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Abstract. The objective of this study is to present an innovative analytical solution to the mathematical model that 

characterizes the behaviour of the grain mass aeration process. To achieve this goal, we utilize the Method of 

Manufactured Solutions (MMS), a well-established method in the field of Computational Fluid Dynamics (CFD) for 

validating numerical techniques and quantifying their errors. Both the CDS-Crank-Nicolson and Leith techniques were 

employed using the Finite Difference Method (FDM). An error analysis was performed to evaluate the accuracy of the 

approximations utilized and to confirm the effective and apparent orders of the discretization error obtained through 

mesh refinement. Furthermore, the numerical methods were carefully evaluated and compared in two realistic settings 

of the aeration process of soybeans. The comprehensive study revealed that the Leith approach outperforms the CDS-

Crank-Nicolson method in both examined settings. These findings highlight the critical importance of judiciously 

selecting suitable numerical approximations when tackling complex problems such as grain mass aeration, where 

variations in the parameters can substantially impact the precision of the final outcomes. The results of this investigation 

provide valuable insights for researchers and practitioners in the field, offering a basis for informed decision-making 

and improved problem-solving strategies. Based on these results, it is recommended that Leith's method be used to solve 

the grain mass aeration model numerically using the FDM due to its exceptional stability, as demonstrated by its superior 

performance in the two practical settings studied. This can significantly enhance our understanding of the grain mass 

aeration process and its practical applications in the agricultural industry. By providing a reliable numerical solution, 

this study offers insight into the optimization of aeration processes, leading to improved grain quality and reduced 

spoilage. Furthermore, this can have significant implications for the storage and preservation of grains, ensuring their 

safe and efficient use in various agricultural applications. 

 

Keywords: Postharvest, CFD, Thorpe, Finite Difference Method 

 

1. INTRODUCTION 

 

Global soybean production in 2020 was 337.298 million tons, with Brazil and the United States accounting for 

65.68% of this production (FAO, 2020). Soybeans are used in the petroleum and protein industries and require extended 

storage due to delayed processing (Cañizares et al., 2021). 

During the postharvest stage, soybeans maintain an active metabolism. Factors like temperature and moisture content 

affect their properties, including antioxidant compounds and soybean protein isolate (Ferreira et al., 2019). 

Aeration is the most common method for maintaining soybean quality during storage, regulating, and reducing grain 

mass temperature (Coradi et al., 2020). It is a cost-effective, chemical-free technique for preserving grain quality (Lopes 

& Neto, 2022). 

Accurately predicting the grain storage ecosystem helps develop suitable aeration strategies based on local climate 

conditions. Temperature and moisture prediction methods are used to assess aeration effectiveness and determine the need 

for insect, mite, and fungi control. However, testing multiple aeration strategies across seasons in numerous silos can be 

expensive (El Melki et al., 2022). 

Computational Fluid Dynamics (CFD) is a valuable tool that can be employed to simulate and analyse the airflow 

patterns, temperature distribution, and moisture transfer within grain storage systems (Rigoni et al. 2021, Kwiatkowski 

Jr. et al. 2022). By applying CFD techniques, researchers can gain insights into the complex dynamics of airflow, identify 

potential hotspots or areas prone to moisture accumulation, and optimize aeration strategies for enhanced grain quality 
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and storage efficiency. CFD simulations provide a cost-effective alternative to extensive field testing by allowing for 

virtual experimentation and evaluation of various aeration scenarios, contributing to a better understanding of the soybean 

aeration problem (Nuttall et al., 2017). 

Rigoni et al. (2022) provided an analytical solution using the method of manufactured solutions (MMS) for Thorpe's 

(2001) widely used mathematical model of grain mass aeration. The model was numerically solved using the Finite 

Difference Method (FDM), with the authors recommending the CDS-Crank-Nicolson and Leith's methods. 

This paper aims to solve Thorpe's (2001) mathematical model using the FDM and compare the performance of the 

CDS-Crank-Nicolson and Leith's methods in two different soybean aeration settings. Additionally, the study compares 

the simulation results with a modified analytical solution that incorporates a broader range of realistic parameters, 

surpassing the limitations of the previous work presented by Rigoni et al. (2022). This paper also includes an analysis of 

the discretization error for the utilized approximations to ensure that there are no programming errors in the numerical 

solution. 

