Chapter 8

SINGLE-VARIABLE
PROBLEMS IN TWO
DIMENSIONS

8.1 INTRODUCTION

Finite element analysis of two-dimensional problems involves the same basic steps as
those described for one-dimensional problems in Chapters 3-6. The analysis is somewhat
complicated by the fact that two-dimensional problems are described by partial differen-
tial equations over geometrically complex regions. The boundary I" of a two-dimensional
domain €2 is, in general, a curve. Therefore, finite elements are simple two-dimensional
geometric shapes that allow approximations of a given two-dimensional domain as well
as the solution over it. Thus, in two-dimensional problems we not only seek an approx-
imate solution to a given problem on a domain, but we also approximate the domain by
a suitable finite element mesh. Consequently, we will have approximation errors due to
the approximation of the solution as well as discretization errors due to the approximation
of the domain in the finite element analysis of two-dimensional problems. The finite ele-
ment mesh (discretization) consists of simple two-dimensional elements, such as triangles,
rectangles, and/or quadrilaterals, that allow unique derivation of the interpolation functions.
The elements are connected to each other at nodal points on the boundaries of the elements.
The ability to represent domains with irregular geometries by a collection of finite ele-
ments makes the method a valuable practical tool for the solution of boundary, initial, and
eigenvalue problems arising in various fields of engineering.

The objective of this chapter is to extend the basic steps discussed earlier for one-
dimensional problems to two-dimensional boundary value problems involving a single
dependent variable. Once again, we describe the basic steps of the finite element analysis
with a model second-order partial differential equation governing a single variable. This
equation arises in a number of fields including electrostatics, heat transfer, fluid mechanics,
and solid mechanics (see Table 8.1.1).
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Table 8.1.1 Some examples of the Poisson equation
-V (kVu)= finQ2
o
MNatural boundary condition: kﬁ + i — ) =g only
i

Essential boundary condition: w=idon [,

Primary Material Source Secondary
Field of variable constant variable variahles
application i k f , ;:L: %%
Heat transfer Temperature 7 Conductivity k Heat source g Heat flow
due to
conduction
ar
kon
convection
T — T}
Irrotational Stream Density p Mass Velocities
flow of an function production a ?,—‘:' =—
ideal fiuid LI
ay
Velocity Density o Mass % =
potential ¢ production a ::,—'f =v
Groundwater Piezometric Permeability Recharge f Seepage
; a
flow head ¢ K (pumping, — f) q=k5E
Velocities
w=—k %%
v=—k %

g g X = g
Torsion of Stress k=1 f=1 G 5 = —ay;
cylindrical function W G = shear # = angle of rwist Gé %"E = 0
members modulus per unit length
Electrostatics Scalar Dielectric Charge density p Displacement

potential ¢

constant €

flux density D,

Magnetostatics Magnetic Permeability Charge density p Magnetic flux
potential ¢ density &,
Membranes Transverse Tension in Transversely Normal force g
deflection u membrane T distributed
load

8.2 BOUNDARY VALUE PROBLEMS

8.2.1 The Model Equation

Consider the problem of finding the solution «(x, y) of the second-order partial differential

equation

du

an—— t+ap

ax

a ( dut 4
' 138 W
ay \ " ox

g —

du
y

) + agyu — =0 (8.2

for given data a;; (i, j = 1. 2), ago and f, and specified boundary conditions, The form of
the boundary conditions will be apparent from the weak formulation. As a special case, we
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can obtain the Poisson equation from (8.2.1) by setting ay; = az =k(x, y) and app =az =
dop = 0:

—V . (kVu)=f(x,y) inQ (8.2.2)

where V is the gradient operator. If i and j denote the unit vectors directed along the x and
y axes, respectively, the gradient operator can be expressed as (see Sec. 2.2.3)
- a ~ 3

V=i—<+j
ox +J3_v

and (8.2.2) in the Cartesian coordinate system takes the form

d du J du
——h— | ——lk— | = Fflx: ¥y 823
dx (k H,-\') ay (k H_\_\') Fx ) ( )

In the following, we shall develop the finite element model of (8.2.1). The major steps
are as follows:

Discretization of the domain into a set of finite elements.

Weak (or weighted-integral) formulation of the governing differential equation.
Derivation of finite element interpolation functions.

Development of the finite element model using the weak form.

Assembly of finite elements to obtain the global system of algebraic equations.
Imposition of boundary conditions.

Solution of equations.

e Lo L T T

Postcomputation of solution and quantities of interest.

Steps 6 and 7 remain unchanged from one-dimensional finite element analysis because at
the end of Step 5 we have a set of algebraic equations whose form is independent of the
dimension of the domain or nature of the problem. In the following sections, we discuss
each step in detail.

8.2.2 Finite Element Discretization

In two dimensions there is more than one simple geometric shape that can be used as a
finite element (see Fig. 8.2.1). As we shall see shortly, the interpolation functions depend
not only on the number of nodes in the element and the number of unknowns per node, but
also on the shape of the element. The shape of the element must be such that its geometry
is uniquely defined by a set of points, which serve as the element nodes in the development
of the interpolation functions. As will be discussed later in this section, a triangle is the
simplest geometric shape, followed by a rectangle.

The representation of a given region by a set of elements (i.e., discretization or mesh
generation) is an important step in finite element analysis. The choice of element type,
number of elements, and density of elements depends on the geometry of the domain,
the problem to be analyzed, and the degree of accuracy desired. Of course, there are
no specific formulae to obtain this information. In general, the analyst is guided by his
or her technical background, insight into the physics of the problem being modeled
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Figure 8.2.1 Finite element discretization of an irregular domain: (a) discretization of a domain by
quadrilateral elements; and (b) a typical quadrilateral element €2, (with the unit normal
fi on the boundary ", of the element).

(e.g., a qualitative understanding of the solution), and experience with finite element mod-
eling. The general rules of mesh generation for finite element formulations include:

[. The elements that are selected should characterize the governing equations of the
problem.

2. The number, shape, and type (i.e., linear or quadratic) of elements should be such that
the geometry of the domain is represented as accurately as desired.

3. The density of elements should be such that regions of large gradients of the solution
are adequately modeled (i.e., use more elements or higher-order elements in regions of
large gradients).

4. Mesh refinements should vary gradually from high-density regions to low-density re-
gions. If transition elements are used, they should be used away from critical regions
(1.e., regions of large gradients). Transition elements are those that connect lower-order
elements to higher-order elements (e.g., linear to quadratic).

