristics change direction
over the region, as in Problems 2 and 3, the directionality of the strong
connections on coarser grids is lost, and AMG can no longer function as a
direct solver.

Remark 6.9. In all cases, except in Problem 1 for /=0 and / =4, when ¢
is small, complexity is higher than for symmetric operators. This is because
the algorithm produces coarse grid lines that are roughly perpendicular to
the characteristic directions, and the number of grid points is reduced by
around a factor of 2. Unless the flow is actually aligned with the grid lines,
however, the strong connections of each point tend to “fan out’” so that
each point is strongly connected to an increasing number of points on the
upstream grid line.

4.6.5. A posteriori error estimates. In this section we briefly recall a
possibility of obtaining realistic a posteriori error bounds if A in (2.1) is an
M-matrix. The idea behind the procedure described below is well known
and relies on monotonicity principles (cf. [Scl]). We first state the following
lemma.

LEmMA 6.10. For every M-matrix A,

(i) Auz=0=>u=0, and

(i) Au>0>u>0.
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Let ¥ now be any approximate solution of Au=b with corresponding
error ¢ =u—u and residual r = b — Au = Ae. Furthermore, suppose any z
with Az>0 to be given. Then an immediate consequence of the above
lemma is that

aAz=r=BAz>az=ex<fz.

Thus, to obtain lower and upper bounds for the error e, we only have to
find a vector z with Az>0 and compute o and 8. This can be done as
sketched in the following procedure.

(1) Perform one AMG cycle to get an approximate solution z of the
linear system Au =1 starting with the first approximation z® =1, say.

(2) Check whether Az >0. If this is the case, go to (3). Otherwise
improve z by performing another cycle and repeat the check. Usually one or
two cycles will be enough to obtain Az > 0.

(3) The error estimate az <e < fz holds with & =min, {r,/(Az);} and
B = max; {r,/(Az).}.

The above procedure costs only little extra work and usually will give
quite realistic error estimates.

4.6.6. Variations of the coarsening strategy. The coarsening procedure
presented in § 4.6.2 gives satisfactory results for a wide variety of problems.
However, for some cases we have not yet considered here, coarsening may
not be satisfactory, either because the coarse grids are too fine, resulting in
high complexity and increased work in cycling; or because the error after
relaxation may not be approximated well enough by the range of interpola-
tion, which results in slow convergence per cycle. For example, the
application of AMG to finite difference equations in 3-D often results in
high operator complexity. Also, some of the problems of § 4.7 require a
more careful determination of the interpolation weights in order to maintain
efficiency.

In the following, we discuss several modifications to the coarsening
process given in §4.6.2 which can be used to improve efficiency in such
situations. These can be split into two groups: modifications in the coarse
grid choice, and changes in the definition of the interpolation operator.
Often, these are used in conjunction in an effort to get both faster
coarsening and improved interpolation accuracy.

Although the trend in AMG has been to set up the necessary multigrid
components with a minimal amount of user-supplied information, many
problems do have an underlying geometric structure (although it may be
quite irregular), and this information can often be used to improve
performance. In particular, the coordinates of the points at which the
variables are defined are often readily available, since they are frequently
used in the generation of the problem itself. The use of this geometric
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information, along with that contained in the matrix, provides the basis for
some of the approaches given below.

4.6.6.1. Modifications to the C-point choice.

Long-range interpolation. Long-range interpolation is simply the use,
for interpolation to an F-point i, of points not necessarily in S;, the set of
points to which i is directly strongly connected. The primary reason for
considering this generalization is to reduce the operator complexity. It is
convenient from a programming standpoint to require that C; c §;, but this
can be too restrictive in terms of coarsening. This is particularly true in the
case of finite difference equations in 3-D. For example, the use of 7-point
stencils allows only coarsening by a factor of 2, but the stencil size grows to
about 19 points on the second grid. Coarsening becomes more efficient
afterwards, but the overall operator complexity is quite high. In such
problems it is possible to coarsen faster while not seriously hurting the
quality of the correction.

Clearly, in enlarging the set of possible interpolation points, we cannot
disregard the concept of strong connections without affecting the ability of
interpolation to approximate algebraically smooth functions. For this
reason, we introduce the idea of long-range strong connections. We say that
i is strongly connected to j along a path of length [ if there exists a sequence
of points iy, iy, i, -, with i=i, and j=j such that i, €S,  for
k=1,2,---,1L Let S! denote the set of all points to which | is strongly
connected along a path of length less than or equal to /.

The algorithm can be generalized to allow interpolation from points in S/
for some specified ! Generally, not all points in S/ are suitable for
interpolation. We can see this easily by considering simple geometric cases:
in geometric multigrid methods, if the mesh size is increased by more than a
factor of 2 from one grid to the next, the work required for relaxation
increases, and overall efficiency decreases even though less coarse grid work
is required. For this reason, we may take only the “strongest” connections
in S!, where the strength of the connection from i to some point j € S} is
measured, for example, in terms of the number of paths of length less than
or equal to { from i to j.

Once this restricted set of points, denoted by S!, is determined, the
algorithm can proceed as in § 4.6.2, with some minor changes, if we choose
C and F so that, for each i € F, each point j € §; is either in C or is directly
strongly connected to some point in C NS, which we take as C,. In this
case, interpolation can be defined as before. If this is not the case, one of
the methods discussed in § 4.6.6.2 may be used.

Convex interpolation. As stated in § 4.6.1, in problems with an underly-
ing geometric structure, the coarsening process tends to produce grids in
which each F-point is “surrounded” by its interpolation points. This
situation, where each F-point lies (at least approximately) in the convex hull
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of its interpolation points, is referred to as convex interpolation. Such an
arrangement allows for O(h?) interpolation and is one of the main reasons
for the efficiency of AMG. The coarsening algorithm of § 4.6.2, however,
does not guarantee convex interpolation where strong connections are
naturally one-sided, such as along boundaries. This does not essentially
affect the behavior of AMG for the problems we have considered so far, but
it must be corrected for some of the applications given in §4.7. In those
cases, it is sometimes useful to choose C and F so that we have convex
interpolation even at the boundaries (by explicitly using the coordinates of
the points at which the variables are defined). Of course, interpolation must
still be from strong connections (either direct or long-range); otherwise the
correction is meaningless, and convergence will deteriorate.

4.6.6.2. Modifications to the interpolation formula. The accuracy of
interpolation can be only indirectly controlled in AMG. When interpolation
is defined as in §4.6.1, convex interpolation usually ensures good results.
However, for some of the problems considered in § 4.7, for example, even
convex interpolation is not sufficient for good convergence. This generally
occurs when the algebraically smoothest components (i.e., those least
affected by relaxation) are not well enough approximated by the range of
interpolation. These components can be determined in several ways, either
through use of the matrix itself or through more extensive use of
geometrical information. Once these components are known, or approxi-
mated, it is possible to improve interpolation:

Suppose we have chosen C, F, and C; for each i € F given, and we have g
functions z!, z2, - - -, z¢ which we want to interpolate exactly, if possible.
(Note that here, superscripts indicate the function number, not the grid.)
We restrict our discussion to a particular point ieF. Let C;=
{ky, k2, - - -, k,}, and denote the value of the function z* at point k, by z%,
and the value of z* at the point i by z§. Assume that we have previously
computed some interpolation weights wy. , Wy,, - -, Wir,» Which we would
like to modify so that z', z% ---, 27 can be approximated as closely as
possible by the range of interpolation. For this, corrections vy, v,, - - -, v
are computed that minimize the functional

3 (6= 2 o +2t).

©=1

P

with the added constraint that ¥, v2 is minimal in the event that there is
more than one solution. The weights are then updated by w,, < w;, +v, for
v=1,2,---,p. This ensures that, if the original interpolation weights
already interpolate the desired functions, they are not changed. Otherwise,
the new weights will differ from the old ones in a minimal way. Below, we
discuss two ways to obtain functions of interest that may be used in this
approach.
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“Linear” interpolation. For many physically based problems, functions
that are algebraically smooth are also smooth in the usual geometric sense.
This is not always the case. For example, discontinuities in the system or
structure being analyzed can result in a problem where algebraically smooth
functions vary greatly from one point to another, even if the points are
physically close to each other. However, connections between such points,
as defined by the matrix entries, will be weak. Thus, if the coarse grids are
chosen as described before, we can expect the smoothest functions in the
neighborhood of a point i to be linear on C;. So, for a 2-D problem, for
example, we can improve the interpolation using the above method by
taking z' =1, z>=x, and z’ =y. When we define the interpolation weights
in this way, it is natural to enforce convex interpolation.

Note that this use of linear interpolation does not introduce the same kind
of disadvantages as linear interpolation in geometric multigrid methods.
There, the assumption that smooth functions are locally linear, even in the
direction of weak connections, requires a careful choice of the relaxation
method in order to smooth, since the interpolation points are fixed
independently of the operator.

Interpolation of eigenvectors. The algebraically smoothest functions of
a problem are generally the eigenvectors corresponding to the smallest
eigenvalues. The smaller the eigenvalue, the better the corresponding
eigenvector must be approximated by the range of interpolation. The
interpolation definition given in § 4.6.1 is usually sufficient for this purpose.
However, in some problems (cf. §4.5.4.3), this must be specificaily
enforced in order to maintain satisfactory convergence. This approach
requires the approximate calculation of the eigenvectors corresponding to
the smallest eigenvalues (generally there are very few small enough to cause
problems in convergence). Such accuracy is rarely necessary, since the
linear interpolation described above usually ensures accurate enough
interpolation of the needed eigenvectors when standard interpolation does
not. Therefore we do not report on our experiences here, and give only a
rough outline of the method for completeness.

One (inefficient) method for finding the eigenvectors is to first construct
all the coarse grid components in the usual way, then use a modified cycle to
obtain an approximation to the desired eigenvector. The Gauss—Seidel
relaxation used in AMG is actually a functional minimization of the energy
norm of the error. Instead, a relaxation process can be formulated to
minimize the Rayleigh quotient of the grid function (this requires carrying
some additional corrections to all levels). An AMG cycle using this
relaxation produces an approximation to the eigenvector that corresponds
to the smallest eigenvalue. This eigenvector approximation can be used to
modify interpolation and the coarse grid matrices on all levels. The cycling
and interpolation improvement can be repeated until the desired accuracy is
reached.
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The computation of the eigenvector and updating of the interpolation can
also be integrated so that, before the coarse grid correction on each level
during the Rayleigh quotient minimization cycle, the interpolation and the
coarser grid operator are updated with the current eigenvector approxima-
tion before the operation proceeds to the next coarser grid. This can be
done in a quite efficient way and, if necessary, several eigenvector
approximations can be computed simultaneously in a similar way if they are
kept (approximately) orthogonal on all levels. The eigenvector approxima-
tions are used only as a tool for the improvement of interpolation. Once
they have been calculated to the desired accuracy (thereby producing the
desired interpolation), the AMG components can be used in standard
cycling to solve the given problem.

4.7. AMG for systems problems. The algorithm described in the
previous section was developed under the assumption that the fine grid
matrix was a symmetric M-matrix. This assumption is often strongly violated
when a number of different quantities are being approximated. For this
reason, that method described in §4.6 can fail when applied directly to
discretized systems of partial differential equations and other similar matrix
problems.

This class of problems is simply too large to allow any one algebraic
multigrid approach to work efficiently for all cases, but methods can be
developed that apply to limited classes. For these approaches, the user must
be required to supply some information concerning the nature of the
problem. Here, for ease of motivation, we concentrate on discretized
systems of PDEs, and assume that some of the details of the discretization
can be easily supplied. However, as in AMG for scalar problems, uniform
discretizations and regular domains are not required, so such approaches
should still prove quite useful, even though much of the “black box™ nature
is lost.

Consider a system of partial differential equations in p unknown
functions:

Loy + Loz + <+ Lupreep) =/ >

Loy + Lazyeoz) + - -+ Lapreep) =/12)

(7.1) on Q,

Lpnepy+ Lo -+ Lpp1eep) =/1p)

where ;) is a linear differential operator and «) is a scalar function
defined on 2. We consider two approaches, obtained from (7.1), to discrete
problems; both are closely related to AMG for scalar problems. The first,
which is similar to the simplest usual multigrid approach, is to define
interpolation separately for each of the unknown functions, and is called the
“unknown” approach. The second, which can be applied when all unknown
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functions of the discrete problem are defined on the same set of points (i.e.,
on a nonstaggered grid), treats the problem in a point-oriented block fashion
and is therefore called the “point” approach.

4.7.1. The “unknown’ approach. A simple extension of the scalar
algorithm allows the method to be used for a number of problems in which
more than one unknown is involved. We consider the system (7.1). To
discretize this problem, it is necessary to define p grids Qyy, Qp2), - - *, Qs
each a discretization of Q. Let uj), defined on Q;, be the discrete
approximation to the ith unknown function. Then, let Ay; be a finite
difference or finite element approximation to &;;. The discrete problem can
be written as follows:

Apny Apzy o Apg [ by,
(7.2) Apy Apy o0 App || W [_ ] b
Apn Apz 0 ApprdLug, b

In order to avoid confusion in parts of our discussion, it is important to
distinguish between what we call points, unknowns, and variables. An
unknown is one of the functions being approximated (e.g., pressure,
temperature, or a component of displacement), and each unknown is
identified by a number. A point is a physical point of one of the grids
15, Q2 - * - Q). The value representing the unknown uy; at a particular
point of Q) is called a variable. Thus each variable is associated with both a
point and an unknown. Here, the user must explicitly provide the
correspondence between the variables and the unknowns.

The method we call the ‘“‘unknown” approach can be simply described in
terms of the scalar algorithm of §4.6. In choosing the coarse grids and
defining interpolation, the method of §4.6.2 is used, but all off-diagonal
blocks are ignored. This results in a block-diagonal interpolation operator,
with each F-variable interpolating only from other variables corresponding
to the same unknown. The coarse grid operator is constructed as before,
using the full fine grid operator, so that connections between the different
functions are not lost on coarser grids. In the cycling process, simple
Gauss—Seidel is used, and the variable/unknown correspondence is no
longer needed.

For this approach to be formally applicable, there are several restrictions
on system (7.1) and the discretization chosen. The ith equation in (7.1)
must be naturally associated with the ith unknown function, «;;. (This is not
the case, for example, with the Cauchy—Riemann equations.) The problem
should be discretized so that there is a natural one-to-one correspondence
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between variables and equations, since this is required for Gauss—Seidel
relaxation. Finally, the resulting discrete problem must have diagonal blocks
Apiy to which scalar AMG can be applied.

This method works well in problems for which variable-wise relaxation
produces algebraically smooth error separately in each unknown (i.e., if e
is the error in the ith unknown, A;e(;, properly scaled, is small compared
to e;))- The character of the off-diagonal blocks determines whether or not
there is such smoothing: it is sufficient that the off-diagonal blocks in each
row are “small” compared to the corresponding diagonal block. However,
the entries in the off-diagonal blocks do not necessarily have to be weak
connections in the usual sense. For example, consider the case of the
plane-stress problem of elasticity given in (7.3) below. When Poisson’s ratio
v is not too large (say v <.5), the present approach works well even though
the connections between unknowns in the discrete operator are relatively
large.

When this method can be used, it is quite effective. Below, we give some
results of the application of this approach to elasticity problems and a
discrete problem in VLSI design.

Elasticity problems. The plane-stress elasticity problem can be written
in terms of the displacements « and « as

1—v 1+wv

ey + o

2 w T 2 Yy =%

(7.3)
1+v 1-v
> oy + 2 vy T oy, =g,
where v is Poisson’s ratio, chosen to be 4 (which is a realistic value for many
applications). The domain used is the unit square. A finite element
discretization of the problem on a uniform grid with bilinear test functions is
used, with A =1/16, 1/32, and 1/48.

We first applied the “unknown” approach without any of the modifica-
tions described in § 4.6.6. Each side of the domain was specified as either
fixed (Dirichlet boundary condition) or free. Table 4.5 shows the V-cycle
convergence factors and CPU times per cycle obtained as a function of A

TABLE 4.5

=0 1=1 =2 =3

h p ty p ly P ty P ty

1/16 | 0.13 {1 0.07 | 0.20 | 0.08 | 0.36 | 0.09 | 0.46 | 0.10
1/32 | 0.18 { 0.34 | 0.30 | 0.36 | 0.52 | 0.38 | 0.65( 0.39
1/48 |1 0.18 | 0.82 | 0.31 | 0.84 } 0.49 | 0.87 | 0.75 | 0.88




122 MULTIGRID METHODS

and /, the number of free sides, where we take [ =0, 1, 2, and 3 (for / =2
the free sides are adjacent).

For the full Dirichlet problem, convergence is good for all & tested.
However, the behavior becomes worse as free boundaries are introduced,
with the convergence clearly dependent on problem size for the case of 3
free boundaries. This indicates that the quality of interpolation is not good
along the free boundaries. We then used two methods to improve the
interpolation. These are as follows:

Method 1. Convex interpolation, as described in § 4.6.6.1, was forced,
so that each F-point was in the convex hull of its set of interpolation points.

Method 2. In addition to enforcing convex interpolation, the interpola-
tion weights were modified to interpolate linear functions exactly according
to §4.6.6.2.

The results for these approaches on the problem with 3 free boundaries
are given in Table 4.6. Although there may still be a slight dependence on
problem size when Method 1 is used, the convergence factors obtained are
much better than those for the original method. With Method 2, the factors
approach those for the original method on the full Dirichlet problem, and
do not depend on A.

Remark 7.1. When convex interpolation is enforced, the times per cycle
increase. This is because the use of convex interpolation generally increases
the number of C-points somewhat. Although no additional C-points are
forced in order to define the linear interpolation, the coarser grid operators
produced are different from those when only convex interpolation is
used, which explains the difference in cycle times between Method 1 and
Method 2.

We also performed some preliminary experiments using a 3-D elasticity
problem. The domain was the unit cube. We took h =1/8. Although the
problem sounds small, there are 2187 variables and around 150,000 matrix
entries stored. The 4 bottom corners are fixed, and the body is free
elsewhere. In this case, Method 2 from above is used. Furthermore,
long-range interpolation is used with path length 2 in order to lower the
storage requirements. The results were quite promising. The asymptotic

TABLE 4.6

Method 1 Method 2

h P ty p ty

1/16 [ 0.25 | 0.15 | 0.21 [ 0.15
1/32 | 0.30 | 0.64 | 0.22 ; 0.69
1/48 | 0.33 | 1.46 | 0.22 | 1.82
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convergence factor obtained was .276, with an operator complexity of 1.50
for a (1, 1) V-cycle.

