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A B S T R A C T   

The purpose of this paper is to introduce a new manufactured analytical solution to the mathematical model that 
describes the behavior of the grain mass aeration process, proposed by Thorpe, using the method of manufac
tured solutions. The finite difference method, utilizing the CDS-Crank-Nicolson and Leith’s methods, was 
employed. An error analysis of the approximations used was performed to verify the effective and apparent 
orders of the discretization error obtained with mesh refinement. Furthermore, a study on the space–time ratio in 
the numerical methods was carried out in two realistic settings of soybeans aeration process. It was observed that 
Leith’s method outperformed the CDS-Crank-Nicolson method. Therefore, Leith’s method is recommended by 
this paper to numerically solve the grain mass aeration model proposed by Thorpe, given its robustness with 
respect to the space–time ratio in both settings studied.   

1. Introduction 

In the 2020 harvest, global soybean production was 337.298 million 
tons, with Brazil and the United States being responsible for 65.68% of 
this production (FAO, 2020). Soybeans are mainly used in the petroleum 
and protein industries, but they are not immediately processed, so 
storage for extended periods is required (Cañizares et al., 2021). 

Soybeans are a living organism and therefore have an active meta
bolism still in the postharvest stage. During this stage, factors such as 
temperature and moisture content of the stored beans affect the physi
cochemical and technological properties of soybeans, causing changes in 
antioxidant compounds and the properties of soybean protein isolate 
(Coradi et al., 2020; Ferreira et al., 2019; Ziegler et al., 2016). 

Among the technologies used to maintain soybean quality in the 
postharvest phase, aeration is the most used to maintain, standardize 
and/or reduce the temperature of soybean grain mass during storage 
(Coradi et al., 2020). Grain aeration is an established low-cost, chemical- 
free technology to maintain favorable storage conditions for safe pres
ervation of grain quality (Lopes & Neto, 2022). 

The accurate prediction of the stored grain ecosystem is essential to 
develop and evaluate aeration strategies that are adapted to the climate 
characteristics of the storage region. Methods for predicting grain 

temperature and moisture can be used to evaluate the effectiveness of 
aeration and estimate whether chemical treatments are necessary to 
combat insects, mites, and fungi. However, testing various aeration 
strategies to establish best practices for preserving stored grain masses 
can be costly, as it requires monitoring temperature and moisture at 
multiple points in a large number of grain silos, and over multiple sea
sons (El Melki et al., 2022). 

Mathematical models related to aeration, can be used to predict the 
temperature and moisture of stored grain under different climatic con
ditions and aeration strategies. Generally, these models are used to 
evaluate the effectiveness of ambient air aeration, to estimate the 
maximum safe storage period of grain, and to predict the aeration time 
required (El Melki et al., 2022). In addition, the most promising results 
during simulation can be tested in the field (Nuttall et al., 2017). 

Several mathematical models can be found in the literature involving 
the aeration process, such as, Thompson et al. (1968), Sinicio et al. 
(1997), Canchun et al. (2001), Thorpe (2001b) and Khatchatourian & 
Oliveira (2006). 

Rigoni et al. (2022) presented a manufactured analytical solution 
using the method of manufactured solutions (MMS) for the mathemat
ical model that describes the behavior of the grain mass aeration process 
proposed by Thorpe (2001b), which is widely used in the literature 
(Lopes et al., 2006, 2014, 2015; Rigoni & Kwiatkowski Jr, 2020). The 
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mathematical model was solved numerically using the Finite Difference 
Method (FDM). In contrast to related works in the literature, several 
numerical approximations were used to solve the mathematical model, 
and the CDS-Crank-Nicolson and Leith’s methods were recommended by 
the authors. 

Alauzet & Loseille (2016) reported that in some physical phenom
ena, uniform meshes are not ideal. These phenomena are anisotropic in 
nature. Thus, it seems natural to take into account the properties of 
physical phenomena within the mesh in order to improve its represen
tation. Still, there is no study in the literature on geometrical anisotropic 
factors, referred to in this paper as space–time ratios, in the numerical 
solution of the mathematical model proposed by Thorpe (2001b). 

The purpose of this paper is to solve the mathematical model pro
posed by Thorpe (2001b) by means of the FDM and to conduct a study 
on the performance of the CDS-Crank-Nicolson and Leith’s methods 
when employing a variety of space–time ratios, that represents the 
anisotropic factors, in two different settings of soybeans aeration. 
Furthermore, this paper compares the results with an adaptation of the 
manufactured analytical solution, proposed by Rigoni et al. (2022), that 
takes into account more realistic parameters. 

This work also includes performing an analysis of the discretization 
error for the approximations used. As in Rigoni et al. (2022), Xuan et al. 
(2017), Mousa & Ma (2020) and Melland et al. (2021), the technique 

presented by Von Neumann & Richtmyer (1950) was chosen to treat the 
non-physical oscillations in the second-order approximations. 

The remainder of this paper is organized as follows. In section 2, the 
mathematical model proposed by Thorpe (2001b), the boundary and 
initial conditions are presented. In section 3, an adaptation of the 
manufactured analytical solution proposed in Rigoni et al. (2022) is 
introduced in order to contemplate more realistic parameters. The nu
merical model is detailed in section 4. In section 5, the numerical veri
fication of the code is performed, and the computational details are 
exposed. In section 6, the results obtained are presented and discussed, 
and in section 7, the conclusions are drawn. 