8.2.3 Weak Form

In the development of the weak form we need only consider a typical element. We as-
sume that €2, is a typical element, whether triangular or quadrilateral, of the finite element
mesh, and we develop the finite element model of (8.2.1) over Q.. Various two-dimensional
elements will be discussed in the sequel.

Following the three-step procedure presented in Chapters 2 and 3, we develop the weak
form of (8.2.1) over the typical element ,. The first step is to multiply (8.2.1) with a weight
function w, which is assumed to be differentiable once with respect to x and y, and then
integrate the equation over the element domain 2, :

: i} 0
U:f wl:——(FJJ— 4_(F2]+aﬂ[ﬂ!__f}dxdy (8.2.4a)
Q. ax l')"y'
where
du du it ]
Fi=a;— s—, B=ay— o — 8.2.4b
V=g +a"a}- 2 =817+ ay ( )
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In the second step we distribute the differentiation among u and w equally. To achieve this,
we integrate the first two terms in (8.2.4a) by parts. First, we note the identities

d dw a F d F ﬂH
—(wﬁ) —F+w— or -w—=—F — —~[Wf1) (8.2.5a)
dx dx dx  ox
i J I oF; @ a
—m;z)——"’-.r1+ v Or WS =R Ry - (wh)  (8.25h)
dy ay ay iy

Next, we use the component form of the gradient (or divergence) theorem

a .
f —(whk)dxdy= % wkn,ds (8.2.6a)
. dx I
d
—(wF)dxdy :% wkan,ds (8.2.6h)
2, dY r, '

where n, and n, are the components (i.e., the direction cosines) of the unit normal vector
fi=n,+n,j=cos ai+ sin (8.2.7)

on the boundary I',., and ds is the length of an infinitesimal line element along the boundary
(see Fig. 8.2.18). Using (8.2.5a), (8.2.5h), (8.2.6a), and (8.2.6b) in (8.2.4a), we obtain

0= ]’ dw du 5 Bu) L I ( dit s du) " flaxa
— 11— 2 iy — Wi —w X /
x| s Ta T\ gy Ry ) ". >

J ] ] d
—?g Wy a“fi +a pi) 4yl ay— i -I—m';;g(—‘i ds (8.2.8)
T, ax i) ' dx dy

From an inspection of the boundary integral in (8.2.8), we note that the specification of
u constitutes the essential boundary condition, and hence u is the primary variable. The
specification of the coefficient of the weight function in the boundary expression

du du e au
qe=ngl ap— +ap— | +n;l ay— +ap— (8.2.9)
ax dy dx dy

constitutes the natural boundary condition; thus, ¢, is the secondary variable of the for-
mulation. The function g, = ¢,(s) denotes the projection of the vector a - Vu along the
unit normal fi. By definition, g, is taken positive outward from the surface as we move
counterclockwise along the boundary I',. In most problems, the secondary variable g, is of
physical interest. For example, in the case of heat transfer through an anisotropic medium,
a;; are the conductivities of the medium, and ¢, is the negative of the heat flux (because of
the Fourier heat conduction law) normal to the boundary of the element.

The third and last step of the formulation is to use the definition (8.2.9) in (8.2.8) and
write the weak form of (8.2.1) as

aw du du dw du du
0= an— +ap— |+ —\|an—+an— ) +apwu —wf |dxdy

ax dy dy ax iy

- ?g wqy ds (8.2.10)
I

wlg
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or,
B (w,u)=1[°(w) (8.2.11a)
where the bilinear form B¢(-, -) and linear form {*(-) are

BY( ) f aw du g 'du) & dw dut i du 3 it

W, 1) = —ayy— +a;;— 23— + ary— agow it |dx dy

o | ox "ax ]"c?y ay L dx = ay ) e
(8.2.115)

1f(w) = [ wf dxdy -|-9§ Wy ds
Ja, F,

The weak form (or weighted integral statement) in (8.2.10) or (8.2.11a) and (8.2.115) is the
basis of the finite element model of (8.2.1).

Whenever B* (w, 1) is symmetric in its arguments w and u [i.e., B (w, u) = B*(u, w)],
the quadratic functional associated with the variational problem (8.2.11a) can be obtained
from [see Eq. (2.4.19)]

!%w%=%B%w.wJ—f%w) (8.2.12a)

The bilinear form in (8.2.115) is symmetric if and only if ¢y, = aa,. Then the functional is

given by
, I o'\’ du du '\
If(w) = —f ay | — +2a|gr_—“.—u—|—agz ——) + agou’ dxdy
2 Q. dx ox (i}’ ('j_)?

B f uf dxdy + f Wiy ds (8.2.12h)
Q, ¥

Vector Form of the Variational Problem

It is common, especially in structural mechanics literature, to express finite element for-
mulations in vector notation (i.e., in terms of matrices). While the vector/matrix notation
is concise, it is not as transparent as the explicit form that has been used throughout the
book. However, for the sake of completeness, the vector form of the variational (or weak)
problem (8.2.11a) and (8.2.11b) is presented here. We shall use bold face letters for matrices
of different order, including the 1 x 1 matrix and row and column matrices.

We begin with Eq. (8.2.11a), which can be written as

B (w.u)=1(w) (8.2.13)

where, in the present case, w is simply w and u is u. Next, we express B°(-, <) and /“(-) in
matrix form. Let

aypp g2 0 dx
C=|6a an 0 |, D={3 (8.2.14)
0 0 am dy
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Then B¢ and [* of (8.2.11h) can be expressed as

aw " du
dx ayp ap 0 dx
Bf(w,u) = f E ar  d 0 E}E dxdy
Qe dy 0 0 ag ay
W it

(8.2.15a)
E(w) = f {(wi'(f) dxdy + f w1 qu) ds
Q. I

or, simply

B°(w.u) = f (Dw)'CDudxdy, [1°(w)= f wifdxdy + f wlqds (8.2.15h)
Q, 2, |

8.2.4 Finite Element Model

The weak form in (8.2.10) requires that the approximation chosen for « should be at least
linear in both x and y so that there are no terms in (8.2.10) that are identically zero. Since the
primary variable is simply the function itself, the Lagrange family of interpolation functions
is admissible.