To address non-physical oscillations in second-order approximations, the technique by Von Neumann & Richtmyer 

(1950) was employed, following the approach in Rigoni et al. (2022), Xuan et al. (2017), Mousa & Ma (2020), and 

Melland et al. (2021). 

The paper is structured as follows: Section 2 presents the mathematical model proposed by Thorpe (2001), including 

the boundary and initial conditions. Section 3 introduces an adapted version of the analytical solution proposed in Rigoni 

et al. (2022) to incorporate more realistic parameters. The numerical model is described in detail in Section 4. In Section 

5, the code is numerically verified. Section 6 presents and discusses the obtained results, while Section 7 draws the 

conclusions of the study. 

 

2. MATHEMATICAL MODEL 

 

The model that describes the temperature (T) and grain moisture (U) used in this work was presented in detail by 

Thorpe (2001). However, simplifications have been made to the original model, as suggested by Lopes et al. (2006), to 

maintain accuracy while improving computational efficiency. The simplified model, adopted in this work, is given by 

 

𝜕𝑇

𝜕𝑡
(𝜌𝜎[𝑐𝑔 + 𝑐𝑊𝑈] + 𝜖𝜌𝑎 [𝑐𝑎 + 𝑅 (𝑐𝑊 +

𝜕ℎ𝑣

𝜕𝑇
)]) = 

 

𝜌𝜎ℎ𝑠

𝜕𝑈

𝜕𝑡
− 𝑢𝑎𝜌𝑎 [𝑐𝑎 + 𝑅 (𝑐𝑊 +

𝜕ℎ𝑣

𝜕𝑇
)]

𝜕𝑇

𝜕𝑦
+ 𝜌𝜎

𝑑𝑚

𝑑𝑡
(𝑄𝑟 − 0.6ℎ𝑣), (1) 

𝜌𝜎

𝜕𝑈

𝜕𝑡
= −𝑢𝑎𝜌𝑎

𝜕𝑅

𝜕𝑦
+

𝑑𝑚

𝑑𝑡
(0.6 + 𝑈),   (2) 

where:  t is time (s), y is the axis in the vertical direction (oriented from bottom to top) (m), 𝑈 is grain moisture (kgkg−1), 

𝑢𝑎 is aeration air velocity (ms−1), 𝑐𝑔 is grain specific heat (Jkg−1°C−1), 𝑐𝑊 is specific heat of water (Jkg−1°C−1), 𝑐𝑎  is 

specific heat of air (Jkg−1°C−1), 𝑅 is humidity ratio of air (kgkg−1), 𝜌𝑎  is density of intergranular air (kgm−3), 𝜌𝜎 is grain 

bulk density (kgm−3), ℎ𝑣 is latent heat of vaporization of water (Jkg−1), ℎ𝑠 is differential heat of sorption (Jkg−1), 𝑇 is 

grain temperature (°C), 𝜖 is grain porosity (decimal), dm/dt is derivative of the grain dry matter loss with respect to time 

(kgs−1) and 𝑄𝑟  is heat of oxidation of the grain (Js−1m−3).  

In this study, an aeration system with an up-flow configuration, represented by the vertical dimension y ∈ [0, L], was 

utilized. The problem geometry and calculation domain for this study are depicted in Figure 1. The domain is a three-

dimensional silo, representing the storage structure used for soybean grains. The vertical dimension, denoted by y, ranges 

from 0 to L, representing the height of the grain mass. The horizontal dimensions, denoted by x and z, extend in the plane 

perpendicular to the vertical dimension. However, for the purpose of this study, a one-dimensional simplification is 

adopted, focusing solely on the vertical dimension (y ∈ [0, L]). This simplification allows for easier analysis and 

computational implementation while still capturing the essential aspects of the aeration system.  

 

Figure 1. Problem geometry and calculation domain (Modified from Panigrahi et al. (2020b)). 
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The parameters of the mathematical model were specifically derived for soybean grains, and the equations employed 

in the analysis align with the detailed formulations presented by Rigoni et al. (2022). By utilizing these consistent 

equations and accurate parameter values, the study ensures a robust and reliable foundation for investigating the behaviour 

of the soybean aeration problem. 