2. Mathematical model 

The model that describes the temperature (T) and grain moisture (U) 
used in this work was presented in detail by Thorpe (2001b) and ac
cording to Lopes et al. (2006) the model relates air psychometric re
lationships with mass and energy balances. Additionally, according to 
Lopes et al. (2006), some simplifications can be made to the original 
model without loss of accuracy. The simplified model, adopted in this 
work, is given by 

∂T
∂t

(

ρσ
[
cg + cW U

]
+∊ρa

[

ca + R
(

cW +
∂hv

∂T

)])

=

Nomenclature 

Abbreviations 
CDS Central difference scheme 
FDM Finite difference method 
MMS Method of manufactured solutions 
PDE Partial differential equation 
TDMA Tri Diagonal matrix algorithm 

Variables 
A, B, C Constants that vary according to the type of grain 
ca Specific heat of air 

(
Jkg− 1◦C− 1)

cg Grain specific heat 
(
Jkg− 1◦C− 1)

Ci Coefficients 
cW Specific heat of water 

(
Jkg− 1◦C− 1)

D Dimensionless constant 
dm/dt Derivative of the grain dry matter loss with respect to time 

(kgs− 1) 
Δt Difference between the current simulation time and the 

previous one 
Δy Spacing between two consecutive nodes 
E Numerical error 
∊ Grain porosity (decimal) 
erfc Complementary error function 
F 1 Auxiliary variable used in the mathematical model 
F 2 Auxiliary variable used in the mathematical model 
h Representative mesh size 
hs Differential heat of sorption (Jkg− 1) 
hv Latent heat of vaporization of water (Jkg− 1) 
MT Parameter used to adjust the aeration time according to the 

temperature 
MU Parameter used to adjust the aeration time according to the 

water content 
N Number of unknowns 
n Temporal location of the node 
Nt Number of time steps 
Ny Number of nodes in the y direction 
P Central node 

P1 Dummy variable used in the analytical solution 
P2 Dummy variable used in the analytical solution 
P3 Dummy variable used in the analytical solution 
Patm Atmospheric pressure (Pa) 
pE Effective order 
pL Asymptotic order 
pU Apparent order 
ps Saturation vapor pressure (Pa) 
q Mesh refinement ratio 
Qr Heat of oxidation of the grain (Js− 1m− 3) 
R Humidity ratio of air (kgkg− 1) 
ρa Density of intergranular air (kgm− 3) 
ρσ Grain bulk density (kgm− 3) 
ra Relative humidity of the aeration air (%) 
ru Equilibrium relative humidity (%) 
S, A , B , F Parameters used to simplify notation 
ST Source term 
T Grain temperature (◦C) 
T̂ Grain temperature obtained analytically (◦C) 
t Time (s) 
θ Represents the temporal formulation used 
Tamb Ambient temperature (◦C) 
TAn(y) Represent the analytically obtained temperature (◦C) 
TB Aeration air temperature (◦C) 
tf Final simulation time (s) 
TI Initial grain temperature (◦C) 
U Grain moisture (kgkg− 1) 
U 1 Auxiliary variable used in the moisture numerical solution 
U 2 Auxiliary variable used in the moisture numerical solution 
ua Aeration air velocity (ms− 1) 
UI Initial grain moisture (kgkg− 1) 
Up Initial grain moisture content in percent (%) 
ur Ambient relative humidity (%) 
W, E Identifiers of the position of discrete points in relation to a 

central node 
y Axis in the vertical direction (oriented from bottom to top) 

(m)  
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ρσhs
∂U
∂t

− uaρa

[

ca +R
(

cW +
∂hv

∂T

)]
∂T
∂y

+ ρσ
dm
dt

(Qr − 0.6hv), (1)  

ρσ
∂U
∂t

= − uaρa
∂R
∂y

+
dm
dt

(0.6+U), (2)  

where: t is time (s), y is the axis in the vertical direction (oriented from 
bottom to top) (m), U is grain moisture (kgkg− 1), ua is aeration air ve
locity (ms− 1), cg is grain specific heat 

(
Jkg− 1◦C− 1),cW is specific heat of 

water 
(
Jkg− 1◦C− 1), ca is specific heat of air 

(
Jkg− 1◦C− 1), R is humidity 

ratio of air (kgkg− 1), ρa is density of intergranular air (kgm− 3), ρσ is grain 
bulk density (kgm− 3), hv is latent heat of vaporization of water (Jkg− 1), 
hs is differential heat of sorption (Jkg− 1), T is grain temperature (◦C), ∊ is 
grain porosity (decimal), dm/dt is derivative of the grain dry matter loss 
with respect to time (kgs− 1) and Qr is heat of oxidation of the grain 
(Js− 1m− 3). 

An aeration system with up flow, that is, y ∈ [0, L], was considered, 
where L represents the height of the grain mass, as shown in Fig. 1. 
Therefore, a one-dimensional simplification of the model was consid
ered. Although this paper handles a one-dimensional simplification, 
Fig. 1 shows a realistic three-dimensional silo for a better visualization 
of the problem geometry. 

The aeration air velocity (ua) is the velocity at which air flows 
through the stored grain mass. According to Brooker et al. (1992), the 
specific heat of water (cW) and the specific heat of air (ca) are well- 
defined quantities, equals to 4186 

(
Jkg− 1◦C− 1) and 1000 

(
Jkg− 1◦C− 1), 

respectively. 
The porosity of soybeans (∊) is the ratio between the volume occu

pied by air in the grain mass and the total volume occupied by that mass. 
Such porosity considerably influences the pressure of air flows passing 
through the grain mass. In this study it was used ∊ = 0.361, obtained by 
Brooker et al. (1992). 

The density of the grain mass (ρσ) determines the volume required to 
store a given amount of a product and directly influences the airflow rate 
required for aeration and the heat and mass transfer process in the 
storage environment (Lopes et al., 2006). The density value of the soy
bean grain mass (ρσ = 737kgm− 3) was considered based on the data 
shown by Thorpe (2001a). 

According to Fleurat-Lessard (2002), the heat of oxidation of the 
grain (Qr) is equal to 15,778 (Js− 1m− 3). The specific heat of grain (cg) 
also affects the heat and mass transfer process during aeration (Navarro 
& Noyes, 2001), and as stated by Lopes et al. (2006), it represents the 
amount of heat energy required to increase the temperature of 1 kg of a 
product by 1 ◦C. Data from Jayas & Cenkowski (2006) were used to 
determine the specific heat of soybean 

(
cg = 1637Jkg− 1◦C− 1). 