Suppose that u is approximated over a typical finite element €2, by the expression

ulx, y)~up(x,y)= Zuji,!r;'(x. y) or uf(x,y)=(¥)Tu’ (8.2.16a)
g=1
where u® and W* are n x 1 vectors

u={ulusu oul) W=yl sy ) (8.2.16b)

and «f is the value of uj, at the jth node (x;, y;) of the element and ¥ are the Lagrange
interpolation functions, with the property

W ¥ =0 d=10200m n) (8.2.17)

[n deriving the finite element equations in algebraic terms, we need not know the shape of the
element €2, or the form of f. The specific form of ¢ will be developed for triangular and
rectangular geometries of the element €2, in Section 8.2.5, and higher-order interpolation
functions will be presented in Chapter 9.

Substituting the finite element approximation (8.2.16a) for u into the weak form (8.2.10)
or (8.2.13), we obtain

aw o, 0y aw — Y]
0:‘/;2'“[ (a||Zuij— +fI|1ZH oy ) 3y (HEIIYZ“‘IT){

+ aan Zu}d—) + agow Z y‘f - Hrfj|dXd'y —‘¢ wg,ds (8.2.18a)
i A r,

or

n:f (DwW)'CD (W"u*) dx dy “f
Q.

wifdxdy — % wiqds (8.2.18bh)
Q, A
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This equation must hold for every admissible choice of weight function w. Since we need
n independent algebraic equations to solve for the n unknowns, u{, uj, ..., ut, we choose
n linearly independent functions for w: w =y, ¥5, ... ¥y (or, w={y] 5 ... ¥} =
WT). This particular choice of weight function is a natural one when the weight function
1s viewed as a virtual variation of the dependent unknown (i.e., w =8u =" Su; ;)
and the resulting finite element model is known as the weak-form finite element model or
Ritz finite element model. For each choice of w we obtain an algebraic relation among
(e, us, ..., uy ). We label the algebraic equation resulting from substitution of { for w
into (8.2.18a) as the first algebraic equation, that resulting from w = 5 as the second
equation, and so on. Thus, the ith algebraic equation is obtained by substituting w = ¢
into (8.2.18a):

- e o e e e e
G E g 20 J e O _:)
;{fﬂ[ ax (”” ax T2 )+ 3y (“m B gy

+Gm¢’f¢?]di‘ d.V}“_f = flt'ff dxdy — % 'f*’"f‘j’n ds
' 0, I

or
n
S Kt =140 =12 ....0) (8.2.19q)
j=1

where

e oy oy e s dyre
Kij :f 'wi (all’_ﬂi +an—=" )+ »15’, a2 “45'; + an i
0, dx ay ay i x ay

+ aml,fr,-"i,ffj}a'x dy (8.2.195h)

Vi :f [ dxdy, Qf‘:¥ gnif ds
Q. JT,

In matrix notation, (8.2.19a) takes the form
[KNu®}={f)+{Q°} or Ku'=Ff+Q° (8.2.20a)
where [see Eq. (8.2.180)]

K":f B'CBdxdy, F:] Wi ds, Q":f Wqds
2 82, r

& ¢

(8.2.20b4)
wii,x I’!’fé!. R, ];}-:..-;
B=DU"= (9, 4, - ¥,
veoovE Y

Note that K= K;:"- (l.e.,, [K¢] is a symmetric matrix of order n x n) only when a); =
azy. Equations (8.2.20a) and (8.2.20b) represents the finite element model of (8.2.1). This
completes the finite element model development. Before we discuss assembly of element
equations, it is informative to consider the derivation of the interpolations ¥/ for certain
basic elements and the evaluation of the element matrices in Egs. (8.2.195).
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8.2.5 Derivation of Interpolation Functions

The finite element approximation u{ (x, y) over an element €, must satisfy the following
conditions in order for the approximate solution to converge to the true solution:

I. u§, must be continuous as required in the weak form of the problem (i.e., all terms in the
weak form are represented as nonzero values).

2. The polynomials used to represent uf, must be complete (i.e., all terms, beginning with a
constant term up to the highest-order used in the polynomial, should be included in uj).

3. All terms in the polynomial should be linearly independent.

The number of linearly independent terms in the representation of uj dictates the shape
and number of degrees of freedom of the element. Next, we discuss some of the basic
polynomials and associated elements for the model problem with a single degree of freedom
per node.

Triangular Element

An examination of the weak form (8.2.10) and the finite element matrices in (8.2.195) shows
that ¥ should be at least linear functions of x and y. The complete linear polynomial in x
and y in €, is of the form

uf(x, y)y=cf +c5x +c3y (8.2.21)

where ¢ are constants. The set {1, x, y} is linearly independent and complete. Equa-
tion (8.2.21) defines a unique plane for fixed ¢;. Thus, if u(x, y) is a curved surface,
u (x, y) approximates the surface by a plane. In particular, uj, (x, y} is uniquely defined on
a triangle by the three values of u¢ (x, y) at the vertices of the triangle (see Fig. 8.2.2). Let
us denote

uG(x, yi)=uf, uplxa, y2)=u5, u(xs, y3)=u4 (8.2.22)

4 e N e B - €y, e SR . P | R @
ulx,v) ‘ W xy)=¢ + o x+ o) ) = iy sy

uix, )

A ey

(a) (h)

Figure 8.2.2 Approximation of a curved surface over a triangle by a plane.
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where (x;, v;) denote the coordinates of the ith vertex of the triangle. Note that the triangle
is uniquely defined by the three pairs of coordinates (x;, v;).

The three constants ¢ (i =1,2,3) in (8.2.21) can be expressed in terms of three
nodal values uf (i =1, 2, 3). Thus, the polynomial (8.2.21) is associated with a triangular
element and there are three nodes identified, namely, the vertices of the triangle. Equations
in (8.2.22) have the explicit form

uy = up(x), y1)=c +cx) + ey
Uy = uplxa, a2)=0c1 + X3 + 30
H3 = Uplxs, _‘!:"3) =)+ Cx3 + 1)z

where the element label e is omitted for simplicity. Throughout the following discussion,
this format will be followed. In matrix form, we have

i 1 X ¥i )
=11 x ¢ ¢ or u=Ac (8.2.23)
e I x3 w» 3

Solution of (8.2.23) for ¢; (i = 1, 2, 3) requires the inversion of the coefficient matrix
A in (8.2.23). The inverse ceases to exist whenever any two rows or columns are the same.
Two rows or columns of the coefficient matrix in (8.2.23) will be the same only when all
three nodes lie on the same line. Thus, in theory, as long as the three vertices of the triangle
are distinct and do not lie on a line, the coefficient matrix is invertible. However, in actual
computations, if any two of the three nodes are very close to the third node or the three nodes
are almost on the same line, the coefficient matrix can be nearly singular and numerically
noninvertible. Hence. we should avoid elements with narrow geometries (see Fig. 8.2.3) in
finite element meshes.