A VLSI design problem. The following problem occurs as part of a
CAD-system for VLSI-design that is under development at the University
of Saarbriicken (see [Bel]). As a first step in developing the physical layout
of a chip, the chip components are regarded as nodes of a planar graph,
some connected not only to certain neighbors but also to some geometri-
cally fixed points at the boundary of the chip (graph with fixed boundary).
Starting from this graph, which describes the logical connections of the chip
components, we compute a first guess for a layout by computing geometrical
locations of the nodes, minimizing the functional

> wf(lisdb),

i

where s; denote the edges of the graph (including those to the fixed
boundary points), w; are certain nonnegative weights, and f(&) is some
“cost” function.

In the simplest case, one considers w; =1 and f(&) = £” with some p =2,
the most interesting cases being p =2 (which corresponds to requiring that
the overall signal transmission time be minimum) and p— (which
corresponds to requiring the maximum signal transmission time to be
minimum). The above minimization corresponds to solving the following
system of equations:

2 P —PjlP(x, —x)=0 (i=1,---,n),

jeN;
2 PPl 2 (y,~y)=0 (i=1,---,n),
jeN,
where the P; = (x;, y;) (i =1, - - -, n) denote the nodes of the graph (including

the fixed boundary nodes). N; denotes the neighborhood of i, that is, the set
of indices j such that P; and P; are connected by an edge of the graph. The
unknowns are the coordinates of the inner nodes.

If p=2, this system is linear and similar to two decoupled discrete
Laplace equations, and we can apply the algorithm described in §4.6
without any modification. For p >2, the system is nonlinear, and the
Jacobian matrix is symmetric and has the form

(5 )
B M)/’
with M, and M, being weakly diagonally dominant M-matrices. If p is not
too large (p =< 10, say), the “unknown” approach allows for a rapid solution

if combined with Newton’s method in a straightforward way. We found
that, in order to keep the linearization work small, it was reasonable to
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TABLE 4.7

Convergence factor

Number
ofnodes |p=2|p=4|p=6{p=8

250 0.16 | 0.15 | 0.17| 0.20
500 0.17]1 0.15 { 0.18 | 0.22
1000 0.19 | 0.17 | 0.20 | 0.29
2000 0.21 1 0.20 { 0.23 | 0.32
4000 0.23 ] 0.19 [ 0.23 | 0.32
8000 0.24 1 0.19 | 0.24 | 0.33

make a simple “‘continuation” in p. Furthermore, instead of recomputing all
coarse grid components in each Newton step, we can reduce the setup work
of AMG by up to 50% (without affecting convergence essentially) by
recomputing only the coarse grid operators, keeping the grids and the
interpolation operators fixed.

In Table 4.7 we give numerically observed convergence factors per cycle,
for different p, that typically are around 0.2, with a tendency to increase
slightly as p becomes large. We mention that p > 10 is usually not needed in
practice; solutions then change very little as p is increased further. Figures
4.5 and 4.6 show two explicit examples for demonstration, where the figures
on the left and right show the given and optimized graphs, respectively
(where p =4 for Fig. 4.5 and p = 8 for Fig. 4.6).

4.7.2. The “point” approach. In many cases, systems of the form (7.1)
are discretized on nonstaggered grids (i.e., Q=Qp="--=Q,). The
scalar algorithm of § 4.6 can, in principle, be extended to such problems in a
straightforward way. The main idea is to apply the algorithm in a “block”
manner, with all variables that correspond to the same point relaxed,
interpolated, and coarsened together. However, a practical application can
be quite expensive and difficult. We have not developed an efficient
implementation of the ideas described below, but a preliminary test,
presented below, shows that the method can be effective.

Clearly, the correspondence between variables and points must be
provided before we can use this approach. We can then rewrite (7.2) so that
all variables and equations associated with the same point are grouped
together:

Aay Aay 0 Aawm |[ v bay

(7.4) Ay A(zz) A(2n) [LT6)) — b(z)

A(nl) A(nz) A(nn) L) b(n)
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where uy; is the vector of variables defined at point i, b, is the appropriate
vector of values for the right-hand side, and » is the number of points on the
grid. Here, the obvious analogue to the scalar relaxation is a point-oriented
block relaxation in which all the variables associated with a particular point
are changed simultaneously to satisfy the equations defined at that point.
The grid can then be coarsened pointwise, so that all the variables at each
point are either C-variables or F-variables. We will call such points C-points
and F-points, respectively. Interpolation is then defined so that all variables
at a given F-point interpolate from all variables at the surrounding
C-points.

As in the scalar case, the coarsening process should be defined in such a
way that smooth error lies in the range of interpolation. For problems that
exhibit the same type of algebraic smoothing behavior as M-matrices with
usual Gauss—Seidel relaxation, the properly-scaled residual becomes smail
relative to the error. This property can be used to express the error at a
point in terms of the error at surrounding C-points, in a way analogous to
that in the scalar algorithm. Let i be an F-point. Then, letting e, denote the
error vector at a point j, the error at point i after relaxation must satisfy

A(ii).e(i) == 2 A(ij)g(i)’
ji

which is analogous to (6.2). We again wish to use this formula to construct
the interpolation operator, and the coarse grid should be chosen in such a
way that this is possible. We will say that a point i is strongly connected to §
if A(; is large (in some chosen norm) compared to the other off-diagonal
matrices in row i. As in the scalar case, we define S; to be the set of strong
connections of i, and given C and F, set C; = §; N C. We can now restate the
goal in choosing the coarse grid (cf. Criterion (C1) in §4.6.1): for each
point i € F, each point j € 5; must either be in C;, or must strongly depend
on C; in the proper way.

This is where a difficulty arises. Simply requiring A, to be large for
some k € C; is not sufficient. (For example, consider two unrelated scalar
problems defined on the same grid. Such a criterion would aliow the use of
completely irrelevant information in choosing the coarse grid.) Instead, we
note that g, is only affected by e;, if A¢;e;) is large. Then it is clear that we
only need that part of ¢(; corresponding to large eigenvalues of 4; to be
well determined by C;. Suppose that C; = {k,, k,, - - -, k;}. Then we should
require that these eigenvectors be well approximated by the range of the
matrix [A Ay * * * Agry)- Once this is ensured, an approximation to e
can be derived in terms of the e at points in C;, and interpolation can be
defined in a manner similar to that in the scalar algorithm.

This method requires that, in the discretized system, the set of equations
defined at each point be associated with the set of variables defined there. A



ALGEBRAIC MULTIGRID 127

strict variable/equation correspondence is not necessary, since this method
performs relaxation inverting the diagonal blocks of (7.4).

The approach outlined above would clearly be more expensive than the
‘“unknown’” approach of § 4.7.1, although some simplifications are possible.
However, this seems the most natural method for a number of problems
with a true point-oriented character, such as those arising in the analysis of
frame structures. An example of such a problem is the following.

A structural problem. One structural problem, a rigid
frame, is illustrated in Fig. 4.7. The actual structure is twenty
levels high, rather than the eight shown in the figure. The
nodes are the locations where members (beams) are joined,
and two nodes are connected whenever there is a member
between them. (Although the members cross on the faces of
the structure, there are no nodes there since the members are
not actually joined.) The unknowns in this problem are the
displacements of the nodes in the x, y, and z directions. The
equations to be solved can be obtained by considering each
member as a spring, with the end displacements related to the
forces at the nodes by Hooke’s Law; linearizing around the
initial node locations; and setting the sum of all internal and
external forces at each node to zero. In rigid frame problems,
rotations of the joints are usually included as unknowns, but
they have been eliminated here for simplicity. Here, the four
points along the bottom are fixed, and the remainder of the
structure is free. (For a more detailed discussion of such
problems, see [Chl].)

There are difficulties in applying the ‘‘unknown’ approach
to this problem. Even with convex linear interpolation,
asymptotic convergence factors of .8 and above were ob-
tained. As a test, we then applied the point-oriented approach
described above, with the coarse grids chosen to satisfy the FiG. 4.7
given criterion. The V-cycle convergence factor obtained was
.18. This clearly shows that the point approach may be
essential for such problems.

4.8. Conclusions and further research. Algebraic multigrid has proven
to be a robust and efficient black box solution method for several types of
matrix equations. Although many of the numerical experiments reported
here have been for problems defined on uniform discretizations of simple
domains, we have tried to show that the method is certainly not restricted to
these cases. For such “nice” problems, properly designed geometric
multigrid algorithms can be more efficient, although the ease of use of
AMG makes it an attractive tool even here. However, there are many
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problems that could benefit from multigrid ideas, but to which the
application of usual multigrid methods is difficult or impossible. For
example, many applications programs generate irregular grids tailored to
particular domains or operators. Because AMG is insensitive to com-
plexities in the domains and grids chosen, it is ideal for such problems.
Another class of problems to which usual multigrid methods cannot be
applied are those that are discrete in nature, since the necessary multigrid
components cannot be defined. These are often similar to the matrix
equations obtained from the discretization of PDEs on irregular grids, and
AMG can be easily applied.

Current and planned work in AMG lies in two main directions. The
primary goal is to extend the application range of the method and to
develop robust, efficient algorithms for new classes of problems. The second
and related goal is to develop methods for the efficient solution of chains of
related problems, where there are smooth or local changes to the system, in
either the right-hand sides or the fine grid operators, from one problem to
the next.

New problem areas. There are a number of areas in which the
application of AMG seems promising, both in terms of the algorithm’s
success and of its potential benefit. These include problems in fluid flows
and structural mechanics. The ability of AMG to deal with complex
domains makes it attractive in both of these areas. This is particularly true
in structural problems. Here, there is also a need to solve large discrete
problems, for which AMG is well suited.

One change in the algorithm that can make it applicable to a wider range
of problems is the use of different relaxation methods. The use of block
Gauss—Seidel in the method of § 4.7.2 is one example. Another would be
the use of distributed relaxation methods, such as Kaczmarz iteration. This
would allow the use of AMG for problems, such as the Cauchy-Riemann
and Stokes equations, that lack the natural variable/equation correspond-
ence necessary for Gauss—Seidel relaxation.

In the development of AMG algorithms for larger classes of problems, it
is necessary to balance convenience and efficiency. Currently, it seems clear
that different approaches are necessary for different types of problems. An
algorithm capable of automatically determining the proper approach for a
particular problem may spend too much time trying to find information that
could be easily specified by the user. Another option is simply to develop,
for certain types of problems, specialized algorithms that could be used over
a wide range of changes in the domain or coefficients of the operator.

Chains of problems. The second area of research—developing efficient
solutions to chains of related problems—is important in a number of
applications, including nonlinear and time-dependent problems, as well as
reliability analysis and design problems. A large amount of work in the
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AMG algorithm is invested in the setup phase, and for the problems
mentioned, the setup work for later problems can sometimes be reduced or
avoided altogether, effectively reducing the time required for the solution of
each problem. The extent of the changes in the matrix equation determines
the amount of work necessary to resolve the problem. Local changes may re-
quire only a small amount of work in both the setup and the solution phase.

The simplest change is in the right-hand side. This is often done in
time-dependent probiems or in structural problems in order to study the
effect of different loads on a structure. Then the setup phase need not be
repeated at all. If the new right-hand side is a perturbation of the previous
one, few cycles may be necessary. In addition, if the perturbation is only
local, then relaxation on the finest level is only necessary in the neighbor-
hood of the change, since the error introduced will normally be smooth far
away. The area of relaxation increases on coarser grids, with global
relaxation occurring only on the coarsest. In this way, the smooth changes
in the solution are obtained by interpolation.

When the matrix itself changes, as in the solution of nonlinear problems
by Newton’s method, the entire setup process may not need to be repeated.
If the change is small enough, all coarse grid components may be retained.
It is more likely that some changes will be necessary. If the character of the
connections in the matrix does not change drastically, it is possible to keep
the coarse grids and the interpolation operators, while simply recomputing
the coarse grid operators. This costs much less than repeating the entire
setup phase, since a large amount of work is used in choosing the coarse
grids. Another possibility is to recompute interpolation while again keeping
the coarse grid structure.

It is also possible that the changes introduced in the matrix are only local.
This is the case when local changes are made to determine their effect on
the behavior of the entire structure under a load. In this case, the changes in
the coarsening may also be only local. If necessary, new coarse grids or
interpolation may be needed in the neighborhood of the change. The coarse
grid matrices need to be only locally recomputed, since most of the matrix
entries will be unaffected by the changes. The effect will spread on coarser
grids, but the overall work necessary is small compared to the initial setup.
Once the setup is completed, the solution may be quickly computed, again
starting from the previous solution and using local relaxation.

It should be possible to automatically determine the amount of relaxation
required and the extent of the changes needed in the coarse grid matrices.
For example, during local relaxation, the area of relaxation can be increased
until changes in the solution approximation are seen to be small. Deciding
the changes necessary in the coarse grids, the interpolation, and the coarse
grid matrices is more difficult, but feedback is available in the form of the
resulting convergence factors.
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CHAPTER 5

Variational Multigrid Theory
]. MANDEL, S. McCORMICK AND R. BANK

5.1. Imtroduction. This chapter develops a convergence theory for
multigrid methods applied to an important class of problems. We provide
convergence bounds based on abstract algebraic assumptions about the
hierarchy of discrete problems; these assumptions will be verified for some
classes of elliptic boundary value problems discretized by finite elements.
We think that strict division into parts concerned with the underlying
differential equation and the algebraic process itself makes the theory more
simple and applicable. Indeed, the theory can be applied, for example, to
finite difference discretizations, to problems of higher order, or to elliptic
systems (such as in linear elasticity) as soon as our algebraic assumptions are
verified. Also, the estimates are quite sharp when good estimates of the
constants in the algebraic assumptions are available. In particular, in the
symmetric positive definite case, the assumptions reduce to a single
inequality, which is closely related to a standard error estimate in the finite
element method.

We consider multigrid methods in a variational setting only (cf. (2.2) and
(2.3) below). This is natural to assume for finite element discretizations, and
it substantially simplifies the arguments and makes stronger results possible.
Using the energy norm as a suitable measure of error, we prove conver-
gence for any positive number of smoothing steps. This applies even to the
nonsymmetric and indefinite cases if the discretization is fine enough; an
“energy norm’ in this case is defined by a dominating symmetric, positive
definite part of the discrete operator.

This chapter is organized as follows. In § 5.2, we introduce the abstract
assumptions, which will be verified in §5.3 for some finite element
discretizations of elliptic boundary value problems. The symmetric, positive
definite case with very general smoothers is treated in §§ 5.4 and 5.5. We
extend the results to the general case in § 5.6 using perturbation arguments.
Section 5.7 contains a short development of full multigrid and comments on
complexity. Section 5.8 includes a Fourier analysis of certain ideal prob-
lems; this is used to compute values of some constants occurring in the
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theoretical estimates, thus yielding convergence estimates via our theory. In
§5.9, we make bibliographical comments on related work for each of the
previous sections. Finally, §5.10 contains several problems and exercises
relevant to this chapter. Some of the exercises contain additional informa-
tion about related results from the literature.

5.2. Notation and assumptions.
§.2.1. Problem hierarchy. Consider a hierarchy of real finite-

dimensional spaces H* k=1,2, -, related by given full-rank linear
mappings /5_,, called prolongations:
(2.1) I5_ e [H*', H), ker (I%_,) = {0}.

Each H* is equipped with an inner product {-,- ), and the associated norm
llulle = {u, u)x?. In most applications, H* will be the Euclidean space R™

and
3
(U, V)= 2 uv,.
i=1

Adjoints relative to the inner product (-,-), will be denoted by 7 as
transposes and linear mappings between the spaces H* may be alternatively
thought of as matrices.

Define the restrictions 15" € [H,, H,_,] by

(2.2) L=

Let m>1, A", N" € [H™], and A" be symmetric, positive definite. Set
(2.3) A =1T1AR N*1= [RTINFIE
for k=m,m—1, ---,2. Then all A* are symmetric positive definite. We
are interested in numerical solution of the problem
(2.4) (A* + Ny =f*

for k =m. We assume that A* + N* is invertible, that is, that the problem
(2.4) always has a unique solution.

For the analysis, however, it will be more convenient to consider a
hierarchy of problems (2.4) for all positive k, with A* and N* satisfying
(2.3). We will assume the operator N* to be small in a suitable sense for
large k. This will allow it to be considered as a perturbation.

5.2.2. Discrete norms. Because A* is symmetric, positive definite, we
may define another inner product on H* by

(uk, v*) 4 = (A*u*, v¥),, uk, vk e H*,

Adjoints relative to this inner product will be denoted by * and the associated
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norm by

Moe e = (u*, w*)3%  u* e H
Note that because A*~' = (I£_,)"A*I%_, by (2.2) and (2.3), we have
2.5) Mo s = M- e W e HEN

Thus, the |||-]], « norm is a convenient common norm for all spaces H*. The
equality (2.5) states that the space (H*™", |||-||; «—1) is isometrically isomor-
phic to the subspace R(I{_;) of (H%, ||-|l:.«)- In the symmetric, positive
definite case when N* =0 for all &, |||-||, .« is the energy norm associated
with problem (2.4).

For all k>0, let B* €[H*] be another symmetric, positive definite
operator. This will be useful in the analysis of iterative methods, where B*
may be a scalar multiple of the identity, a suitable diagonal matrix, or in
general some preconditioner (cf. § 5.4). Define another inner product and a
norm on H* by

(u*, v*)p= (B*u*, v*),, Wk, v e HY
Mo Mok = ((u*, u*) )%, u*eH

The |||-|llo.x norm is best thought of as an approximation of the #*(Q) norm
(see §5.3).

The |||[lo.x and [|-|ll;.x norms are sufficient for much of our analysis.
However, we will need a scale of norms defined as follows. (For a more
detailed treatment of scales of spaces and norms, see the next section.)

Let

(2.6) E* =(B*) A~
The operator E* is symmetric, positive definite relative to the inner product

(-, ), since {E*u*, v*)z= (A*u*, v*),. Thus the powers (E*)’, s a real
number, are well defined.’

! The operator E* has the spectral decomposition

dim H*

E Al i

where A, >0 are the eigenvalues of E* and P, are B“-orthogonal projections satisfying

dim H¥

>, B=1, PP=PP=0 fori#j.