 

2.1 Boundary and Initial Conditions 

 

At y = 0, it was assumed that the grain at the base of the storage reaches equilibrium with the aeration airflow:  

𝑇(0, 𝑡) = 𝑇𝐵 , (3) 

where 𝑇𝐵 represents the aeration air temperature. The moisture content at y = 0 was calculated as (Lopes et al. 2006) 

𝑈(0, 𝑡) = −
1

𝐵
𝑙𝑛 [𝑙𝑛 (−

𝑟𝑎

100
) (−

𝑇𝐵 + 𝐶

𝐴
)] = 𝑈𝐵 , (4) 

where 𝑟𝑎 represents the relative humidity of the aeration airflow and can be obtained by 

𝑟𝑎 = 𝑢𝑟

6 × 1025

(𝑇𝑎𝑚𝑏 + 273.15)5 𝑒𝑥𝑝 [−
6800

𝑇𝑎𝑚𝑏 + 273.15
]

6 × 1025

(𝑇𝐵 + 273.15)5 𝑒𝑥𝑝 [−
6800

𝑇𝐵 + 273.15
]

, (5) 

where 𝑢𝑟 is the ambient relative humidity and 𝑇𝑎𝑚𝑏  is the ambient temperature. At y = L, the Neumann boundary 

conditions for temperature and moisture are given by 

(
𝜕𝑇

𝜕𝑦
)

𝑦=𝐿

= (
𝜕𝑈

𝜕𝑦
)

𝑦=𝐿

= 0. (6) 

Throughout the domain, the initial condition is equal to the temperature of the grain mass after the drying process (𝑇𝐼), 

that is: 

𝑇(𝑦, 0) = 𝑇𝐼 . (7) 

The initial moisture (𝑈𝐼) can be obtained by (Thorpe, 2001b) 

𝑈(𝑦, 0) =
𝑈𝑝

100 − 𝑈𝑝

= 𝑈𝐼 , (8) 

where 𝑈𝑝 is the moisture content of the grain after drying, in percent (%). 

 

3. ANALYTICAL SOLUTION 

 

The Method of Manufactured Solutions (MMS) (Oberkampf & Blottner, 1998) involves generating an exact solution 

without concerning the physical reality of the problem. An analytic function is defined as the dependent variable in the 

partial differential equation (PDE), and all derivatives are computed analytically. The remaining terms that do not satisfy 

the PDE are incorporated into a source term, which is added to the PDE to precisely satisfy the new equation (Roy, 2005).  

Rigoni et al. (2022) were the first to propose an analytical solution to the model introduced by Thorpe (2001). Their 

solution was developed using the MMS approach based on experimental data from Khatchatourian & Oliveira (2006) and 

Oliveira et al. (2007). The experiment involved monitoring the temperature of soybeans in a prototype silo, with the 

aeration process being observed for a duration of one hour. The initial grain temperature (𝑇𝐼) was 52.9 °C, and the aeration 

air temperature (𝑇𝐵) was 31.1 °C. 

Although the analytical solution proposed by Rigoni et al. (2022) demonstrated excellent agreement with the 

experimental data, it did not consider the initial parameter of aeration air velocity. To address this limitation, the solution 

was algebraically manipulated, leading to the proposal of a new analytical solution that incorporates this parameter. 

Therefore, the new analytical solution presented in this paper is given by: 

𝑇̂(𝑦, 𝑡) = 𝑇𝐼 +
1

2
(𝑇𝐵 − 𝑇𝐼)[𝑒𝑟𝑓𝑐(𝑃1) + 𝑒𝑥𝑝(𝑃2)𝑒𝑟𝑓𝑐(𝑃3)], (9) 
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where 𝑃1 =
𝑦−𝑢𝑎

2.2×10−4

0.23
𝑡

√𝑢𝑎
8×10−6

0.23
𝑡

, 𝑃2 =
𝑢𝑎

2.2×10−4

0.23
𝑦

𝑢𝑎
8×10−6

0.23

, 𝑃3 =
𝑦+𝑢𝑎

2.2×10−4

0.23
𝑡

√𝑢𝑎
8×10−6

0.23
𝑡

 and erfc represents the complementary error function (Van 

Genuchten et al., 1982), defined by 

𝑒𝑟𝑓𝑐(𝑥) = 1 − 𝑒𝑟𝑓(𝑥) =
2

√𝜋
∫ 𝑒−𝑡2

∞

𝑥

𝑑𝑡. (10) 

The proposed solution considers the following parameters: storage size (y), aeration time (t), aeration air temperature 

(𝑇𝐵), initial grain mass temperature (𝑇𝐼), and aeration air velocity (𝑢𝑎).  