Inverting the coefficient matrix in (8.2.23), we obtain

I a) oy o3
mrf:ﬂ Bi B Bil|l., 24=a)+wr 4o
¥Yi Y2 Vi

where 2A is the determinant of the matrix A, A being the area of the triangle whose three
vertices are at (x;, ¥;) (i = 1.2, 3). Solving for ¢; in terms of u; (i.e., {¢}=[A]""(u}),

(a) ]

Figure 8.2.3 Triangular geometries that should be avoided in finite element meshes.
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we obtain

¢ = ﬂ(a‘;ul + @z + wstty)

1
cy = ﬂ(ﬁlul + Bauaz + Bauz) (8.2.24a)

1
C3 = ﬂ(}lgm + yauuz 4 yau3)

where «;, Bi. and y; are constants that depend only on the global coordinates of element
nodes (x;, v;)
Qi =XjVk — Xk )
Bi=yj— (i # j #k;i, j.and k permute in a natural order)  (8.2.24b)
vi=—(x; —x;)
Substituting for ¢; from (8.2.24a) into (8.2.21), we obtain

; |
uy(x, y) = 'ﬂl(“l'xl + w0y + uzaey) + (w0 By + uafo + uafz)x
+ (yiuy + yautz + yauz)yl

3
= Uiy (x, y) (8.2.25a)
i=1
where ¢ are the linear interpolation functions for the triangular element
1
v = T (f +Bix+yfy) (i=1,23) (8.2.25b)

and e}, B7. and y;" are the constants defined in (8.2.24b). The linear interpolation functions
¢ are shown in Fig. 8.2.4.
The interpolation functions i have the properties

i) =é&; (,j=12,3) (8.2.26a)
3 3 . 3
- N L 2L e

Fel, =0, —L =0 8.2.26b
> ; = ; = (8.2.26))

Figure 8.2.4 Interpolation functions for the three-node triangle.
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ulx ) = e+ i + ey + ctxy

Figure 8.2.7 Incompatible four-node triangular elements.

= CI(E}‘F (f.'zh‘) + L';“]).r + L'E:ﬂ.l'z (6 e ].,2]
Thus, the quadratic variation of uy along x =y
cannot be defined uniquely with only two nodal values.

arectangle with the nodes at the vertices. A triangle with a fourth node at the center does not
provide a single-valued variation of u at interelement boundaries, resulting in incompatible
variation of u at interelement boundaries and is therefore not admissible (see Fig. 8.2.7).
The linear rectangular element is a compatible element because on any side uy, varies only

linearly and there are two nodes to uniquely define it.

Here we consider an approximation of the form (8.2.27) and use a rectangular element
with sides a and b [see Fig. 8.2.8(a)]. For the sake of convenience, we choose a local
coordinate system (X, ¥) to derive the interpolation functions. We assume that (the element

label is omitted)
up(X, ¥y) =c| + X + 3y + ¢4y
and require
U = up(0,0) =c

uz = upla,0) =c, +cra

usy = upla, b) =c| + cza + c3b + ciab
= uh{ﬂ, b) = )+ (.'3b
Solving for¢; (i =1, ...,4), we obtain

Wy — Uy
Cl = MUy, Cp,:—a"-

My — U W3 — Hy + H| — U2

b G ab

Substituting (8.2.30) into (8.2.28). we obtain

Il

3

ab

. £ 0y ©y Ry 3
up(x,y) = U](l I A —'—)-I-uz(— o —'—) +us——+ g
a a ® @

4
U YE +usPs +usus Gy =3 utys

i=l

(8.2.28)

(8.2.29)

(8.2.30)

y_E5
b b

(8.2.31)



423

CHAPTER 8: SINGLE-VARIABLE PROBLEMS IN TWO DIMENSIONS

(h)

where
€ X v ¢ }_"
'(»"l_(l a)(] )l wz_ (] b)
(8.2.32a)

or, in concise form,

wf(fn?)=(—l)*+'(l ~ E':ri*')(l —ﬁ—y-) (8.2.32b)

where (¥;, ) are the (¥, ¥) coordinates of node i. The interpolation functions are shown

in Fig. 8.2.8(h). Once again, we have
4
G, j=1,..., 4, Y yr=1 (8.2.33)

V(X §)) =8y
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The procedure given above for the construction of the interpolation functions involves
the inversion of an n x 1 matrix, where n is the number of nodes in the element. When » is
large, the inversion becomes very tedious.

Alternatively, the interpolation functions for rectangular element can also be obtained
by taking the tensor product of the corresponding one-dimensional interpolation functions.
To obtain the linear interpolation functions of a rectangular element, we take the “tensor
product” of the one-dimensional linear interpolation functions (3.2.19) associated with sides

1-2 and 1-3:
. - 3
a " b - Vi Y (8.2.34)

o |

X g o s
a b

The alternative procedure that makes use of the interpolation properties (8.2.33) can also
be used. Here we illustrate the alternative procedure for the four-node rectangular element.
Equation (8.2.26a) requires that

Yi(x, 7)) =0 (i=2,3,4), ¢¥iFE,5»n)=I

That is, [ is identically zero on lines ¥ =a and y = b. Hence, y/{ (%. ¥) must be of the
form

a

Yy (X, ¥) =c1(a — X)(b—¥) forany ¢, #0

Using the condition y/{ (¥, ¥;) = ¥{(0, 0) = 1, we obtain ¢, = | /ab. Hence,

g e s oot EN
1,!1[(.\'._}-}——{”){:: b _\)-_(I a)(l b)

Likewise, we can obtain the remaining three interpolation functions.

Quadratic Elements

A quadratic triangular element must have three nodes per side in order to define a unique
quadratic variation along that side. Thus, there are a total of six nodes in a quadratic triangular
element [see Fig. 8.2.9(a)]. A six-term complete polynomial that includes both x and y is

uf(x, ¥) =c) + c2x + €3y + caxy + csx® + cgy° (8.2.35)

The constants may be expressed in terms of the six nodal values by the procedure outlined
for the three-node triangular element and four-node rectangular element. However, in prac-
tice the interpolation functions of higher-order elements are derived using the alternative
procedure (i.e., use the interpolation praperties).

