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ABSTRACT

Spurious oscillations are a recurring challenge in numerical simulations of advection-dominated transport, often
degrading stability and predictive accuracy. Artificial viscosity is commonly employed to mitigate these effects, but
its coefficient is usually tuned empirically, limiting reproducibility and scalability. This study introduces a predic-
tive framework in which the viscosity coefficient is derived analytically from discretization parameters through a
closed-form law obtained via offline optimization guided by a smoothness metric. The methodology is demonstrated
for grain aeration, a coupled heat-moisture transport problem of high practical relevance. The mathematical model
was solved using finite differences with the Leith scheme, known for enhanced robustness under realistic aeration
conditions. Verification based on apparent order-of-convergence analysis of the discretization error confirmed that
the stabilized formulation recovered second-order accuracy, while the unstabilized model exhibited order degra-
dation. Validation against experimental data showed accuracy comparable to manual calibration but with greater
stability. Smoothness analysis revealed oscillations only in the energy balance, with mass-balance equations remain-
ing naturally smooth. Once trained, the predictive law added negligible computational cost (3.5s per run vs. 162.1s
for mesh refinement - a well-known technique for reducing oscillations in numerical solutions). The approach elimi-
nates empirical tuning, ensures convergence under experimental conditions, and achieves substantial computational
savings for coupled transport problems.

1 | Introduction

Numerical modeling has become an indispensable instrument in engineering analysis and prediction, enabling the
investigation of complex systems while reducing dependence on costly or impractical experimentation. Nevertheless,
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despite its widespread adoption, the reliability of numerical simulations remains constrained by fundamental deficiencies
associated with discretization. In particular, advection-dominated problems are prone to the emergence of spurious oscil-
lations, which are most pronounced near steep gradients [1]. These artifacts do not originate from inadequacies in the
governing equations, but rather from intrinsic limitations of numerical schemes, and their presence can compromise both
the accuracy and the practical applicability of computational models [2].

Two principal strategies have traditionally been employed to mitigate numerical instabilities. The first—systematic mesh
refinement—aims to reduce numerical dispersion by increasing spatial and temporal resolution. While conceptually
straightforward, this approach becomes computationally prohibitive in practice, since the cost tends to scale superlinearly
with problem size and can rapidly escalate [3]. The second strategy is the introduction of artificial viscosity, wherein
controlled dissipation is added to suppress high-frequency oscillations and promote stability. Although it has been widely
adopted, this method typically depends on empirically tuned viscosity coefficients, adjusted via trial-and-error procedures
or fitted to experimental data, which limits generalization and reproducibility [4].

Prakash and Zhang [5] demonstrate that artificial viscosity coefficients introduced as closure terms are typically identified
through dedicated offline calibration or optimization procedures based on high-fidelity data, prior to efficient online simu-
lations. This observation reinforces the view that stabilization parameters are rarely universal and that their determination
often represents a significant computational bottleneck.

Furthermore, most stabilization techniques are still tested on simplified problems, which fail to capture the nonlinear
coupling of realistic systems. Methods that perform well in such idealized benchmarks often lose stability or require
retuning in practical applications, while quantitative validation against experimentally calibrated data remains rare [6-8].

The present study addresses these limitations by reformulating artificial viscosity as a predictive coefficient derived
directly from discretization parameters rather than empirical calibration. An offline optimization guided by a smooth-
ness metric objectively quantifies oscillatory behavior and yields a closed-form predictive law. Once established, this law
computes viscosity automatically and at negligible cost, ensuring stabilization without manual intervention.

The methodology is assessed in the context of grain aeration, a key post-harvest technique used to preserve quality
and extend the storage life of bulk grains. Its effectiveness directly affects food security and economic sustainability, as
inadequate control of thermal and moisture conditions can lead to severe quantitative and qualitative losses [9]. Phys-
ically, aeration involves coupled transport mechanisms—convective heat exchange, moisture migration, and air-grain
interactions—that operate simultaneously in transient and heterogeneous environments. This makes aeration a problem
of both practical relevance and high physical complexity, where predictive simulations play a decisive role in guiding
engineering decisions.

The process is commonly represented by mathematical models describing the coupled transfer of heat and moisture
within the grain mass. Among these, the model proposed by [10] remains one of the most widely used [11-15], balancing
physical realism and computational efficiency. As no analytical solution is available, the model is solved numerically,
typically using finite differences. Recent studies have shown that the Leith scheme [16] further enhances robustness
under realistic aeration parameters, reinforcing its suitability for practical applications [15].

Despite these advances, the mathematical model remains prone to numerical difficulties: steep gradients develop
as thermal and moisture fronts propagate through the bulk, and the strong coupling between transport processes
exacerbates the susceptibility to spurious oscillations. Studies such as those reported by [14, 15] have shown that
these oscillations can significantly distort the predicted propagation of thermal fronts, directly undermining the reli-
ability of the model in practical scenarios. These characteristics make grain aeration an especially stringent bench-
mark for stabilization strategies, since discretization errors can compromise both numerical accuracy and engineering
outcomes.

The contributions of this paper can be grouped into two complementary ideas. On the methodological side, a smoothness
metric is introduced as an objective diagnostic for quantifying spurious oscillations, replacing subjective or qualitative
assessments. In addition, artificial viscosity is reformulated from an empirically adjusted coefficient into a predictive
parameter derived directly from discretization, thereby eliminating dependence on case-specific calibration and enhanc-
ing generality and reproducibility. These contributions establish a systematic and theoretically grounded approach to
stabilization, addressing long-standing limitations in the literature.
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On the applied side, a rigorous comparative framework is established in which the predictive methodology is contrasted
with both uncontrolled instability and the benchmark of manual calibration against experimental data. Validation of the
proposed approach is carried out using experimental results reported in the literature [17], ensuring that the conclusions
extend beyond numerical analysis to conditions of practical relevance. A further contribution lies in the verification pro-
cedure itself, which is conducted rigorously over all points of the discrete domain rather than at selected locations, thus
providing a more comprehensive and demanding assessment of numerical accuracy. In addition, a detailed analysis of
computational complexity is performed, demonstrating that the predictive law achieves accuracy comparable to empirical
calibration while requiring negligible additional cost. The objective is to demonstrate that the methodology not only pre-
serves stability and accuracy but also offers substantial efficiency gains relative to mesh refinement and manual tuning,
thereby underscoring its potential for application in large-scale engineering simulations.

The remainder of this paper is organized as follows. Section 2 introduces the mathematical formulation of the aeration
model, together with the governing parameters and the experimental dataset employed for validation. Section 3 describes
the numerical discretization, the definition of the smoothness metric, and the optimization procedure through which
the predictive law for artificial viscosity is derived. Section 4 presents the results of numerical verification, experimental
validation, and comparative analyses, with particular emphasis on computational efficiency. Finally, Section 5 concludes
the paper by summarizing the main findings.

2 | Mathematical Model and Experimental Framework

The development and evaluation of numerical methods are often conducted on simplified equations such as linear advec-
tion or advection —diffusion models. Although these canonical formulations provide valuable theoretical insight, their
simplicity rarely exposes the difficulties encountered in realistic applications [18]. For example, numerical schemes
that perform well under idealized conditions may require substantial modification or fail altogether when extended
to fully coupled nonlinear problems [19, 20]. Similar limitations have been observed across disciplines, where valida-
tion is frequently restricted to idealized or synthetic datasets, offering limited evidence of robustness in truly complex
systems [21, 22].

In this context, the present study adopts grain aeration as a representative case study, deliberately avoiding canon-
ical benchmarks. This problem combines practical importance in post-harvest preservation with significant numer-
ical challenges, involving coupled heat and mass transfer under realistic boundary and initial conditions. Its non-
linear and transient nature provides a stringent yet meaningful test for evaluating the robustness and generality
of the proposed stabilization algorithm. This section presents the mathematical formulation of the grain aeration
problem.

2.1 | Governing Equations

The grain aeration process is governed by partial differential equations describing the transport of heat, moisture, and air.
These equations arise from the principles of conservation of energy and mass, together with constitutive relations that
link temperature, water content, and airflow in the porous medium. The original formulation was presented in detail by
[10], and later studies demonstrated that certain simplifications could be introduced without loss of accuracy [11]. That
simplified version has since been widely adopted in investigations of grain storage and aeration [12-15], and it is the
formulation adopted in this paper.

The energy balance for the grain bulk accounts for heat storage in both the kernels and the intergranular air, convective
transport driven by the airflow, and heat exchange due to biological activity. In compact form, the temperature field is
governed by:

oT oh
E{p(,[cg + ey Ul +€p, [ca + R<CW + 67:} )] }
ou oh,\|or dm
=)o h — R — )= — —0.6h,), 1
pc s ot uapa [ca + (CW + oT >] dy + pd dt (Qr U) ( )

where ¢ is time (s), y is the vertical coordinate oriented from bottom to top (m), T is grain temperature (°C), U is grain
moisture content (kg kg_l), u, is the aeration air velocity (m s™1), Cos Cpyrs and ¢, are the specific heats of grain, water, and
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air, respectively (J kg™ °C™1), R is the air humidity ratio (kg kg™"), p, is the density of intergranular air (kg m=3), p,, is the

grain bulk density (kg m~3), A, is the latent heat of vaporization of water (J kg™), h, is the differential heat of sorption
(J kg™h), € is grain porosity (decimal), dm/dt is the dry matter loss rate (kg s™'), and Q, is the heat of oxidation due to
respiration (J s™! m~3).

Moisture transfer is described by a complementary mass balance:

p”ad_[t] = —uapaa—I; + %(0.6 +U). (2)
The energy equation depends on the moisture content, since both the effective heat capacity and the sorption
term involve U. In turn, the moisture equation depends on the humidity ratio R, which is a function of tem-
perature 7 and moisture U. As a result, heat and mass transfer cannot be treated independently: variations
in temperature affect moisture redistribution, and changes in moisture alter the thermal properties of the bulk.
This interdependence is a defining characteristic of grain aeration and is central to the challenges addressed in
this work.

The humidity ratio R is defined as the mass of water vapor per unit mass of dry air in a given mixing volume. In the
aeration model, R links air psychrometrics to the coupled heat-moisture dynamics in the grain bulk, enabling consis-
tent estimation of water content and the expected effects of aeration on storage conditions. Following [23], it can be

computed as

.
R=0622 —uPs

2 3
Patm_rups ()

where P, is the atmospheric pressure (kPa), p, is the saturation vapor pressure (kPa), and r, is the equilibrium relative

humidity (in decimal).

The saturation vapor pressure p, may be expressed as [24]

_ 6 x 10 ex (_ 6800 ) @
Py = 1000 (r+ 273155 “ P\ T 127315 )"
and the equilibrium relative humidity r, can be evaluated using [25]
r =100 exp - A exp(-B V)| (5)
“= PITr3c *° ’

where A, B, and C are material-dependent empirical constants. Equations (3-5) make explicit the coupling: R depends
on r, and p,, both of which are temperature-dependent, and r, further depends on the grain moisture U; consequently,
the moisture and energy balances are linked through R(T', U).

The procedures for calculating the parameters in Equations (1-5), as well as the alternative expressions reported for
different grain types, are not presented here in detail. These formulations can be found in [14, 15], where the complete
methodology is described. In the present study, the same methodology is followed to ensure consistency with those vali-
dated approaches.