Then
dim Hk

Ek): - 2 As

The spectral projections P; are given by Pu® = (v, u*) zv,, where v, form a B*-orthogonal
basis of eigenvectors of EX, E*v; = Au, (v, v;)p=0ifi#j, (v, v;)p=1
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We can thus define a scale of norms on H* by
(2.7) Mol = CCE*yu®, u®) s>

(The subscript k will be omitted whenever there is no danger of confusion.
We shall thus write simply ||u*|||,.) Note that for s =0 and s = 1 we recover
the previous definitions of these norms.

5.2.3. The multigrid algorithm. Recall that one step of the multigrid
algorithm u* < MGX(u*, f*) is defined as follows:
(a) If k =k, then MG"j is defined by some direct or iterative method so
that
llu* — MGE@®, F)NIF = & lu* —u |1} with & <1.

(b) If k >k, then:

Step 1: Perform u* «— G¥(u*, f*) v, times.
Step 2: Set u*"'=0,

(2.8) =R - (AR + N,

and perform u* ' e MGE ' (u*7Y, f51) p times.
Step 3: Set u* —u* + I%_u*.
Step 4: Perform u* < G5(u*, f*) v, times.

Here, k=1, vy, v2=0, v, +v,>0, and p >0 are integer parameters, and
G*% and G#% are consistent iterative methods for the solution of (2.4), called
smoothers.

Note that, because of (2.2) and (2.3), the problem

ARkl = prm1
with f*~! given by (2.8), can be written as
(L) (A" + NI ™t = (B )T (F* — (A% + NFYb).

Therefore, I%_,u*" is the Ritz—Galerkin approximation in the range of I%_,
of the exact correction v* such that

(A* + NFWF =% — (A% + N*YX,
which would give u* + v* =u*. This is usually referred to as the variational
construction of the coarse grid problem, and therefore (2.2) and (2.3) are
called variational conditions.
5.2.4. Assumptions. Define the subspaces 8%, 7% and U* of H* by

Sk =R(I_)),

7% = {u* € H*; (A*u*, v*), = 0 for all v* e §},

U* = {u* e H*; (A*u* + N*u*, v*), = 0 for all v* € §%},
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and define 7%, U* as the projections along $* onto 7%, U*, respectively.
That is, the operators T* and U* are uniquely determined by

R(T¥)=T*, R(U*)=0% ker(T*)=ker (U*)=58*

Further, let ¥ = I — T* be the projection onto $* along T*.

Vectors from $* can be thought of as representing smooth functions,
which can be exactly interpolated on the coarse level k — 1; vectors from T
and U* correspond to oscillatory functions.

Our convergence theory will be based on the following assumptions,
which will be verified in the next section for some classes of problems
arising from finite element discretizations of elliptic boundary value
problems.

Basic Assumptions. We shall assume that there exist constants «, n, v,
O0<a=1,0<n=1, 0<y <], and ¢y, ¢,, ¢3, ¢4 such that for all k,

(2.9) l*i3-a = c1(0(E))~* |}~ for any u* e U*,
(2.10) KN b, v )el = ca el v -

for any u*, v* € H*,
2.11) [N 5 v )l = cs lllull-, |||Uk|||1}

@.12) f;(w)-k < p(EY) = ()™,
and
(2.13) E*=1.

(The inequality = between linear operators means that their difference is
positive semi-definite.)

For a =1, assumption (2.9) can be interpreted as a requirement that E*
be well conditioned on the oscillatory subspace U*. Assumptions (2.10) and
(2.12) mean that the bilinear form (N*u*, v*), is of lower order; it will be
shown later that (2.10) and (2.11) together with (2.12) and (2.13) imply that
N¥ is in a suitable sense small for large k. Actually, assumptions
(2.10)—(2.13) will be needed only if N* #0.

Note that, from (2.13), we have for all u* € H* that

MMl = Ml if s =<e,

and, from (2.12), that

max |||uk|"t - (p(Ek))(t-—s)/Z ~ w—k(t—s)/l.
w0 [l

Thus, for ¢ >s, the norm |||, is increasingly stronger than |||, . for large
k. It should be noted that, in usual discretizations of second order problems,
(p(E*))™'? plays the role of the discretization parameter k (cf. (3.7)).
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5.3. Motivation and verification of algebraic assumptions.

5.3.1. Hilbert spaces. We now summarize elements of interpolation
theory of Hilbert spaces, which will be needed in the sequel. For more
details and proofs, see [Kr1] and [Li1].

Let #° be a Hilbert space with inner product (-,-), and norm ||+||o, and
let # be an unbounded positive definite selfadjoint operator in #° with a
dense domain P(#), such that

llello=llFullo for all u € D(F).

According to the development in [Krl, p. 236] and using the powers #°,
s >0, the Hilbert scale of spaces (#°, ||-||s) is then given by

H=2(F), llels=F«lo, s>0;
spaces (X", ||'||-s), s >0, are defined as duals:

A= =(H), >0,

/1= = sup {|/w)]: € H°, [lll, = 1}.
Any element /e ¥ % induces a bounded functional from %, s =0, given by

«= (, /o, ue ¥,
with
(e, £ Yol = llello 1 /1o = lleclls 1|/ llo-

We may thus identify #° with a subspace of #~*, and the inner product in
#° with the dual pairing between #° and #~:

/(u)=(w,/)0, we X, /E%_s, s=0.

We will often be interested in Hilbert scales #° with the values of s
restricted to a certain interval, say, 0 =s=1.

Again following [Kr1], let %#° and #" be given Hilbert spaces with inner
products (,)o, (+,-); and norms ||-|lo, [|:|l;, respectively, ' dense in ¥°,
and ¥ normally imbedded in %°; that is,

H'cH® and |«||, = ||«|lo for all v e .

Then there exists a unique Hilbert scale connecting these spaces. The
operator § is given by # = &' with € determined by

(u, v);=(8u, v), forallu,ved

The spaces ¥°, 0<s <1, are called interpolation spaces between #° and "
and they are denoted by #* =[#°, ¥'];. As an example of a Hilbert scale,
we may take the Sobolev spaces #°(Q), Q = R" (see [Lil)).
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Hilbert scales and interpolation spaces are defined in the same way for a
finite-dimensional Hilbert space K° in place of #°. Of course, # is then a
bounded operator and K* = K° for all s, albeit with different norms. Note
that the spaces (H*, ||*||;x), 0=<s=1, as defined in the preceding section,
are interpolation spaces in this sense for any k.

We have the following lemma, which is a particular case of the
well-known strong interpolation property [Krl].

Lemma 3.1. Let 7° and %°, 0<s <1, be two Hilbert scales and let

T e [%°, 1N [%", ']
Then T €[%°, X°] for all 0<s <1, and

(T lser—soee = N T lzests00 1 T 500501

5.3.2. Discretization of elliptic variational problems. Let (&7, |-[|,),
—1=s5=1, be a given Hilbert scale. In addition, let (#~, ||-||;), 1 <s <2, be
additional Hilbert spaces; their relations to #°, —1=s =1, will be implied
by the assumptions we make later (cf. (3.6) and (3.10)). In particular cases,
we may have #°=%°, 1<s=2, where ¥°, —1=<s=2, form a Hilbert
scale.

Let o, N be bilinear forms on ' x ', /e %', and consider the
abstract variational problem of finding « so that

(3.1) wed' and (L+N)(w,0)=(fs)y forallve ¥

We shall give examples of problems of the form (3.1) later, along with the
choices of the spaces #*, #*, and of discretizations.

We make the following assumptions:

The form & is symmetric, #"'-bounded, and #'-elliptic:

Ala, v) = A(v, «)
(3.2) | (w, v)| < ||elly ]}y ¢ for all w, o € .
A, «)=c ||}

Remember that ¢ > 0 is a generic constant so that it may represent different
values in these and later formulas.
The form N is of lower order:

[N, )l = c ljells lilli-y
|W (e, ) = lleell 1=y Nl

with some 0 <5 =1. If ¥ =0, then, of course, this assumption is irrelevant.

Now let us consider discretizations of the problem (3.1). Suppose we are
given a family of finite-dimensional subspaces ¥*c F**'cH', k=
1,2,---. Let a basis be given in each ¥* and choose H* to be the

(3.3) } for all «, » € ¥,
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corresponding coefficient space equipped with the Euclidean inner product
(-, Y so H*=R", n=dim F* Let $*:H*—> F* be the (algebraic)
isomorphism between H* and ¥*.
Define A* € [H*], N* e [H*], and f* € H* by
(Akukx vk>k = d(fkuk’ fkvk)
(N*u*, v*), = N(F5u*, g5v*) ¢ for all u¥, v* e H-.
F5 v = (/ﬁ Fru)g
The problem (3.1) now has the discretization
(3.9 Afu* + Ndk =f*,  u*e H~

The prolongation I _, is defined by the injection (identity) mapping &*~*
into ¥*, via the isomorphisms $*~! and $*:

Fl=g" I
Thus, I%_, is defined so that the following diagram commutes:

HE L5 g

W

Hk-—l _F:I_) yk—l

The restriction 7§~! is then defined as the transpose:
(I 5 ) = (Wb, IR 1Yy for all u* ' e H*™!, v*e HX

Then the variational conditions (2.2) and (2.3) are satisfied.
For each k, let B* € [H*] be symmetric, positive definite and such that for
all k,

(3.5) ¢ Y (BME, uF), < (| F4uF)E = (B UK, uk),  for all uf € H-

We may then define E* = (B*)"?A* and the scale of norms |||, = [||*|ll; on
H* as in (2.6) and (2.7). Because of (3.2) and the continuous injection of %"
into #°, we may assume without loss of generality that B* <A*. Suppose
that the family {S*} satisfies the following approximation property for all
0=s = a with some 0< & <1: For all u € #'** 0\ ¥ there exists +* € F* such
that

(3.6) e =0 llo+ (P(E“)) ™ llw — o* |l = c(@(E*)) ™2 [l 4

In fact, the common estimate in the |||l and ||-||; norms will be used only
with s = 0 in the proof of Lemma 3.2. The estimate in the ||-|}; norm will be
needed later for a fixed s > 0. But usual finite element estimates give (3.6)
(see Ciarlet [Cil] and Strang and Fix {St1]).
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Then we have the following important lemma.

LeMMA 3.2, There exists a constant ¢ so that for all k, u* e H*, and
0=<s=1, it holds that

¢l lls = Nglu = e lu|l,-

Proof. The proposition is true for s =0 by (3.5) directly, and for s =
by (3.2), because of(F u, Fu) = (A*u*, u*), = (E*u*, u* ) = ||lu*||%. The
right-hand inequality then follows for 0<s=<1 if we interpolate the
mappings $*, which are uniformly bounded (in k) both from (H*, ||l lo.x) to
#° and from (H%, [||l..«) to %', using Lemma 3.1. For «e #°, define
P*. € H* as the coefficients of the #°-orthogonal projection of « onto ¥*.
From (3.5), ?* are uniformly bounded operators in [#°, (H%, [|-|lo.c)]. We
show that the same is true in the l-norm. To this end, let we X' and, for
each k, let v* € H* be such that « and +* = $*v* € #* satisfy (3.6) for s =0.
Then P+ =v*, and ||P*(« — +")|||o,x = c |l« —+*||o by the definition of #*
and by (3.5). Using (3.2) and (3.6) we then get

NP el e = NP G — o Wi + ",
=< (P(E*N 12" (e = Wlos + ¢ llelly + ¢ [l = 1y
= c(p(E*)) " (P(E*)) " llelly + ¢ llelly
=c ||eef]y-

The proof is completed by interpolating the operators #* using Lemma 3.1.
The quantity (0(E*))~"? used above satisfies the following:

(3.7) (B = sup, :: k“‘<c(p(E"))-‘“

For problems of order 2 and quasn-umform discretizations, it therefore plays
the role of the discretization parameter h,. For this reason, we may suppose
that there is 0 < y <1 such that, for all k,

(3.8) clyF=p(E-)y=cyr
Finally, we need to consider the adjoint problem of finding a » so that
(3.9) veH' and (A + N)w, v)=(«,/) forallue "

In particular, we assume that (3.9) is regular by supposing that it exhibits a
unique solution = € ¥’ for any /e #~' and that there is a constant 0 < o <1
such that

(3.10) if /e %" then » e '** and ||o/|ar1 =c ||/ lla=1-

Without loss of generality we suppose that o =< &.
We are now in a position to verify our algebraic assumptions for the class
of problems and discretizations considered in this section.
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THeEOREM 3.1. Under the assumptions introduced here, the Basic
Assumptions (2.9)—(2.13) are satisfied.

Proof. It is nontrivial to verify only (2.9). But by Lemma 3.2, it suffices
to show that [|«*||,—. = c(o(E¥))™*2 ||<*||, if «* € U*, that is, if

(3.11) 4 ed* and (oA +N)(* &*)=0 forall & 'eF,
Let /e & *=! and let « be the corresponding solution of the adjoint problem
(3.9). Then with «* satisfying (3.11) and for any «*~' € #*~!, we have
(", /) = (A + N)(", »)
= (o + N, v —*7)

k—
'l

=c |||, il’lfki1 ||u—w 1
@ €

k—1g gpl

=c(eEN* "l lolsa
=c(P(E“) ™l s | a1,

where we used (3.11), (3.2), (3.3), the continuous injection #' < #'~7, the
approximation assumption (3.6) for s = «, the regularity assumption (3.10),
and (3.18). We conclude the proof by noting that by duality

k k
wp VN _
fe(rr-ay ”/“(%““)’ fexe “/“a—l

We now show examples of problems and discretizations in this setting.
Example 3.1. Let QcR? be a bounded domain with a Lipschitz
boundary 9Q, #°= F*(Q), ¥' = XNQ), #* = #*(Q) for s >1, and

lle |- =

d(a, v) = f Ve aVe,
Q

where - is the R? inner product and ¢ = e(x)=(q;), i,j=1,-+-,d, is a

matrix of coefficients satisfying «; € €'(Q), a =a;, i,j=1, -+, d,

z-a(x)z=c|z|? forallzeRY xeQ.

Further, let

.N‘(u,v)=f fu_d-Vu+ywu,
Q

with 4 = (4), 4; € €'(Q), and g € 6(Q). Then (3.1) is a weak formulation of
the Dirichlet problem
-V (ng) +4-Ve +yw =/ in Q,

3.12
(3-12) «=0 ongdQ.
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Tile interpolated spaces #* coincide with the Sobolev spaces #3(L2) for
s#+ 3.

If zero is not an eigenvalue of the operator in (3.12), then the regularity
assumption (3.10) holds with 0< a <3 (at least) (cf. Netas [Nel]). (The
smoothness assumptions about ¢, 4, and 4 can be weakened.) By Kadlec
[Kal], (3.10) holds with a =1 if Q is convex or JQ is smooth. It is easy to
see that (3.3) holds with = 1.

For Q polygonal, consider a family of usual piecewise linear finite
element spaces ¥ =¥" c 4(Q) N ¥'(Q) with the usual nodal bases (cf.
Ciarlet [Cil] and Strang and Fix [St1]). Assume that we accomplish the
passage from ¥ to ¥* by adding nodes at the midpoints of the sides of the
triangles and decomposing each triangle into four triangles (if d =2) or,
generally, by some means that ensures that ¥ c ¥* and the usual shape
and size regularity is maintained. Then for B*=c(h,)" we have
c\(h) = p(E*)=c(h.)™%, where h,=c27*. Hence, y =34 The ap-
proximation property (3.7) holds for & =1 (cf. [Cil], [St1]).

Example 3.2. Let Qc R’ be bounded and polygonal, 3Q=T,UT,,
I, N T, of measure zero, I'; of positive measure, ¥ = {« € X'(Q):« =0 on
[}, #°=(F*RQ))’, and ¥' = (¥)* equipped with the norm

3 1/2
el = ( helfioe)

Further, let /=0 and

3

A(g, 2) = L (k - % u) div e div ¢ + 20 2, ej(a)es(2),

ij=1

where

et aum)
.. = - —-——+._
“il2) 2<8x[,-] axy;

and 0<p < (3/2)k are constants. (We use u and k here in this example
because of the prevailing usage.) The right-hand side _/ is a functional

defined by < /):f/. +J./

with Z, € (¥#7'(Q))’, /v € (% "*(I2))’ given. (In the second integral, » is
understood to be the trace on I',.)

This is a simple elasticity problem (cf. Ne€as and Hlavagek [Ne2]). For Q
polygonal, we may put ¥* = (¥*)?, with ¥* similar to that of the preceding
example. Then (3.6) holds with & = 1, and (3.8) with y =} as before.

When we set #° = (#°(Q))* for s>1, then the regularity assumption
(3.10) holds with some « >0 for the Dirichlet problem, i.e., the case when
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I'; = 3Q. The proof is a simple extension of that from Necas [Nel] to elliptic
systems [Ne3]. Regularity in the general case is at present an open problem.

We conclude this section with some remarks.

(1) All constants in (2.10)-(2.12) can be estimated explicitly. Unfortun-
ately, this is not true of the constant ¢; in (2.9) because the constant in the
regularity assumption (3.10) is known only for model problems. The
regulanty parameter «, however, can be computed for regions with
piecewise smooth boundaries, but it depends on the angles of corners (cf.
Strang and Fix [St1]).

(2) Formula (2.9) suggests that we should choose B* so that p(E") is not
large. In fact, this is just what we need in practice: since EX = (B*)™! A* is
the essential operator used in relaxation, E* should be as well conditioned
as possible (on the “oscillatory” space U*). For problems where the discrete
equation coefficients are very homogeneous (e.g., Poisson’s equation on a
uniform grid), it is sufficient (though not necessarily best) to choose B* =cl,
a scalar multiple of the identity. But for less homogeneous problems (e.g.,
badly graded grids and widely varying coefficients), such a choice would give
an unacceptably large value of p(E¥). A better choice here is B* = cD*,
where A* = D* — L¥ — U* is the decomposition defined in Chapter 1. This
will tend to make p(E*) insensitive to such heterogeneity. For a more
detailed discussion, see McCormick {395].

(3) The convergence theory to be developed in the following sections
depends crucially on the value of the regularity parameter a. Actually, for
the V-cycle we shall need o =1. The regularity assumption (3.10), with
#° chosen to be the usual Sobolev spaces as above, does not hold with
a =1 in the presence of singularities caused, e.g., by a re-entrant corner.
But (2.9) with & =1 can be saved, at least in the two-dimensional case, by
the use of suitable weighted Sobolev spaces and nonuniform discretizations
that are gradually refined near such singular points. For such treatment of
some second order selfadjoint problems in the multigrid framework, see
Yserentant [600].