Similarly, a quadratic rectangular element has three nodes per side, resulting in an
eight-node rectangular element [see Fig. 8.2.9(b)]. The eight-term polynomial is

up(x, y) =€) +cax + 3y + cyxy + c'_q.r2 +csy* + (‘7,1'_’92 + (:H_v.r? (8.2.36)

The interpolation functions of this element cannot be generated by the tensor product of
one-dimensional quadratic functions (3.2.27). Indeed, the two-dimensional interpolation
functions associated with the tensor product of one-dimensional quadratic functions corre-
spond to the nine-node rectangular element [see Fig. 8.2.9(c)]. The nine-term polynomial
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o |

Figure 8.2.9 (a) Quadratic triangular element. (b) Eight-node quadratic rectangular element. (¢) Nine-
node quadratic rectangular element.

is given by
u(x, y) =cp + e2x + c3y 4+ caxy + esx” + coy” + c3xy” +egyx’ +eox?y?  (8.2.37)

Additional discussion on the derivation of element interpolation functions is presented in
Chapter 9.

8.2.6 Evaluation of Element Matrices and Vectors

The exact evaluation of the element matrices [K“] and {f°} in (8.2.19b) is, in general,
not easy. In general, they are evaluated using numerical integration techniques described
in Section 9.3. However, when a;;, agp, and [ are elementwise constant, it is possible to
evaluate the integrals exactly over the linear triangular and rectangular elements discussed in
the previous section. The boundary integral in { Q¢} of (8.2.19b) can be evaluated whenever
gn 18 known. For an interior element (i.e., an element that does not have any of its sides
on the boundary of the problem), the contribution from the boundary integral cancels with
similar contributions from adjoining elements of the mesh (analogous to the Qf in the
one-dimensional problems). A more detailed discussion is given below.

For the sake of brevity, we rewrite [ K] in (8.2.19b) as the sum of five basic matrices
(S, B=0, 1, 2)

[K°]=agol S 4+ a11[8''] + a128'] + a2 [8"1T + axn[5H] (8.2.38)
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where [-]" denotes the transpose of the enclosed matrix, and
50 = f YiaWipdx dy (8.2.39)
_ s

with ;o =01 /0x,, X1 =x, and x2 = v; ¥;0=1;. All the matrices in (8.2.38) and in-
terpolation functions in (8.2.39) are understood to be defined over an element. ie.. all
expressions and quantities should have the element label e, but these are omitted in the
interest of brevity. We now proceed to compute the matrices in (8.2.39) and (8.2.195) using
the linear interpolation functions derived in the previous section,

Element Matrices of a Linear Triangular Element

First, we note that integrals of polynomials over arbitrary shaped triangular domains can
be evaluated exactly. To this end, let /,,, denote the integral of the expression x™ y" over an
arbitrary triangle A

Liion _=_f "y dxdy (8.2.40)
A
Then, it can be shown that

loo = f vy dx dy:f | -dxdy=A areaof the triangle
A A

. I 3
5o =j;x'_~.-“dxdy=/ xdxdy= A%, _Q:EZ.;-,-

A P

13
Iy = j; Nyl dxdy = j; ydxdy=4y, j= 3 z ¥i

[E=1)

(8.2.41)

2 A (g 2 a2
I =/A,V d-’fd.lf‘:E (Z.V: +9."’)

where (x;. y;) are the coordinates of the vertices of the triangle. We can use the above results
to evaluate integrals defined over triangular elements.

Next, we evaluate [ K¢ and { /| for linear triangular element under the assumption that
a;;j and f are elementwise constant. Also, note that (see Problem 8.1)

YAt T.oge=p T e (8.2.42a)

oaf +Bfxe + ¥ he == A, (8.2.42b)

i B i v
= el 1 = 243
ax 24, dy 24, & )

fud | 2
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we obtain

1 1 1
1 o_ ol g - a5 -
8 = A BiBj, Sij= 4_Aﬂ' Yiv S = PVRAL

1
Siy = H'mﬂf +(@iBj +a;fi)k + (aiy; + ;)] (8.2.44)
|
it Z“ﬂﬂt@fﬁj + iy +viBi) + Inrz}’t?’j]]

In view of the identity (8.2.42bh) and for an elementwise constant value of f = f,, we
have

ff= f fei(x, y)dxdy = 2";':" (af +Bix+yy)dxdy

Ay e A,

fe € g 4
=2AJ%ﬁm+ﬁho+mhﬂ
= Je (ﬂ'fAe + B/ Ak, + ]’feAej}e)

24,

1 " 1
= Efe(af + ﬂfie + }"',{e}’e) = EfeAe (8.2.45)

The result in (8.2.45) should be obvious because for a constant source f, the total magnitude
of the source (say, heat) on the element is equal to f, A, which is then distributed equally
among the three nodes, giving a nodal value of f,A./3.

Once the coordinates of the element nodes are known, we can compute «f, B, and y¢
from (8.2.24b) and substitute into (8.2.44) to obtain the element matrices, which in turn can
be used in (8.2.38) to obtain the element matrix [ K“]. In particular, when a2, a2, and agy
are zero and @y, and ay; are elementwise constant, Eq. (8.2.1) becomes

9%u 3% u ' ;
—(ﬂll ﬁ +a22$) — f =0 in Qg (8246)

and the associated element coefficient matrix for a linear triangular element is

1 e e e & 2.8
K= H(ﬂ“ﬁ; BS + a5 v;) (8.2.47)

.
.

e
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S

Element Matrices of a Linear Rectangular Element

When the data a;; (i, j =0, 1,2) and f of the problem is not a function of x and y, we
can use the interpolation functions in (8.2.32a), expressed in the local coordinates (¥, ¥)
that are mere translation of (x, v) (see Fig. 8.2.12), to compute the element coefficients S;.‘B
(, =1, 2) of Eq. (8.2.39). For example, we have

a pb
SE;‘}:L %!’:(LJ’W;(x.y)dxdy:ﬁ fu Yo dxdy

where a and b are the lengths along the ¥ and Vv axes of the element. Since the integration
with respect to ¥ and y can be carried out independent of each other, integration over a
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|

X

Figure 8.2.12 A rectangular element with the global and local coordinate systems.

rectangular element becomes a pair of line integrals. We have

i
00 _
Shi —f
0
[v}

I
<L 0-d = (-

ab ab

a8

[ [(-2)0-D0-2) D)o

Similarly, we can evaluate all the matrices [$*/] with the aid of the following integral

identities:

§ a

—ds=—

e g a Bl
l — = )ds=—, i
/(;( a) 4 2 fna 2

(8.2.51)