It is worth noting that the formulation adopted is one-dimensional in space and transient in time. The vertical axis is taken
as the direction of airflow, consistent with the dominant transport mechanism during aeration. The one-dimensional
approximation has been widely used to capture the essential coupled dynamics of heat and moisture transfer in grain
and porous media, offering satisfactory accuracy while keeping the computational cost manageable [26]. Although mul-
tidimensional formulations exist and can provide more detailed flow structures, reviews consistently highlight that
one-dimensional models remain the most practical choice for engineering simulations where efficiency and robustness
are key [27].

The current study considers an up-flow aeration system, where y € [0, L] and L denotes the height of the grain storage bin
in meters. While the analysis is centered on a one-dimensional approach, Figure 1 illustrates a realistic three-dimensional
bin to provide a clearer representation of the geometry and boundary conditions involved in the aeration
process.
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Sy,

2

FIGURE1 | Schematic of the up-flow aeration system: airflow is forced by a motor and fan unit installed at the bottom of the bin.

2.2 | Initial and Boundary Conditions

The solution of the governing equations requires appropriate boundary and initial conditions to represent the physical
setup of the storage bin under aeration. In the present study, the aeration system is operated in up-flow mode, with air
forced from the base upward by a motorized fan (see Figure 1).

At the bottom boundary (y = 0), the grains at the base of the bin are assumed to reach equilibrium with the aeration
airflow. As a result, their temperature is prescribed to equal the temperature of the incoming air,

T(O’ t) = TBs (6)
where Ty denotes the aeration air temperature.

The equilibrium moisture content of the grain at the base is computed through an adaptation of the Chung- Pfost relation,
which links grain sorption characteristics to air humidity and temperature [25]

1 T, T +C\| _
U(O,t)——Eln[ln(—100)<— . >]—UB, )

where Uy is the equilibrium moisture content and r, is the relative humidity of the aeration airflow. The latter is not nec-
essarily equal to the ambient humidity, but is influenced by differences between the ambient and inlet air temperatures.
Following [23], it can be expressed as

_ Kiew(K, - K)

a— “r K3 (8)
where u, is the ambient relative humidity and the coefficients are
25 25
6 X 10 _ 6300 6 x 10 K. = 6800 ©)

K, = > - ) = s - .
1T 1000(Tyy, +273.15)5° 2T Ty +273.157 2 7 1000(T +273.15)5° 4~ Ty +273.15

These expressions highlight that the inlet moisture conditions are intrinsically dependent on both ambient and aeration
temperatures, reinforcing the coupling between airflow characteristics and grain state.
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At the top of the domain (y = L), homogeneous Neumann conditions are applied for both temperature and moisture:

oT
dy

U

=5 = 0, (10)
y=L

y=L

allowing heat and vapor to leave the system without imposing artificial gradients. Physically, this represents the free
outflow of air after it has traversed the grain mass.

Initial conditions are assumed uniform throughout the domain. The initial temperature corresponds to the bulk condition
of the grain immediately after drying:
T(y,0) =T, (11)

where T is the initial grain temperature.

Likewise, the initial moisture content is determined from the post-drying percentage U,, which is conventionally
expressed on a wet basis (w.b.). In this convention, moisture corresponds to the ratio of water mass to the total mass
of the grain sample (water plus dry matter):

m
= —% %100, (12)

m,, +m,

w.b.

where m,, is the water mass and m, is the dry matter mass. While this definition is commonly used in experimental
reporting, numerical models of grain storage typically adopt a dry basis (d.b.) formulation, in which moisture is expressed

relative only to the dry matter:

m
v, =-—2. 13
an = (13)

The relationship between the two conventions is straightforward:

U
Uyp = ——2>—. (14)
7100~ U,,

Accordingly, the initial condition for the model is defined as

Up,00=—~—=u, (15)

where U, is the post-drying moisture content expressed on a wet basis (%), and U; is the corresponding dimensionless
moisture content on a dry basis used in the simulations.

Together, Equations (11-15) define a consistent initial-boundary value problem for the aeration process. The conditions
ensure that the model captures the influence of the incoming airflow, the storage geometry, and the state of the grain after
drying, thereby providing a realistic starting point for the transient simulations.

Due to the inherent complexity of the model, no closed-form analytical solutions are available. The system involves nonlin-
ear source terms, strong coupling between temperature, moisture content, and humidity ratio, and boundary conditions
that depend explicitly on ambient air properties. These characteristics preclude the derivation of exact analytical expres-
sions. Consequently, analytical benchmarks such as those used for advection or diffusion equations cannot be employed
here. Instead, validation and assessment of the numerical methodology must rely on numerical verification techniques
and comparison with experimental data reported in the literature.

To enhance clarity, consistency, and reproducibility, Appendix A collects the complete nomenclature and concise defini-
tions of all variables used in the governing equations.

2.3 | Experimental Data

To validate the numerical methodology, experimental data from grain aeration tests were considered. These data
include measurements of the grain temperature profile during forced-air ventilation, together with records of inlet air
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FIGURE 2 | Experimental grain temperature profiles at heights of 0.15, 0.27, 0.40, and 0.54 m during one hour of aeration [17].

temperature, ambient relative humidity, and airflow rate. Such variables provide the necessary boundary conditions for
the model, as well as the reference values against which the simulated results can be compared.

The framework was based on the protocols reported by [17], conducted at the Laboratory of Physical Measurements and
Mathematical Modeling at the Regional University of Northwest Rio Grande do Sul, Brazil. The experiments were carried
out in a prototype bin constructed from a PVC tube with thermally insulated lateral walls. The storage column measured
1.0 m in height (L = 1 m) and 0.15 m in diameter. Soybeans were used as the test material, with an average initial moisture
content of 12% (w.b.) and preheated to approximately 52.9°C prior to the aeration process. The aeration air was supplied
at a constant temperature of 31.1°C, driven by a fan at the base of the bin.

Temperature monitoring was performed using thermocouples installed at four distinct heights within the grain bulk: 0.15,
0.27, 0.40, and 0.54 m. Measurements were recorded at 30-second intervals over a one-hour aeration period, capturing
the transient behavior of the grain temperature profile. The resulting data are presented in Figure 2 and represent the
empirical benchmark for assessing the predictive capability of the model.

Importantly, the experimental dataset is not employed for parameter calibration. Instead, it serves exclusively as an inde-
pendent benchmark for validation, enabling a direct and objective comparison between simulated and observed grain
temperature and moisture dynamics. By reproducing the operating conditions of the aeration test and assessing the
degree of agreement between numerical predictions and experimental outcomes, the study establishes a rigorous test of
model reliability. This strategy elevates the validation beyond a simple numerical exercise: it demonstrates that the pro-
posed methodology not only yields accurate solutions but also maintains predictive capability under realistic post-harvest
storage conditions. In doing so, it highlights the potential of the model as a practical and robust tool for engineering
applications.

For completeness and transparency, Appendix A reports the full set of model parameters adopted in the validation study,
which are selected to match the experimental conditions described above, including the physical and thermodynamic
values corresponding to soybeans, thereby ensuring consistency between the numerical simulations and the experimental
configuration.

3 | Numerical Formulation and Algorithm

In this study, the finite difference method is adopted to discretize both space and time, a choice that is widely recognized
in the literature for its clarity and effectiveness in heat and mass transfer problems [28]. The organization of the numeri-
cal formulation follows a systematic structure. First, the discretization schemes employed to approximate the governing
equations are presented. Next, the role of artificial viscosity in stabilizing oscillatory solutions is examined, together with
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a discussion of traditional approaches to defining the viscosity factor. Building on this basis, the proposed algorithm
is introduced, in which a smoothness metric is used to quantify nonphysical oscillations and an optimization process
derives a predictive relation for the artificial viscosity factor as a function of grid resolution. Finally, the test scenarios
used to evaluate the methodology are described, establishing the foundation for the comparative analyses that follow.

31 | Numerical Model

To approximate the equations governing grain aeration, the computational domain is discretized in both space and time.
The vertical coordinate is defined as y € [0, L] and divided into N, equally spaced nodes, yielding a mesh size of

L
N, -1

Ay =

In the temporal direction, the total simulation time 7, is partitioned into N, steps of size

a=L

Nt

Thus, the solution is advanced step by step in time, while the state variables are evaluated at each spatial node along the
grain column. For convenience, each spatial node is identified by its relative position in the mesh: the central node of inter-
est is denoted by P, with its immediate neighbors represented by .S (south, below) and N (north, above). In the temporal
domain, discrete time levels are labeled by » and » + 1, corresponding to the current and next time steps, respectively.
In practice, this corresponds to slicing the grain column into N, layers and updating their states through N, successive
instants, capturing the evolution of temperature and moisture during the aeration process.

Before introducing the discretization procedure, it is convenient to rewrite the governing equations in a simplified form.
This reformulation groups the physical parameters into effective coefficients, highlighting the role of each term in the
dynamics of the problem.

The grain temperature equation (Equation 1) can thus be expressed as

oT ou oT

¢ & =p, & -0, ==+ 5, 16
T o T g Ty, TeOT (16)
where the effective coefficients are defined as
oh,

Cr =p,(c, + ey U) +ep,|c, + R| ¢y + - || (17)
DT = pohs’ (18)
_ +R( ¢, + 2 (19)

UT - uapa ca CW oT ’

dm

ST = paE<Qr — 06]’lv), (20)

where C; is the effective thermal capacity of the grain-air system, D, is the coupling coefficient linking temperature to
changes in moisture, vy is the effective advective transport coefficient associated with the aeration airflow, and .S, is the
source term representing respiration and oxidation heat release.

Similarly, the grain moisture equation (Equation 2) can be simplified to

ou JR
— =—vy — + S, 21
! Yoy Y 1)
where
Cy =p,» (22)
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Uy = UgPas (23)

Sy = ‘z—’? 0.6+U). (24)

It is important to note that R = R(T, U), so that the gradient 0R/dy preserves the coupling between temperature and
moisture in the discrete formulation, in line with the physical interactions described in Section 2.

As mentioned in previous work [15], the scheme presented by [16] has been shown to be considerably more robust than
other discretization methods when applied to the aeration model under study. Building on this result, the present work
adopts the Leith Scheme (LS) to approximate the temporal and spatial derivatives of the governing equations.

For the temperature equation (Equation 16), the LS approximates the derivatives at point P as follows:

<a_T> n+l N TP"+1 -7

5 —, 25
ot /p At 25)
n+1 T" —T" T" —T"
MY P Sia-p NS (26)
9 ) p Ay 2Ay
where o A
e 27)
Cr Ay
Substituting into Equation (16), the discretized temperature equation becomes
n a1 a1 n At ou
T = (= T+ 5@+ 0 Ty + 5 =) Ty + C_T(DTE +57). (28)
Similarly, the grain moisture equation (Equation 21) is discretized as
oR\" = A1
U"+1=aU”—ﬂ<—> + =5, (29)
P P ay » CU U
with coefficients defined by
2C, v 2
gz —2C0 ﬂ=<_vﬂ). (30)
2C,; — At =& Cy Ay
dt

At the upper boundary (y = L), Neumann conditions are imposed using the ghost-point technique [28], resulting in

At ou
n+l _ n
T =T e (DT—()[ + ST>, (31)
At dm 0.6 Atdm
Urtl=(1+ == \|Uur + ——=—, 32
Ny < Cy dt) Ne = Cy  dt (32)

Because the LS adopted here is explicit [29], no algebraic system is solved at each step, which keeps the implementation
lightweight. A Courant-type parameter naturally arises,

_ b At
Cr AY’

with C; and v, given by Equations (17-19). In grain aeration, the effective capacity C; dominates the advective coefficient
vy over the relevant operating range (the temporal scale is much stiffer than the spatial transport scale). Consequently, for
the At and Ay used here, one consistently obtains r < 1, ensuring practical stability without restrictive time steps; claims
of unconditional stability are thus unnecessary for this model class. It should also be emphasized that the observed oscil-
lations do not stem directly from the explicit discretization itself. Previous studies employing central difference schemes
with Crank-Nicolson time integration for the same aeration model also reported oscillatory behavior [14, 15], indicating
that spurious oscillations are inherent to the advection-dominated character of the problem rather than to the choice of
explicit time stepping.
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3.2 | Artificial Viscosity

A well-known difficulty in the numerical solution is the appearance of nonphysical oscillations, particularly when sharp
gradients are present in the solution. In the context of grain aeration modeling, such oscillations may manifest in the
profiles of temperature, leading to unrealistic predictions [14]. These artefacts are not related to the physical processes of
the system, but rather to the discretization of advective terms on a finite grid.