These parameters play a crucial role in analysing the behaviour of numerical solutions when variations occur. By 

modifying these parameters, it becomes possible to study the impact of temperature, aeration time, aeration air 

temperature, initial grain mass temperature and aeration air velocity on the numerical solution. This comparative analysis 

is essential for assessing the sensitivity of the solution to parameter changes and understanding how different parameter 

values affect the overall behaviour of the system. It helps in validating the accuracy and reliability of the numerical 

solutions and provides valuable insights into the system's response under various conditions.  

For the function defined by Eq. (9) to be considered an analytical solution of Eq. (1), a source term needs to be added 

to Eq. (1), resulting in the following modified equation: 

𝒜
𝜕𝑇

𝜕𝑡
= −ℬ

𝜕𝑇

𝜕𝑦
+ ℱ, (11) 

where: 

𝒜 = 𝜌𝜎[𝑐𝑔 + 𝑐𝑊𝑈] + 𝜖𝜌𝑎 [𝑐𝑎 + 𝑅 (𝑐𝑊 +
𝜕ℎ𝑣

𝜕𝑇
)], (12) 

ℬ = 𝑢𝑎𝜌𝑎 [𝑐𝑎 + 𝑅 (𝑐𝑊 +
𝜕ℎ𝑣

𝜕𝑇
)], (13) 

ℱ = 𝒜 (
ℱ1

2
(𝑇𝐵 − 𝑇𝐼)) + ℬ (

ℱ2

2
(𝑇𝐵 − 𝑇𝐼)), (14) 

and,  

ℱ1 =
1

(𝑡𝑢𝑎)
3
2 

0.0457519𝑢𝑎(𝑇𝐵 − 𝑇𝐼) 𝑒𝑥𝑝 (−
28.750𝑦2

𝑡𝑢𝑎
− 0.0263043𝑡𝑢𝑎 − 27.5𝑦) {𝑦[1045.45 +

1045.45 𝑒𝑥𝑝(82.5𝑦)] + + 𝑡𝑢𝑎(𝑒𝑥𝑝(82.5𝑦) − 1)}, 

 

ℱ2 = 27.5 𝑒𝑥𝑝(27.5𝑦) 𝑒𝑟𝑓𝑐 (
169.558(0.000956522𝑡𝑢𝑎+𝑦)

√𝑡𝑢𝑎
)    +

1

√𝑡𝑢𝑎
(−191.326 𝑒𝑥𝑝 (−

28.75𝑦2

𝑡𝑢𝑎
) +

− 0.026043𝑡𝑢𝑎 − 27.5𝑦) − 191.326 𝑒𝑥𝑝 [− (
28750(𝑦−0.000956522𝑡𝑢𝑎)2

𝑡𝑢𝑎
)]. 

 

4. NUMERICAL MODEL 

 

The grain temperature and moisture differential equations were numerically solved using the Finite Difference Method 

(FDM) (Tannehill et al., 1997). When an equation is discretized using this method, the evaluation of variables and 

approximations of their derivatives at the mesh nodes leads to a system of equations that requires a suitable solver. In this 

study, the TriDiagonal Matrix Algorithm (TDMA) (Thomas, 1949), a widely adopted solver in the literature, was 

employed to solve the resulting system of equations. 

In Figure 2, the position of discrete points relative to a central node P is denoted by N and S. The temporal location of 

the node is indicated by the subscript n. Additionally, Δy = L/𝑁𝑦 represents the spacing between two consecutive nodes 

in the y direction, where 𝑁𝑦 is the total number of nodes. Similarly, Δt = 𝑡𝑓/𝑁𝑡 represents the difference between the 

current and previous simulation time, where 𝑡𝑓 is the final simulation time and 𝑁𝑡 corresponds to the number of time 

steps. These definitions are essential for understanding the discretization and temporal aspects of the numerical solution. 