[ 2 il fr) 2
[(-2Fams [20-2Joms [
A a 3" Jy a a 6 Jo \a 3

In summary, the element matrices [ S*?] for a rectangular element are

h

iy
157 &= ba
S?,E gk
157 6b

2
-2
—]

—2

—1 1 1 ]
3 =3 [5 ]_E [ =i
-2 | 1
= = o 4 2 1
=~ . | o0, _ab|2 4 2
2 1 L ]_36 1 2 4
1 2 2 1 2

{j‘|=j1f;ab(1 1L 4 4)*

(8.2.52)
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Evaluation of Boundary Integrals
Here, we consider the evaluation of boundary integrals of the type [see Eq. (8.2.1956)]

Qi = 55 quf (s) ds (8.2.56)
I

where ¢ is a known function of the distance s along the boundary I',.. It is not necessary
to compute such integrals when a portion of I', does not coincide with the boundary '
of the total domain Q [see Fig. 8.2.13(a)]. On portions of I, that are in the interior of
the domain €2, ¢S on side (i, j) of element €2, cancels with q:{ on side (p, g) of element
@y when sides (i. j) of element 2, and (p, g) of element s are the same (i.e., at the
interface of elements §2, and r). This can be viewed as the equilibrium of the internal
“flux™ [see Fig. 8.2.13(b)]. When I', falls on the boundary of the domain , ¢, is either
known as a function of s [see Fig. 8.2.13(c)] or to be determined in the postcomputation,
The primary variable must be specified on the portion of the boundary where ¢, is not
specified.
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(c)

{a)

Figure 8.2.13 (a) Finite element discretization. (b) Equilibrium of fluxes at element interfaces.
(¢) Computation of forces on the boundary of the total domain.

The boundary I', of a two-dimensional element consist of line segments, which can
be viewed as one-dimensional elements. Thus, the evaluation of the boundary integrals on
two-dimensional problems amounts to evaluating line integrals. It should not be surprising
that when two-dimensional interpolation functions are evaluated on the boundary of an
element, we obtain the corresponding one-dimensional interpolation functions.

For example, consider a linear triangular element shown in Fig. 8.2.14. The linear inter-
polation functions for this element are given by (8.2.25h). Now let us choose a coordinate
system (s, t) with its origin at node 1 and the coordinate s parallel to the side connecting
nodes | and 2. The two coordinate systems (x, v) and (s, 1) are related as follows:

x=a+bis+cit
Y =a; + bys + cat

YA

Figure 8.2.14 The linear triangular element in the global (x, y) and local (s, ¢) coordinate systems,
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The constants ay, by, ¢, as, bs, and ¢; can be determined with the following conditions:
when s=0, t=0, x=x;, y=y
whenl s=a; =0, x=x3 y=yw

when s=g, t=b6, x=x3, y=w

We obtain
5 C c 4
x(s, 1) =x1 4 (xa — x1)— + !:(_ . l)xl ==Xy -l-x:*»:l-
a a d b
(8.2.57)
5 C C f
ys. D =yn+-n-+ [(— - ])}’l =& +."’3]_
o) a a b

Equations (8.2.57) allow us to express 1;(x, y) as y; (s, t), which can be evaluated on the
side connecting nodes 1 and 2 by setting £ =0 in y; (s, 1):

Yi(s) =, (s. 0) = yr; (x (s, 0), y(s, 0))
x(8)=x; + (x2 —XJ);‘;-- yis)=y +(»n —_'r'|)£

For instance, we have

| 5 8 5 s
Yils) = 78 A [(I = —)xl ¥ —IQ:I + ¥ [(] = -)}’l + —}'2”
a a a a

PRI SO W

= —(og +az a3 ——==]-=

2A a

where the definitions of ), 8, and y; are used to rewrite the entire expression. Similarly,
we have

Ya(s) = 2. Ya(s) =0

where a = hy; is the length of side 1-2. We note that v (s) and v/, (s) are precisely the linear,
one-dimensional, interpolation functions associated with the line element connecting nodes
| and 2.
Similarly, when 1; (x, y) are evaluated on side 3-1 of the element, we obtain
A

5
Vi(s) P V=0, s3(s) i

where the s coordinate is taken along the side 3—1, with origin at node 3, and h; is the
length of side 1-3. Thus, evaluation of Q¢ involves the use of appropriate one-dimensional
interpolation functions and the known variation of g, on the boundary.

In general, the integral (8.2.56) over the boundary of a linear triangular element can be
expressed as

Of = Vi (8)ga(s) ds +[ Yi(8)gu(s) ds + Yi(s)g,(s) ds
2-3

1-2 =1
= Q)+ 0+ 0 (8.2.584)

where [ _; denotes integral over the line connecting node i to node j, the s coordinate is
taken from node i to node j, with the origin at node 7 (see Fig. 8.2.15), and Q;, is defined
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The assembly of finite element equations is based on the same two principles that were used
in one-dimensional problems:

1. Continuity of primary variables
2. “Equilibrium™ (or “balance”) of secondary variables

We illustrate the procedure by considering a finite element mesh consisting of a triangu-
lar element and a quadrilateral element [see Fig. 8.2.17(a)]. Let Kfj {f, j=1,2,3) denote
the coefficient matrix corresponding to the triangular element, and let K ;-21- & P k) I
denote the coefficient matrix corresponding to the quadrilateral element, From the finite ele-
ment mesh shown in Fig. 8.2.17(a), we note the following correspondence (i.e., connectivity
relations) between the global and element nodes:

1 2. 3 X%
u?]:[2 L 3] (8.259)

where x indicates that there is no entry. The correspondence between the local and global
nodal values is [see Fig. 8.2.17(a)]

wl=U,, w=u=U, w=wl=Us, uwi=Us uj=Us (8.2.60)

which amounts to imposing the continuity of the primary variables at the nodes common
to elements 1 and 2.