To mitigate these spurious oscillations, Artificial Viscosity (AV) is commonly introduced into the discrete equations
[30-33]. The underlying idea is to add a dissipative term that damps high-frequency components of the numerical solu-
tion, thereby restoring stability without compromising the essential features of the physical process. In the literature, AV
has been widely adopted in computational fluid dynamics and porous media transport problems, often proving to be an
effective stabilization tool [34].

Originally proposed by [32], AV modifies the flux of the Partial Differential Equation (PDE) by introducing a dissipative
correction. The discretized AV term can be expressed as [14]

d

-~ [M(Ay)2

(T3 - 13) - (1-13)]. (33)

Iy -Tp

Tp - Ty

aylay| = Ay

E’E ~ 2
dy

Substituting the discretized AV term (Equation 33) into the numerical formulation of temperature (Equation 28), the
temperature equation with AV becomes

n+l _ 2N\n 1 5 n 1, 5 n At oU
T = A=+ 5@ 40 Th+ (0 —T)TN+C—T<DTE+ST)
” n n n n n n n n
+Ay[TN_TP (Ty = Tp) = |Tp = T (TP_TS)]' (34)

Traditionally, the choice of the artificial viscosity factor (x) is made either heuristically, by trial and error, or through
extensive calibration against experimental data [30, 35]. In some cases, manual parameter sweeps are performed, where
u is varied over several orders of magnitude until oscillations are suppressed while minimizing excessive numerical dif-
fusion. Although this procedure can lead to acceptable results, it is computationally expensive and lacks generality, since
the optimal factor is strongly dependent on the mesh resolution and the specific problem under study [36, 37].

The limitations of these traditional approaches motivate the development of an adaptive strategy for defining y. In this
work, AV is not treated as an external tuning parameter, but rather as a quantity that can be predicted from the properties
of the grid and the dynamics of the solution itself. The following subsection introduces the proposed algorithm that
formalizes this idea, providing a systematic way to compute u adaptively during the simulation process.

3.3 | Proposed Algorithm

A key innovation of this work lies in the introduction of an adaptive algorithm that automatically determines the arti-
ficial viscosity factor . Rather than relying on trial-and-error calibration or manual parameter sweeps, the proposed
method computes u directly from the simulation, ensuring robustness across different spatial and temporal resolutions.
The approach is built on three essential components: a smoothness metric to quantify oscillations, an optimization process
to determine the optimal viscosity, and a predictive equation that generalizes these findings for any grid configuration.

3.31 | Smoothness Metric

A fundamental step in the proposed algorithm is the definition of a smoothness metric, denoted by ¢, which quantifies
the degree of spurious variation in the numerical solution. The evaluation of ¢ is performed locally at each time step and
then aggregated over the domain, providing a global assessment of the solution stability.

A recurring challenge in advection-dominated problems is the emergence of nonphysical oscillations in regions where
the solution should remain smooth, typically arising from the discretization of advective terms rather than from phys-
ical effects. While mesh refinement is a common practice to mitigate such artefacts, this approach can be prohibitively
expensive in engineering problems, where the number of spatial and temporal nodes directly impacts computational cost
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[38]. Instead of relying on increasingly fine meshes, the present work introduces a smoothness-based criterion that quan-
tifies oscillations and guides the application of AV. This allows oscillations to be suppressed adaptively without excessive
refinement, thereby achieving stability at a fraction of the computational cost.

The core idea is to quantify the local variability of the numerical profile relative to its expected physical behavior. For
monotonic cases, given a discrete temperature distribution {77}, at time step », the smoothness metric is defined as

N,-1

o=y (Tj”+1 _ TJ.">2, (35)

Jj=1

where the summation accounts for all nearest-neighbor differences along the grain column. Oscillatory profiles, charac-
terized by frequent sign changes in the discrete gradient, yield large values of ¢”, whereas smooth profiles with consistent
gradients result in smaller values.

To ensure robustness, the smoothness metric is aggregated over both the temporal and spatial domains, giving a global

indicator of oscillations:
ne+N7=1N ,—1

o= 3 (), Go

n=n,

where the inner summation measures variability across neighboring spatial nodes at each time step, while the outer
summation accumulates this variability across a window of N time steps.

This aggregation reduces the influence of transient fluctuations and provides a stable global indicator of numerical stabil-
ity. The advantage of this formulation is twofold. First, it is computationally inexpensive, requiring only O(N ) operations
per time step and negligible additional storage. Second, it directly targets the numerical artefacts that most compromise
the physical interpretability of the results. By coupling ¢ with the artificial viscosity factor y, the algorithm automatically
selects the minimal amount of dissipation required to suppress oscillations. This eliminates the need for manual param-
eter sweeps or costly mesh refinement, enabling the model to be applied efficiently to realistic grain aeration scenarios.

To highlight the behavior of the smoothness metric over time, consider, for example, two consecutive time steps of the
temperature profile with N, = 5 nodes.

At time step n, assume a smooth and an oscillatory solution, respectively given by
T" = (50, 48, 46, 44, 42} and T = {50, 52, 45, 47, 42).
At the following time step n + 1, both profiles evolve further. The smooth case preserves monotonic behavior,
T = {49, 47, 45, 43, 41},
whereas the oscillatory case amplifies the spurious wiggles,
T = (49, 53, 44, 48, 41).
Evaluating the smoothness metric using Equation (35) gives

57, ol = 73.

oscillatory

o" 16, o™l =16,

— 6" —
smooth ~ smooth — oscillatory —

This example shows that, in physically consistent profiles, the smoothness metric remains low and stable over time,
whereas in oscillatory profiles it not only starts high but tends to grow as spurious oscillations propagate or amplify [39].
To obtain a robust global measure, the metric can then be aggregated over a time window, as defined in Equation (36),
providing a stable indicator of overall numerical stability across the full simulation. To formalize the computation of the
smoothness metric, the step-by-step procedure is outlined in Algorithm 1.

Atfirst sight, the definition in Equation (36)—a sum of squared first differences—does not explicitly count sign changes of
the discrete gradient. One may wonder whether it would also penalize smooth but steep monotone fronts. In the aeration
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ALGORITHM1 | Computation of the Smoothness Metric (o).

1: Input: Temperature field {17 }jvz”] for N time steps
2: Initialise ¢ « 0

3: forn=nyton, + N —1do

4: Initialise 6" « 0

5: forj=1to N,-1do

6: Compute local difference AT « Tj”+ =T
7 Accumulate: 6" « ¢" + (AT)?

8: end for

9: Update global metric: 6 « ¢ + ¢”
10: end for
11: Output: Global smoothness metric o

problem, however, the physics provides a crucial structural prior: the cooling front produces a monotone temperature
decrease along y (negative discrete gradient) over long time windows. In this regime, spurious oscillations manifest as
high-frequency “ripples” superimposed on an otherwise monotone profile.

The metric o effectively captures this behavior for two reasons. First, when the expected gradient has fixed sign, any
local back-and-forth wiggle necessarily increases the local variation energy Y i T — Tj)2 beyond what a smooth mono-
tone front would produce; thus, the excess roughness created by oscillations is amplified by the quadratic aggregation.
Second, the temporal aggregation in Equation (36) suppresses isolated transients and emphasizes persistent serrated pat-
terns: oscillations that survive across multiple steps accumulate consistently, while genuine smooth fronts contribute
quasi-stationary, lower values.

Alternative oscillation measures lead to the same practical decisions in this application. For completeness, the follow-
ing indicators were also tested: (i) a total-variation metric TV =} > ; |TJ,”Jr1 - Tf| [40, 41], (ii) a curvature-based metric

Y, %, (T, —2T" +T" )* [42, 43], and (iii) a sign-change counter S = ¥, ¥, [(Tj"+1 —TITT - T") < 0] [44, 45].
Across the grids reported here, these alternatives yielded qualitatively identical rankings of candidate solutions and

selected the same y,,, while being more expensive to evaluate or more sensitive to measurement noise.

From a computational perspective, the evaluation of the smoothness metric is highly efficient. The calculation at each time
step requires only O(N,) operations, since it involves nearest-neighbor differences along the spatial direction. The global
aggregation over a window of N/ time steps adds a multiplicative factor, yielding a total complexity of O(N, N;), which
is negligible compared with the cost of solving the governing equations. Given its O(N, N;") cost, numerical robustness,
and excellent empirical agreement with these surrogates, Equation (36) is adopted throughout.

Moreover, the algorithm does not demand additional storage beyond the existing temperature field, as the metric can be
accumulated on-the-fly during the simulation. This means that its integration into the solver has virtually no overhead,
while providing a practical tool to quantify and control spurious oscillations.

3.3.2 | Optimization Process and Predictive Equation

The determination of the optimal artificial viscosity factor is based on a systematic search guided by the smoothness met-
ric. For each pair of discretization parameters (N,, N,), a range of candidate viscosity factors u € [pyin, Umax] 1S defined,
with a chosen increment Au. For each candidate, the governing equations are solved numerically, producing discrete
fields of temperature T', moisture U, and humidity ratio R over the full spatial and temporal domain.

The smoothness metric o() is then computed across the entire domain using Equation (36), which penalizes oscillatory
behavior by assigning higher values whenever spurious fluctuations are present in the numerical profile. The optimal
viscosity factor is selected as

O-(Mopt) = ( min {6(/4)} ’ (37)

HE U Hmins--->Hmax
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ALGORITHM 2 | Optimization process and derivation of predictive equation.

1: Input: Discretization parameters (N, N,), search range [y, Hmaxl, increment Ay, polynomial degree d

2: Initialize dataset D < @
3: for Each pair (N, N,) in the study do
4 for Each candidate y in [, #max] With step Au do
5: Solve the discretized model (Equation 28-33) with viscosity factor u
6: Compute smoothness metric o(y) using Algorithm 1
7: end for
8: Select p,, = min{o(u)}
9: Store triplet (N, N,, 4, ) into dataset D
10: end for

11: Fit polynomial regression of degree d t0 D: ppqposed(Ny. N,) = f(N,, N)).
12: Output: Predictive equation pp,posed (V. N,)

corresponding to the smallest global oscillation measure for the respective N, and N, values. This process effectively
automates the selection of u, eliminating the need for manual parameter sweeps. By exploiting the smoothness criterion
directly on the computed solution, the algorithm ensures that oscillations are suppressed adaptively.

The optimization procedure provides a collection of optimal viscosity factors u,, associated with different spatial and
temporal discretizations (V. » N, that s, a set of size M, where M represents the number of variations of N ) and N, used.
The goal of this step is to construct a predictive law that generalizes these results, enabling y to be estimated directly from
the grid parameters without the need for repeated parameter sweeps.