(4) We have omitted discretizations by finite differences, numerical
integration, treatment of curved boundaries, etc., which do not fall within
the framework of this section. But note that the theory developed below can
be applied if the variational conditions (2.2) and (2.3) hold, and if the
discrete problems satisfy (2.9)—(2.13), by whichever means these assumptions
may have been verified.

(5) Elliptic variational problems of order 2m can be formulated as (3.1)
with %' as a suitable closed subspace of the Sobolev space #™(Q), and
o + X a bilinear differential form of order m with the principal part <. We
then put #°=%*Q) and #* = ¥™(Q) for s >1. The integration by parts
can verify that (3.3) holds with n=1/m if the coefficients are sufficiently
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smooth. Regularity (3.10) with 0 < a <1/(2m) is again guaranteed by Neéas
[Nel] in the case of the Dirichlet problem and Lipschitz boundary Q. It
should be noted that (3.10) holds with o« =1 if the boundary Q and the
coefficients are smooth (see Lions and Magenes [Lil]). Regularity in the
general case is again an open problem.

(6) By passing to the factor space modulo the null space ¥ of &, we can
treat also semi-coercive problems. For example, for the Neumann problem
—Ae=0, 3¢/3n =0, ¥ consists of constant functions. But to do this, we
must have % = $* for all k, and also N(«,+)=0 whenever w€ ¥ or » € ¥.
Compare Exercise 4.4 and § 5.8 for an example of such a process.

5.4. Convergence theory in the symmetric, positive definite case:
approximation property and smoothing factors. In this section we con-
sider the case & =0, so that N* =0 for all k. The purpose of this section is
to derive the inequality (4.11) below, which will be used in the next section
for obtaining convergence estimates for the multigrid process. The ine-
quality (4.11) is in turn based on (2.9) and the so-called smoothing factor,
defined by (4.6), which is determined from the properties of the smoother
G* or G% alone.

From the Basic Assumptions, we need only (2.9), which we make more
specific by introducing a constant é and writing it as

(4.1) k(I3 -o = 6°Co(E*) ™= lu*ll}  for all w e T*
This will be called the (algebraic) approximation property, which is justified

by condition (4.2) in the following lemma.
Lemma 4.1, Condition (4.1) is equivalent to each of the following:

4.2) For any u* € H*, there exists v* € $* so that

ek = v* il = 8*(p(E*))~* llu* I
@3)  Forallu* B, ITFI=8%0(E) e,
(4.4) 8% = pT*“(E*)™ *(p(E*))™

Proof. The equivalence of (4.2) and (4.3) follows immediately from the
definition of T*. The equivalence of (4.3) and (4.4) follows from the
observation that (we omit the superscripts k)

up MTER _ (o (T 0),
o lvllive v (E%, )4
< TE—a/Zu’ E—a/Zu >A
(u: u)A
=p(E—ur/2TE—or/2)
=p(TE™).

= sup
u
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Finally, the equivalence of (4.1) and (4.4) follows from
I||v||| (E~*Tv, Tv) .
su =sup—————5——
ver T TolE S8 T

= p(TE™*T) = p(TE™®),

where in the first equality we used the fact that [|7v|||, <[[v]],, with
equality for ve T.

In the remainder of this section, we may omit the superscripts k without
danger of confusion.

The smoother G(u, f) is, in general, an iterative method for the discrete
system Au = f. For convenience (cf. [377] for the general case), we restrict
ourselves to stationary linear iterative methods of the following form:

(45) ueG(qu)=u_Q—l(Au—f)x QE[H]

Denoting by F=1— Q7 'A the linear part of G, the error e=u—u is
transformed by v applications of G according to e« F*e. We define the
(algebraic) smoothing factor o = o(F) by

- Mlells — WFellid
(4.6) o(F) = p(E) inf ————>——
ect || Fell3

and consider only smoothers having the property that ¢ =0, i.e., smoothers
that do not increase the energy norm of the error. Note that o(F%) =
o(l)=0.

The smoothing factor for more than one smoothing step is estimated in
the following lemma.

LEMMA 4.2. Let v =2 be an integer and assume o(F)=0. Then

4.7) o(F") = o(F*™Y).

In addition, if F is a normal operator in {-,-), F*F = FF*, in particular, if
F is symmetric in (-, )4, F*=F), then

(4.8) o(F*)= vo(F).
Proof. Let e;y= F%, 4=0,1,---,v, and note that o(F) is the
maximal number s such that
) llewlli_ ;. s el
llecw i P(E) lleq i

for all e € H, ey #0. Without loss of generality, let e, #0. Then from
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this equivalent definition of o,

llewll? _ e}

el e
o(F*™) llewlI2
o) Nlewl?’

which gives (4.7).

Assume that F*F=FF* Let ueH and v=F*Fu. Then [|Fuli=
((F*)®)F?u, u) 4 = ||v||} and the Cauchy-Schwarz inequality gives | Ful|;=
(u, v)a=<lulls Welly = lwll, WF?ull,. Setting u = e, we obtain

|||e(z)|”1 = |||e(z+1)|||1
|||e().+1)"|1 me().+2)"|1

(4.10)

So each iteration reduces the error at most by the same factor as the last
one, which yields

llewlli (l“ew_l)lll%)”
llew i\ NMew i
(12 9F) e lI2

_< p(E) |||e(v)|||:{'>v'

Hence, (4.8) now follows from the inequality (1 + x)* =1 + vx, which holds
for all x =0.

Remark 4.1. Note that F=F* if Q = Q7 in (4.5).

The convergence theory in the next section will be based on the condition
verified by the following lemma.

LeMma 4.3.  The approximation property (4.1) implies, for any smoother
with a linear part F, that

o(F) (IIITFeIII%

Ve
& \||Fell? ) for all e € H such that Fe #0.

lell?
4.11 =1+
AT

Proof. Let ey =e, ey = Fe #0. By the Holder inequality,’

Mealliva=lealli™ lleq s

2Let {v;} be a B-orthonormal basis consisting of eigenvectors of E, Ev, = A,v;. From (2.7),
we have for any e € H, [le[|Z =X Ale?, where e = ¥, e;v;, The Holder inequality gives

S o) =(Sad) (S i)

@
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SO

(llleu>lll%+a>”" el
Neaw it et
Then by (4.9) and (4.3),

leolf_ ;o) (el
IIleu)llﬁ p(E) Ille(l)llli‘
o(F) ("I Te(l)l”%)l/a
6 \llewlli/ -
This is just (4.11), so the lemma is proved.

Now we estimate the smoothing factor o(F) for some smoothers. Perhaps
the simplest is the preconditioned Richardson’s iteration

=1+

w -1 _
(4.12) R(u,f)=u—-p—(BT1A—)B (Au f),

with fixed real parameter 0<w <2. Note that its linear part is F=
I-w(p(E))"'E.
THEOREM 4.1. Let 0<w <2. Then

)
o I——E)zmin 20, (w—1)"2-1}.
(125 (20, (@-1)-1)
Proof. leteeH, F=1I- w(p(E))"'E, Fe#0. Then

llell — llFellf _ ({ — (I — w(p(E))"'E)’, e)
ll Felll2 (E(I-w(p(E))'E)’e, e)a

80
. 1-(1-wt)?
- —_—
7= 02,'; t(1 - wt)?
The minimum is attained at either t=0or ¢ =1.
Remark 4.2. The optimal value in this estimate is @ = 3/2, which gives
o =3. Lemma 4.2 applies here, so we have for v steps of Richardson with
w <3/2, that 0 =2vw. But compare Exercise 4.2.
The following result applies when Q e[H] in (4.5) is invertible but
otherwise arbitrary.
THeEOREM 4.2. Let Q €[H] be invertible. Then o(I— Q™ 'A) is the
maximal number s such that

(4.13) p(B'A)NQ+ Q" -A)=s(A-Q")B7'(A- Q).
Proof. For any ueH,
Nullz=(B(B~'AY’u, u) = (AB~'Au, u).
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Note that s < o(I — Q7'A) is equivalent to
llelli =W - Q™' A)ellli=s i — Q™' A)ell3/p(E)
for all e € H, which is equivalent to
(I-Q7'A)T[A +s(p(E)) '"AB'A]J(I1- Q'A) = A.

Expanding the parentheses, subtracting 4, and dividing out A(Q~")” from
the left and Q™'A from the right, we find that this is in turn equivalent to

s(p(E)) ™ (Q'B™'Q—AB™'Q-Q"BT'A+AB'A)=Q+ Q7 -4,

which is just (4.13).

Remark 4.3. Theorem 4.2 can also be used to estimate the smoothing
factor of the adjoint (I — Q7'A)*=1-(Q")'A.

We can now use Theorem 4.2 to estimate the factor o of smoothing by
Gauss-Seidel (GS) iterations, written as GS(u, f)=(D — L) '(LTu +f),
where A=D — L — L7, D is the diagonal of A, and —L the strictly lower
triangular part of A. Actually, for our next theorem we need not assume
any such thing about D and L. Rather, we need only assume that

(4.14) A=D-L-LT D is symmetric, positive definite.

THEOREM4.3.  Suppose (4.14) is true. Then

p(B'A)
p(DT'LB'LTY’
In particular, if B = tD for some real ¢, then
”D—IIZAD—I/Z”
”D—IIZLD-I/ZHZ *

Proof. 1f Q=D—L, then Q+Q"=D+A is symmetric, positive
definite, so D —L is invertible. Condition (4.13) now becomes
p(B~'A)D =sLB™'L". This proves the theorem.

The estimate (4.8) from Lemma 4.2 does not generally apply here, so we
cannot establish that more iterations improve the smoothing factor.
However, (4.8) does apply to Gauss-Seidel, provided every other relaxa-

tion sweep is performed in a reverse order. This is the symmetric
Gauss—Seidel method (SGS), which we write abstractly as

(4.15) (D—Lyu=LTu+f,
(4.16) (D-LTw=Lv+f  SGS(u,f)=w.

o((D-L)"'LT) =

o((D -~ L)'LT) =

THEOREM 4.4.  Suppose (4.14) holds. Then the linear part of SGS is
(4.17) F=F*=1-Q7'A withQ=(D-L)D™Y(D~LT").
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Its smoothing factor for v iterations satisfies
p(B~'A)
p(LD'L'B™Y’

In particular, if B =tD for some real t, then

o(F*)y=2v

-12 -~1/2
o(e =2 1L AD
Proof. From (4.15),
(4.18) (D-LYv—u)=f - Au,
and similarly from (4.16),
(4.19) (D-LT)(w—-v)=f - Av.

Butf—Av=f—-Au—-A({v—-u)=(D - L)v —u)— A(v —u), so by (4.19),
(D - L")(w—v)=L"(v - u). Now,
(D-LNY(w—-u)=(D-L")(w-v)+(D-L")(v-u)
=LTv—u)+(D-L")(v—u)
=D(v—-u)
=D(D - L) '(f — Au)
from (4.18); hence, w —u = (D — LT)"'D(D — L)™'(f — Au), which proves
(4.17).

Note that Q=A+ LD 'LT so that Q=07 and hence, F=F*.
Moreover, condition (4.13) becomes

p(B™'A)(A +2LD~'LTy=s(LD~'LT)B~'(LD"'L7).

This, together with Lemma 4.2 and the fact that A =0, concludes the proof.

Remark 4.4. Note that Q=A+R, R=LD7'L?, so Q is just an
incomplete factorization of A. General ILU smoothers are of the form
(4.17), where D is not necessarily the diagonal of A but still satisfies (4.14).
This includes SSOR and most of the commonly proposed symmetric ILU
smoothers.

For our last theorem we need the following simple lemma.

LemMa 4.4. If ||F||; <1, then

p(E)
p(E[(I-FF*)™' =1))
Proof. LeteeH, Fe#0. Then

llell: — W Felll _ {(I—F*Fe, e).

Il Fell (F*EFe, e)s '

o(F)=
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so, from (4.6), we have

@_ * _ Ex* -1y — — EF* —lp*
O(F)—p(F EF(I— F*F) 'Y= p(EF(I — F*F)"'F*),

where
F(I-F*F)"'F*=F Y (F*FYF*=(I—FF*)™' - L
i=0

This proves the lemma.
Often it is possible to write the matrix A in the block form

A= (All AIZ

4.20
(420) AL An

), An=AT, Ay=AL

where the diagonal blocks A, and A, are easily inverted. This is the case,
for example, with the 5-point discretization using a ‘“‘red-black” ordering of
nodes. For this case, A;; and A,, are diagonal. Let u = (u,, u,) and
v = (vy, v,), corresponding to the block form, and consider the two-block
Gauss—Seidel method (‘‘red-black” relaxation) defined by

(4.21) Anvy=f—Apu,, Anv,=f- AlLvy, RB(u, f)=v.
THEOREM 4.5. Suppose that B has the block structure
B, 0
5=(¢" 5,
0 By

and B; commutes with A;, i=1,2. (This is true, in particular, if B, is a
multiple of A, or the identity.) Then v steps of RB have the smoothing factors

p(B~'A) p(B™'A)
o(FHY=(Q2v—1) =, o(FY)y=QRv—-1)————.
V=@ =D giay =00 )
Proof. The iteration matrix of RB is
0 —-AR'Ay,
F= ( >, <1
0 142—2114'11'2141—111412 lllle

Denote W = A[,'!4,,A5'AL. Then
FV - (0 _Wv_lAl_llAlz )
0 AR'ALWY'ARAL)
and, because F* corresponds to reverse order of block relaxation in (4.21),
wY 0)

Fy= |
( ) —AEZIAiI;_WV—l 0
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Thus,
WZV—I 0
Py = )
( ) _A2—21A¥'2w2v-—1 0
It follows that p(W) <1 because ||F||, <1, and we can compute
I — W2v—1 -1y _ 2v-1
A[(l _ FV(F*)V)—I — I] — (All( ) (I W)W 0)
0 0
Now, because A]fWA'”? is symmetric and positive definite, and A,; and
B,; commute, we have

p(E[(I-F'(F*)") ' =1) = p(BiAn(I - W) T' (I - W)W ™)

(1 tt2v 1

=p(B'Ay) Suls)l_l—)?v_l
P(Bu 11)
2v—-1

It remains to apply Lemma 4.4. The estimate for F* is obtained by
reversing the order of block relaxation.

Remark 4.5. Note that we always have p(B;'A4,;) < p(B~'A). However,
for usual discretizations, we may often expect that p(B~'A) =2p(B;'A;).

5.5. Estimate of convergence factors. In this section, starting from the
inequality (4.11), we analyze the convergence properties of the u-cycle
multigrid algorithm u* — MGX(u*, f*) defined in § 5.2.3. We shall estimate
the squared energy norm convergence factors defined by

e* =inf {&: flu* — MGE@", F)|I> = € ||u* —u*||)?, for all u*}.

Here and below (we need no other norm here), |||-[Il = lil-|ll.-

Let the smoothers Gf and G5 have linear parts F¥ and (F%)*,
respectively. The estimates will be based on condition (4.11), verified in
Lemma 4.3, which we write as

. I (AT Ty
(cal & AR
for all e* e H*, (F¥)“e*#0, i=1,2, and all k=2,3,---. Here, 8=

o((F¥")/8, and B; = v;o(F¥)/ 6 if (F")*F" F4(F¥)* from Lemma 4.2.

The following lemma contains the essence of our theory, namely a
recursive bound on &*. The estimate of £ is split into two components
determined by the effects of pre-smoothing and post-smoothing. The
recursion holds for each component separately.
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LemMa 5.1. Let k=2 and suppose we have already bounded €' in

terms of level k—1 pre-smoothing and post-smoothing quantities €'
according to

(5.2) gl=gkTlek T O=efTt=1, i=1,2.
Then £* < e, where
ef=p(a, B, (e57)), i=1,2,

_ t+e(1—1)
p(a) ﬂ ) Sl‘l<pl 1+ Btl/ar .

Proof. Let u(A), A=0,1,2 3, be the current solutlon before Step 1 and
after Steps 1, 3, and 4, respectlvely Further, let em—u — ugy. Then

(54) 3(1) = (Fllc)vle«]).
By the variational condition (2.2), u“~! = (4*7!)"'f*"! satisfies

(5.3)

(A uby + I ) —f v)=0 forall velS=R(%_).
Consequently, (e, —If_u*™!, v), =0, for all veS* soefy,— I_ju*'=
T*ef;). It follows that
(55) e(z) T 3(1) +e, e € S\k,
where, by (5.2),

(5.6) lelll”=(ef~"e5~")" [y lll>
because the norm of the initial error for solving A%~ 'u*~1 = k=1 js
Mo M= = M- i = S el

Note that we have used (2.5) here. Finally,
(57) e(3) (F2) e&).

We may now omit the level superscript with the exception of the
convergence factors, Suppose e # 0; let v e H, w = F3?v #0, and compute
from (5.5) and (5.7) that

(eay V)a=(Teqyte, w)s=(Teq, Tw)s+ (e, Sw)a
by orthogonality. Now, using (5.6) and the Cauchy-Schwarz inequality
twice, we have
ey v)al®= (I Teqll ITwl + (57 'e2 712 [ Seq Il IISwl)*
= [l el + (57 I Se, AN Tw > + (5~ )"l SwlI”)-
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Using this and (5.1) fore=¢ey), i=1, and e=v, i =2, we get
[(ea), V)4l |||e(1)|||2 [{eay, v)I° "lW"|2

leaP oI = el Tl WP Tl

1
SWM +(eF) (- )l + (57 (1 - 1))

1
1+ 8,5

where we have set
W Tew |l
|||‘3(1)"|2

0=¢ = 1. This completes the proof.

The quantities t; above can be interpreted as a “‘measure of coarseness” of
the error; in fact, ¢, is small for smooth errors e(;), which can be well
approx1mated in the subspace .

This lemma provides an estimate of two-level convergence with inexact
correction. We are now ready for the main result.

THEOREM 5.1.  Define & = ,(«, B) as the smallest ¢ satisfying (cf. (5.3))

p(a, B, (e)) =g O=g=<l,

Then €' < &,(a, B1)E,(«, B,) implies that €* <&, (e, B,)E,(a, Bo) for all k.

Proof. Set &' =¢1e3, 0=<¢} <g,(a, B;), define €, k=2, by (5.3), and
apply Lemma 5.1. The theorem then follows by our noting that p(«, 8, )
is nondecreasing.

It remains to determine the quantity & = §,(«, f).

THEOREM 5.2. If u=land a=1, ory=2and 1za=(B +1)/(B +2),
then

N 7wil*

and t,=
2 wlli?