The differential heat of sorption (hs), as well as the latent heat of 
vaporization of water (hv), are essential properties considered in the 
simulation of the aeration process, as they interfere in the heat and mass 
transfer within the storage environment (Lopes et al., 2006). According 

to Thorpe (2001b), hs is the total energy required to remove one unit 
mass of water from the grain mass and is given by 

hs = hv

⎡

⎢
⎣1+

Ae− BU(T + 273.15)
(T + C)2

− 5 + 6800
T+273.15

⎤

⎥
⎦, (3)  

where A, B, and C are constants that vary according to grain type, as 
detailed by Pfost et al. (1976). 

As mentioned by Thorpe (2001b), the heat applied to water that 
turns it from liquid to vapor is called the latent heat of vaporization of 
water (hv) and can be calculated by 

hv = 2501.33 − 2.363T. (4) 

In order to correct for possible altitude effects, the intergranular air 
density (ρa) can be calculated, as (Lopes et al., 2006): 

ρa =
258.8Patm

101.325(T + 273.15)
, (5)  

where Patm is the atmospheric pressure. 
With respect to time, the derivative of the dry matter loss of the grain 

(dm/dt) can be estimated through models obtained by fitting mathe
matical relationships to experimental data. In this paper, the model 
presented by Thompson (1972) was adopted: 

dm
dt

= 8.83 × 10− 4
{

exp
[

1.667 × 10− 6 t
MUMT

]

− 1
}

+ 2.833 × 10− 9 t
MUMT

,

(6)  

where MU and MT are parameters used to adjust the aeration time ac
cording to the water content and temperature of the grains. The 
parameter MU can be obtained by 

MU = 0.103

{

exp

[
455

(100U)
1.53

]

− 0.845U + 1.558

}

, (7) 

and MT can be obtained depending on the temperature and moisture 
range: 

MT = S, if T ≤ 15 or U ≤ 19, (8a)  

MT = S +

100U
U+1 − 19

100
exp[0.0183T − 0.2847], if T > 15 and 19 < U < 28,

(8b)  

MT = S + 0.09exp[0.0183T − 0.2847], if T > 15 and U ≥ 28, (8c) 

and S = 32.2exp( − 0.1044T − 1.856).
The air humidity ratio (R) is the ratio between the mass of water 

vapor and the mass of dry air in a given volume of mixture. This 
parameter is used to model the behavior of the grain mass during the 
aeration process, helping to estimate the water content of the stored 
product and helping to predict the effects of aeration on the storage 
environment. This parameter can be calculated by (Thorpe, 2001a): 

R = 0.622
rups

Patm − rups
, (9)  

where ps is the saturation vapor pressure given as (Hunter, 1987): 

ps =
6 × 1025

(T + 273.15)5 exp
[

−
6800

T + 273.15

]

, (10) 

and ru represents the equilibrium relative humidity and can be 
calculated as (Chung & Pfost, 1967): 

ru = 100exp
[

−
A

T + C
exp( − BU)

]

. (11)  

Fig. 1. Calculation Domain.  
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2.1. Boundary conditions 

At y = 0, it was assumed that the grain at the base of the storage 
reaches equilibrium with the aeration airflow: 

T(0, t) = TB, (12)  

where TB represents the aeration air temperature. 
The moisture content at y = 0 was calculated as: 

U(0, t) = −
1
B

ln
[

ln
(
−

ra

100

)(

−
TB + C

A

)]

= UB, (13) 

which is an adaptation of the Chung-Pfost equation (Eq. (11)) where 
ra represents the relative humidity of the aeration airflow and can be 
obtained by 

ra = ur

6×1025

(Tamb+273.15)5 exp
[
− 6800

Tamb+273.15

]

6×1025

(TB+273.15)5 exp
[
− 6800

TB+273.15

] , (14) 

where ur is the ambient relative humidity and Tamb is the ambient 
temperature. 

At y = L, the Neumann boundary conditions for temperature and 
moisture are given by 
(

∂T
∂y

)

y=L
=

(
∂U
∂y

)

y=L
= 0. (15)  

2.2. Initial conditions 

Throughout the domain, the initial condition is equal to the tem
perature of the grain mass after the drying process (TI). 

T(y, 0) = TI . (16) 

The initial moisture (UI) can be obtained by (Thorpe, 2001b) 

U(y, 0) =
Up

100 − Up
= UI , (17) 

where Up is the moisture content of the grain after drying, in percent 
(%). 

3. Proposed analytical solution 

The Method of Manufactured Solutions (MMS) (Oberkampf & 
Blottner, 1998) consists in producing an exact solution, without any 
interest in the physical reality of the problem. An analytic function is 
defined as the dependent variable in the partial differential equation 
(PDE), and all derivatives are calculated analytically. The remaining 
terms that do not satisfy the PDE are then incorporated into a source 
term in the equation, which is added to the PDE to exactly satisfy the 
new PDE (Roy, 2005). 

Despite the many uses of the model proposed by Thorpe (2001b) 
found in the literature, hereinafter referred to as Thorpe model, there is 
no investigation of the analytical solution of the mathematical model. 
Rigoni et al. (2022) were pioneers in proposing a manufactured 
analytical solution to the model proposed by Thorpe (2001b). 

The manufactured analytical solution was proposed using the MMS 
based on experimental data presented by Khatchatourian & Oliveira 
(2006) and Oliveira et al. (2007). The experiment monitored the tem
perature of soybeans in a one-meter prototype silo (L = 1 m), with 
thermocouples placed at heights of 0.15 m, 0.27 m, 0.40 m, and 0.54 m, 
during one hour of aeration with the aeration air velocity ua = 0.23 m/s. 
The initial grain temperature was TI = 52.9 ◦C, and the aeration air 
temperature was TB = 31.1 ◦C. The soybeans with an average water 
content of 12 % were previously selected and cleaned for the realization 
of the experiment. 

The analytical solution for the Eq. (1) proposed by Rigoni et al. 