To this end, the dataset of triplets
D = {(Ny,p Nt’," /’lopt,[)}le,

is used to train a surrogate model relating (N, N,) to the corresponding viscosity factor. Polynomial regression is adopted,
whereby the predictor ppypoceq IS €xpressed as a linear combination of polynomial terms in N, and N,, up to a chosen
degree d. The coefficients of the polynomial are estimated by least squares, minimizing the difference between the pre-
dicted and the observed optimal factors in D.

This approach has two main advantages. First, it captures nonlinear dependencies between the grid resolution and the
stabilization parameter, which are expected due to the interaction of numerical diffusion with both spatial and temporal
discretizations. Second, once the coefficients are identified, the predictive law provides a closed-form expression

#Proposed = f(Ny, Nt)’ (38)
that can be evaluated at negligible cost for any discretization.

Different polynomial degrees (e.g., d = 4, 6, 8) are tested to balance model complexity and generalization. The final
choice is based on predictive accuracy when reproducing the optimization results. In this way, the predictive equation
Hproposed (N y» N,) eliminates the need for manual calibration or repeated searches, enabling the model to be applied directly
to new grid configurations with robust stabilization. The optimization routine described above can be summarized in
Algorithm 2, which details the procedure for identifying the optimal viscosity factor and deriving the predictive law

MProposed(Ny’ Nt)-

In terms of computational complexity, the offline optimization is dominated by repeatedly solving the discretized govern-
ing equations for different candidate values of the artificial viscosity factor y. For a fixed discretization, a single simulation
costs O(N,N,), since the solution must be advanced across N, time steps while resolving N, spatial degrees of freedom.
A sweep over N, candidates in [, #m,y] therefore leads to an overall offline cost of O(N, N N).

Although solving the same PDE multiple times may seem excessive at first, this workflow is fully consistent with how
transport-dominated engineering problems are typically studied. In grain aeration, as in many applications, practitioners
routinely execute large sets of simulations while varying operating conditions and model parameters to identify robust
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operating regimes before committing to field trials. The proposed procedure does not create a new burden of repeated
runs; instead, it converts an unavoidable exploratory process into a systematic and reproducible step focused specifically
on stabilization.

Absent a predictive stabilization rule, users are generally left with two unsatisfactory options. One is to run a single sim-
ulation with an ad hoc choice of ¢, which commonly yields either residual oscillations or excessive numerical diffusion,
forcing iterative refinement of the mesh or parameter values without clear criteria or guarantees of improvement. The
other is to tune u against experimental data; while this may produce a visually acceptable match, it ties the coefficient to
a specific set of operating conditions and discretization choices, limiting transferability and undermining reproducibility.

The proposed method resolves this dilemma by concentrating the computational effort into a controlled, one-time learn-
ing stage whose sole purpose is to infer the mapping between grid resolution and the stabilization strength required
to suppress spurious oscillations. Once the predictive 1aw pppoeeq(NV,, N,) is obtained, subsequent simulations require
no further optimization: y is evaluated directly at (1) cost, and the governing equations are solved only once per new
configuration.

In this sense, the repeated offline simulations are not wasted computation, but a deliberate investment that replaces
trial-and-error refinement and experiment-dependent tuning with a general, automatic, and reproducible stabilization
strategy. The result is a workflow that aligns with engineering practice—where simulation campaigns precede field
implementation—while providing a principled mechanism to select u across discretizations and operating regimes.

3.3.3 | Spectral Smoothness Metric for Nonmonotonic Solutions

For problems whose physically admissible solutions are nonmonotonic or oscillatory, oscillation quantification must
rely on scale separation rather than on local pointwise variations. In such regimes, physically meaningful oscillations
may be present at resolved spatial scales, whereas numerical artifacts can manifest either as unresolved high-frequency
oscillations or as excessive numerical diffusion. Consequently, smoothness indicators based solely on local gradient mag-
nitude may lead to incorrect solution selection by favoring overly diffusive profiles. Spectral analysis provides a natural
framework to distinguish between resolved physical oscillations and nonphysical numerical content and has long been
employed in the analysis of dispersive errors and implicit filtering strategies [7, 46, 47].

Let T; denote the discrete numerical solution defined on N, spatial nodes, and let T, be its discrete Fourier transform. A
spectral smoothness metric is defined as the fraction of spectral energy contained in high-frequency modes,

N, /2|2 |2
2k |Tw
OHF = (39)
k=0 T,

where k, is a cutoff wavenumber separating physically resolved scales from unresolved numerical content. Following
established practice in spectral resolution analysis and implicit large eddy simulation, only the lower portion of the resolv-
able spectral band is considered physically meaningful [7, 47, 48]. Accordingly, the cutoff is chosen as

k.=0.7 (40)

y
=073
which retains approximately the lower 70% of the resolvable spectrum while isolating modes dominated by grid-scale
numerical artifacts. The metric oy is dimensionless and assumes values in the interval [0, 1], with larger values indicating

a higher fraction of unresolved high-frequency energy.

To illustrate the behavior of the spectral smoothness metric in a regime characterized by pronounced physical oscillations,
a discrete example is considered. A physically admissible reference profile exhibiting multiple resolved oscillations is
defined as

Tjref= 20.0, 22.8, 21.2, 24.5, 22.1, 25.0, 21.6, 23.9, 20.8, 22.7, 21.5|. (41)

This profile contains significant oscillatory behavior but remains smooth at the grid scale, representing a physically mean-
ingful solution.
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Two numerical solutions obtained under identical discretization parameters but with different stabilization levels are
then examined. The first solution, denoted TjA, corresponds to an excessively diffusive numerical approximation,

TjA = 120.0, 21.0, 22.0, 23.0, 23.5, 23.8, 23.5, 23.0, 22.4, 21.8, 21.2|, (42)

in which the oscillatory structure of the physical solution has been artificially smoothed. The second solution, TJ.B ,
represents a numerically admissible approximation that preserves the physically resolved oscillatory behavior without
introducing grid-scale noise,

TjB = [20.0, 22.6, 21.4, 24.2, 22.3, 24.7, 21.9, 23.6, 21.0, 22.9, 21.7]. (43)

For this case, the local smoothness metric based on pointwise gradients yields o,,(T™f) = 66.97, ,,(T*) = 4.76, and
oy (T®) = 47.95. These values indicate that the local metric would incorrectly favor the excessively diffusive solution
TJ.A due to its reduced gradient magnitude, despite its clear loss of physically meaningful oscillatory content.

In contrast, the spectral smoothness metric yields oy (T™f) = 1.56 X 1073, o3;x(T4) = 3.70 X 107, and op;z(TF) = 1.15 x
1073. Although the excessively diffusive solution TjA exhibits the lowest value of oy, this occurs as a result of artificial
removal of resolved physical energy. The physically admissible numerical solution TjB , on the other hand, closely matches
the spectral distribution of the reference profile, preserving oscillatory content while avoiding spurious high-frequency
energy.

It is important to emphasize that the role of the reference profile in this context is not to represent an exact analytical
solution. In practical applications, the true physical solution is generally unknown. Therefore, the reference profile can be
defined in two practical ways. (i) It may be provided by a manufactured function, following the Method of Manufactured
Solutions (MMS), which is widely used in computational fluid dynamics for verification studies. However, in practice, it
can be difficult to design a manufactured function that closely resembles the expected physical curve while simultane-
ously exhibiting the specific behaviors of interest (e.g., a sharp front combined with smooth regions, realistic asymmetry,
and controlled modal content). (ii) Alternatively, the reference may be obtained numerically by computing an essen-
tially non-oscillatory solution on a highly refined mesh, typically using an upwind discretization; such “oscillation-free,
grid-converged” solutions are commonly adopted in the literature as benchmarks.

Accordingly, the spectral smoothness metric is not interpreted as an absolute minimization criterion. Since the physically
admissible solution is unknown, the objective is not to minimize oy indiscriminately, but rather to identify the smallest
artificial viscosity coefficient that effectively suppresses unresolved high-frequency content while preserving the oscilla-
tory features encoded in the reference profile. As the viscosity parameter u increases, oyp(#) typically exhibits an initial
rapid decrease associated with the removal of numerical oscillations, followed by a plateau where unresolved content
has been eliminated, and finally a further decrease corresponding to excessive numerical diffusion and loss of resolved
physical scales. The optimal viscosity coefficient u, is therefore identified at the onset of this plateau, rather than at the
global minimum of oyp(p).

From an algorithmic standpoint, the introduction of the spectral smoothness metric does not require any structural mod-
ification of the numerical procedure. The time integration scheme, artificial viscosity formulation, and optimization
framework remain unchanged. The only modification occurs in line 6 of Algorithm 2, where the smoothness indica-
tor o(u) is evaluated: the local pointwise metric is replaced by the spectral energy-based measure oyp() defined in this
section, which is computed from the discrete Fourier transform of the numerical solution. The optimal artificial viscosity
coefficient y,, is then identified by detecting the onset of the plateau in oyp(u) following the same optimization pro-
cedure adopted in the monotonic case. The additional computational cost associated with the Fourier transform, which
scales as O(N, log N,) and is incurred only once per simulation, is negligible when compared to the overall cost of the
time-marching solver.

3.4 | TestScenarios
To evaluate the performance of the proposed methodology, three representative test scenarios are defined. These scenarios

are designed to highlight the differences between neglecting AV, relying on manual calibration against experimental data,
and employing the adaptive approach proposed in this work.
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Since the grain aeration problem considered in this study is characterized by physically monotonic temperature profiles
along the storage depth, the smoothness metric introduced in Section 3.3.2 is employed throughout the remainder of
the paper. In this regime, any oscillatory behavior observed in the numerical solution is necessarily nonphysical and can
be reliably interpreted as a numerical artifact. Consequently, the use of the monotonic smoothness metric provides an
appropriate and effective criterion for stabilization and for identifying the optimal viscosity factor in all test scenarios
analyzed below.

i. No artificial viscosity (u = 0): In this baseline case, the governing equations are solved without any stabilization.
This scenario is useful to expose the intrinsic oscillatory behavior of the discretized model when sharp temperature
gradients arise. It illustrates the necessity of a stabilization strategy for producing physically meaningful results.

ii. Manually calibrated viscosity using experiments (benchmark): In this case, the viscosity factor u is determined
through manual calibration against experimental data. The value is chosen by iteratively adjusting u until the simu-
lated temperature profiles align with the observed measurements, suppressing oscillations while limiting excessive
numerical diffusion. This represents the conventional benchmark in the literature. However, such calibration ties
the model to a specific experimental setup and set of boundary conditions, making u scenario-dependent and not
transferable to different operating conditions or parameter variations. Consequently, while effective in reproducing
one dataset, this approach lacks generality and can be impractical when multiple simulations are required.

lii. Proposed adaptive viscosity (pproposea): In this scenario, the artificial viscosity is computed using the predictive law
derived in Section 3.3. The factor pp,sposeq(Ny» N,) is obtained directly from the grid parameters, eliminating the
need for calibration or parameter sweeps. Unlike the experimental calibration strategy, this approach adapts nat-
urally to different discretizations and model parameters, ensuring robust stability control without external tuning.
The predictive formulation provides not only accuracy comparable to the benchmark but also scalability for new
scenarios at negligible cost.