 



27th ABCM International Congress of Mechanical Engineering 
December 4-8, 2023. Florianópolis, SC, Brazil 

 

Figure 2. Mesh for the numerical solution using the Finite Difference Method (FDM), involving the central node P and its neighbours at two 

different time steps. 

 

4.1 Central Difference Scheme (CDS) 

Approximating the spatial derivative of T using CDS and the temporal derivative of T using the θ-formulation 

(Tannehill et al., 1997), the discretized form of Eq. (11) is given by 

𝒜𝜃𝑇𝑃
𝑛+1 = 𝒜𝜃𝑇𝑃

𝑛 −
ℬ𝜃

2
(

𝛥𝑡

𝛥𝑦
) 𝑇𝐸

𝜃 +
ℬ𝜃

2
(

𝛥𝑡

𝛥𝑦
) 𝑇𝑊

𝜃 + ℱ𝛥𝑡, (15) 

where, 

𝒜𝜃 = 𝜌𝜎[𝑐𝑔 + 𝑐𝑊𝑈𝑃
𝜃] + 𝜖𝜌𝑎 [𝑐𝑎 + 𝑅𝑃

𝜃 (𝑐𝑊 +
𝜕ℎ𝑣

𝜕𝑇
)], (16) 

ℬ𝜃 = 𝑢𝑎𝜌𝑎 [𝑐𝑎 + 𝑅𝑃
𝜃 (𝑐𝑊 +

𝜕ℎ𝑣

𝜕𝑇
)]. (17) 

Using the same approximations for U and R, the discretized form of Eq. (2) is obtained: 

𝑈𝑃
𝑛+1 = 𝑈𝑃

𝑛 −
𝑢𝑎𝜌𝑎

2𝜌𝜎

(
𝛥𝑡

𝛥𝑦
) 𝑅𝐸

𝜃 +
𝑢𝑎𝜌𝑎

2𝜌𝜎

(
𝛥𝑡

𝛥𝑦
) 𝑅𝑊

𝜃 +
𝛥𝑡

𝑑𝑚
𝑑𝑡

𝜌𝜎

𝑈𝑃
𝜃 + 0.6

𝛥𝑡
𝑑𝑚
𝑑𝑡

𝜌𝜎

, (18) 

in which the relation for an arbitrary variable Λ is given by 

𝛬𝜃 = 𝛬𝑛 + 𝜃(𝛬𝑛+1 − 𝛬𝑛). (19) 

The Neumann boundary conditions can be approximated using CDS with the ghost point technique (Tannehill et al., 

1997), so the temperature T and the moisture U at y = L can be calculated, respectively, by 

𝑇𝑁𝐵
𝑛+1 = 𝑇𝑁𝐵

𝑛 + ℱ
𝛥𝑡

𝒜
, (20) 

𝑈𝑁𝐵
𝑛+1 = 𝑈𝑁𝐵

𝑛 +
𝛥𝑡

𝑑𝑚
𝑑𝑡

𝜌𝜎

𝑈𝑃
𝜃 + 0.6

𝛥𝑡
𝑑𝑚
𝑑𝑡

𝜌𝜎

,  (21) 

where 𝑁𝐵 represents the node located at the boundary. 

 

4.2 Leith's Scheme 

 

Equation (11) can be rewritten as 

𝜕𝑇

𝜕𝑡
= − (

ℬ

𝒜
)

𝜕𝑇

𝜕𝑦
+

ℱ

𝒜
. (22) 

Leith's scheme (Leith, 1965) consists in approximating the temporal and spatial derivatives of a given variable, in this 

case T, as follows: 

(
𝜕𝑇

𝜕𝑡
)

𝑃

𝑛+1

≈ [
𝑇𝑃

𝑛+1 − 𝑇𝑃
𝑛

𝛥𝑡
], (23) 
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(
𝜕𝑇

𝜕𝑦
)

𝑃

𝑛+1

≈ (
ℬ

𝒜
) (

𝛥𝑡

𝛥𝑦
) [

𝑇𝑃
𝑛 − 𝑇𝑊

𝑛

𝛥𝑦
] + [1 − (

ℬ

𝒜
) (

𝛥𝑡

𝛥𝑦
)] [

𝑇𝐸
𝑛 − 𝑇𝑊

𝑛

2𝛥𝑦
]. (24) 