(2022) was manufactured based on modifying a solution of a problem 
presented by Van Genuchten et al. (1982), and it is given by 

T̂(y, t) = TI +
1
2
(TB − TI)

[

erfc
(

y − 2.2 × 10− 4t
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
8 × 10− 6t

√

)

+ exp
(

2.2 × 10− 4y
8 × 10− 6

)

erfc
(

y + 2.2 × 10− 4t
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
8 × 10− 6t

√

)]

,

(18)  

where erfc represents the complementary error function (Van Genuchten 
et al., 1982), defined by erfc(x) = 2̅̅

π
√
∫∞

x e− t2 dt.
Interestingly, the solution takes as parameters the size of the storage 

location (y), the aeration time (t), the temperature of the aeration 
airflow (TB), and the grain mass initial temperature (TI). Although the 
manufactured analytical solution proposed by Rigoni et al. (2022) 
showed excellent results when compared to experimental data, it did not 
consider aeration air velocity (ua) as an initial parameter. To address 
this, algebraic manipulations were performed in the solution and a new 
manufactured analytical solution that accounts this parameter was 
proposed. Thus, the new manufactured analytical solution, proposed in 
this paper, is given by: 

T̂ (y, t) = TI +
1
2
(TB − TI)[erfc(P1)+ exp(P2)erfc(P3) ], (19)  

P1 =
y − ua

2.2×10− 4

0.23 t
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ua
8×10− 6

0.23 t
√ , P2 =

ua
2.2×10− 4

0.23 y
ua

8×10− 6

0.23

and P3 =
y + ua

2.2×10− 4

0.23 t
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ua
8×10− 6

0.23 t
√

Fig. 2 shows Eq. (19) applied to the same points as the experimental 
data (Khatchatourian & Oliveira, 2006; Oliveira et al., 2007), using y =

1m, t = 3600s,TI = 52.9 ◦C, TB = 31.1 ◦C and ua = 0.23m/s. 
The comparison between the manufactured analytical solution 

(depicted in red) and the experimental data (displayed in blue) reveals 
striking similarities in their behavior. 

Additionally, intriguing patterns emerge when examining the grain 
temperature decline in different layers. For instance, a noticeable drop 
occurs at approximately 450 s for the layer at y = 0.15 m, around 1,000 s 
for the layer at y = 0.27 m, roughly 1,500 s for the layer at y = 0.40 m, 
and approximately 2,000 s for the layer at y = 0.54 m. Furthermore, as 
the grain temperature stabilizes, distinct time intervals are observed, 
such as after 1,250 s for the layer at y = 0.15 m, about 2,000 s for the 
layer at y = 0.27 m, approximately 2,750 s for the layer at y = 0.40 m, 
and around 3,550 s for the layer at y = 0.54 m. Remarkably, throughout 
these phases, the manufactured analytical solution, developed in this 
study, exhibits a high level of concurrence with the experimental data. 

The manufactured analytical solution proposed in this paper, given 

Fig. 2. Manufactured analytical solution and the experimental data (Rigoni et. 
al, 2022; Khatchatourian & Oliveira, 2006; Oliveira et al., 2007). 
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by Eq. (19), satisfies the conditions of real aeration systems, which can 
take between 300 and 600 h to complete, have different geometries, 
different grain initial temperatures, different airflow temperatures, and 
different aeration air temperature with minor modifications. Regarding 
different initial moisture, more elaborate modifications are required, 
and such adaptations should be further investigated. 

For the function defined by Eq. (19) to be considered a manufactured 
analytical solution, a source term (ST) must be added to Eq. (1), thus: 

∂T
∂t

(

ρσ
[
cg + cW U

]
+ ∊ρa

[

ca + R
(

cW +
∂hv

∂T

)])

=

ρσhs
∂U
∂t

− uaρa

[

ca +R
(

cW +
∂hv

∂T

)]
∂T
∂y

+ ρσ
dm
dt

(Qr − 0.6hv)+ ST , (20)  

where ST is given by 

ST =
∂T̂
∂t

(

ρσ
[
cg + cW U

]
+ ∊ρa

[

ca + R
(

cW +
∂hv

∂T

)])

− ρσhs
∂U
∂t

+ uaρa

[

ca +R
(

cW +
∂hv

∂T

)]
∂T̂
∂y

− ρσ
dm
dt

(Qr − 0.6hv). (21) 

In addition, ∂T̂
∂t and ∂T̂

∂y must be calculated. Substituting Eq. (21) into 
Eq. (20), making some simplifications and denoting A , B and F as 

A = ρσ
[
cg + cW U

]
+∊ρa

[

ca +R
(

cW +
∂hv

∂T

)]

, (22)  

B = uaρa

[

ca +R
(

cW +
∂hv

∂T

)]

, (23)  

F = A

(
F 1

2
(TB − TI)

)

+B

(
F 2

2
(TB − TI)

)

, (24) 

where, 

F 1 =
1

(tua)
3
2
0.0457519ua(TB − TI)exp

(

−
28.750y2

tua
− 0.0263043tua

− 27.5y
)

{y[1045.45+1045.45exp(82.5y) ]++ tua(exp(82.5y) − 1)}

F 2 = 27.5exp(27.5y)erfc
(

169.558(0.000956522tua + y)
̅̅̅̅̅̅
tua

√

)

+
1
̅̅̅̅̅̅
tua

√

(

− 191.326exp
(

−
28.75y2

tua

)

+ − 0.026043tua − 27.5y
)

− 191.326exp

[

−

(
28750(y − 0.000956522tua)

2

tua

)]

the equation that describes the temperature (T) of the grain mass is 
presented as follows: 

A
∂T
∂t

= − B
∂T
∂y

+F , (25) 

which its analytic solution is given by Eq. (19) through MMS. 
Remark. This study addresses the resolution of the temperature 

problem in soybeans during the aeration process using the method of 
manufactured solutions. The proposed approach involves creating a 
specific analytical solution for the grain temperature, as the experiment 
used as basis only measured the grain temperature. 

By employing the method of manufactured solutions, a known 
analytical solution can be developed for the particular problem without 
the need to address all physical properties of the system. It is important 
to note that although the developed analytical solution in this study does 
not include terms related to grain moisture, it does not diminish the 
practical utility of the approach. In this study, the exclusive analytical 
solution for soybean grain temperature provides a strategic approach to 

assess the accuracy and efficiency of the numerical approximations 
utilized to resolve the soybean grain temperature model during the 
aeration process. The focus is on understanding the behavior of tem
perature and evaluating the performance of numerical approximations 
concerning this specific variable. 