These scenarios provide a comprehensive comparison framework. Scenario (i) illustrates the consequences of neglecting
stabilization, Scenario (ii) represents the best achievable performance through experimental calibration, but restricted to
fixed conditions, and Scenario (iii) demonstrates the effectiveness and flexibility of the proposed adaptive methodology,
which maintains accuracy while ensuring generality and computational efficiency.

4 | Results and Discussion

The results presented in this section aim to demonstrate the accuracy, robustness, and efficiency of the proposed
adaptive methodology for stabilizing engineering simulations. All codes were implemented in Python and executed
on a Dell G15 laptop equipped with an Intel Core i5 (12th generation, up to 4.4 GHz), an NVIDIA GeForce RTX
3050 GPU, and 8 GB of DDR4-3200 MHz RAM. The simulations were executed in a standard CPU-based work-
flow; the GPU is reported for completeness, since it is part of the hardware environment. This specification ensures
transparency in reproducibility and provides a practical baseline for assessing computational cost. An additional
point of methodological rigor is that all simulations, including those carried out for the verification stage, were per-
formed under the same physical and boundary conditions as the experiments described in Section 2. Such con-
sistency is uncommon in the literature, where verification is often conducted under simplified setups, but it is a
more rigorous procedure as it ensures that both verification and validation reflect the real operating conditions of
the model.

The discussion is organized into six parts. First, the predictive equation linking the space-time grid parameters (N, N,)
to the optimal artificial viscosity factor is derived and evaluated, establishing the central element of the methodology.
Next, the numerical implementation is verified through an apparent order of convergence analysis. Third, the methodol-
ogy is validated against experimental grain-aeration data under identical operating conditions, comparing the proposed
predictive law with both an unstabilized baseline and the conventional benchmark based on experimental calibration.
Fourth, a sensitivity analysis is conducted to assess how the smoothness metric responds to variations in u. Fifth, clas-
sical mesh refinement is examined as an alternative stabilization mechanism, quantifying the diminishing returns in
oscillation attenuation relative to the rapidly increasing computational burden. Finally, computational cost is assessed
using both wall-clock time and operation counts, highlighting that the predictive viscosity evaluation introduces negligi-
ble overhead while reproducing, on coarse grids, the stabilization effect that would otherwise require prohibitively fine
resolutions.
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4.1 | Derivation and Evaluation of the Predictive Equation

The core of the proposed methodology is the construction of a predictive relation between the grid parameters (N, N,)
and the optimal artificial viscosity factor . This relation is obtained through polynomial regression applied to a dataset
of optimal factors generated by systematic simulations. Although the case illustrated here corresponds to the aeration
model discretized with the LS, the procedure is general and can be applied to any numerical formulation where AV is
required.

To formalize the process, let us define a dataset
M
D = {(N,;, N> Hopt) }izy»

where each triplet corresponds to one simulation carried out with spatial resolution N

,.i» temporal resolution N, ;, and
the optimal viscosity factor y,, ; determined for that grid.

The dataset D was constructed from a representative range of discretizations, with N , = 1{30,35,...,95,100} and N, =
{121,241, 481,721,961,1201}, resulting in a total of 90 distinct space—time grid configurations. For each configura-
tion (N,, N,), the viscosity factor u was systematically varied within the interval [10~7,107*] using a fine increment
of Ay =1077, corresponding to one thousand candidate values per configuration. Altogether, this procedure required
approximately 90,000 full simulations of the coupled heat and mass transfer equations, each evaluated with the smooth-
ness metric to determine the optimal viscosity factor. The dense coverage of the parameter space ensures that the regres-
sion model is trained on a comprehensive dataset, capturing the dependency of 4 on (N, N,) in detail and avoiding
heuristic approximations.

Using D, polynomial regression models of increasing degree d were fitted to approximate the mapping
(Nyv N[) g Hopts

resulting in the predictive law
z: i ATk
”Proposed(Ny’ N[) = cjkN;Nt ,

j+k<d

with coefficients ¢ ik estimated via least squares. Polynomial degrees d = 2,4, 6, 8, 10 were tested, allowing assessment of
the trade-off between model complexity and predictive accuracy.

Figure 3 summarizes the results. The left panels compare the optimal viscosity factors u,, (black stars) with the val-
ues predicted by polynomial regressions of different orders. The right panels report the absolute errors | ¢,y — Hproposed!-
Results are shown for three representative temporal resolutions: N, = 121 (top), N, = 481 (middle), and N, = 1201
(bottom).

The results highlight several important points. For coarse temporal resolution (N, = 121), low-order models such asd = 2
or d = 4 deviate significantly from the optimal factors, especially as N, increases, leading to errors up to 1075, By contrast,
higher-order models (d = 6, 8,10) track the benchmark values much more closely, maintaining errors within the range
107%-107°. At intermediate resolution (N, = 481), the same trend is observed: lower-order regressions struggle to capture
the nonlinear variation of 4 with N, while d = 6 and d = 8 exhibit excellent agreement across the entire range. Finally,
at fine resolution (N, = 1201), all models tend to converge, reflecting the smoother dependence of y at higher N,. In this
case, even a fourth-order regression yields acceptable predictions, though higher-order models continue to offer the most
accurate results.

Two conclusions emerge from this analysis. First, the predictive law generalizes the dependency of x on (N,, N,),
accurately capturing nonlinear behavior across the tested discretizations, particularly when d =6 or d =8 is
used. Second, while including higher-order polynomial terms might appear to increase algorithmic complexity,
the overhead is negligible compared with the dominant cost of solving the governing equations (shown later
in Table 1). Therefore, for the remainder of this work, the sixth-order polynomial regression (d = 6) is adopted
as the predictive law, since it provides a strong compromise between accuracy, robustness, and computational
efficiency.
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FIGURE3 | Comparison between the optimal viscosity factor u, (black stars) and the values predicted by polynomial regressions
of order 2, 4, 6, 8, and 10 (left panels), along with their absolute errors (right panels), for three representative temporal resolutions
N, =121,481,1201.

4.2 | Code Verification

The reliability of a numerical methodology depends not only on its agreement with experimental data but also on the inter-
nal consistency of its implementation. For this reason, before analyzing the aeration simulations, the proposed algorithm
is subjected to a verification stage. Since no analytical solution exists for the coupled model, direct comparison with exact
solutions is not possible. Instead, verification is conducted through an Apparent Order of Convergence (AOC) analysis,
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TABLE1 | Detailed breakdown of operations for different grid sizes, with and without the predictive viscosity law.

Grid (N, N,) Case Additions  Multiplications Divisions Powers Function calls

30x 121 W/O Hproposed 118,110 258,240 131,940 44,910 220,073
W/ Uproposed 118,136 258,294 131,940 44,937 220,080

60 x 241 W/O Uproposed 481,020 1,056,480 537,480 183,420 893,723
W/ Uproposed 481,046 1,056,534 537,480 183,447 893,730

120 x 481 w/o Mproposed 1,941,240 4,272,960 2,169,360 741,240 3,601,823
W/,upmposed 1,941,266 4,273,014 2,169,360 741,267 3,601,830

240 x 961 w/o Mproposed 7,799,280 17,185,920 8,716,320 2,980,080 14,461,223
W/yproposed 7,799,306 17,185,974 8,716,320 2,980,107 14,461,230

480 x 1921 w/o Mproposed 31,265,760 68,931,840 34,943,040 11,950,560 57,952,823
W/ Uproposed 31,265,786 68,931,894 34,943,040 11,950,587 57,952,830

a well-established approach for problems where analytical benchmarks are unavailable but systematic mesh refinement
can be performed [49].

The purpose of this step is twofold. First, it confirms that the discretization and implementation of the LS achieve the
convergence behavior expected from the theoretical formulation. Second, it provides confidence that subsequent com-
parisons with experimental data reflect the physical assumptions of the model rather than coding or discretization errors.
In this way, the verification stage establishes the foundation upon which the validation results are interpreted.

The AOC method estimates the effective convergence rate of the numerical solution as the grid is refined, offering a quan-
titative measure of numerical consistency. For three successively refined meshes with spatial resolutions Ay; > Ay, > Ay,
and corresponding numerical solutions 77, T,, T3, the apparent order p is given by [49, 50]

m( IT,-T )
_ o \In-n]

44
In(r) (44)
where || - || denotes a chosen error norm (e.g., L, norm), and r = Ay, /Ay, = Ay, /Ay, is the constant refinement ratio.
In practice, the L, norm over the entire spatial domain is adopted:
. N,
2
1T =Tyl = \| 7 2 (100 ~ i) (45)
YV k=1

By construction, the numerical solution is expected to converge towards the theoretical order of accuracy of the LS, which
is second order [29], as the mesh is sufficiently refined. In this study, convergence tests are performed by systemati-
cally refining both spatial and temporal discretizations, ensuring that the observed order reflects the combined effects
of space—time resolution. To present the results clearly, a Grid Refinement Level (GRL) is defined, which serves as the
abscissa in the convergence plots. Each GRL corresponds to one refinement step, obtained by doubling both the number
of spatial nodes (N,) and the number of time steps (N, ) relative to the preceding level. Thus, level 1 represents the baseline
mesh (N , =100, N, = 300), level 2 corresponds to (Ny = 200, N, = 600), and so forth, with a uniform refinement ratio
r = 2. For each level, a triplet of solutions (T3, 75, T3) is generated to evaluate the apparent order p using Equation (44).

Figure 4 displays the spatial distribution of the AOC computed at selected points of the domain. The left panel shows the
behavior of the proposed stabilized formulation, while the right panel presents the corresponding unstabilized case.

Remark. The convergence order reported in Figure 4 corresponds to a local apparent estimate, computed between succes-
sive mesh refinements, rather than to a global asymptotic rate. As such, it is inherently sensitive to transient effects, local
variations in solution smoothness, and to the spatial and temporal activation of the artificial viscosity, which naturally
explains the dispersion observed in the curves. The figure should therefore be interpreted as illustrating an asymptotic
trend: the apparent order progressively approaches its limiting value as the mesh is refined, even though this limit is not
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FIGURE4 | Apparentorder of convergence p at selected spatial and temporal points of the domain as a function of the Grid Refine-

ment Level (GRL). Each GRL corresponds to a uniform doubling of both spatial and temporal resolution (» = 2). Left: results obtained
with the proposed methodology, including artificial viscosity. Right: results without artificial viscosity.

fully attained within the range of resolutions considered. The asymptotic convergence regime only emerges at sufficiently
fine resolutions; at moderate meshes, pre-asymptotic effects dominate. The mesh resolutions considered in this work are
intentionally restricted to computationally feasible and experimentally relevant ranges, for which local fluctuations of the
apparent order are expected and should not be misinterpreted as a lack of convergence.

It can be seen in Figure 4 that the proposed methodology (left panel) exhibits an AOC consistently approaching the
theoretical second order, even at points characterized by steep temperature gradients. These locations correspond to the
cooling front, where the grain temperature drops sharply due to aeration. Preserving accuracy in these regions is critical,
as they govern the dynamics of the cooling process and thus the predictive capability of the model. In contrast, the results
without AV (right panel) deviate substantially, with the estimated order often deteriorating or the simulation breaking
down due to severe oscillations.

It is important to emphasize that the emergence of a second-order convergence trend should not be interpreted as an
intrinsic improvement of the solution in regions with sharp gradients. In such regimes, locally first-order behavior is
often expected once stabilization mechanisms become active. The role of the proposed methodology is not to enforce dif-
fusion dominance, but to identify an optimal global stabilization level that suppresses spurious oscillations while avoiding
excessive numerical diffusion. Unlike upwinding-based stabilization, where numerical diffusion is activated implicitly
and locally, the proposed approach relies on an explicit and reproducible criterion to balance stability and accuracy.