Thus, the discretized form of Eq. (22) is achieved: 

𝑇𝑃
𝑛+1 = [1 − (

ℬ

𝒜

𝛥𝑡

𝛥𝑦
)

2

] 𝑇𝑃
𝑛 +

1

2
[(

ℬ

𝒜

𝛥𝑡

𝛥𝑦
)

2

+ (
ℬ

𝒜

𝛥𝑡

𝛥𝑦
)] 𝑇𝑊

𝑛 +
1

2
[(

ℬ

𝒜

𝛥𝑡

𝛥𝑦
)

2

− (
ℬ

𝒜

𝛥𝑡

𝛥𝑦
)] 𝑇𝐸

𝑛 + ℱ
𝛥𝑡

𝒜
. (25) 

The same procedure can be done in Eq. (2), resulting in the discretized form, given by 

𝑈𝑃
𝑛+1 = [

2𝜌𝜎

2𝜌𝜎 −
𝑑𝑚
𝑑𝑡

𝛥𝑡
] (𝒰1+ 𝒰2), (26) 

where  

𝒰1 = (1 +
𝑑𝑚

𝑑𝑡
𝛥𝑡

2𝜌𝜎
) 𝑈𝑃

𝑛 − (
𝑢𝑎𝜌𝑎

𝜌𝜎

𝛥𝑡

𝛥𝑦
)

2

𝑅𝑃
𝑛 +

1

2
[(

𝑢𝑎𝜌𝑎

𝜌𝜎

𝛥𝑡

𝛥𝑦
)

2

+ (
𝑢𝑎𝜌𝑎

𝜌𝜎

𝛥𝑡

𝛥𝑦
)] 𝑅𝑊

𝑛 , 
 

 

      𝒰2 =  +
1

2
[(

𝑢𝑎𝜌𝑎

𝜌𝜎

𝛥𝑡

𝛥𝑦
)

2

− (
𝑢𝑎𝜌𝑎

𝜌𝜎

𝛥𝑡

𝛥𝑦
)] 𝑅𝐸

𝑛 +
0.6𝛥𝑡

𝑑𝑚
𝑑𝑡

𝜌𝜎

. 

 

Neumann boundary conditions can be approximated using the ghost point technique (Tannehill et al., 1997), whose 

results are analogous to Eqs. (20) and (21). 

 
4.3 Artificial Viscosity 

Originally introduced by Von Neumann & Richtmyer (1950), the artificial viscosity is a method to control spurious 

non-physical oscillations in numerical solutions and can be added to the temperature equation. Thus, Eq. (11) can be 

rewritten as 

𝒜
𝜕𝑇

𝜕𝑡
= −ℬ

𝜕𝑇

𝜕𝑦
+

𝜕

𝜕𝑦
[𝐷𝛥𝑦2 |

𝜕𝑇

𝜕𝑦
|

𝜕𝑇

𝜕𝑦
] + ℱ, (27) 

where D is a dimensionless constant (Campbell & Vignjevic, 2009). Note that, as Δy → 0, the term corresponding to the 

artificial viscosity tends to zero. Therefore, Eq. (27) tends to Eq. (11). 

The method presented by Lax & Wendroff (1960) was used to perform the discretization. For the problem in this 

study, the artificial viscosity was used to eliminate excessive oscillations in the second-order methods. In this regard, it 

is appropriate to add the following term in the discretized equations of these methods: 

𝜕

𝜕𝑦
[𝐷𝛥𝑦2 |

𝜕𝑇

𝜕𝑦
|

𝜕𝑇

𝜕𝑦
] ≈

𝐷

𝛥𝑦
[|𝑇𝐸

𝑛 − 𝑇𝑃
𝑛|(𝑇𝐸

𝑛 − 𝑇𝑃
𝑛) − |𝑇𝑃

𝑛 − 𝑇𝑊
𝑛 |(𝑇𝑃

𝑛 − 𝑇𝑊
𝑛 )]. (28) 

5. NUMERICAL VERIFICATION 

 

This section provides a comprehensive analysis of the code, ensuring accuracy and reliability of the results. To assess 

the accuracy of the numerical model, the effective (𝑝𝐸) and the apparent order (𝑝𝑈) were calculated. These orders estimate 

the asymptotic order of the discretization error. The 𝑝𝐸  is determined when the analytical solution is known, while the 𝑝𝑈 

is used when the analytical solution is unknown. Both orders are calculated using numerical solutions and representative 

mesh sizes (h). 