Note that the continuity of the primary variables at the interelement nodes guarantees
the continuity of the primary variable along the entire interelement boundary. For the case
in Fig. 8.2.17(a), the requirement u} = u} and u} = uj guarantees u),(s) = uj,(s) on the side
connecting global nodes 2 and 3. This can be shown as follows. The solution u }I(.s') along
the line connecting global nodes 2 and 3 is linear, and it is given by

5 §
u,'i(s)-—*ué(l — E) +uig
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Element Global =% Local (element)
numbers

Global node — A Side 3 5 Ky K11L

numbers 3 i G
: ) 12 12
i ] -l
la) 1 1 @ & 3 J “‘/I'{ fﬁ.lj
- o u -y > 0 3
3 Kz Ky T Ky
: . | 2
Element node : Ky Kyt Ko,
numbers Side § 4 K 0
Kys 0
¥ |
. K4 Ky
1 |
K Ky
Kaa Ky, +K |2| + !i'l"l
b) . 1
7 Kas K + Ky
Kos 0
Ky 0

&
6
Figure 8.2.17 Assembly of finite element coefficient matrices using the correspondence between

global and element nodes (one unknown per node): (a) assembly of two elements;

and () assembly of several elements. Single primary degree of freedom per node is
assumed.

where s is the local coordinate with its origin at global node 2 and 4 is the length of the
side 2-3 (or side 2). Similarly, the finite element solution along the same line but from
element 2 is

-\‘ L
up(s) =u; (I - };) +u3;1

Since u? =u} and uj=ul, it follows that u,(s) = uj(s) for every value of s along the
interface of the two elements.

Next we use the balance of secondary variables. At the interface between the two
elements, the flux from the two elements should be equal in magnitude and opposite in
sign. For the two elements in Fig. 8.2.17(a), the interface is along the side connecting
global nodes 2 and 3. Hence, the internal flux ¢, on side 2-3 of element 1 should balance
the flux ¢ on side 4-1 of element 2 (recall the sign convention on g, ):

(qr!}2—3 e (q;f)‘;_L or (‘?rlr)z 3= ('_qf)[_;; (8.2.61)

In the finite element method we impose the above relation in a weighted integral sense:

f ¥y ds =~ f a1 ds. f Gu¥rs ds =— f aavids  (8.2.62a)
by £ 1 ",

hy
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where /i, denotes length of the side connecting node p to node g of element €2,. The above
equations can be written in the form,

/ g ds + f gy ds =0, f gl ds + f qopids =0  (8.2.62b)
'h_l!j 2 1 2

14 hiy My

oar
05+ 03,=0, @L+0%=0 (8.2.62¢)

where (7, denotes the part of O that comes from side J of element e:

0f; = f 4ovf ds
side S

The sides of triangular and quadrilateral elements are numbered as shown in Fig. 8.2.17(a).
These balance relations must be imposed in assembling the element equations. We note that
Qf, is only a portion of Qf [see Egs. (8.2.56) and (8.2.58b)].
The element equations of the two-element mesh shown in Fig. 8.2.17(a) are writ-
ten first. For the model problem at hand, there is only one primary degree of freedom
(NDF = 1) per node. For the triangular element, the element equations are of the form
Kijui + Kz + Ky = f + Q)
Kjui + Kyuy + Khul = £ + 0} (8.2.63a)
Ksjuy + Kjpuy + Kyqus = fi + Q3

For the quadrilateral element, the element equations are given by

4

Kiul + Khus + Kl + K = 2+ )
K3yui + Ksyus + Kiyus + Kiug = f3 + 03
K3yt + Kus + Kyuy + K = f7 + 03
K3 + Kipus + Kjyus + KGui = fi + 0]

(8.2.63b)

In order to impose the balance of secondary variables in (8.2.62¢), it is required that we add
the second equation of element | to the first equation of element 2, and also add the third
equation of element | to the fourth equation of element 2:

(Kyjuy + Kyt + Kayuz) + (KTt + Kfhus + Kfyus + Kiyug)
=(f; +03) + (f + 2f)

(Kyjyu) + Kiu) + K3uz) + (Kt + Kjpus + Kjyus + Kug)
=(fi + Q3) + (f7 + 0F)

Using the global-variable notation in (8.2.60), we can rewrite the above equations as [which
amounts to imposing continuity of the primary variables in (8.2.60)]:

KUy + (Kp + K U+ (Kdy + K1) Us + K Us + KR US
=f; + fi+(03+0})
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KU+ (K3 + K§) Uz + (K33 + Kis) Us + KUs + Ky Us
=fi + i+ (23 + 03)
Now we can impose the conditions in (8.2.62¢) by setting appropriate portions of the
expressions in parenthesis on the right-hand side of the above equations to zero:
Q)+ Qf = (03 + 05, + 03) + (07, + 0%, + 0% + 01,)
= 03 + Q53+ (0% + 01y) + O}, + 0}, + 04,
Q5 + 05 = (051 + 05 + 03) + (04 + 0% + 0% + 0F)

=03 + 0% + (03 + 0%) + 02, + 02, + 02,

The underlined terms are zero by the balance requirement (8.2.62¢). The remaining terms
of each equation will be either known because g, is known on the boundary or remain
unknown because the primary variable is specified on the boundary.

In general, when several elements are connected, the assembly of the elements is carried
out by putting element coefficients K. 1, and QF into proper locations of the global
coefficient matrix and right-hand column vectors. This is done by means of the connectivity
relations, i.e., correspondence of the local node number to the global node number. For
example, 1f global node number 3 corresponds to node 3 of element 1 and node 4 of

element 2, then we have
Fs=F+F=f+f+0\+0}, Kpn=KL+Kl

If' global node numbers 2 and 3 correspond, respectively, to nodes 2 and 3 of element | and
nodes | and 4 of element 2, then global coefficients K12, K3, and K13 are given by

K2 = Kzlz P K;II' Koy = K'zl:: 5 K,24, K3z = K_{_; + Kil
Similarly, the source components of global nodes 2 and 3 are added:
Fy=F +F}, Fy=F]+F}

For the two-element mesh shown in Fig. 8.2.17(a), the assembled equations are given by

&L Kl Kl 0 07(U F!

Ky Kn+Kjy Kp+Kiy, KL K& | |0 Fy + F}

Ky, Ku+Ky Kihi+Ki Kh Kh|{lust={Fl+F2} 8269
0 K3, K3 K3 K3 Uy F3

L 0 K3, K3, K; K3l lUs oo

The assembly procedure described above can be used to assemble elements of any shape and
type. The procedure can be implemented in a computer, as described for one-dimensional
problems, with the help of the array | B| (program variable is NOD). For hand calculations.
the readers are required to use the procedure described above. For example, consider the
finite element mesh shown in Fig. 8.2.17(bh). The location (4.4) of the global coefhicient
matrix contains K, + Kfl + K7, The location 4 in the assembled column vector contains
Fy + F} + F}. Locations (1,5), (1,6), (1,7), (2.5), (2,6), (2,7), (3,6), (3.7). and (4.7) of the
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global matrix contain zeros because K;; = 0 when global nodes / and J do not correspond
to nodes of the same element in the mesh.