While pointwise analyses of the apparent order provide valuable local insight, they can also be misleading, as numer-
ical solutions often display spatial regions with distinct convergence behavior depending on local smoothness [49]. To
provide a broader assessment of numerical consistency, Figure 5 presents the AOC as a function of the GRL for two
representative indicators: (i) the apparent order evaluated at the mid-height of the grain column (y = 0.5 m) over the
entire temporal evolution, capturing the local behavior in a region of strong gradients, and (ii) the global order obtained
from the aggregated discretization error across the full spatiotemporal domain, reflecting the overall consistency of
the solution.

Figure 5 indicates that the proposed methodology consistently recovers the theoretical second-order accuracy across all
grid refinement levels. As the mesh is refined, both the local and global apparent orders converge steadily toward p ~ 2,
confirming the numerical consistency of the stabilized formulation. In contrast, the unstabilized case exhibits irregular
behavior.

To the best of the authors’ knowledge, such a domain-wide AOC analysis has not previously been reported either for this
specific model or for grain aeration simulations in general. By combining realistic initial conditions (drawn directly from
the experimental dataset) with a domain-wide verification framework, this study provides a practical demonstration of
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FIGURE 5 | Apparentorder of convergence p as a function of the Grid Refinement Level (GRL). The solid line represents the order
computed at the mid-height of the grain column (y = 0.5 m), and the dashed line indicates the global order obtained over the full
spatiotemporal domain. Each GRL corresponds to a uniform doubling of both spatial and temporal resolutions (r = 2). The stabilized
formulation consistently recovers second-order accuracy, whereas the unstabilized case shows significant degradation.

AOC analysis in this context. In contrast to the prevailing practice of assessing convergence on simplified or idealized
setups, the present approach reflects the true conditions under which aeration models are intended to operate.

This dual verification strategy —encompassing pointwise, temporal, and domain-wide analyses—establishes a stringent
assessment of numerical consistency. The findings demonstrate not only that the implementation is mathematically
sound but also that it remains reliable under realistic operating conditions, thereby strengthening confidence in the sub-
sequent validation and application stages.

4.3 | Validation With Experimental Data

After verifying the numerical implementation through AOC analysis, the next step is to assess whether the proposed
methodology is able to reproduce real aeration experiments. Validation against experimental data is essential, as it estab-
lishes the practical relevance of the model and its ability to capture the physical behavior of grain cooling under realistic
conditions.

By linking the viscosity factor y directly to the discretization parameters (N, N,) through the predictive equation, the
method eliminates the need for repeated calibration and can be applied robustly to different scenarios. To demonstrate
this advantage, the validation is carried out under three representative configurations: (i) no artificial viscosity, (ii) manual
calibration using experimental data (benchmark), and (iii) the proposed predictive formulation.

To ensure a fair comparison, the parameters of all simulated cases are set equal to those of the experimental dataset (see
Section 2.3). The validation is therefore performed under identical initial and boundary conditions, isolating the role of the
AV treatment. Since the availability of experimental measurements is limited to a few sensor heights, the comparison is
restricted to the corresponding locations, namely y = 0.15, 0.27, 0.40, and 0.54 m. At each of these heights, the discrepancy
between simulated and experimental temperature profiles is quantified using the mean absolute error (MAE). To obtain
a single global indicator of accuracy across the entire set of heights, the mean squared error (MSE) is then computed over
the MAE values:

NI
1 n n
MAEQ) = 3 2[5 0) = T, 0. (46)
Ny
MSE = NLZ(MAE(yj))Z, (47)
h j=1

where N, is the number of available experimental time steps at each height and N, is the number of measurement heights.
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FIGURE 6 | Global mean squared error (MSE) between simulated and experimental data for various combinations of spatial and

temporal discretization N Ny

This combined metric allows accuracy to be assessed both locally, at individual measurement positions, and globally,
across the set of experimental observations. In this way, the evaluation not only accounts for the match at specific heights
but also captures the overall predictive consistency of the numerical methodology.

Figure 6 summarizes the validation results by presenting the global mean squared error (MSE), defined in Equation
(47), for different combinations of spatial and temporal resolutions (N »N ). The figure includes results for the three test
scenarios defined in Section 3.4: (i) the baseline case without artificial viscosity (4 = 0), (ii) the conventional benchmark
with viscosity manually calibrated against experimental measurements, and (iii) the proposed adaptive approach, where

Hproposed 1S Obtained directly from the grid parameters.

It can be seen in Figure 6 that the case without AV (dotted lines) consistently yields the highest errors, regardless of
mesh resolution, confirming that oscillations dominate the solution when no stabilization is applied. The benchmark
scenario (dashed lines) corresponds to the conventional approach in which the viscosity factor is tuned directly against
experimental data. By construction, this strategy performs best, since y is selected a posteriori to minimize the discrepancy
between simulation and measurements.

Notably, the proposed adaptive methodology (solid lines) achieves errors that are virtually indistinguishable from those
of the benchmark, despite not relying on experimental calibration. Instead, the factor ppy,posea(Ny, N,) is predicted solely
from the discretization parameters. This demonstrates that the predictive law generalizes the stabilization process, deliv-
ering benchmark-level accuracy without the need for repeated calibration against experiments.

Another important observation from Figure 6 is that refining the temporal resolution from N, = 961 to N, = 1201 does
not produce any noticeable improvement in accuracy. The error curves for these two grids essentially overlap, indicating
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FIGURE 7 | Comparison between experimental temperature profiles and numerical simulations at four measurement heights (y =
0.15, 0.27, 0.40, and 0.54 m) for the grid configuration N, = 70, N, = 1201. Results are shown for the three numerical strategies: (i)
no artificial viscosity (u = 0), (ii) manual calibration using experimental data (), and (iii) the proposed predictive viscosity law

(ﬂProposed)'

that a practical resolution limit has been reached. Beyond this point, further refinement only increases computational
cost without yielding tangible benefits.

This leads to a critical insight: once this plateau is reached, further mesh refinement increases computational cost with-
out delivering meaningful gains in smoothness. Such saturation exposes the limitations of mesh-based stabilization and
highlights the advantage of the proposed predictive methodology, which provides stable and accurate solutions directly
from discretization parameters. By avoiding prohibitively fine grids and experiment-specific calibration, the predictive
law enables reliable aeration simulations to be performed efficiently and consistently across different resolutions, thereby
reinforcing both the generality and the predictive capability of the model.

Figure 7 presents a direct comparison between experimental temperature profiles and the three numerical strategies
considered for the grid configuration N, = 70 and N, = 1201, which corresponds to the lowest error case identified in
Figure 6.

It can be observed in Figure 7 that the simulation without artificial viscosity (4 = 0) produces strongly oscillatory pro-
files, which deviate substantially from the experimental measurements. The manually calibrated case, by construction,
provides the closest match to the experimental profiles, since y is tuned specifically to minimize the discrepancy with the
measured data.

The proposed methodology achieves results that are virtually indistinguishable from the manually calibrated bench-
mark. Despite not relying on any experimental input, the predictive viscosity law captures both the timing and
magnitude of the cooling fronts across all measured heights, suppressing oscillations while preserving the physi-
cal dynamics of the process. Quantitatively, the MSE relative to experimental data reinforces this conclusion: the
benchmark calibration yielded MSE = 1.342571, the unstabilized case yielded MSE = 3.799020, and the proposed pre-
dictive law yielded MSE = 1.345725. These values confirm that the predictive model reproduces benchmark-level
accuracy.

The significance of this result lies in the fact that experimental calibration is inherently tied to specific conditions and
cannot be generalized across different discretizations or scenarios. By contrast, the proposed methodology is transfer-
able across discretizations: once the predictive coefficients are identified, the viscosity factor can be applied directly to
any grid configuration, ensuring stability and accuracy at negligible cost. This reinforces the central contribution of the
work: a robust and reproducible stabilization strategy that matches benchmark accuracy without experiment-dependent
tuning.
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TABLE2 | Sensitivity of the smoothness metric and global mean squared error (MSE) with respect to the normalized artificial

viscosity coefficient for N, = 70 and N, = 1201.
ﬂ/ﬂopt o(p) MSE ﬂ/ﬂopt o(u) MSE
0.00 0.0 3.799020 1.15 9.895323 x 107> 1.343630
0.0025 1.344473 x 1077 3.739041 1.20 1.032555 x 10~* 1.346056
0.05 2.688946 x 1077 3.683714 1.30 1.118601 x 10~* 1.359477
0.10 5.377893 x 1077 3.585317 1.40 1.204648 x 107 1.384732
0.20 1.720926 X 10~ 2.166205 1.50 1.290694 x 1074 1.416841
0.40 3.441852 x 107> 1.756811 1.60 1.376740 x 10~ 1.450344
0.60 5.162778 X 107> 1.541740 1.70 1.462787 x 107 1.487443
0.80 6.883704 x 107> 1.403001 1.80 1.548833 x 107 1.526451
1.00 8.604629 x 107> 1.345725 1.90 1.634879 x 107 1.566892
1.10 9.465092 x 107> 1.342751 2.00 1.720925 x 10™* 1.609800

4.4 | Sensitivity Analysis of the Smoothness Metric

Although the effectiveness of the proposed smoothness metric for automatically determining the artificial viscosity factor
has been demonstrated in Section 4.3, it is also important to assess the sensitivity of the numerical results with respect
to variations in the viscosity factor. Beyond identifying a single optimal value, this analysis aims to verify whether the
proposed approach detects a robust operating range of AV, rather than a narrowly tuned or fragile optimum.

The sensitivity study is performed using the grid configuration N, = 70 and N, = 1201, which corresponds to the lowest
global error identified in the validation analysis (Section 4.3). All physical parameters, initial and boundary conditions,
are kept identical to the experimental validation case, ensuring that the influence of the artificial viscosity factor can be
isolated and analyzed independently.

First, the optimal viscosity factor y,, is determined automatically using the proposed smoothness metric. Subsequently,
additional simulations are carried out by systematically varying the viscosity factor from the unstabilized case (x = 0)
to values significantly larger than the automatically selected reference. This procedure allows the numerical behav-
ior to be examined both in under- and over-stabilized regimes. For each simulation, the smoothness metric o(x) and
the global mean squared error (MSE), defined in Equation (47), are evaluated. The numerical results are summarized
in Table 2.

The results reveal a clear and physically consistent trend. In the absence of AV (4 = 0), the numerical solution exhibits the
largest MSE, indicating pronounced numerical oscillations and poor agreement with experimental data. As the viscosity
factor is increased from zero, the MSE decreases rapidly, reflecting the effective suppression of nonphysical oscillations.

Importantly, the minimum error is not attained at a single isolated value of y, but rather within an interval around g
Within this range, variations in the viscosity coefficient led to only marginal changes in the MSE, indicating that the
proposed method identifies a stable and robust operating regime rather than a narrowly tuned optimal point.

Beyond this interval, further increases in y result in a gradual deterioration of accuracy due to excessive numerical diffu-
sion, which progressively damps physically relevant gradients. This behavior is consistently reflected by the smoothness
metric o(u), which increases monotonically with u as the stabilization strength grows and local variations are increasingly
penalized.