Furthermore, this methodology facilitates the identification and 
quantification of the space–time ratio effects in the obtained solutions, 
providing valuable insights into the quality of the numerical results and 
the necessity for potential adjustments or improvements in the adopted 
approximations. 

The mathematical model used in this study was proposed by Thorpe 
(2001b), encompassing both the mass balance equation and the energy 
balance equation. Hence, the study accounts for the key physical factors 
involved in the aeration process of soybeans, despite the emphasis on 
temperature. This methodology offers insights into the quality of the 
numerical results and contributes to enhancing the understanding of this 
complex phenomenon. 

4. Numerical model 

The differential equations that describe grain temperature and 
moisture were solved numerically using the Finite Difference Method 
(FDM) (Tannehill et al., 1997). Once a given equation is discretized 
using this method, the evaluation of the variables and the approxima
tions of their derivatives at the mesh nodes give rise to a system of 
equations that must be solved by an appropriate method, commonly 
called solver. In this study, a solver widely adopted in the literature 
called TriDiagonal Matrix Algorithm (TDMA) (Thomas, 1949) was used. 
For more complex systems, multigrid methods are among the most 
efficient techniques for solving large systems of equations arising from 
the discretization of PDEs and can achieve convergence rates indepen
dent of the problem size (Oliveira et al., 2018). 

W and E were used to identify the position of discrete points with 
respect to a central node P, and n indicates the temporal location of the 
node, as shown in Fig. 3. In the same figure, Δy = L/Ny corresponds to 
the spacing between two consecutive nodes, where Ny is the number of 
nodes in the y direction; and Δt = tf/Nt, the difference between the 
current and the previous simulation time. Here, tf is the final simulation 
time and Nt corresponds to the number of time steps. 

4.1. Central difference scheme (CDS) 

Approximating the spatial derivative of T using CDS and the tem
poral derivative of T using the θ-formulation (Tannehill et al., 1997), the 
discretized form of Eq. (25) is given by: 

A
θTn+1

P = A
θTn

P −
B

θ

2

(
Δt
Δy

)

Tθ
E +

B
θ

2

(
Δt
Δy

)

Tθ
W +F Δt, (26)  

where 

A
θ = ρσ

[
cg + cW Uθ

P

]
+∊ρa

[

ca +Rθ
P

(

cW +
∂hv

∂T

)]

, (27) 

Fig. 3. Mesh of the numerical solution using FDM, for a central node P and its 
spatial and temporal neighbors. 
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B
θ = uaρa

[

ca +Rθ
P

(

cW +
∂hv

∂T

)]

. (28) 

Using the same approximations for U and R, the discretized form of 
Eq. (2) is obtained: 

Un+1
P = Un

P −
uaρa

2ρσ

(
Δt
Δy

)

Rθ
E +

uaρa

2ρσ

(
Δt
Δy

)

Rθ
W +

Δt dm
dt

ρσ
Uθ

P + 0.6
Δt dm

dt

ρσ
, (29) 

in which the relation for an arbitrary variable Λ is given by 

Λθ = Λn + θ
(
Λn+1 − Λn), (30) 

where the Crank-Nicolson formulation is obtained for θ = 0.5 
(Tannehill et al., 1997). 

The Neumann boundary conditions can be approximated using CDS 
with the ghost point technique (Tannehill et al., 1997), so the temper
ature T and the moisture U at y = L can be calculated, respectively, by 

Tn+1
NB

= Tn
NB

+F
Δt
A
, (31)  

Un+1
NB

= Un
NB

+
Δt dm

dt

ρσ
Uθ

P + 0.6
Δt dm

dt

ρσ
, (32) 

where NB represents the node located at the boundary, as shown in 
Fig. 4. 

4.2. Leith’s scheme 

Equation (25) can be rewritten as 

∂T
∂t

= −

(
B

A

)
∂T
∂y

+
F

A
. (33) 

Leith’s scheme (Leith, 1965) consists in approximating the temporal 
and spatial derivatives of a given variable, in this case T, as follows: 
(

∂T
∂t

)n+1

P
≈

[
Tn+1

P − Tn
P

Δt

]

, (34)  

(
∂T
∂y

)n+1

P
≈

(
B

A

)(
Δt
Δy

)[
Tn

P − Tn
W

Δy

]

+

[

1 −
(

B

A

)(
Δt
Δy

)][
Tn

E − Tn
W

2Δy

]

. (35) 

Thus, the discretized form of Eq. (33) is achieved: 

Tn+1
P =

[

1 −
(

B

A

Δt
Δy

)2
]

Tn
P +

1
2

[(
B

A

Δt
Δy

)2

+

(
B

A

Δt
Δy

)]

Tn
W

+
1
2

[(
B

A

Δt
Δy

)2

−

(
B

A

Δt
Δy

)]

Tn
E +F

Δt
A

.

(36) 

The same procedure can be done in Eq. (2), resulting in the dis
cretized form, given by 

Un+1
P =

⎡

⎢
⎣

2ρσ
2ρσ −

dm
dt Δt

⎤

⎥
⎦(U 1+U 2), (37) 

where 

U 1 =

⎛

⎜
⎝1+

dm
dt Δt
2ρσ

⎞

⎟
⎠Un

P −

(
uaρa

ρσ

Δt
Δy

)2

Rn
P +

1
2

[(
uaρa

ρσ

Δt
Δy

)2

+

(
uaρa

ρσ

Δt
Δy

)]

Rn
W  

U 2 = +
1
2

[(
uaρa

ρσ

Δt
Δy

)2

−

(
uaρa

ρσ

Δt
Δy

)]

Rn
E +

0.6Δt dm
dt

ρσ
.

Neumann boundary conditions can be approximated using the ghost 
point technique (Tannehill et al., 1997), whose results are analogous to 
Eqs. (31) and (32). 