1

1+

For p=2 and general 0<a =<1, it holds that €=1/(1+8), and & is
uniquely determined by ®(«, €)= f8, 0<E =<1, where

L fa=

(5.8) E=

1

1+¢
P(a, &)=

1 lea
1 _ (1 _) 1 _ (l/e)—1 : < .
(1-e){1+ s ao(l — a) if o 112

Proof. If =1, then p(a, B, (¢)*) =max {(£)*, 1/(1 + B)}. Let u=2,
0<e=1, and 0<a<1. Then p(a, B, (¢)*) < ¢ if and only if

(5.9) t+ (€)1 -=e(1+pY*) forall0=¢=1.
This is satisfied for £ = 0 because 0 < & < 1. Solving for 8, we get that (5.9) is
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in turn equivalent to 8 =W(a, ¢, ¢) for all 1, 0 <t =<1, where
(1-&)ft(1+ &) —g]

Va

Y(a, & t)=

£t

Noting that dW¥/dt =0 if and only if r = &/((1 + £)(1 — «)), we can prove
that ®(a, €) = supp<(=1 ¥(a, B, t). Finally, ®(«,-) is continuous and
decreasing.

The first alternative in the definition of & yields (5.8) for g =2 and a <1,
which concludes the proof.

In Table 5.1, we give the values of 8 = ®(«, €). This determines the value
of B needed for attaining the estimate &.

In the last theorem, we provide asymptotic estimates of the W-cycle
convergence factor for a large number of smoothing steps (cf. Lemma 4.2).

THEOREM 5.3.  Suppose 0<a <1 and pu =2. Then

1 c

£ < =
EM(“’ ﬂ) Vaﬂaa—a(l — a)a—l _ 1 Va

for all sufficiently large v, where ¢ = ¢(«, B).

Proof. Let e =(1/a)—1. Then 1/(1+ €)= a and, from the inequality
1-e<1, we obtain ®(a, ) <(1+1/)"*a(1 — a«)¥-!, Hence, &=
(v?B% *(1— a)* ' —1)7" implies ®(«, £) < vB. It remains for us to note
that ®(a, -) is decreasing and ®(«, €)—> » as €—0, and to apply Theorem
5.2.

5.6. Convergence theory in the general case. We now study the
mutigrid method for the problem (A* + N*)u* = f*, where A* is symmetric
and positive definite, and N* is a general perturbation. Recall that we are
assuming A%+ N* to be invertible, k=1,2,---. The following lemma
summarizes the conditions we need in our analysis.

LeEMMA 6.1.  Suppose the Basic Assumptions (2.9)—(2.13) are valid. Then
the following holds for some 6 and { and all k large enough:

If « =n, then

(6.1) 7w It =< 6*(p(E“) ™ Nl 3+e for all u* e H .
In any case, we have
(6.2)
[{u*, v*) 4] < EpFminle 2 kN HvEll for all u* € OF and 0% € §*

and

(6.3) (B¥)~IN*

< kanlz.
1

|5



TABLE S.1

Values of B = ®(«, €) from Theorem 5.2.

* 0.05 0.10 0.15 0.20 0.25 030 035 040 045 050 055 060 065 070 0.75 0.80 0.85 0.90 095 100
€
0.05 3168.15 895.60 356.91 178.59 104.74 68.93 49.46 37.96 30.73 26.01 22.85 20.76 19.50 19.00 19.00
0.10 1389.75 347.72 133.74 67.14 40.21 27.23 20.15 15.95 13.30 11.56 10.40 9.65 9.19 9.00 9.00 9.00
0.15 1844.35 309.72 98.58 45.03 25.72 17.03 12.49 9.87 825 721 6.52 6.07 580 568 567 567 567
0.20 7360.34 509.61 109.35 4098 21.04 13.11 929 7.20 595 516 4.65 432 412 402 400 4.00 4.00 4.00
0.25 2046.42 192.00 49.44 2092 1171 779 581 4.69 4.00 357 3.29 312 3.03 300 300 3.00 3.00 3.00
0.30 73572 87.62 2603 1212 726 509 395 329 288 263 247 238 234 233 233 233 233 233
0.35 31440 4546 15.17 7.64 484 353 283 242 217 201 192 187 1.8 186 18 186 1.8 186
0.40 6412.34 151.85 25.82 9.50 510 338 256 210 1.8 1.67 158 152 150 150 150 150 1.50 150 1.50
0.45 2571.00 80.20 15.65 6.25 355 245 191 161 143 132 126 123 122 122 122 122 122 122 122
0.50 1143.84  45.28 9.95 4.27 254 181 145 124 113 105 102 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.55 550.92  26.86 6.55 2.9 186 137 112 098 089 085 0.8 082 08 08 082 08 082 08 0.8
0.60 281.79 16.52 4.42 2.13 1.37 104 086 0.77 071 0.68 067 0.67 0.67 0.67 0.67 0.67 0.67 0.67 0.67
0.65 150.65 10.41 3.02 1.53 102 079 067 060 056 054 054 054 054 054 054 0.54 054 054 054
0.70 82.95 6.64 2.08 110 075 060 051 047 044 043 043 043 043 043 0.43 043 0.43 043 043
0.75 46.33 4.24 1.42 0.78 055 044 039 036 034 033 033 033 033 033 033 033 033 033 033
0.80 25.77 2.66 0.94 0.54 039 032 028 026 025 025 025 025 025 025 025 025 0.25 025 025
0.85 13.86 1.60 0.60 0.35 026 022 019 o018 018 018 018 0.18 018 0.18 0.18 0.18 0.18 0.18 0.18
0.90 5833.66 6.81 0.87 0.34 0.21 016 013 012 011 011 011 011 011 011 011 0.11 011 011 011 0.11
0.95 1663.06 2.57 0.36 0.15 0.09 0.07 006 006 005 005 005 005 0.05 005 005 005 005 0.05 005 0.05

Sl

SAOHLINW ANOILIANW
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Proof. We omit the level index k here. Let u € H and define v eSb
requiring u —ve U, i.e.,, veS and ((A+N)(u—-v),w) =0, forall weS.
Setting here w = v, we obtain that

fu = vt = (AQu —v), u —v) ={A(u - v), u) + (N(u - v), v).
Now, from the Cauchy-Schwarz inequality and (2.11), using n=«a and
(2.9), and remembering that c is generic, we have that
e = v lF = Ml — vllli-a Weellssa+ € Mo = wllli=g Nl
=< [l = vlli-a (ulli+a+c Ml + e e = )
=c(p(E))™*" lu = vlli[(1 + c) Nl va+ ¢ flle — vl

Hence,

c(p(E))~**
1—c(p(E))~*"

which, by (2.12), gives (6; 1) for all sufficiently large k.
To prove (6.2) for u € U, v € S, we have by (2.11)

[(Au, v)| =] = (Nu, v}l =c |lull-, vl

et = vl = 117 [py

If & <17, we obtain from (2.13) and (2.9) that
Meell - = Moz llls-e = cC(E)) ™ llulls-
If « > n, then we get from the Holder inequality and (2.9) that

Wae 1 = Mas 7% Mae ™" = c(o(EN) =" [ull

It remains for us to use (2.12).
Finally, using (2.10), we have

(E"B~'Nu, v)g
Weellls M lllo

_ (B7'Nu, E"v)g

“u el il

—sup (Nu, E"v)

wy el fiwllo

cNE™]l -,

P
o lvllo
= c(p(E)' ",

IB~ N\, = sup

=s

thus proving (6.3), again with the use of (2.12).
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Condition (6.1) is just the algebraic approximation property for the
related problems A*u* = f*, which can be verified independently. Therefore
we may admit n <a, which can happen for higher order problems (cf.
remark (5) at the end of § 5.3). We could have based the theory on (2.9)
directly, but we want to have the quantity § in the estimates.

Condition (6.2) means that the subspaces J* and $* are nearly orthogonal
in (-, ") for large k. Condition (6.3) implies that the smoother

w

ki k gk — ok _
R*(u", f)=u p((Bk)—lAk)

(Bk)—l(Akuk + Nkuk _fk);

with the iteration matrix F* = W* + Z*, where

1 1
= e = (B¥) 'A%, ZF=—
o((B) 45 o (B a")
can be considered as a perturbation of the case N* =0 for large k. This is
done more generally in the following lemma. For the smoothing factor o,
compare (4.6). We may omit the level indices & here.

LeMMa 6.2. Suppose F=W + Z e[H], ||W]l,<1, v=1 is an integer,
and W*W = WW?* in the case v =2. Then

vo(W)
p(E)

(Bk)—lNk,

(6.4) [IFelli+ WFeliz=flell3@ + {1+ WZl)* = 111 + vo(W)])

for any e € H.
Proof. Denote §=||Z||,. It holds that

Iow + zyell=iweell+ 3 () IWIE D21 el

=[Iw>ell, + (A + &) — 1] lell
by the fact that [|W]||, <1. Now

(6.5) A1+ &) - 1)+[A+ 8" - 1P=(1+&> -
From this we obtain

(6.6) lFelllf=<Nwell} + [(1+ &) — 1] [lelli}-
Similarly,

W +Zyell = W ello + B S (%) W NZI: el

i=1

Now, using the inequality

IW*ell. = (p(E))™ W elll: = (o(E))"” llels
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and (6.5), we have that

(6.7) WEell3 =< 1W"ell2 + p(E)(1 + &) = 1] [le]|3-
Finally, from Lemma 4.2,
va( )
W2 + Well?=<
el + 2 W el = el

which, together with (6.6) and (6.7), concludes the proof.
The following lemma relates the projections U* and T* (cf. §5.2.4).
LemMa 6.3.  Condition (6.2) implies, for all k large enough, that

([l s

1_ CZ k min {a,n}

llute it =

for all e* € H.

Proof. Since U*T* = U*, it suffices to consider the case e* € 7*. Let &
be the angle (in the inner product (-,-),) between U*e* and (I — U*)e*.
By (6.2), |cos&| =gy mni®n2  Because e“eT*, we have that
(e*, (I - U*)e*),=0, and thus ||U*e"|||,sin &|= ||e*||;, completing the
proof.

We may now proceed to a result analogous to Lemma 5.1. Again, £* is
the squared convergence factor in the ||-||; norm and G} and Gj are
pre-smoothing and post-smoothing with linear parts FY and (F%)*,
respectively.

LemMa 6.4, Let Fi=WE+ZY i=1,2, satisfy the assumptions of
Lemma 6.2. For all k sufficiently large ie, kzkya, £, n, ), then

el gk T1ehT 0= ek <1, implies €% < £¥e%. Here,
et = [p(@ X0 ekt 4 eypmn ome]
(L + [+ I ZE 1> = 1)L + vis(WDH)]),

where ¢ = c(£) >0 and the function p was defined in (5.3).
Proof. We proceed as in the proof of Lemma 5.1. With the errors
denoted again by ef;),, we have

(6.8)

(6.9) ey = (F1) e,

(6.10) ek = Urely+e, eel”

(6.11) lellf=(ef™"es™)" N — U9etyll,
(6.12) e(‘3) = (F'?f')"zefz).

We omit the level superscript from here on except for convergence factors £
and the powers of y. Suppose e, #0 and let v e H, w = F;*v #0. Denote
& =min {«@, n}. Then from (6.10)-(6.12), (6.2), and using the Cauchy-



158 MULTIGRID METHODS
Schwarz inequality twice, we have

[(e@y, V)al = {Ueuy+e, Uw + (I = U)w) 4

= | Uewlll: Nl Uwll,
+ (e eI = Deylll T — Uywl]l,
+259 2 lecy s Mwllls WU 12 = TN,

= [l Uewllii + (X~ I = V)eyllT + c**? e I3
MO+ (571" NI = UywIF + cp*> w1317,

where ¢=2C||U||l, I - U|l;=c(§) for k large enough, i.e.,
c(&, o, 9, n) (cf. Lemma 6.3). Now set

(6.13)

lll Uelllz s= N = V)ewlli3

t= =
Illeu)llli" ’ |||e(1)||l‘1" ’

with
(6.14) t+s=1+259**2(ts)'?, =0, s=0,

from (6.2). But it follows from (6.14) that if ts # 0, then

o ()4 2) -z a0 -y,

s t
s0, for k so large that {y**?* <1,
t+s<1+ ka&m(l _ ka&m)—l

=(1— gy ),
We bound the first term after the final inequality in (6.13) by

(6.15)

llealls [t + (57 1)¥s + cykam)2,
By the Holder inequality, (6.1), and Lemma 6.3,

lleallz_ (l"e(l)"|1+a>

lleawll Y NewE
_ P(E) (III Teg|lIi )”"
6 |I|e(1)|||1
2@(1 a)lla(HIU (1)|” )l/a
o el '
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With the use of Lemma 6.2 and (6.9), the square of the first term in
(6.13) can now be bounded by

5 t+ (e¥7 N5 + cypke”
lle@lli— (W)
1+ 1 5 1 (1 _ C2wk&)1/at1/cx
where y = [(1 +[|Z]l,)**' — 1][1 + v,0(W))]. Putting ¢’ = (1 — {y**?)t, 0=
t' =1 (cf. (6.15)) and requiring k so large that £%y*® < £y**2, we have that
this expression is bounded by
L U+ (EFTH*A 1)

leoll? S

1+ (via(W1)/8)(t')

W, -
< el (p (e 25 (et=) + epts) 1 4 ),

d+7),

+ ka&/2>(1 + Y)

The use of the same argument for w = (F3)"v in place of (6.9) and the dual
argument

2 _ |(e(3), U>A|2
I"e(3)|“ 1 Sllvp ‘” v m:{,

completes the proof.
This lemma gives a rather explicit estimate. The following will suffice for

our purpose.
COROLLARY 6.1.  Suppose in addition that ||Z]||, < py*""? (cf. (6.3)) and
o(W,) = & for some constants p and 6. Then

E;‘Sp<(x, v,'O((S"V.) ’(E{_c—l)u) +ka min(a,n)/Z,

where c =c(«, &, vy, V2, P, T, ).

We may now proceed to the final results. As we shall see, the estimates
approach those for the symmetric, positive definite case. We first consider
V-cycles.

THEOREM 6.1. Suppose (6.1) and (6.2) hold and let the smoothers satisfy
the assumptions of Lemma 6.2:

Ff=WrEt ZE  IWHli<1, v, =1 an integer,
(WEWE=WHWH* ifv, =2,
and of Corollary 6.1:
Nzl =py*? 0<n=1,

aWhH=ao
for all k.
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Denote o(W)) =min, o(W¥). If a =1, u=1, and & = §,E,< 1, where

— e}
i_5+Vi0("Vi),

then e*'<g implies € <&+ cy <1, for all k>k, c
cla, &, vy, v2, p, 6, 9), if ky is sufficientdly large, i.e., Kk
C(“; C’ Vi1, V2, ﬁ: 51 w: n, E)

Proof. Let g5i=¢hek, 0= ek <&, Note that because @ =1, we have
g =E,(a, B), Bi=vio(W)/o (cf. Theorem 5.2) and p(a,B, €)=
max {¢, 1/(1+ B)}. So from Corollary 6.1 and by induction, we have for
k >k, that

i=1,2,

v

f;‘,’»c =&+ c(‘(p(k1+1)"’2 et wkn/Z),
and

02
kyn/2 w

w(k|+1)r,/2 +et wk"/z <y gt

This proves the theorem.

For the W-cycle, we have a sharper result.

THEOREM 6.2. Let the assumptions of Theorem 6.1 hold, and suppose
0<a=1and u=2. Define &€ = E\E,, where

5 =z, <a’ Via((svvi)) )

with &, = & given by Theorem 5.2. Finally let 1< <1. Then

Ek <E+ kalmin (a,r/}/Zek—h < 1

for all k >k, with c=c(a, §, v, v2, p, 0, ¢), 6 =0(a, b, vy, v5, 0, ) <
1, if ky is sufficiently large, i.e., ky=c(a, &, 8, vy, v2, p, O, ¥, 1, &).
Proof. Denote

vio(W)
o) =p (o X2 (ep),
This function is nondecreasing for 0 = £ <1, and it follows from the proof of

Theorem 5.2 that ¢;(¢) <¢ if & <& <1. In addition, there exist 8 <1 and
7 >0 such that

(6.16) Q& +1)=<E+ 6t forallO=r=7, i=1,2
Without loss of generality, let 8 > ™" {*"2 = From Corollary 6.1,
(6.17) ¥ = gi(eF ) + ey, k>k,

with &= ¢}1el', 0=¢f' <. Define numbers ¢, ,, =0, &, =& ,_; + cP*,
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k > k,, with the same c as in (6.17). Then for all k > k4,

k—k,

ey ki

gk =cphe X @Ry
i=1

k—ky i
ST
i=1

= yhgt Tk,

If k, is sufficiently large, then ¢, , <1 for all kK >k,, and (6.16) and (6.17)
imply that

EF<E + g, <&+ cyplmintenigh-h

CoROLLARY 6.2. Under the hypotheses of the theorem, if k, is large
enough, then lim sup,_,.. ¢“ < & Note that k, is fixed here; we thus take the
limit for a large number of levels and a fixed coarsest level. Further,
lim, _..sup {¢“:k >k,} <&, that is, all convergence factors " are asymptoti-
cally bounded by & for large k., regardless of the actual number of levels in
the multigrid algorithm. The latter proposition holds also for the V-cycle (cf.
Theorem 6.1).

5.7. Full multigrid. For many applications, full muitigrid (FMG)
algorithms can produce results with errors comparable to the global error.
More precisely, when implemented properly, FMG, can produce vectors
that approximate the solution of the discrete equations at least as well as
those discrete solutions can be expected to approximate the solution of the
PDE. That is, if we use general bounds on the global error, we can
construct FMG algorithms that give approximations with comparable
algebraic error. (It is a subtie but very important point that we use global
error bounds here, not the global error itself. In fact, the global error may
be fortuitously small or even zero for special right-hand sides—we cannot
expect this of the algebraic error.)

To make this rigorous, we have the following theorem, which for
simplicity is restricted to the norm ||| = |I|-|ll;-

We shall consider the FMGj, algorithm from Chapter 1 with the initial
approximation u* = 0. With v, the number of basic multigrid cycles, one full
multigrid cycle is denoted by

u* — FMG(f*)
and defined as follows:
Step 1: If k =k,, go to Step 2. Otherwise, set u*~' < FMGEL™'(f*)
and u* < I%_u*7".
Step 2: Perform u* <« MG¥(u*, f*) v, times.
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THEOREM 7.1.  Let (A* + NX)u* =f* for all k, where the right-hand sides
satisfy the variational conditions f*~' = I{™'f*, k> 1. Suppose there exists a
Kk < 50 that for all k and some 7j >0

(7.1) 2% =" — wfl| < x(p(E*1))™".