The asymptotic order (𝑝𝐿) for the CDS-Crank-Nicolson and Leith methods used in this study is 𝑝𝐿 = 2. This 

information is based on previous studies by Dehghan (2005), Campbell & Yin (2007), and Tannehill et al. (1997). The 

asymptotic order indicates the expected behaviour of the error as the mesh size tends to zero. 

Results related to the discretization errors, 𝑝𝐸  and 𝑝𝑈 for temperature T at y = L/2 and 𝑡 =  𝑡𝑓/2 are presented for the 

approximations used. The representative mesh size h was calculated as h = Δy = Δt/2 in the tests. The behaviours of the 

discretization errors with mesh refinement for the methods used are shown in Figure 3.  

It can be observed that the discretization error decreased as the mesh size was refined for both methods studied (CDS-

Crank-Nicolson and Leith). Furthermore, the curves have similar slopes, suggesting that these errors fall within the same 

order. 
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Figure 3: Decay of discretization errors with mesh refinement. 

 

Figure 4 presents the effective (𝑝𝐸) and apparent (𝑝𝑈) orders with mesh refinement for each of the methods under 

study. These orders provide insights into the convergence behavior of the numerical solutions. 

 

Figure 4.1: Effective Order 

 

Figure 4.2: Apparent Order 

Figure 4: Behaviour of the effective and apparent orders of discretization errors with mesh refinement for the methods under study. 

In Figure 4, it is evident that the 𝑝𝐸  and 𝑝𝑈 of each method converge towards their asymptotic orders (𝑝𝐿). This 

convergence supports the reliability and accuracy of the numerical results obtained in the study. 

 

6. NUMERICAL EXPERIMENTS AND RESULTS 

 

Simulations were conducted using various grid sizes, including 𝑁𝑦 x 𝑁𝑡 = 512x1024, 256x1024, 128x1024, 64x1024, 

and 32x1024, to examine the performance of the CDS-Crank-Nicolson and Leith's methods in two distinct aeration 

settings. In the subsequent sections, the performance of the CDS-Crank-Nicolson and Leith's methods will be discussed 

for all the mesh sizes considered. However, the specific results and figures will be presented for the 512x1024 mesh size 

as an illustrative example. This approach allows for a comprehensive analysis of the methods across different mesh sizes 

while highlighting the trends and patterns observed in the selected 512x1024 case. 

 

6.1 Setting A 

 

For the initial setting, referred to as setting A, a soybean mass with a height of 20 meters (L = 20 m) was considered. 

The initial and boundary temperatures were set to 𝑇𝐼  = 52.9 °C and 𝑇𝐵 = 31.1 °C, respectively. A constant aeration air 

velocity of 𝑢𝑎 = 0.10 m/s was applied for a duration of 40 hours. Figure 5 illustrates the temperature variation of the 

soybeans during aeration, specifically focusing on the middle of the storage location (𝐿𝑚 = 10 m). Figure 5.1 depicts the 

temporal variation of the temperature, while Figure 5.2 shows the numerical error between the computed and analytical 

temperature for each analysed point in Figure 5.1. 
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Figure 5.1: Temperature variation with respect to time for 𝐿𝑚= 10 m. 

 

Figure 5.2: Numerical error of temperature versus time given by Figure 5.1. 

Figure 5: Grain temperature variations in setting A with 𝑁𝑦𝑥𝑁𝑡 = 512x1024. 

By utilizing a mesh size of 512x1024, we analysed the performance of the CDS-Crank-Nicolson and Leith's methods 

in setting A. Figure 5 presents the grain temperature variations for this mesh size. In this case, the CDS-Crank-Nicolson 

method exhibited better performance compared to the Leith's method. This is evident from the slightly smaller maximum 

numerical errors observed in Figure 5.2 when using the CDS-Crank-Nicolson method.  