4.3. Artificial viscosity 

Originally introduced by Von Neumann & Richtmyer (1950), the 
artificial viscosity is a method to control spurious non-physical oscilla
tions in numerical solutions and can be added to the temperature 
equation. Thus, Eq. (25) can be rewritten as 

A
∂T
∂t

= − B
∂T
∂y

+
∂
∂y

[

DΔy2
⃒
⃒
⃒
⃒
∂T
∂y

⃒
⃒
⃒
⃒
∂T
∂y

]

+F , (38) 

where D is a dimensionless constant (Campbell & Vignjevic, 2009). 
Note that, as Δy → 0, the term corresponding to the artificial viscosity 
tends to zero. Therefore, Eq. (38) tends to Eq. (25). 

The method presented by Lax & Wendroff (1960) was used to 
perform the discretization. For the problem in this study, the artificial 
viscosity was used to eliminate excessive oscillations in the second-order 
methods. In this regard, it is appropriate to add the following term in the 
discretized equations of these methods: 

∂
∂y

[

DΔy2
⃒
⃒
⃒
⃒
∂T
∂y

⃒
⃒
⃒
⃒
∂T
∂y

]

≈
D
Δy
[⃒
⃒Tn

E − Tn
P

⃒
⃒
(
Tn

E − Tn
P

)
−
⃒
⃒Tn

P − Tn
W

⃒
⃒
(
Tn

P − Tn
W

) ]
.

(39) 

With the purpose of providing a comprehensive understanding and 
facilitating the replication of this work, the computational imple
mentation algorithm of the Thorpe model for grain aeration is presented 
here. It utilizes the finite difference method with the Leith 
approximation.  

Algorithm: Temperature and moisture calculation – Leith’s scheme.  

o Entry:ua, cW,ca,Qr,∊,ρσ ,cg ,A,B,C,ur,ui,Patm,TB ,TI ,L, tf ,Ny,Nt  

o Calculate the values of Δy and Δt  
o Initialize:T

(
1 : Ny,1 : Nt

)
,U
(
1 : Ny,1 : Nt

)
,R(1 : Ny,1 : Nt)

o For (n = 1) and (i = 1 : Ny) do  
o T(i, 1) = TI[Eq. (16)]  
o U(i,1) = UI[Eq. (17)]  
o End for  
o For (i = 1 : Ny) and (n = 1) do  
o Calculate the saturation vapor pressure ps [Eq. (10)]  
o Calculate the equilibrium relative humidity ru [Eq. (11)]  
o Calculate the initial mixing ratio R(i, 1) [Eq. (9)]  
o End for  
o For (n = 2 : Nt) and (i = 1 : Ny) do  
o If (i = 1) then  

▪ Calculate the density of air ρa [Eq. (5)]  
▪ Calculate the relative humidity of the aeration air ra [Eq. (14)]  
▪ The saturation vapor pressure is calculated (using ra) ρsa [Eq. (10)]  
▪ The mixing ratio at y = 0(R(1, n)) is calculated [Eq. (9)]  
▪ The moisture at y = 0(U(1, n)) is calculated [Eq. (13)]  
▪ The temperature at y = 0 (T(1, n)) is calculated [Eq. (12)]  

o End if  
o If (i = 2 : Ny − 1) then  

▪ The loss of dry matter in relation to time is calculated dm/dt [Eq. (6)] 

(continued on next page) Fig. 4. Discretized domain.  
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(continued ) 

Algorithm: Temperature and moisture calculation – Leith’s scheme.  

▪ The saturation vapor pressure is calculated ρs [Eq. (10)]  
▪ The equilibrium relative humidity pressure is calculated ru [Eq. (11)]  
▪ Calculate the mixing ratio R(i, n) [Eq. (9)]  
▪ The moisture U(i, n) is calculated [Eq. (37)]  
▪ The loss of dry matter in relation to time is calculated dm/dt [Eq. (6)]  
▪ The specific enthalpy of vaporization of water is calculated hv [* Derivative 

of Eq. (4)]  
▪ Calculate the derivative of the enthalpy of vaporization of water with respect 

to temperature 
∂hv

∂T 
[Eq. (4)]  

▪ Calculate differential enthalpy of sorption hs [Eq. (3)]  
▪ The temperature T(i, n) is calculated [Eq. (36)]  

o End if  
o If (i = 2 : Ny − 1) then  

▪ The saturation vapor pressure in y = L is calculated ρs [Eq. (10)]  
▪ The equilibrium relative humidity pressure in y = L is calculated ru [Eq. (11)]  
▪ Calculate the mixing ratio R(Ny, n) [Eq. (9)]  
▪ The moisture U(Ny, n) is calculated [Eq. (32)]  
▪ The loss of dry matter in relation to time in y = L is calculated dm/dt [Eq. (6)]  
▪ The specific enthalpy of vaporization of water in y = L is calculated hv [Eq. 

(4)]  
▪ Calculate the derivative of the enthalpy of vaporization of water with respect 

to temperature in y = L [* Derivative of Eq. (4)]  
▪ Calculate differential enthalpy of sorption in y = L hs [Eq. (3)]  
▪ The temperature T(Ny, n) is calculated [Eq. (31)]  

o End if  
o End for  

5. Numerical verification results 

In this section, a comprehensive analysis of the code to ensure ac
curacy and reliability of our results is provided. The section is divided 
into four parts: error analysis, computational details, manufactured 
analytical solution, and numerical verification. 

5.1. Error analysis 

Given that a new manufactured analytical solution was proposed in 
this paper, it is essential to elaborate an error analysis similar to the one 
performed by Rigoni et al. (2022). According to Marchi et al. (2016), the 
numerical error E(ϕ) on a given variable of interest is defined as the 
difference between the exact analytical solution Φ and the numerical 
solution ϕ: 

E(ϕ) = Φ − ϕ, (40)  

where E(ϕ) can appear in four forms (Marchi et al., 2016): truncation, 
iteration, rounding and programming. When the other sources can be 
neglected, the truncation error (here called discretization error) E(ϕ) is 
given, according to Roache (1998), by 

E(ϕ) = C1hp1 +C2hp2 +C3hp3 +⋯, (41)  

where h is the representative mesh size, Ci, i = 1, 2,3, ..., are coefficients 
that are independent of h, but depend on the variable in question, and pi, 
with p1 < p2 < p3 < ..., are positive integers called true orders of the 
error. The first true order is called the asymptotic order and is denoted 
by pL = p1. The asymptotic order is a theoretical result obtained from 
the types of approximations used to discretize the problem. 