Let € be the squared convergence factor of MG and suppose MG, is
implemented so well that

7.2 g (225"

(Note that by (2.12) the right-hand side term is in some fixed interval

[c™", c].) Finally, assume that relaxation on the coarsest level is sufficiently
good, namely, that the result of relaxation with initial guess u*1 = 0 satisfies

(7.3) lls” — wll = x(p(E*)) ™2,

for k= k,. (This can be ensured by one or a combination of the following
design choices: small k,; large v,, v, and effective “relaxation,” e.g.,
Gaussian elimination.) Then the final approximation u* < FMG, (f*) satisfies
(7.3) for all k.

Proof. Let ufy be the initial approxnmatlon on level k, and let uf;, be
the final approxnmatlon Thus, u([,) =I5 1u(1) We now show that (7.3) is
true with u* = u(l)

Condition (7.3) is true for k =k, by assumption. Suppose it is true for
k — 1 for some k > k,. Using orthogonality and (2.5), we obtain

eetsy — w1 = (£%)" flueley — |l
= (5 (o) — Doy |17 + | 7ot — u*[|1%)
= (5)o(lllugy ' — w* 1P + 27— — u®I?)
=2(e")x*(p(E* )77
=x*(p(E*)™™.

This is just (7.3), so the theorem now follows by induction.

The actual computational complexity of FMG, now depends on various
factors, including the values of u, d, v,, v,, and v, and the cost of other
computations (residuals, intergrid transfers, etc.). Typically, the cost of
these computations at level & is bounded by c2%. If u <29 then it is easy to
see that the cost of FMG, is bounded as well by ¢2* (with a different ¢, of
course), which is usually the cost of a few relaxation sweeps. For more
details, see Chapter 1, §5. Thus, in such circumstances and when (7.2) is
satisfied, FMG can produce acceptable results at a cost of a few floating
point operations per grid point.
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5.8. Fourier analysis estimates. In this section, we give explicit conver-
gence estimates for several model problems by way of estimating the
constant & from the preceding theory. For simplicity, we consider the
symmetric, positive definite case only. We also comment briefly on the use
of local mode analysis.

5.8.1. A model problem with periodic boundary conditions. Consider
the Laplace equation

(8.1) ~Au=/ inQ=(0,1)x(0, 1),

with periodic boundary conditions, i.e., the periodic extensions of « and
satisfy —A« =/in all of R, This problem is singular, so we require JoZ=0.
Let n > 0 be divisible by 4, put & = 1/n, and define the computational grid

Q' ={y=hm;meZ*, 1=m=n).

Here, Z is the set of all integers, and inequalities like 1 =m <# should be
understood by components: m = (my), my), 1=my=n, i=1,2. The
space H" of grid functions is defined as the space of all real-valued functions
on Q" Grid functions are considered periodically extended: u(x +m)=
u(x), x € Q", m e Z*. The space H” is equipped with the inner product

(8.2) (w,v)n=h" 2 ulx)v(),
xeQh
which approximates the £*(Q) inner product.
In place of the level indices k and k —1, we shall use h and 2h,
respectively. We shall use linear operators on H"* defined by the 9-point

symmetric stencils
S-11 S0 S11

Lk s_ s s
(83) 1,0 0,0 1,0
S—1,-1 So,-1 F1,-1
= [s4], S =Sk
which means that, for u” € H”,
L''(x)= D su"(x + hk).

—1=k=1

Q? and H* are defined analogously, with n replaced by n/2 and h by 2h.
Prolongations will be given by 9-point symmetric stencils 5, =s,[, s, =s_,.
This means that, for z € Q*,

Lyu(z) = 2 siu™(x),

where the sum is taken over all x such that

z=x+hk, x=2hm, kmeZ? -1=<k=],



164 MULTIGRID METHODS

Now it can be verified that if we define the restriction by the stencil
evaluated at x € Q*, 12" =1[s,], with the same s, as in I%, then 1%, is the
adjoint of /2;

<Ighy2h’ yh>h = (l_th, Ii;.lhyh>2h for all I_,lh EHh, Ll2h € H2h.

Let 8 = 27thm, m € Z?, and consider the periodic complex functions

vg(x)=e®" x=hm, meZ?

where Ox = 03¢y + Opx2). These functions are eigenfunctions of the
operators of the form (8.3)

thg(lc) — 2 skeiﬂ(;+kh)/h
(84) —1=k=1
=vjx) 2 spcos bk,

-l=k=1

where the symmetry s, = s_, has been used. (Otherwise the imaginary parts
would not cancel.) By periodicity

Vhioa(X) = Vi(x) forallx=hm, jmeZ?

The n? functions v#, 8 =2xhm, —n < @ <, form an orthonormal basis of
the complex extension of H". Note that we could have considered the real
eigenfunctions sin (6x/h) and cos (8x/h) instead, but computations in the
complex extension are easier and more natural.

5.8.2. Discretizations. We consider two discretizations of problem
(8.1). The 5-point discretization is given by the stencils

1 -1 ] 11
(85) AhE? -1 4 -1 s I§’h=i 1 21 y
-1 11
and the 9-point discretization by
1 -1 -1 -1 ! 1 21
(8.6) AhEW -1 8 -1}, Iﬁ’h:Z 2 42
-1 -1 -1 1 21

In both cases, we have A% = IZ"A"I%, with the restriction /2" defined as the
adjoint of 7%, with respect to the inner products (8.2). This can be verified
either immediately or from a variational principle (cf. Exercise 8.1), where
A" is given by the stiffness matrix divided by h* and 1%, by the natural
embedding of the finite element spaces. The 5-point and 9-point discretiza-
tions correspond to linear and bilinear finite elements, respectively. The
following discussion pertains to both (8.5) and (8.6).
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The operator A" is singular and its nullspace ker (4*) consists of all
constant functions. It holds that ker (A*) c R(1%,), and we can thus pass to

the factorspace H" = " [ker (A").

Elements of H” are classes of functions
[F*]={g" e H":f* — g" e ker (4")}.

There is an isomorphism of the orthogonal complement of ker (A") and
H"/ker (A*) given by f*—[f"], and H" is equipped with the inner product
(8.2) in the complement of ker (4"). In the following, we simply write f* for
[£"] when there is no danger of confusion. Because the operators 4", I3",
and 7%, map constant functions into constant functions, they define in a
natural way the operators between the factorspaces: [4"]:[u"]— [4"u"],
etc. Again we omit the brackets.

5.8.3. Reduction of the estimate of d to diagonal blocks. Now we shall
find subspaces Ef of H" which will be invariant under all operators
concerned. This will make it possible to reduce the analysis to such

subspaces.
We shall use the orthogonal bases
(8.7) {vh;, 8 =27hm, —n<@8=m, 6+ (0,0), meZ?)
and
(8.8) {(v¥; 0 =2nhm; —n/2<8=n/2, 8#(0,0), meZ?)

of the complex extension of H" and H™, respectively. Here, v3" are defined
by restriction of v% onto Q%"

(8.9) ve(x) = v5(x), x=2hm, meZ”

Because the v3*(x) are defined for x = 2hm only, it holds that
(8.10) vy =v3, melZ’

Let [a,] and [b,] be the stencils of A" and 13", respectively. Then by (8.4),
(8.11) AMi=A0)vE, M) = D acos bk

—1=k=1

By (8.4), (8.9), and (8.10), we have, for m € Z2,
(8.12)  [Vpenm=nu(@+mmpy, w(E)= 2 bcoskk

—1=k=1

We associate with each 6 =2xhm, —-n/2<0=mn/2, the subspace
E% < H" defined by

Ej=span {vi;E=0+7an,i=1,2,3,4},
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TABLE 5.2
Numerically computed values of 6 for discretizations of the Laplace equation on the
unit square with periodic boundary conditions.

h=1/8 h=1/16 h=1/32 h=1/64 h=1/128 h=1/256

5-point 4.73 6.22 6.67 6.79 6.82 6.83
9-point 2.00 2.00 2.00 2.00 2.00 2.00
where
(8.13) n:=(0,0), n,=(1,0), n;=(0,1), n,=(1,1).

Then A"E% < E%, and, for 8 # (0, 0), dim E% = 4 and I3*E% = span {v¥}; for
0 =10, 0), dim Ef =3, and I2"E% = {0}. The case 8 = (0, 0) requires special
attention because then [v}] = [0] and [v3"] =[0].

Let A, and R, be the matrix representations of the restrictions of A" and
I# to E% respectively. Then by (8.11) and (8.12), A, = diag(A(8+
7n;))i=1,2,3,4 and R = (u(0 + 7111,))i=1,2,3,4 for 8 #(0, 0), 6 =27hm, me Z2,
—-n/2<8@=n/2; and Ag=diag (A(@ + 7n;));=234 and Re=(0, 0, 0) for
6=(0,0).

Now we choose B =1, =1, and compute for the discretizations (8.5)
and (8.6) the quantity 8" = p(A")p(T"(A")™"). The operator T"(A")™' =
(I — I(A*") 1" A")(A") 7" reduces in the basis (8.7) to the diagonal blocks

K, = {Ag‘ — RI(ReAgR})™'R, for 8+ (0, 0),
4! for 8 = (0, 0).
Therefore
6" =max {A(8): 0 =2nhm, meZ*, -1 < @ < n}
-max {p(Ky): 8 =2nhm,meZ*, —n/2<6=<n/2},

which was computed numerically. The resulting values of § are given in
Table 5.2. The maximum of p(K,) is attained at @ = +(27h, 27h) for the
5-point scheme, and at 6 =(0, 8), (8,0), 6 #0, for the 9-point scheme.
Moreover, p(A")=8h"? for the 5-point scheme, and p(A")=4h? for the
9-point scheme.

TABLE 5.3
Estimates of V-cycle convergence factors for h=1/64
and v, = v, = v smoothing steps by Richardson’s iteration
with optimal w, where J is obtained from Table 5.2.

v=1 v=2 v=3 v=4

5-point .69 .53 .43 .36
9-point 40 .25 .18 .14
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Smoothing by the Richardson iteration (4.12) has the optimal smooth-
ing factor of at least ¢ =3 for @ = 3/2 by Theorem 4.1. By Lemma 4.2 and
Theorems 5.1 and 5.2, the convergence factor in the energy norm of the
V-cycle with v, = v, = v smoothing steps is bounded by 1/(1 + B), where
B = vo/é, assuming that the coarsest level is solved exactly. Table 5.3 gives
some resulting estimates of convergence factors.

5.8.4. A model problem with Dirichlet boundary conditions. Consider
the Dirichlet problem

(8.14) ~Au=/ inQ=(0,1)x(0,1), «=0 on 3Q.

Proceeding more briefly in analogy with the case of periodic boundary
conditions, let Q"= {x=hm;meZ*,1=m<n}, h=1/n, for n>0, n
divisible by 4, and define H" as the space of all real functions on Q". Grid
functions u € H" are considered extended by zero at the boundary nodes:
u(x)=0, x € 3Q, x = hm, m € Z*. The problem (8.14) is discretized by the
9-point stencils (8.6)

] -1 -1 -1
AhE[ak]=W -1 8 -1
-1 -1 -1

The space H" is equipped with the inner product (8.2). Then the
prolongation 7%, from (8.6) gives the restriction

2
I‘,","E[bk]=R 2 4 2
1 21

as its adjoint. We have A% = 2*A"1%,.
Let §=nxhm, 0<@<n, meZ? and consider the (n —1)* orthogonal
basis functions

6 6
E1adt sin 2)*12]
h h

— RC (ei_ﬂ‘,_t/h - eiﬂglh)

wh(x) = 2sin

where 8* = (6;), —0;)). Then for any stencil operator L" =[s,] such that
Sk = S_x» S+ =Sy, wWhere k* = (kp;), —kz), we obtain as in (8.4) that
(8.15) L'wh=wk > s,cos k.
—1=k=1
Note that more symmetry, namely the property s,-=s,, is needed here.

This excludes the 5-point scheme (8.6) from consideration because the
stencil of 7;* does not have this property.
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In particular, we have (8.11) with wj in place of v}. The basis functions
w¥ e H* are again defined as the restrictions of wj to Q*:
wi(x)=wh(x), xeQ”, O=nhm, meZ? 0<0<n/2
Let n;, i=1,2, 3,4, be as in (8.13). Denote
8(m)=(Eup &)
where for j =1, 2,
§n=0p ifmy=0, &y=n-6y ifm;=1
Then, by the properties of the sine function,
Whem(X) = (1) awi(z)  for all x e Q.
Thus, using (8.15) we obtain for 0 < 8 < /2 that
Iﬁhw_g(,_,,) = u(8, r_n)wf,", m=n;, i=1234,
where
u(6, m)= (—1)""“+"""_152k51 b cos kO(m).
By a direct computation, I}*'wh, =0, m=n;, i=1,2,3,4, if 8y;=n/2 or
O = 7/2.
It follows that
p(T*(A")™") = max {p(Kg): 8 = mhm, 0< 0 < 7/2},
where
K, = {::gl‘ —RIRsARD 'R, if 0< /2,
P if 6y=x/2 or Op=x/2,
with
Ag = diag (A(0(11:)))i=1,2.3.4
Ro=(u(9, 1:))i=1,2,3.4, g<m/2.
We again choose @ =1 and B =1. Numerically computed values of p(A”")

and of 8" = p(A")p(T"(A*)™") are given in Table 5.4. The maximum of
p(Kg) was attained at 6 = («wh, 7/2) and 8 = (1/2, nh).

TABLE 5.4
Numerically computed values of p(A")h® and & for the Dirichlet problem in the unit
square and the 9-point scheme.

h=1/8 h=1/16 h=1/32 h=1/64 h=1/128 h=1/256

p(A"K:  3.80 3.95 3.99 4.00 4.00 4.00
) 1.86 1.96 1.99 2.00 2.00 2.00
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TABLE 5.5
Estimates of V-cycle convergence factors for the Dirichlet problem in the unit square, the 9-point
scheme, and v, = v, = v smoothing steps.

h=1/8 h=1/16 h=1/32 h=1/64 h=1/128 h=1/256
Richardson,
w=3/2, v=1 0.38 0.40 0.40 0.40 0.40 0.40
GS,v=1 0.25 0.25 0.25 0.25 0.25 0.25
SGS, v=1 0.140 0.142 0.143 0.143 0.143 0.143
SGS, v=2 0.075 0.077 0.077 0.077 0.077 0.077

Let us consider smoothing by Gauss—Seidel iteration (GS) with lexi-
cographic ordering. Then

D7'L=

QO | =
_0 O
-0 O
—_ - O

where D = (8/3)h~%I is the diagonal and —L the strictly lower triangular
part of A", Now D7'LTD7'L is nonnegative and irreducible, and since
D7'L'™D 'Le<le, e(x) =1, x € Q" it holds that

(8.16) ID™YALD™"2|*=p(D"'L"D'L) < }.
From Theorem 4.3, we obtain that the smoothing factor of GS satisfies
p(A"Y 3 a2
>———"—=-p(A")h"
T L

Consequently, we have from Theorem 4.4, for v steps of symmetric
Gauss-Seidel (SGS), that o> 3vp(A")h’. Corresponding convergence fac-
tor estimates 1/(1 + a/8) for the V-cycle are given in Table 5.5.

5.8.5. A remark on local mode analysis. Fourier analysis estimates can
be used heuristically for more general problems when we disregard the
effects of nonconstant coefficients and of the boundary. In essence, we can
suppose that the discrete problem, in small rectangular regions inside the
domain, is reasonably well approximated by a constant coefficient one with
periodic boundary conditions if the coefficients of the operator vary
“slowly,” the region is “far from the boundary,” and h is ‘sufficiently
small.”” Considering a continuous range of frequencies —x < @ < 7, instead
of the discrete values of 8, somehow simplifies the analysis; this corresponds
to a formal analysis of a problem in Q = R?,

In practice, we often approximate H>" by the span of smooth modes, i.e.,
such that —z/2 < 8 <7/2 (cf. Chapter 1, §5). It is interesting to note that
in this approximation the quantity 1/6 becomes the h-ellipticity measure
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introduced by Brandt [97]. For more details and formalizations, see Brandt
[88], Hemker [255], and Stiiben and Trottenberg [538].

Results of local mode analysis generally have no mathematical validity
(note that we may alway choose o =1, which can be proved not to be the
case, e.g., for a problem with a re-entrant corner), but they provide
invaluable heuristic estimates and guidelines for the design of multigrid
methods. It should be noted that local mode analysis may give completely
erroneous results if the effects of boundaries and/or nonconstant coefficients
prevail.

5.9. Bibliographical remarks.

Section 5.1. For theory in a nonvariational framework, compare Hack-
busch [220], [229], [233], {244]. Note that such theory requires that there be
sufficiently many smoothing steps to guarantee convergence, and the
required number of smoothing steps is not known except in model
problems. This is true also for earlier theories in the variational setting (cf.
Nicolaides [430], [431], Bank and Dupont [34], Bank [26], Bank and
Douglas {32]; see also Exercise 5.5). One step was found to be sufficient in
the V-cycle proofs for « =1 and for symmetric, positive definite problems
(cf. Braess [80], [81], Braess and Hackbusch {83], Hackbusch [233], Maitre
and Musy [362], McCormick [395], Verfiirth [572], and Yserentant [601]).
This observation was extended to a <1 and W-cycles by Mandel [375] and
Mandel, McCormick and Ruge [377] for symmetric, definite problems, and by
Mandel [373] for the general case.

Section 5.3. The arguments used here combine the approaches from
Bank [26], Bank and Douglas [32], Hackbusch [229], and Mandel [373];
Lemma 4.1 is adapted from Bank and Dupont [34] (cf. also Hackbusch
[244)).

Se]ctions 5.4 and 5.5. This is taken, with minor changes, mostly from
Mandel, McCormick, and Ruge [377], who also developed a dual theory
based on the analogous assumption that (cf. McCormick [395] for o =1)

lealli _ , _ y ( IIITe@lII?)”"
e it llewli3

for the post-smoothing. The theory in [377] covers, e.g., smoothing by
conjugate gradients (cf. Exercise 5.2). Note that nonlinear smoothers can be
treated in the same way.

The algebraic approximation property (4.1) is present in some equivalent
or closely related form in nearly all multigrid convergence proofs. For a
more detailed discussion, see [377]; for related assumptions, see Hackbusch
[244].

Theorem 4.4 is new.