In the tests carried out with the other meshes, it could be seen that the difference between the number of time steps 

(𝑁𝑡) and the number of spatial points (𝑁𝑦) plays a crucial role in the accuracy of the numerical solutions. During that test, 

it was observed that when the difference between 𝑁𝑦 and 𝑁𝑡 is large, the CDS-Crank-Nicolson and Leith's methods exhibit 

the same behaviour. With a smaller difference between 𝑁𝑦 and 𝑁𝑡 (512x1024), the CDS-Crank-Nicolson method was 

able to provide more precise results. 

 

6.2 Setting B 

 

The second setting referred to as setting B, encompasses a larger storage location with a height of 35 meters (L = 35 

m). In line with setting A, the initial and boundary temperatures remain identical. However, in setting B, a higher constant 

aeration air velocity of 𝑢𝑎 = 0.20 m/s is implemented for a duration of 40 hours. It is important to note that setting B 

features a larger storage area and a more robust fan/motor system compared to setting A. 

For comparison purposes, Figure 6 illustrates the temperature variation of soybeans during aeration. Figure 6.1 

displays the temporal variation of grain temperature at the midpoint of the storage location (𝐿𝑚 = 17.5 m). The numerical 

error, represented by the difference between the numerical and analytical temperature, is shown for each analysed point 

in Figure 6.2. 

 

Figure 6.1: Temperature variation with respect to time for 𝐿𝑚 = 17.5 m. 17.5 m. 

 

Figure 6.2: Numerical error of temperature versus time given by Figure 6.1. 

Figure 6: Grain temperature variations in setting B with 𝑁𝑦𝑥𝑁𝑡 = 512x1024. 
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In setting B, when the difference between 𝑁𝑦 and 𝑁𝑡 is large, the methods tend to have similar behavior, with a slight 

advantage for the Leith's method. However, when we consider 𝑁𝑦 x 𝑁𝑡 = 512x1014, as shown in Figure 6, it is evident 

that the Leith's method is vastly superior to the CDS-Crank-Nicolson method. The numerical errors are significantly 

smaller for the Leith's method (Figure 6.2), indicating its higher accuracy and reliability in capturing the behavior of the 

aeration process. 

 

6.3 Discussions 

 

In setting A, characterized by smaller storage locations and lower aeration air velocities, the CDS-Crank-Nicolson 

method exhibited a consistent and satisfactory performance regardless of the difference between the 𝑁𝑦 and 𝑁𝑡  

parameters, however, the Leith's method showed similar behaviour. In contrast, in setting B, which involved larger storage 

locations and higher aeration air velocities, the Leith's method consistently outperformed the CDS-Crank-Nicolson 

method in all tested cases, including those with smaller differences between 𝑁𝑦 and 𝑁𝑡. 

The robustness, efficiency, and stability demonstrated by the Leith's method, even in cases with smaller differences 

between 𝑁𝑦 and 𝑁𝑡, make it a preferred choice for simulating aeration in grain storage systems. This indicates that the 

Leith's method can generate accurate and reliable results even when there are variations or uncertainties in the input 

parameters or conditions. On the other hand, the CDS-Crank-Nicolson method may be more sensitive to changes in the 

input parameters, potentially rendering it less reliable in certain situations. 

In summary, the Leith's method offers robustness and efficiency, making it the preferred option for simulating aeration 

in grain storage systems, particularly in settings with larger storage locations and higher aeration air velocities. Its ability 

to handle smaller differences between 𝑁𝑦 and 𝑁𝑡 further enhances its reliability and applicability in practical settings. 

 

7. CONCLUSIONS 

 

This paper presents a novel analytical solution utilizing the Method of Manufactured Solutions (MMS) based on the 

work of Rigoni et al. (2022) for the mathematical model of grain mass aeration originally developed by Thorpe (2001). 

The proposed solution is versatile and capable of handling various parameters associated with soybean aeration. The 

Finite Difference Method (FDM) was employed to discretize the mathematical model, and particular attention was given 

to investigating the behaviour of the CDS-Crank-Nicolson and Leith's methods regarding their performance in different 

settings. To mitigate non-physical oscillations, artificial viscosity was introduced to the problem. Simulations were 

conducted in various aeration settings, considering different parameters. The findings revealed that the Leith's method 

exhibited superior efficiency and robustness compared to the CDS-Crank-Nicolson method. As a result, the Leith's 

method is highly recommended for numerical solutions of the mathematical model pertaining to the aeration problem 

proposed by Thorpe. 
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