Additionally, it is worth noting that the number of simulations used to assemble the regression dataset (approximately
90,000) is mainly a consequence of adopting an extremely fine sweep in viscosity, Ay = 1077, over the wide interval
[1077,107*]. The sensitivity results in Table 2 indicate, however, that the minimum error is not confined to a sharply tuned
value: the MSE remains essentially flat over a broad neighborhood of 4. In particular, the MSE stays within approxi-
mately 1.3% of its minimum value for y/p, € [1.0, 1.3] (from 1.345725 at u/pyp = 1.0 to 1.359477 at pu/ poye = 1.3, with
the minimum 1.342751 at p/ pop = 1.1).
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FIGURE8 | Temperature oscillation metric and simulation runtime as a function of the total number of unknowns (N, x N,), for

different spatial resolutions.

This observation suggests that the construction of D does not require an exhaustive search over the full interval with such a
small increment. For instance, the sweep could be restricted to the practically optimalband y € [ 1.0 pgpe, 1.3 phope 1, Ay =
0.01 ., which would require only 31 candidate values per grid configuration (instead of 1000). For the 90 space-time
grids used here, this would reduce the total cost from about 90,000 to 90 x 31 = 2790 simulations, that is, a reduction of
approximately 96.9% in the dataset-generation effort, while still targeting the same robust operating regime identified by
the sensitivity study.

It should be emphasized, however, that this potential reduction is discussed only as a post-analysis insight enabled by
the sensitivity study. At the stage of constructing D, the location and width of the robust operating band around s
are not known a priori, and therefore restricting the search interval cannot be assumed as part of the general procedure.
Accordingly, the reduced sweep is not adopted here: all remaining results reported in this paper are obtained using the
original wide interval [10~7,10~*] with Ax = 1077, ensuring that Hopt 18 identified without relying on any precondition.

4.5 | Mesh Refinement as a Stabilization Mechanism

As mentioned, mesh refinement is a well-established strategy for reducing numerical oscillations in engineering prob-
lems. By increasing spatial and temporal resolution, dispersive errors associated with the discrete advective operator
are progressively attenuated, and the numerical solution converges toward a smoother regime. In this subsection, the
effectiveness and limitations of mesh refinement are assessed quantitatively using the smoothness metric introduced in
Section 3.3.2.

Figure 8 summarizes the refinement study by reporting the temperature oscillation metric as a function of the total num-
ber of unknowns, N y X N, for different spatial resolutions. In addition to the smoothness indicator, Figure 8 also reports
the corresponding wall-clock runtime of each simulation, allowing the reduction of oscillations achieved by refinement
to be interpreted directly against its computational cost.

As expected, mesh refinement leads to a systematic reduction of numerical oscillations: coarse grids exhibit pronounced
oscillatory behavior, while successive refinements progressively smooth the solution. However, Figure 8 also reveals an
important limitation of refinement-based stabilization. Although oscillations decrease monotonically with increasing
resolution, the rate of reduction diminishes rapidly as the mesh is refined. Beyond a moderate number of unknowns,
additional refinement produces only marginal improvements in smoothness, indicating an asymptotic saturation of the
refinement effect. In other words, increasingly fine meshes yield progressively smaller reductions in oscillation intensity.

This diminishing return contrasts sharply with the associated computational cost. As shown in Figure 8, the simulation
time increases nearly linearly with the number of unknowns, while the oscillation metric decreases at a much slower rate.
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TABLE 3 | Computational effortrequired to reach the target smoothness level o* using mesh refinement without artificial viscosity.
The oscillation metric o is reported for the three prognostic variables.

Grid (N, N,) Simulation time [s] or oy or Meets criterion?
50 x 121 3.098538 127.048615 0.003233 0.001221 No
100 x 241 12.581981 113.222023 0.002704 0.000995 No
150 x 481 37.961669 80.254614 0.001750 0.000636 No
200 x 721 76.697670 67.748234 0.001416 0.000511 No
250 x 1201 162.129754 49.845526 0.000972 0.000348 Yes

Consequently, the computational effort grows disproportionately relative to the numerical benefit obtained. Achieving a
modest additional reduction in oscillations requires a substantial increase in resolution and execution time.

As a result, oscillation levels comparable to those obtained with the proposed artificial viscosity formulation are reached
only at very fine resolutions, involving several hundred thousand degrees of freedom. This demonstrates that, although
mesh refinement can indeed suppress numerical oscillations, it rapidly becomes an inefficient stabilization strategy for
engineering problems such as grain aeration.

4.6 | Computational Cost

Beyond accuracy and stability, the practical applicability of a numerical methodology depends critically on computational
efficiency. In grain aeration modeling, simulations are often carried out repeatedly in parametric studies or optimization
workflows, where the computational burden can quickly become prohibitive. It is therefore essential to assess not only
the accuracy of the proposed algorithm, but also its cost relative to refinement-based stabilization.

The previous section showed that mesh refinement can reduce numerical oscillations, albeit with progressively smaller
gains as resolution increases. Here, the corresponding cost question is addressed: what is the computational price of
reaching a prescribed smoothness level by refinement alone?

To compare both strategies on equal footing, a baseline discretization (N, N,) is fixed and a target smoothness level o*
is defined as the global smoothness (Equation 36) achieved by the proposed viscosity law on that grid:

O—* = O-(MProposed;]\ry’]\]t) .

In the baseline case with N, = 50 and N, = 121, the full optimization of the proposed methodology required 39.8s. It is
important to note that this corresponds to the one-time training stage of the algorithm, performed only once during the
first execution. After this step, the predictive law provides the optimal viscosity factor directly, reducing the execution
time of subsequent simulations to only 3.49 s. For the baseline configuration, the oscillation metric yielded

c* = 51.890838,
With pgopesed = 2.1 X 107>, which serves as the benchmark for comparison.

To reach the same smoothness level without AV, a series of simulations was performed with progressively refined grids.
Table 3 summarizes the required computational effort and the oscillation metrics for the three prognostic variables. The
last column, “Meets criterion?”, indicates whether the simulation achieved the target smoothness threshold ¢* = 51.89
for the temperature field. A “Yes” entry denotes that the corresponding grid refinement successfully reduced o below
this reference level, whereas “No” entries represent cases where residual oscillations persisted above the threshold.

From Table 3, it becomes evident that oscillations arise exclusively in the temperature field, with o, values starting at
127.048615 for the baseline grid (50,121) and only falling below the target ¢* = 51.89 at the refined grid (250, 1201),
where o = 49.845526. By contrast, both moisture (o,;) and humidity ratio () remain consistently smooth across all
refinements, never exceeding ©(10~3). This selective behavior confirms that the proposed methodology intervenes only
where necessary, damping spurious oscillations in the energy equation while preserving the physical fidelity of the mass
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balance equations. A detailed diagnostic analysis of the numerical mechanism responsible for the onset of temperature
oscillations is provided in Appendix B. The appendix traces the oscillatory behavior to the discrete advective operator in
the energy balance equation and to its transient activation during the passage of sharp thermal fronts.

The computational implications of achieving ¢* via mesh refinement are striking: the simulation time grows from
3.098538 s in the baseline case to 162.129754 s for the refined grid, a 52-fold increase. And yet, all of this extra effort
merely recovers the same level of smoothness that the predictive viscosity law delivers directly on the baseline grid. In
other words, what refinement accomplishes at the cost of more than two orders of magnitude in additional operations,
the proposed methodology achieves immediately, with negligible overhead.

To complement wall-clock timings, the computational complexity was also analyzed in terms of floating-point operations.
This architecture-independent measure further illustrates that the predictive viscosity law adds virtually no overhead.
Table 1 presents a breakdown of operation counts across different grid sizes, comparing simulations without (W/0 pprqposea)
and with (W/ ppyeposea) the predictive artificial viscosity law. The negligible differences between these pairs confirm that
the stabilization introduces only a few additional arithmetic operations per time step, leaving the overall computational
cost virtually unchanged.

Table 1 shows that the inclusion of the predictive law increases the operation count by only 129 operations, regardless
of grid size. This fixed increment is computationally negligible when compared to the tens or hundreds of millions of
operations required to solve the governing equations. In percentage terms, the overhead remains below 0.01% even for
the smallest grid. Thus, the complexity of the physical problem vastly exceeds that of the stabilization procedure, ensuring
that the predictive law preserves computational efficiency while guaranteeing stability.

In summary, the proposed methodology achieves the same or better smoothness than conventional mesh refinement at
a fraction of the computational cost. Its overhead is negligible both in terms of wall-clock time and operation counts,
while its selective action ensures that only the necessary variable (temperature) is stabilized. This makes the method
particularly attractive for large-scale or parametric studies, where computational savings directly translate into practical
feasibility.

5 | Conclusions

This study introduced a predictive framework to mitigate numerical oscillations in advection-dominated problems by
reformulating artificial viscosity as a parameter inferred directly from discretization settings, rather than obtained through
empirical tuning. A smoothness metric was developed to quantify spurious oscillations, enabling an offline optimiza-
tion stage that produced a closed-form predictive law via polynomial regression. The approach was implemented in a
one-dimensional, transient, and coupled heat-moisture transport model discretized by finite differences using the Leith
scheme. Grain aeration was deliberately selected as a demanding case study with available experimental data, providing
a stringent validation setting while maintaining relevance for realistic engineering simulations.

Verification based on apparent-order-of-convergence analysis confirmed recovery of second-order accuracy across the
full spatiotemporal domain, including regions with steep gradients, whereas the unstabilized formulation exhibited sig-
nificant order degradation and irregular behavior. Validation against experimental temperature measurements demon-
strated that the predictive law reproduced observed profiles with accuracy essentially equivalent to manual calibration
(MSE = 1.3457 vs. 1.3426), while eliminating the need for parameter sweeps. From a computational standpoint, the pro-
posed workflow achieved the target smoothness level with an offline cost of 39.8 s, substantially below the 162.1 s required
by refinement-only stabilization, while subsequent simulations required only 3.5s and incurred negligible overhead.
Notably, oscillations were confined to the temperature field, whereas moisture and humidity-related quantities remained
naturally smooth across all tested grids, indicating that stabilization is effectively selective and primarily needed in the
discrete energy balance.

A practical advantage of the framework is that the additional computational burden is incurred exclusively during the ini-
tial offline optimization stage, performed once for a given solver configuration and representative operating setup. After
this one-time stage, the viscosity coefficient can be evaluated directly from (N,, N,) and reused across subsequent runs,
whose cost is comparable to that of a conventional stabilized simulation. This amortization makes the approach partic-
ularly attractive for parametric studies, sensitivity analyses, and design-oriented simulation campaigns, where repeated
executions are unavoidable and traditional tuning strategies would require recurrent calibration effort.
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The main contributions of this work are: (i) formulation of a robust smoothness metric that autonomously identi-
fies the artificial viscosity coefficient; (ii) derivation of a closed predictive law u(N,, N,) that eliminates empirical
calibration while preserving the expected convergence behavior; (iii) demonstration of stable, smooth, and efficient
simulations with a one-time optimization cost and negligible overhead in subsequent runs; (iv) implementation of a
global apparent-order-of-convergence verification procedure, providing a reproducible benchmark for coupled nonlinear
transport models under realistic operating conditions; (v) evidence, for the grain-aeration model studied, that stabi-
lization is required primarily in the energy balance, while the moisture and humidity dynamics remain intrinsically
well-behaved.