Lemma 4.4 relates the present theory to that of Maitre and Musy [365],
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who considered only the case a = 1. Theorem 4.5 and its proof are adapted
from theirs.

Theorem 5.3 shows that the present estimates exhibit the usual asymptot-
ic behavior (cf. the works referenced above and Exercise 5.5).

Section 5.6. 'This section extends the result of Mandel [373], where only
the case of one pre-smoothing step was considered. This was in turn based
on a combination of the approaches from Bank [26] and Mandel [375].

Section 5.7. Full multigrid was perhaps first developed as an algorithm
by Brandt [86]. By virtue of its practical importance and very simplicity, it is
a component of many theoretical works too numerous to mention.

Section 5.8. The technique used is adapted from Stiiben and Trotten-
berg [538]. The results, however, are new.

5.10. Exercises and problems. The following exercises contain rela-
tively easy and/or known extensions of the theory. The problems are rather
much more difficult and suggest directions of further research. (We would
much appreciate receiving results of any work that these problems inspire.)

Section 5.3.

Exercise 3.1. Verify (2.9)-(2.13) for the Neumann problem
-~V (aVu)+ £ Ve + g =/ in Q, 3«/3n=0 on 9Q, under suitable
assumptions (e.g., Q is polygonal) and discretized by €° piecewise linear
triangular finite elements. For the symmetric, positive definite, and semi-
definite cases, compare Bank and Dupont [34]; for the nonsymmetric and
indefinite cases, compare Bank [26].

Exercise 3.2. Extend the result of Exercise 3.1 to a domain with a
piecewise smooth boundary. Boundary triangles may have one curved edge;
basis functions remain linear. (This is the so-called natural extension.)
Compare Bank and Dupont [34]. Note that we consider the variational
formulation of a Neumann problem, which is set in #' = #'(Q). Thus such
basis functions are admissible.

Problem 3.1. Verify (2.9)-(2.13) for the Dirichlet problem of order 2 in
a domain Q c R? with a piecewise smooth boundary, discretized by the €°
piecewise linear triangular finite elements, with nonlinear basis functions
near the boundary, (cf. Zldmal [ZI1]). Design suitable prolongations.
Compare also Problem 3.3 below.

Problem 3.2. Verify (2.9)-(2.13) for isoparametric finite elements (cf.
Mansfield [379]).

Problem 3.3. Verify (2.9)-(2.13) for the case when the stiffness matrix
on the highest level is obtained by numerical integration (cf. Zlamal [Z11]
and Hackbusch [229]).

Problem 3.4. Verify (2.9)-(2.13) for discrete problems arising from the
nonconforming finite element method (cf. Ciarlet [Cil]). Find suitable
prolongations.
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Problem 3.5. 1s it possible to verify (2.9)—(2.13) when the problem on
the highest level is singular, and the range of prolongation does not contain
the nullspace? What can be said about the multigrid method in such a case?

Exercise 3.3. If (2.9)-(2.13) are true for discretizations of a homoge-
neous boundary value problem, then they remain valid in the in-
homogeneous case. In fact, the inhomogeneous boundary condition affects
only the right-hand side. Show this.

Problem 3.6. Investigate verification of (2.9)-(2.13) for problems of
order 2 with the mixed boundary condition. Generalize to elliptic problems
of order 2m with general boundary operators.

Problem 3.7. Verify (2.9)-(2.13) for finite difference approximations of
elliptic problems of order 2m. Use the results of Hackbusch [230], [237].

Section 5.4, Exercises 4.1 to 4.3 contain results from Mandel,
McCormick and Ruge {377].
Exercise 4.1. Prove that if g(-) is a polynomial such that q(0) = 1, then

o(a(555)) =, int, A=),

Use Lemma 4.4 or the definition of o.
Exercise 4.2. Using the result of Exercise 4.1, prove that

6((1 - %) ) =max {2vw, (0 —1)"* -1}.
This gives wqp—>2 as v— = (cf. also Maitre and Musy [365]).

Exercise 4.3. Find the polynomial g, of degree v=1 that gives the
optimal . Hint: 2(at + 1)g(t) — 1 is the Chebyshev polynomial of degree
2v + 1 on the interval [—1/8, 1]. This can be implemented as a sequence of
Richardson’s iterations with varying parameters w. Show that &(g,) = cv*.

Problem 4.1. Investigate the smoothing factors for block Jacobi and
block Gauss—Seidel for systems such as the elasticity problem (Example 3.2)
or discretizations by Hermite finite elements. In such cases, it is natural to
relax together all variables belonging to one node. Let B be the correspond-
ing block diagonal matrix and verify (2.9)-(2.13).

Problem 4.2. Compare the estimate of 8 = o(F)/é for SSOR or ILU,
with o(F) from Theorem 4.4 and B=tD, against the estimate from
Theorem 4.1 with B=¢(D — L)D™Y(D - L7).

Exercise 4.4. The definition of the smoothing factor o as well as the
statements of Theorems 4.2-4.5 make sense even if A is only positive
semi-definite. Change the proofs so that they remain valid for singular A.
Hint: Use 1—(Q7)™'A instead of (I— Q7 'A)* and consider pseudo-
inverses instead of inverses where necessary.
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Section 5.5. Exercises 5.1, 5.2, and 5.4 contain results from Mandel,
McCormick, and Ruge [377]. Exercise 5.3 is from Mandel [375].

Exercise 5.1. It is possible to prove an analogue of (5.1) for nonlinear
smoothers, with ¢ defined by (4.9). But note that the theory works only for
such smoothers when they are used for pre-smoothing. Prove that, for the
steepest descent method applied to the preconditioned system B~ '(Au —
f)=0, we have (4.9) with o =1. For more results in the case o =1, see
McCormick [395].

Problem 5.1. Investigate v steps of steepest descent or preconditioned
conjugate gradients as a pre-smoother by estimating o in (4.9). Note that the
case v = 1 reduces to Exercise 5.1.

Exercise 5.2. If G; is any smoother, even nonlinear, such that
lu—Gau, NIl = |llw — Gy, f)||, for all u € H, then replacing G, by G in
the post-smoothing step does not increase . Using this observation and
Exercise 4.3, estimate ¢* for v steps of preconditioned conjugate gradients as
a post-smoother. In particular, show that for smoothing by steepest descent,
a=1, u=1 v,=0, v,=1, we have £ <8/(3+ 8). (Compare Exercise
5.1.)

Exercise 5.3. Let u=2, 0<a=1, >0, 0<&'<1, and define & =
pla, B, (" 1*). Prove that &“—E,(a, B) monotonically as k— o,
Hint: p(e, B, (¢)°) is nondecreasing in £ and the fixed point p(a, 8, (£)%) =
€ is unique in [0, 1).

Exercise 5.4. Let u=1 and 0< a <1 and define * as in Exercise 5.3.
Prove that £“—1 as k—w. So the estimates for the V-cycle are not
uniformly bounded away from one if o <1. This is true for all known
V-cycle proofs.

Exercise 5.5. Assume [|F|ll; =1 and develop a “classical” theory for the

W-cycle based on the estimate £* < efe5 if e 1 < gf~1e5~!, where

ef = ITFY(I3 + (e~ )"
To prove this recursion, let {leq|li=1, veH, ||v[|;=1. Then with the
same notation as in the proof of Lemma 5.1,
(e@y, V)a= e, F3v)4
= (TFyeq+e, F3v).
= 1 TFY Il I TF3| + (1~ es M2
< (ITFY T + (32N TF3E + (571>

This estimate depends on the quantity ||7F"||, called the two-level
convergence factor. Prove from (4.3), (4.6), and the Holder inequality that

TP = ()
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It is possible to prove sharper estimates for || TF"|| directly when F is given
by Richardson iteration, F =I — (w/p(E))E (cf. Hackbusch [233] and Bank
and Douglas [32]). Their W-cycle estimates are better than ours for large v;,
but they do not guarantee convergence if it is not large enough, depending
on 4, and this is usually not known. Compare Maitre and Musy [363] and
Musy [426] for a study of recursions of this type.

Another estimate can be obtained from Lemma 5.1: ||TF”|?=
p(a, a(F*)/8, 0), with p from (5.3) (see Musy [426]).

Problem 5.2. Estimate |||TF*||} directly for smoothers GS, SGS, RB.
Compare Maitre and Musy [363] when a = 1.

Problem 5.3. Estimate ||Tg(E/p(E))||? for a polynomial g of degree v
such that g(0) = 1. Find an optimal polynomial, and use the same argument
as in Exercise 5.2 to obtain an estimate for conjugate gradients as a
post-smoother. Consider also the conjugate residual method as a pre-
smoother. Compare Bank and Douglas [32].

Problem 5.4. Compare the estimates from Theorem 5.1, Exercise 5.5,
and Problems 5.2 and 5.3.

Section 5.6.

Exercise 6.1. Estimate explicitly the constants in Theorems 6.1 and 6.2.
Try to make the bounds as sharp as possible without complicating the
argument too much.

Problem 6.1. Develop classical W-cycle estimates as in Exercise 5.5 (cf.
Bank [26]).

Problem 6.2. Develop estimates for the W-cycle with smoothing by
iterating on the normal system (A + N)7((A+ N)u—f)=0 . Consider
preconditioned Richardson and GS iterations. Show that v=1 can be
arbitrary independently of k (if k, is large enough, of course). Hint: In the
definition of the smoothing factor, use the |||-||; norm instead of the -],
norm. This results in replacing o by «/2. For a “classical” theory which
requires v large enough depending on 8, see Bank [26].

Use a similar reasoning for smoothing by the Kaczmarz relaxation, which
is equivalent to GS applied to the system (A+ N)((A+N)'v—f)=0,
where u = (A + N)7v. For smoothing properties of Kaczmarz relaxation, see
Brandt {103].

Problem 6.3. Verify the assumptions of Theorem 6.1 for smoothers
other than Richardson’s iteration.

Section 5.7.

Exercise 7.1. Make (7.1), (7.2) and (7.3) for k=1 more explicit by
using the various convergence bounds developed in earlier sections, and
whatever natural problem assumptions are necessary. The best approach
may be to consider certain general problem categories. In any case, these
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bounds should clearly depict the role of the various parameters like d, the
ratios h*/h*"!, the degree of the element basis functions, and problem
dependent parameters.

Problem 7.1. Using the results of Exercise 7.1 and usual assumptions
(cf. Chapter 1) on the cost of the various muitigrid processes, develop
explicit estimates for the computational complexity of FMG,. This should
be expressed in terms of the most basic parameters possible, clearly
reflecting the role of the constants in (7.1) (i.e., ¥ and # or their more
explicit representations).

Problem 7.2. 1t is perhaps a fairly common belief that FMG is effective
even for deteriorating approximation order (i.e., decreasing 7). Study the
bounds developed in Problem 7.1 as they relate to the general validity of
this assertion. It has also been suggested (cf. Greenbaum [201]) that FMG
complexity deteriorates with increasing size of the coefficient in the
approximation property (i.e., k). This may in fact be due to the use of
Richardson’s iteration, which does not account for special variations in
coefficients, mesh size, etc. Note that there is a relation between « and #
and between 8 and x, because these quantities are derived from error
estimates. Study this question first by way of a specific model problem (e.g.,
Example 3.1) parameterized by the grade of the finest mesh (i.e., the ratio
of the largest to the smallest mesh size on the finest level). Develop sharp
estimates of the convergence factors using Theorems 4.1 and 4.3 for this
model problem and analyze the resulting effects on FMG complexity.
Extend these results as far as possible to the general case.

Section 5.8.
Exercise 8.1 Define

V* = {« € €(R?): « is linear on all triangles (x, x + (h, 0), x + (h, h))
and (x, x + (0, k), x + (h, b)), x =hm, m € Z*, and « is periodic with
period (1, 1), i.e., «(x) =«(x + m) for all x € R%, m € Z%}.

The mapping #", defined by $": A" — ¥*, #"u(x)=u(x), x =hm, m e Z?,
is an isomorphism. Let &(«, ) = [q Ve« - Vo Prove for the 5-point scheme
(8.5) that {A"u, v), = A(F"u, $"v) for all u, v € H", and that $* = "1,
Hence, A% = I;'A"I%,. Compare §5.3.

For the 9-point scheme, the definition of V" is changed so that « is linear
in each variable on all squares (x, x + (k, 0), x + (h, h), x + (0, h)), x = mh,
meZ’

Exercise 8.2. Extend the results of §5.8 to discretizations of a general
selfadjoint problem of order 2 with constant coefficients in a rectangle with
step sizes different in each direction. Hint: k= (hy, h(z), hm becomes
m - h = (myhpny, mphz) and x/b is defined similarly. Of course, n=
(npy, npy)-
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Exercise 8.3. Write a program to compute p(4")h? and 6" for general
symmetric stencils A” =[a,], I#'=[b,] and either periodic or Dirichlet
boundary conditions. By maximizing over a continuous range of frequencies
it is possible to compute sup, o p(A*)A* and 8 = sup,,., 6.

Exercise 8.4. Compute 8 for model problems with Neumann and mixed
boundary conditions. For the required techniques, see Stiiben and Trot-
tenberg [538].

Problem 8.1. Estimate o for GS, SGS, and RB smoothers for the model
problems with periodic boundary conditions. The main obstacle here is that
L does not map constants into constants and thus does not induce an
operator on H". Heuristically, we may expect, e.g., that |D™"2LD~2|> =1
for lexicographic ordering. Hint: Use Exercise 4.4.

Problem 8.2. Study the transformation of the modes v% and w’ by GS,
SGS, and RB (cf. Brandt [88] and Stiiben and Trottenberg [538]). Use the
result to compute o.

Problem 8.3. Using the results of Problem 8.2, compute 8 from (5.1)
with « =1 directly for GS, SGS, and RB.

Problem 8.4. Stiiben and Trottenberg [538] show how the modes are
transformed by ZEBRA relaxation. Use this together with the result of
Exercise 8.2 to compute f from (5.1) with a = 1 for an anisotropic problem.

Exercise 8.5. Use the present techniques to compute |||7F"||, i.e., the
two-grid convergence factor, for the model problems and the smoothers
considered here (cf. Stilben and Trottenberg [538]).

Problem 8.5. Use Fourier analysis to compute 8, o, and 8 for an
elasticity problem in three dimensions discretized by finite elements.
Analyze a suitable model problem.

Problem 8.6. Compute 6" and p(A") analytically for some of the model
problems considered here. Hint: We know that @ maximizes p(Kg)
numerically, which gives a lower bound for p(T"*(A")™"). Prove that it is
also an upper bound. Apply similar reasoning to p(A").

Problem 8.7. The quantities " computed numerically for the Dirichlet
problem, and the 9-point scheme, approach 6" =2 for the 9-point scheme
with periodic boundary conditions. Musy [426] reports numerically com-
puted values of 8", for the Dirichlet problem and the 5-point scheme, which
are close to our computed 6" for periodic boundary conditions. Is that only
a coincidence? Try to formulate and prove something—this may be a step
towards justification of the local mode analysis in some cases. Compare
Hackbusch [240] for a one-dimensional problem.

Problem 8.8. Develop a Fourier analysis for the 5-point scheme (8.6)
and Dirichlet boundary conditions.

Problem 8.9. Estimate the constants in the nonsymmetric theory by way
of Fourier analysis of model problems. Compute convergence bounds using
the theorems from § 5.6.
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General.

Exercise. Change the theory so that it applies to the complex case. This
requires the use of complex conjugates in some formulas, and a different
definition of ellipticity.
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FMV Program Listing

PROGRAM FMV!

THIS CODE USES A (2,1) FMV CYCLE WITH
RED-BLACK GAUSS-SEIDEL TO SOLVE POISSON’S
EQUATION ON AN (N+1)%x%2 GRID, N = 2%%xNLEV

LEVEL NLEV IS FINEST GRID . . H = 1/2%xNLEV
LEVEL 1 IS COARSEST GRID . . H = 1/2

U HOLDS CURRENT APPROXIMATION TO FINEST
GRID SOLUTION AND COARSE GRID ERRORS

F HOLDS FINEST GRID RIGHT-HAND SIDE AND
COARSE GRID RESIDUALS

EX HOLDS SOLUTION TO PDE ON ALL GRIDS
KSCI) IS THE INITIAL INDEX FOR ITH GRID IN
ARRAYS U AND F

DIMENSION UC8000),F(8000),KSC10),EXC8000)
DO s00 I = 1,8000

ucIdy) = 0.
FCI) = 0.
EXCI) = 0.

H= .5

KST = 1

NLEV = 6

N = 2%%xNLEV

WRITE (6,5) N
FORMAT ¢//’ ONE FMV CYCLE FOR N = ',13,/7/)

INITIALIZE ARRAYS F AND KS

! No attempt was made either to fully document or to streamline this code. Its primary purpose
is to illustrate the basic structure and simplicity of the multigrid algorithm.

181
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100

MULTIGRID METHODS

DO 10 K = 1,NLEV
KS(K) = KST
N = 2%x%xK + 1
CALL FSET (F(KST),EX(KST),N,H)
KST = KST + NxN
H = H/2.
CONTINUE
DO 300 N = 1,NLEV
IF (N.GT.1) THEN

DESCEND FROM FINEST GRID C(LEVEL N) TO COARSE

GRID (LEVEL 2)

DO 100 K = N,2,-1
KST = KS(K)
KSTC = KS(K-1)
NF = 2%%xK + 1
NC 2%k (K—1) + 1

RELAX -ON PRESENT GRID (NF#*%2), INJECT
RESIDUAL TO COARSER GRID (NCx%2)

CALL RELAX CUCKST),F(KST),NF)
CALL RELAX CUCKST),F(KST),NF)
CALL RESINJ CUCKST),F(KST),
FCKSTC),NF,NC)
CONTINUE
ENDIF

ASCEND FROM COARSEST GRID (LEVEL 1) TO
FINEST GRID (LEVEL N)

DO 200 K = 1,N
KST = KS(K)
KSTF = KS(K+1)
NC = 2%xK + 1
NF 2x%(K+1) + 1

i

RELAX ON PRESENT GRID (NCxx2), INTERPOLATE
TO FINER GRID (NF#*%2)

CALL RELAX CUCKST),F(KST),NC)

IF (K.EQ.N) CALL ERR CUCKST),EX(KST),
FC(KST),NC)

IF (K.LT.NLEV) CALL INTADD (U(KST),
UCKSTF),NC,NF)
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CONTINUE
CONTINUE
END

SUBROUTINE ERR (U,EX,F,N)
DIMENSION UCN,N),FCN,N),EXCN,N)

COMPUTE MAX NORM AND DISCRETE L2 NORM OF
RESIDUAL AND GLOBAL ERROR

H = 1./FLOAT(N-1)

EMAX = 0.
ESUM = 0.
RMAX = 0.
RSUM = 0

DO 10 I = 2,N-1
DO 10 J = 2,N-1
ER = ABS U(I,J)-EXCI,Jd)
IF (ER.GT.EMAX) EMAX = ER
R = ABS (FCI1,J)+UCTI+1,d)+UCI-1,0)
+UCT, J+1I4+UCT ,J-1)-4%UCT,J))
IF (R.GT.RMAX) RMAX = R
ESUM = ESUM + ER=*ER
RSUM = RSUM 4+ R#*R
CONTINUE
EH = SQRT C(H*ESUM)
RH = SQRT C(H*RSUM)
WRITE (6,20) N,RMAX,RH,EMAX,EH
FORMAT ¢’ N = ‘,13,4E12.3)
RETURN
END

SUBROUTINE FSET (G,EX,N,H)
DIMENSION GCN,N),EXCN,N)

GENERATE RHS ARRAY AND EXACT SOLUTION ON
(N—-1)*%2 GRID

H2 H*H

N1 = N — 1

DO 10 1 = 2,N1
X = H*FLOAT C1-1)
XX = XkXk(X%X—-1.)
X6 = B6.%X%¥X — 1.
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DO 10 J = 2,N1

Y = H*FLOAT (J-1)

YY = YkY*(YxY—-1.)