The developed numerical model can be used to verify if the asymp
totic order of the discretization error is achieved. If the analytical so
lution to the problem is available, the effective order pE of the 
discretization error can be used to estimate the asymptotic order. If the 
analytical solution is unknown, the apparent order pU can be used to 
estimate the asymptotic order. The effective and apparent orders can be 
calculated, respectively, by (Marchi et al., 2016) 

pE =
log
(

Φ− ϕ2
Φ− ϕ1

)

log(q)
, (42)  

pU =
log
(

ϕ2 − ϕ3
ϕ1 − ϕ2

)

log(q)
, (43)  

where ϕ1, ϕ2, ϕ3, h1, h2 and h3 are the numerical solutions and the 
representative sizes of the fine, coarse, and super coarse meshes, 
respectively, and q = h2/h1 = h3/h2 is the mesh refinement ratio. 
Theoretically, the effective and apparent orders tend to the asymptotic 
order with mesh refinement, pE→pL and pU→pL when h→0 (Marchi et al., 
2016). Table 1 shows the asymptotic order of each method used (Deh
ghan, 2005; Campbell & Yin, 2007; Tannehill et al., 1997). 

5.2. Computational details 

The numerical resolutions were obtained using codes written in 
Fortran 95, using Microsoft Visual Studio Code v. 1.62.0 with quadruple 
precision, and were compiled on a computer with a 3.4 GHz Intel Core i5 
Quad-Core processor with 8 GB of DDR3 RAM and a 2 GB AMD Radeon 
7850 graphics card. 

Simulations were performed varying the space–time ratio between 
the spatial and temporal meshes, λ = Nt/Ny, for each method used, CDS- 
Crank-Nicolson and Leith. This space–time ratio represents the distor
tion between the spatial and temporal meshes. In this paper λ = 2, 4,8,
16 and 32 were used. 

Two different settings of the soybean aeration process were simu
lated, taking into consideration important information reported by 
Jayas & Muir (2001), which presents a series of parameters related to 
the power/speed ratio of the aeration fans for different sizes of storage 
locations. Such settings will be detailed in section 6 of numerical 
experiments. 

5.3. Manufactured analytical solution 

Fig. 5 illustrates the manufactured analytical solution of the tem
perature, as given by Eq. (19), for four different variations of the aera
tion air velocity (ua = 0.05, 0.15, 0.23, and 0.5), using the experimental 
parameters made by Khatchatourian & Oliveira (2006) and Oliveira 
et al. (2007) (TI = 52.9 ◦C, TB = 31.1 ◦C and L = 1 m). The figure shows 
the temperature profile as a function of distance (L, given in meters) and 
time (given in hours). 

It can be observed from Fig. 5 that the new manufactured analytical 
solution exhibits an interesting behavior with changes in the aeration air 
velocity. Specifically, in Fig. 5.1, it is evident that only the grains located 
near the base of the storage location suffered cooling at the end of one 
hour of aeration. Similarly, in Fig. 5.2, it can be observed that the grains 
located in the lower half of the storage location suffered cooling after 
one hour of aeration. 

In Fig. 5.3, where ua = 0.23 was used, the same velocity as in Rigoni 
et al. (2022), the solutions show identical performance. This associa
tivity suggests that the solution proposed in this work exhibits similar 
behavior to the experimental data. In addition, when the aeration air 
velocity is considerably high, as shown in Fig. 5.4, the grain mass rapidly 
approaches the aeration air temperature. 

The new manufactured analytical solution, proposed in this work, 

Table 1 
Asymptotic order of each method used (Dehghan, 2005; Campbell & 
Yin, 2007; Tannehill et al., 1997).  

Method Asymptotic Order (pL) 

CDS-Crank-Nicolson 2 
Leith 2  
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demonstrates satisfactory performance in addressing different velocities 
of the aeration air, as evidenced by the various parameter variations 
shown in Fig. 5. 

5.4. Numerical verification 

Results related to the discretization errors, effective order, and 
apparent order for temperature T at y = L/2 and t = tf /2 are presented 
for the approximations used. The representative mesh size h was 
calculated as h = Δy = Δt/2 in the tests. 

The behaviors of the discretization errors with mesh refinement for 
the methods used are shown in Fig. 6, where it can be observed that the 
discretization error decreased as the mesh size was refined for both 
methods studied (CDS-Crank-Nicolson and Leith). Furthermore, the 
curves have similar slopes, suggesting that these errors fall within the 
same order. 

It is possible to see that the Leith scheme presents a smaller dis
cretization error if compared to the CDS-Crank-Nicolson method. 

Fig. 7 shows the effective (pE) and apparent (pU) orders with mesh 
refinement for each of the methods under study. 

In Fig. 7, it can be observed that the effective (pE) and apparent (pU) 
orders of each method tend towards their asymptotic orders (pL) pre
sented in Table 1, which corroborates the validity of the numerical 
results. 

6. Numerical experiments and discussions 

Simulations were performed with space–time ratio λ = 2, 4,8,
16 and 32 to compare the performance of the CDS-Crank-Nicolson and 
Leith’s methods in two different aeration settings. In the following 
sections, the results obtained for λ = 2 and 32 in both settings are pre
sented and discussed. 

Fig. 5. Manufactured analytical solution proposed in this paper, varying the speed of the aeration air.  

Fig. 6. Decay of discretization errors with mesh refinement.  
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6.1. Setting A 

The first setting, named setting A, involves a mass of soybeans 20 m 
high (L = 20 m) and initial and boundary temperatures given by TI =

52.9 ◦C and TB = 31.1 ◦C, respectively. A constant aeration air velocity 
of ua = 0.10 m/s was applied for a duration of 40 h. 