Overall, the proposed predictive framework provides a general, efficient, and reproducible stabilization strategy for cou-
pled transport simulations. By decoupling numerical stabilization from empirical calibration and amortizing the opti-
mization cost across multiple simulations, the methodology extends beyond grain aeration to a broad range of engineering
applications affected by spurious numerical oscillations.
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Appendix A
Definition of Symbols

This appendix gathers, in a single place, the notation adopted throughout the manuscript. Its purpose is to improve readability
and to ensure that the governing equations, initial and boundary conditions, and numerical algorithm can be reproduced without
ambiguity. In particular, the aeration model combines thermophysical parameters, psychrometric relations, and numerical quanti-
ties introduced at different stages of the presentation; the tables below provide a consistent reference for symbols, physical meaning,
and units.

All quantities are reported in SI units. Temperature is expressed in °C; since the model involves temperature increments in derivatives
and fluxes, °C and K are equivalent for dimensional purposes. Dimensionless parameters used for stabilization and diagnostics (e.g.,
Courant number, artificial-viscosity factor, and smoothness metric) are listed explicitly to distinguish numerical control variables from
physical properties.

Definition of Symbols and Units

Table A1 summarizes the physical and model parameters, while Table A2 lists the numerical and discretization parameters. Together,
they define the complete notation employed in Sections 2-4.
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TABLE Al | Physical and model parameters: Definition, physical meaning, and units.

Symbol Physical meaning Definition/description Unit

t Time Independent temporal variable s

y Vertical coordinate Spatial coordinate along airflow direction m

L Silo height Vertical extent of the computational domain m

T Grain temperature Average grain temperature °C

U Grain moisture (dry basis) Ratio of water mass to dry matter mass kg kg™*

R Humidity ratio Mass of water vapor per mass of dry air kg kg™!

u, Air velocity Superficial velocity of aeration airflow m s~}

Pa Air density Density of intergranular air kg m3

P Bulk grain density Apparent density of grain bulk kg m~3

€ Porosity Fraction of void volume in the grain bulk —

¢, Grain specific heat Heat capacity of dry grain Jkg™ °c!

Cy Water specific heat Heat capacity of liquid water Jkg™ °c!

c, Air specific heat Heat capacity of dry air Tkg™teC!

h, Latent heat of vaporization Energy required to vaporize water Tkg™

hy Differential heat of sorption Energy associated with moisture sorption Tkg™

(fi_n; Dry matter loss rate Volumetric grain mass loss due to respiration kg m=3 ¢!

0, Heat of respiration Volumetric heat generation by oxidation ITm™3s7!

Cr Effective thermal capacity Volumetric heat capacity of grain-air system Jm=3°Cc!

D, Thermal coupling coefficient Coupling between moisture change and energy storage Jm™3

v Thermal advection coefficient Convective transport of thermal energy Jm=2 s~ °Ct

Sr Thermal source term Volumetric heat generation term Im3s7!

Cy Moisture capacity Grain bulk density kg m~3

vy Moisture advection coefficient Convective vapor mass flux kg m~2 7!

Sy Moisture source term Volumetric moisture generation kg m=3 s7!

TABLE A2 | Numerical and discretization parameters.

Symbol Meaning Description Unit

N, Number of spatial nodes Number of grid points in the vertical direction —

N, Number of time steps Total number of time iterations —

Ay Spatial step Distance between adjacent spatial nodes m

At Time step Time increment between iterations S

P Central node Current spatial grid point —

S South node Grid point below P —

N North node Grid point above P —

n Time index Current time level —

n+1 Next time index Updated time level —

Co Courant number Ratio of advective to storage effects —
Courant-type parameter Alternative notation for Co (Leith scheme) —

u Artificial viscosity factor Dimensionless numerical stabilization parameter —

o Smoothness metric Measure of numerical oscillations °c?

Simulation Parameters and Constitutive Relations

This subsection reports the complete set of simulation inputs used in the numerical experiments presented in the main text. In addition
to fixed geometric and operating conditions (e.g., bed height, inlet temperature, airflow velocity), the aeration model requires constitu-
tive relations for thermophysical and psychrometric quantities (e.g., air density, latent heat, and sorption-related parameters). To avoid
duplicating derivations already established in prior validated work, all parameters defined through analytical expressions follow the
same methodology reported in [14].
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TABLE A3 | Constitutive relations and adopted values used in the simulations for soybean.
Variable Constitutive relation/adopted value References
t t € [0,3600] s (experimental duration) [17]
y y € [0,1] m (experimental bed height) [17]
T, 31.1°C [17]
T, 52.9°C (17]
U, 12% (experimental, wet basis) [17]
u, 023 ms™! [17]
Pa Analytical expression [14]
Do 720 kg m™3 [14]
€ 0.40 (40%) [51]
¢ 1670 Jkg™ °C! [52]
w 4186 Jkg™! °C~! [51]
c, 1000 Jkg™* °C~! [51]
h, Analytical expression [14]
hy Analytical expression (Chung- Pfost, soybean) [14]
A 5.68 (soybean) [14]
B 2.10 x 10* (soybean) [14]
C 1.34 (soybean) [14]
‘Z_';’ Analytical expression [14]
0, 15,778 Tm=3 s [53]

Unless otherwise stated, the adopted parameter values correspond to those of the experimental soybean aeration study used for valida-
tion (Section 2) and are summarized in Table A3. Reporting these inputs explicitly, together with their sources, ensures transparency,
traceability, and direct reproducibility of the results.

Appendix B
Origin and Onset of Numerical Oscillations in the Grain-Aeration Model

This appendix presents a diagnostic analysis of the numerical mechanism responsible for the onset of oscillatory behavior observed
in the grain-aeration simulations. The objective is to identify (i) the governing operator from which the oscillations originate, (ii)
the simulation stage at which they are triggered, and (iii) the parametric dependence controlling their magnitude. To the authors’
knowledge, such a time-resolved and operator-level analysis of numerical oscillations in grain-aeration models has not been previously
reported in the literature, where oscillatory behavior is typically documented but not explicitly traced back to its advective origin and
temporal activation. In this appendix, the simulations are intentionally conducted without artificial viscosity (u = 0).

Advective Origin of the Oscillatory Mechanism

In the one-dimensional formulation adopted in this work, the energy balance equation along the vertical coordinate y can be written
in the generic form

C,(T.U) % + o (T, U, u,) ‘;—T = R(T,U), (B1)
y

where C; is the effective volumetric heat capacity, v, is the advective transport coefficient associated with the aeration airflow, and
R(T,U) collects the remaining coupled contributions (moisture-coupling and source terms) defined in the main text.

The advective coefficient v, scales linearly with the superficial air velocity u,. As a consequence, variations in u, directly modulate
the relative strength of the advective operator with respect to the remaining terms in Equation (B1). In finite difference discretiza-
tions, the advective operator is the primary source of dispersive truncation errors, which may manifest as nonphysical oscillations
when sharp gradients are transported across the grid. By contrast, the remaining terms grouped in R(7T', U) act as storage/coupling
and volumetric forcing contributions and do not generate the alternating overshoot-undershoot patterns characteristic of advective
dispersion.

A compact, stepwise measure of the discrete advective action is provided by the (time-dependent) Courant number

vr(f) At
Co(r) = —, (B2)
Cr(t) Ay
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FIGURE Bl | Temporal evolution of temperature and corresponding Courant number at a representative location for u, =

0.23 m s71. The Courant number attains a local maximum during the passage of the thermal front, indicating a transient increase in
the strength of the discrete advective operator. Temperature oscillations emerge shortly after this peak, consistent with the generation
of dispersive numerical errors during the transport of sharp gradients.

which is evaluated dynamically using the same coupled coefficients appearing in Equation (B1). Since v, depends directly on u,,
reducing the aeration velocity leads to an approximately proportional reduction in Co() and, therefore, to a systematic weakening of
the discrete advective mechanism.

Temporal Onset of Oscillations

Although advection is present throughout the simulation whenever u, > 0, numerical oscillations do not arise uniformly in time.
Their onset is confined to a short transient interval associated with the passage of a steep thermal front through the computational
domain.

Figure B1 shows the temporal evolution of temperature and the corresponding Courant number at a representative axial location
for u, = 0.23 m s~!. During the initial stage of the simulation, the temperature field remains smooth and no oscillatory behavior is
observed, despite the presence of advection.

As the thermal front reaches the monitoring location, Co() attains a pronounced local maximum. This behavior results from the
combined effect of advective transport and the rapid local variation of the coupled thermophysical coefficients embedded in v, /Cy.
During the front passage, steep temperature gradients temporarily amplify the dispersive content of the discrete advective operator,
even though the imposed aeration velocity remains constant.

This local Courant peak marks the instant at which the discrete advective operator is most dispersive, maximizing the contribution of
non-dissipative truncation errors. The temperature oscillations emerge shortly after this peak, indicating that the oscillatory behavior
is generated during the front passage but becomes visible only once the contaminated signal propagates through the numerical stencil.
This delayed manifestation is characteristic of dispersive numerical errors and confirms that the oscillations are numerical artifacts
rather than physical instabilities of the governing equations.

Quantitative Evidence From an Aeration-Velocity Sweep

To further substantiate the advective origin of the oscillations, a systematic sweep of the aeration velocity u, was performed while
keeping all other physical parameters, initial and boundary conditions, and discretization settings fixed. For each case, the time history
of the Courant number and the global temperature oscillation metric were evaluated.

Here, the oscillation metric is taken as the temperature smoothness indicator (Equation (36) in the main text) computed for the tem-
perature field in the unstabilized regime (u = 0), and is denoted by 6. The values reported as 0.00 indicate that o, fell below numerical
reporting precision in the corresponding runs.

Table B1 summarizes the average and maximum Courant numbers together with the corresponding oscillation metric. Changes are

reported relative to the reference case u, = 0.23 m s™*.
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TABLE Bl | Effect of aeration velocity on advective strength and temperature oscillations (unstabilized simulations, u = 0).
Changes in o are reported relative to the reference case u, = 0.23 m s~1.

u, ms™1) Co COpax or 67 /07 ret Change (%)
3.00x 107! 0.415 0.418 37.84 1.315 +31.5
2.30 x 107! 0.319 0.320 28.77 1.000 0.0
2.00 x 107! 0.277 0.278 23.85 0.829 -17.1
1.50 x 107! 0.208 0.209 3.77 0.131 -86.9
1.00x 107! 0.139 0.139 0.00 0.000 —100.0
5.00 X 1072 0.069 0.069 0.00 0.000 —-100.0
1.00 x 1072 0.014 0.014 0.00 0.000 —100.0

The results in Table B1 reveal a clear and nonlinear dependence of the oscillation magnitude on the strength of advective transport. For
aeration velocities equal to or greater than u, = 0.20 m s~1, the oscillation metric remains significant and increases with the Courant
number. Increasing the velocity from u, = 0.23 m s™! to u, = 0.30 m s™! increases the oscillation metric by 31.5%, consistent with a
stronger dispersive advective action.

As the aeration velocity is reduced, a sharp transition is observed. Lowering u, from 0.23 m s~! to 0.15 m s~! reduces the oscillation
metric by approximately 87%, indicating a substantial weakening of the dispersive mechanism. For u, < 0.10 m s7!, the oscillation
metric collapses to zero within reporting precision, signaling the practical suppression of advectively induced oscillations for the present
discretization and operating conditions.

The time-resolved evidence in Figure B1 complements these parametric results by demonstrating that oscillations are generated dur-
ing short intervals of intense advective transport associated with the thermal-front passage. When the aeration velocity is sufficiently
reduced, the Courant peak remains below the threshold required to activate the oscillatory mechanism, explaining the complete dis-
appearance of oscillations reported in Table B1.
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