EXCI,J) = XX*YY

G(I,J) = —2.%H2*(X6*YY 4+ (6.*Y*Y—1.)%XX)
10 CONTINUE

RETURN

END

SUBROUTINE RELAX (V,G,N)
DIMENSION V(N,N),G(N,N)

C RED-BLACK GAUSS-SEIDEL ON (N+1)#%%2 GRID

N1 = N-1
DO 10 KRB = 1,-1,-2
IRB = KRB
DO 20 I = 2,N1
IRB = -IRB
JDEL = C(IRB + 1)/2
JO = JUDEL + 2
DO 20 J = JO,N1,2
VCI,J) = (GCI,I+VII+1,0)4+VCI-1,P)
VT, J+1)4V(T,J-1)) /4,
20 CONTINUE
10 CONTINUE
RETURN
END

SUBROUTINE RESINJ (V,F,G,N,NC)
DIMENSION FCN,N),VI(N,N),G(NC,NC)

COMPUTE RESIDUAL AND INJECT TO COARSER
(NC+1)%%2 GRID

OO0

N1 = NC - 1
DO 101 = 2,N1

12 = 2%1-1
DO 10 J = 2,N1
J2 = 2%J-1

T = FC12,J2)+V(124+1,J2)+V(I2-1,J2)
+V(Ii2,J2+13+V(12,J2-1)
G(I,J) = 2.%T — 8.%V(I2,J42)
10 CONTINUE
RETURN
END
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SUBROUTINE INTADD (V,W,N,NF)
DIMENSION VON,N),WONF,NF)

INTERPOLATE CORRECTION AND ADD TO
APPROXIMATION AT FINE GRID RED POINTS

DO 10 I = 2,N
12 = 2% -1
DO 10 J = 2,N
J2 = 2%J — 1
WC12,J2-1) = W(12,J2-1) + V(1,0
+ V(1,J-12)/2.
WC12-1,d2) = W(I2-1,Jd2) + (V(1,J)
+ VC(I-1,J))/2.
CONTINUE

ZERO OUT PRESENT GRID APPROXIMATION

DO 20 I = 1,N
DO 20 J = 1,N
VaI,J) = 0.
CONTINUE
RETURN
END
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Multigrid Bibliography

The intent of the Multigrid Bibliography of the GMD is to give as
complete a survey as possible of the growing literature on multigrid
methods. All papers and books that deal with multigrid techniques in the
broadest sense are included: theoretical papers as well as those on practical
applications in widely scattered fields (fluid and aerodynamics, pattern
recognition, statistical physics, supercomputer applications, etc.). The re-
ferences may have been published in scientific journals, conference pro-
ceedings or only as internal reports.

Entries in the GMD Multigrid Bibliography are arranged alphabetically
according to author. This fourth edition contains more than 300 new entries
compared with the third edition compiled in September 1983. These new
entries are marked by an . To facilitate a search by topic, we have included
a KWIC reference guide to the bibliography in which papers are arranged
according to key words in their titles.

The editors of this bibliography would be grateful for information about
any missing references as well as any errors found by the reader.
Furthermore, as we intend to continue the bibliography, information about
new publications in the multigrid area is welcome.

Technical assistance in the completion of the fourth edition has been
given by Cldre Cassirer. Her help is gratefully acknowledged.

K. Brand, M. Lemke, J. Linden

Gesellschaft fiir Mathematik und
Datenverarbeitung

GMD-F1/T

Postfach 1240

D-5205 St. Augustin 1

SchloB Birlinghoven

West Germany
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Given a QR decomposition of

(=)

this algorithm computes a QR decomposition of X .

1. grdrmrow(R, Q)
2 for j = n—1top+1by —1
3 rotgen(Q[n, ], Qln, 1, ¢, 5)
4 l"OtClpP(C, 5, Q[l:n—]-?n]? Q[ln_17]])
5. end for j
6 wll:p] =0
7 forj=ptolby -1
8. rotgen(Q[n, n]7 Q[n,]], <, 3)
9. rotapp(c, s, Q[n, 1:in—1], Q[j, 1:n—-1])
10. rotapp(c, s, w(j:pl, R[j,7:p])
11. end for j
12. Q = Q[lin—-1,1:n-1]
13. end grdrmrow

Algorithm 3.7: Remove the last row from a QR decomposition
o

with n{n—p) firot for the first loop.

¢ In an industrial strength implementation, the reduction in the first loop would be
done by a Householder transformation. Specifically, we would replace the loop by

1. housegen(Q[n, p+1:n]+E, u, trash)

2. u=+Fxu

3. v=Q[,pt+lin|xu

4. Q[:,p+1:n] = Q[:, p+1:n] — vauT
Here # is the identity with its columns in reverse order [see (2.10), Chapter 1]. Its
effect is to reverse the order of the components of any vector it multiplies. It is neces-
sary because we are performing a backward reduction. The substitution saves 2n(n—
p) fimlt.

Removing a row from a QR factorization

The algorithm derived here is a variant of the algorithm for removing a row from a QR
decomposition. Let

(5)-ox
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Accommodative scheme, 27
Algebraic approximation property, 143, 156
Algebraic error reduction, 5, 30
Algebraic multigrid (AMQG), 48, 52-53, 73-75
coarse grid approximation in, 85-97
convergence results in, 78-82, 85-97
for scalar problems, 97-119
smoothing property of, 82-85
for systems problems, 119-127
terminology and assumptions of, 75-78
Algebraic smoothness. See Error, algebraically
smooth
Aliasing, 13
AMG. See Algebraic multigrid
Anisotropic coefficients, 51, 105, 107, 109
A posteriori error estimates, 114-115
Approximation assumption, 81
Approximation property, 138, 145
Artificial viscosity method, 34

Beam-Warming algorithm, 71

Black box multigrid method, 48, 74, 119, 127

Boundary-fitted coordinate transformation, 32,
51

BOXMG, 48-49, 50, 52, 53

Cauchy-Riemann equations, 120, 128

CFA. See Coarse grid, finite difference
approximations

C/F-relaxation, 105, 114

CGA. See Coarse grid, Galerkin
approximations

Chebyshev acceleration, 43

Coarse grid

approximation, 38—42, 46, 85-87

INDEX

correction, 21, 22, 25, 41, 43, 46, 63, 65, 66,
69, 76-81, 104, 107, 109
finite difference approximations (CFA), 39—
41,49
Galerkin approximations (CGA), 40-41, 49
operators, 76, 78-79, 103-104, 124
Coarsening process, 77, 87-88, 99, 100-103,
107, 109, 115-119
strategy in AMG, 96, 101-103, 115-119
Compressible flow, 58
Condition number, {1
Conjugate gradients, 43, 54, 173
Conjugate residuals, 43
Conservation laws, 31
Conservative discretization, 34
Convection-diffusion equation, 51-53
Convergence factor, 9, 11, 14, 24, 25, 108, 114,
124, 132
asymptotic, 105, 122-123
estimate of, 150-153, 166-167, 169
two-grid, 173, 176
V-cycle, 79-81, 121, 127
Convergence theorems, 76, 78-79
Convergence theory, 142, See also Variational
multigrid theory
in general case, 153-161
in symmetric, positive definite case, 143-150
two-level, 82, 88-89
Convex interpolation, 122
Correction scheme (CS), 41, 68
C-points, 99-100, 101-103, 104, 108, 116-117,
126
CS. See Correction scheme
C-variables, 86, 88, 126
Cycling, 21-23, 24-30
accommodative, 27
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computational costs of, 23, 26, 104

fixed, 27

full multigrid (FMQG), 22, 25-30, 69, 161-
162,171, 175

sawtooth, 43, 44, 47, 50, 64, 67, 68

two-grid, 43, 44

V-cycle, 79-81, 101, 105, 121, 127

W-cycle, 21, 22, 64, 160, 173, 174

Defect correction, 34, 49, 54, 58, 71
Dirichlet boundary conditions, 106, 107, 112,
121-122, 142, 143, 167-169, 171
Discontinuous coeflicients, 38-39, 49, 50, 52,
53, 74, 105, 107, 109
Discontinuous solutions, 60, 70, 74
Discretization(s), 61-63, 119
central, 34
conservative, 34-35
of elliptic variational problems, 137-143
Euler time, 36
finite difference, 32-33, 35, 37, 40, 49, 50,
62,112, 131, 172
finite element, 75, 109, 121, 131, 135
finite volume, 34-35, 37, 3941, 46, 47, 62
5-point and 9-point, 164-165
flux splitting, 34-37, 68
Galerkin, 40-42, 49, 69-71, 77
Lax-Wendroff, 61
Runge-Kutta-type, 36
uniform, 119, 127
upwind difference, 62-63, 68
Discretization error, 3-4, 8, 25

Elasticity problems, 121-123, 141
Elliptic partial differential equations, 74-75
Elliptic systems, 131, 142
Elliptic variational problems, 137-143
h-Ellipticity measure, 169-170
Energy inner product, 2
Energy norm, 4, 79, 131
convergence factors, 150
Enthalpy damping, 66
Entropy condition, 60
Error
algebraic, 3, 30
algebraically smooth, 84-85, 89, 121
discretization, 3, 3-4, 25
global, 4, 5, 6, 14, 27
oscillatory (high frequency), 11, 16, 17, 19
residual, 27

smooth (low frequency), 11, 16, 18, 19, 20,
22,73, 76, 85, 96, 97, 121
truncation, 3, 4, 6, 27, 30
Euclidean inner product, 77, 138
Euclidean norm, 4, 9, 77
Euler equations, 36, 57-71
of inviscid gas dynamics, 32
linearized isenthalpic, 70
solver, 66
steady state, 61
time-dependent, 60

FAS-cycle. See Full approximation scheme

Finite difference discretization, 32-33, 35, 37,
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Finite element discretizations, 75, 109, 121,
131, 135

Finite volume discretization, 34-35, 37, 39-41,
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Fixed scheme, 27. See also Cycling

Flux splitting, 34, 35-37, 68
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estimates, 162-170
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Full approximation scheme (FAS), 41, 64

Full multigrid (FMG). See Cycling, full
multigrid (FMG)

Full weighting, 17-18, 38

F-variables, 86, 88, 120, 126

Galerkin approximations, 40-41, 42, 49, 69-
1,71
Gauss-Seidel method (relaxation), 7-8, 27-29,
42,63, 70, 77, 82, 83, 84, 105, 118, 120-
121, 126, 147, 169
alternating line, 107
backward, 42
block, 45, 49, 50, 52, 128
forward, 42
line, 70
point, 49, 50
red-black, 27-29, 42, 149
symmetric, 47, 70
two-block, 149
Grid complexity, 103, 108
GRIDPACK, 48, 49
Grids
nonrectangular, 32, 50, 62, 74, 109-112
nonstaggered, 63, 124
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nonuniform, 36, 39, 74, 109-112 MGD4, 53
size, 54,73, 74, 110 MGDs5, 50, 52-53
MGHZ, 52

Half weighting, 38

Helmbholtz equations, 50, 94
Higher order systems, 131
Hilbert scale of spaces, 136—137
Hyperbolic equations, 32, 53-54

Incomplete block LU-factorization (IBLU), 42,
50
Incomplete factorization, 42, 43, 45, 49-50
Incomplete LU-factorization (ILU), 42, 50
Incomplete line LU-factorization (ILLU), 42
Injection, 17, 137
Interpolation, 14, 15, 76. See also Prolongation
accuracy of, 115
along direct connections, 91-92
convex, 116-117, 122
of eigenvectors, 94, 118-119
general, 92-93
linear, 37, 103, 118
long-range, 92, 116
one-sided, 95-96, 101
piecewise multilinear, 14
standard, 87
Interpolation formulas in AMG, 90-91, 93,
102-105, 117-119, 120, 126
Inviscid compressible flow, 57
Irrotational flow, 58
Isoparametric finite elements, 171

Jacobi method (relaxation), 7-14, 18, 24, 25,
45, 49, 51, 84

Kaczmarz method (relaxation), 42, 50, 128,
174
K-matrix, 33-34, 35, 50

Laplace equation, 56, 123, 163, 166
Laplace operator, 106, 107, 108, 109
skewed, 74
Lax-Wendroff time stepping, 36, 61, 64—66
Lexicographic order, 6
Linear interpolation, 49
Lipschitz boundary, 140, 143
Local mode analysis, 169-170. See also Fourier
mode (smoothing) analysis

MGAZ, 52
MGDI, 50, 52-53

MGO00, 48-49, 50, 52-53

M-matrix, 33, 112, 123
application of, 90-91
symmetric, 78, 83-85, 93, 98, 99, 119
weakly diagonally dominant, 91, 92, 94-95

Navier-Stokes equations, 57, 58-60
Nested iteration, 16-19, 20, 22
Neumann boundary conditions, 112, 143, {71
Newton method, 36-37, 49, 53, 68-69, 123,
129
Nonconforming finite element method, 171
Nonlinear basis functions, 171
Nonlinear problems, 32, 53-54, 64, 123-124
Nonsymmetric operators, 105, 112-114
Nonuniform grids, 36, 39
Norm, 2, 3-5, 9. See also Energy norm,
Euclidean norm
discrete, 132-134
of residual and global errors, 27-28

Operator complexity, 103, 123
Oscillatory errors. See Error, oscillatory

Padding, 32, 50
Parallelization, 65-66, 84
Periodic boundary conditions, 163-164, 166
Plane-stress problem, 121
PLTMG, 48, 49
Poisson equations, 24, 26, 50, 54
Poisson’s ratio, 121
Poisson solver, 48
Prandt! numbers, 59
Prolongation, 37-39, 47-48, 49, 54, See also
Interpolation
designing, 171-172
matrix-dependent, 49, 50, 53
P-smoothing factor, 45

Rayleigh quotient, 118-119
Red-black relaxation, 27-29, 42, 149
Re-entrant corner, 110, 142
Regularity, 140-142
Relaxation, 7-19, 70

acceleration of, 43

block, 149-150

C/F, 105, 1 14

choosing, 107
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Gauss-Seidel. See Gauss-Seidel method
(relaxation)
Jacobi. See Jacobi method (relaxation)
Kaczmarz. See Kaczmarz method
(relaxation)
local, 129
red-black, 27-29, 42, 149
Richardson. See Richardson method
(relaxation)
switched evolution (SER), 69
ZEBRA, 42, 52, 176
Residual equation, 19, 20
Residual transfer. See Restriction
Restriction, 17-18, 37-39, 47-48, 54, 76, 105,
132, 164. See also Half weighting;
Injection; Full weighting
Reynolds numbers, 59-60
Richardson method (relaxation), 146, 166-167,
174
R-smoothing factors, 45, 47
Runge-Kutta time stepping method, 67
Runge-Kutta-type discretization, 36

Sawtooth cycle. See Cycling, sawtooth
Semidiscretization, 66-68
Shallow water equations, 32
Smooth boundaries, 142
Smooth coefficients, 52
Smooth error, 11, 16, 18, 19, 20, 45, 73, 85,
96, 97, 121
reduction of, 22
vectors, 76
Smoothers. See Relaxation
Smoothing analysis. See Fourier mode
(smoothing) analysis
Smoothing assumption, 81-85
Smoothing factors, 24, 70, 143, 146~148, 149,
156
for block Jacobi and block Gauss-Seidel
system, 172
optimal, 166
Smoothing methods. See Relaxation
Smoothing property, 14, 81-85
Smoothness, algebraic, 84-85, 99
Sobolev spaces, 3, 141, 142
Software, 48-50. See also BOXMG,
GRIDPACK, MGAZ, MGD1, MGDA4,
MGDS, MGHZ, MGO00 and PLTMG

MULTIGRID METHODS

Spectral analysis. See Fourier mode
(smoothing) analysis
Spectral radius, 4
Stationary linear iterative methods, 8, 18, 144
Steepest descent method, 173
Steger-Warming scheme, 68
Stencils, 15, 106, 107
finite difference, 33
S-point, 6
9-point symmetric, 163-164
for restriction operators, 17-18
symmetric, 176
Stokes equations, 57, 58, 128
Strong connections, 114, 116~117
Subsonic flow, 53, 70
Supersonic flow, 65, 70
Switched evolution relaxation (SER), 69
Symmetric operators, 3-4, 38, 77-78, 83-85,
93, 98-99, 114, 119-120, 132-133, 143-
150, 159

Time-dependent problems, 36, 57-60, 64-69
Transonic flow, 53, 58, 65
Truncation

error, 3, 4, 6, 27, 30

level of, 26

Upwind differencing, 37

Variational multigrid theory, 131, 170

algebraic assumption motivation and
verification in, 136-143

convergence theory and, 143-150, 153161
estimate of convergence factors in, 150-153
Fourier analysis estimates and, 162-170
full multigrid and, 161-162
notation assumptions in, 132-135
problems in, 171-177

V-cycle. See Cycling, V-cycle

Vectorization, 42, 43, 48, 50, 71, 84

Viscosity, 58, 59

VLSI design problem, 123-124

W-cycle. See Cycling, W-cycle
Work units (WU), 23, 29

ZEBRA relaxation. See Relaxation, ZEBRA