In order to compare the performance of the CDS-Crank-Nicolson and 
Leith’s methods, simulations were performed for setting A with a 
space–time ratio λ = 32. Fig. 8 presents the temperature variation of 

soybeans under aeration forLm = 10 m, which is in the middle of the 
storage location. Fig. 8.1 shows the temperature variation with respect 
to time, while Fig. 8.2 shows the numerical error between the numerical 
and analytical temperature for each point analyzed in Fig. 8.1. Fig. 8.3 
displays the temperature variation throughout the storage location for t 
= 20 h, which is the mean time of aeration, and Fig. 8.4 shows the 
numerical error for each point analyzed in Fig. 8.3. 

Fig. 9 displays the same graphs presented in Fig. 8, however, 
employing an space–time ratio λ = 2. 

1: Effective Order 2: Apparent Order

Fig. 7. Behavior of the effective and apparent orders of discretization errors with mesh refinement for the methods under study.  

Fig. 8. Grain temperature variations with λ = 32 in setting A.  
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Using a high space–time ratio, such as λ = 32 (Fig. 8), the CDS-Crank- 
Nicolson and Leith’s methods showed a clearly analogous performance. 
When using a low space–time ratio, as λ = 2 (Fig. 9), the CDS-Crank- 
Nicolson method evidenced a better performance, since the points of 
maximum numerical error, perceived in Figs. (9.2) and (9.4), are slightly 
smaller if compared to those obtained by the Leith’s method. 

That is, in setting A, when there is a high space–time ratio λ, the 
methods tend to perform similarly. When a low space–time ratio is 
employed, the CDS-Crank-Nicolson method provides slightly better 
results. 

6.2. Setting B 

The second setting, called setting B, corresponds to a mass of soy
beans 35 m high (L = 35 m), TI = 52.9 ◦C, TB = 31.1 ◦C, and a constant 
aeration air velocity given byua = 0.20 m/s for 40 h. It can be noted that 
setting B consists of a larger storage location and a higher-capacity fan/ 
motor system compared to setting A. 

To compare the methods used, Fig. 10 presents the behavior of 
soybean temperature variation during aeration using a space–time ratio 
of λ = 32. Fig. 10.1 shows the variation of grain temperature over time 
for the middle point of the storage location (Lm = 17.5 m). Fig. 10.2 

shows the numerical error (difference between numerical and analytical 
temperature) for each point analyzed in Fig. 10.1. Fig. 10.3 displays the 
variation of grain temperature across the storage location at the mean 
time of aeration (t = 20 h). Finally, Fig. 10.4 shows the numerical error 
of each point analyzed in Fig. 10.3. It is worth noting that setting B in
volves a larger storage location and higher aeration air velocity. 

Fig. 11 displays the same graphs presented in Fig. 10, however, 
employing a space–time ratio λ = 2. 

In setting B, when a high space–time ratio was used (λ = 32 in 
Fig. 10), both methods showed a similar performance, with a slight 
advantage for Leith’s method. However, when a low space–time ratio 
was employed (λ = 2 in Fig. 11), the Leith’s method provided better 
results, as the maximum numerical errors were significantly smaller 
compared to those obtained by the CDS-Crank-Nicolson method. This is 
clearly seen in Figs. (11.2) and (11.4). 

In general, in setting B, independently of the space–time ratio, 
Leith’s method shows a better performance in comparison with the CDS- 
Crank-Nicolson method. When employing a high space–time ratio, the 
methods tend to have a similar performance, however, in cases where a 
low space–time ratio is employed, Leith’s method provides expressive 
results. 

Fig. 9. Grain temperature variations with λ = 2 in setting A.  
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6.3. Discussions 

In setting A, where the storage location are smaller and the aeration 
air velocity is lower, the CDS-Crank-Nicolson method demonstrated a 
robust and satisfactory performance regardless of the space–time ratio, 
while the Leith’s method showed similar behaviors only for problems 
with higher space–time ratio. On the other hand, in setting B, with larger 
storage location and higher aeration air velocity, Leith’s method proved 
to be superior to the CDS-Crank-Nicolson method in all tested cases, 
including small space–time distortions meshes. 

Moreover, given the small difference between the methods in setting 
A (Figs. 8 and 9) and the large difference in setting B (Figs. 10 and 11), 
Leith’s method is demonstrated to be more efficient. These findings 
highlight the importance of considering the space–time ratio in nu
merical simulations of aeration in grain storage facilities and the po
tential benefits of using Leith’s method in such settings. 

The Leith’s method has shown to be robust, efficient and stable, even 
when the space–time ratio is low. This indicates that the Leith’s method 
can produce accurate and reliable results even when there are variations 
or uncertainties in the input parameters or conditions. Conversely, CDS- 
Crank-Nicolson may be more susceptible to changes in the input 

parameters, making it less reliable in certain situations. Thus, the Leith’s 
method robustness makes it the preferred option for simulating aeration 
in grain storage systems, particularly in settings with larger storage 
location and higher aeration air velocities. 

7. Conclusions 

This paper introduces a new manufactured analytical solution using 
the MMS based on the work of Rigoni et al. (2022) for the mathematical 
model of grain mass aeration developed by Thorpe (2001b). The pro
posed solution is versatile and can handle various parameters related to 
soybean aeration. The FDM was employed to discretize the mathemat
ical model, and the behavior of the CDS-Crank-Nicolson and Leith’s 
methods regarding the space–time ratio was investigated. To avoid non- 
physical oscillations, artificial viscosity was introduced in the problem. 
Simulations were performed in different aeration settings using various 
space–time ratio. The Leith’s method demonstrated higher efficiency 
and robustness than the CDS-Crank-Nicolson method. Therefore, the 
Leith’s method is recommended for numerically solving the mathe
matical model of the aeration problem proposed by Thorpe. 

Fig. 10. Grain temperature variations with λ = 32 in setting B.  
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