This completes the first five steps in the finite element modeling of the model equa-
tion (8.2.1). The next two steps of the analysis, namely, the imposition of boundary condi-
tions and solution of equations will remain the same as for one-dimensional problems. The
postprocessing of the solution for two-dimensional problems is discussed next.

8.2.8 Postcomputations
The finite element solution at any point (x, y) in an element €2, is given by

ui(x, )= _uS¥S(x, ) (8.2.65)

=i
and its derivatives are computed from (8.2.65) as

TN 1V VU T T
h:Zu"f L —":Z:u"‘--——"— (8.2.66)

ax =l dy e ! By

Equations (8.2.65) and (8.2.66) can be used to compute the solution and its derivatives at
any point (x, y) in the element. It is useful to generate, by the interpolation of (8.2.65),
information needed to plot contours of uj, and its gradient.

The derivatives of uj will not be continuous at interelement boundaries because con-
tinuity of the derivatives is not imposed during the assembly procedure. The weak form
of the equations suggests that the primary variable is &, which is to be carried as the
nodal variable. If additional variables, such as higher-order derivatives of the dependent
unknown, are carried as nodal variables in the interest of making them continuous across
interelement boundaries, the degree of interpolation (or order of the element) increases.
[n addition, the continuity of higher-order derivatives that are not identified as the pri-
mary variables may violate the physical principles of the problem. For example, making
du /dx continuous will violate the requirement that ¢, (= a;; du/dx) be continuous at the
interface of two dissimilar materials because a,; is different for the two materials at the
interface.

For the linear triangular element, the derivatives are constants within each element:

| ays G
,r‘.’: e i ¥, n = o — :
Wi =gn et il T
| (8.2.67)
P _snuh gy
ax =V dy _j.=| 24,

For linear rectangular elements, dU¢/dX is linear in ¥ and duj /8y is linear in % [see

(8.2.32h)]:
”\f‘.ﬁ'__l(l_wr‘y Ht/f_}'__l(] x+_fj)
X a b ) 8y b a

duj 1 i P+ ¥ T . R
S Y 132,50 1 — X , k_ ] j+2, e f |
ox a Z{ ) HH( b ) ay b Z( e a

=l

(8.2.68)
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where X and ¥ are the local coordinates [see Fig. 8.2.8(a)]. Although du; /X and duj /dy
are linear functions of y and x. respectively, in each element, they are discontinuous at
interelement boundaries. Consequently, quantities computed using derivatives of the finite
element solution wj, are discontinuous at interelement boundaries. For example, if we com-
pute gy =af,duj /dx at a node shared by three different elements, three different values
of ¢¢ are expected. The difference between the three values will diminish as the mesh is
refined. Some commercial finite element software give a single value of ¢, at the node by
averaging the values obtained from various elements connected at the node.

8.2.9 Axisymmetric Problems

[n studying problems involving cylindrical geometries, it is convenient to use the cylindrical
coordinate system (r, 6, z) to formulate the problem. If the geometry, boundary conditions,
and loading (or source) of the problem are independent of the angular coordinate . the
problem solution will also be independent of ¢. Consequently, a three-dimensional problem
is reduced to a two-dimensional one in (r, z) coordinates (see Fig. 3.4.1). Here we consider
a model axisymmetric problem, develop its weak form, and formulate the finite element
model.

Model Equation

Consider the partial differential equation,

1 a il a o "
———u(r&”-éﬁ) — ﬁ({?gg.—u) + dgout = f(r, 2 (8.2.69)
’

rar z z

where dgq. @y1. @2>, and f are given functions of r and z. The equation arises in the study of
heat transfer in cylindrical geometries, as well as in other fields of engineering and applied
science. Our objective is to develop the finite element model of the equation based on the
weak formulation of (8.2.69).

Weak Form

Following the three-step procedure, we write the weak form of (8.2.69):

1 o du J au :
) =] w|="g (i )~ Vs | e — ) [Fariag
(1) L W [ - (run iir) be (ag_ H;) + dgou .f]r r

2 dw . du  dw _ du R .
(ii) = —ay — + —an— +wagu —wf |rdrdz
Q. dr dr dz dz

L du L ou
- w| ay—n, + dp—n, |ds
r, dar 0z

L owdu dw du 5
(i) 0= Ay ——+an——+apwu —wf |rdrdz — wq,ds  (8.2.70)
9' ( d a: ‘jz r

dar dr

L4
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where w is the weight function and ¢, is the normal flux

L du L du

gn=\ a1 —nh, + adnn—n, (8.2.71)
or 0z

Note that the weak form (8.2.70) does not differ significantly from that developed for

model (8.2.1) when a;> = az; = 0. The only difference is the presence of r in the integrand.

Consequently, (8.2.70) can be obtained as a special case of (8.2.10) for ayy = dgox, ay; =

@nix, axpn = apx,and f = fx:the coordinates r and z are treated like x and v, respectively.

Finite Element Model

Let us assume that u(r, 2) is approximated by the finite element interpolation u{ over the
element €2,

n
uuf(r, )= ulyi(r,2) (8.2.72)
J: = |
The interpolation functions lifj-'(r. z) are the same as those developed in (8.2.25a) and
(8.2.32a) for linear triangular and rectangular elements, with x = r and y = z. Substitution
of (8.2.72) for u and " for w into the weak form gives the ith equation of the finite element

model
. Ay O e drs
0= a b oy — L+ Bou 'f)'fdz i
;J:-/E;( "ar ar T ag ViV Jrardz i
_f ‘t)[,r;’fr drdz — % w;‘q” ds (8.2.73)
Q. P
or
n
0=> " KfuS— ff— O (8.2.74q)
=l
where
. LAy YT gy dy -
K”:/ (a“ B T ar 3 B +apo i Wy |rdrdz

. . (8.2.74h)
.fr_" = j Lﬂsz.r’_f rdr d:. Q:’ = ‘¢ !)‘ff‘:,lrn ds
£, e

The evaluation of the integrals in K7, and ff for polynomial forms of &;; and f is possible.
However, we evaluate them numerically using the numerical integration methods discussed
in Chapter 7 for one-dimensional cases (see Section 7.1.5) and reviewed in Chapter 9 for
two-dimensional problems, This completes the development of finite element model of an
axisymmetric problem.

8.3 ANUMERICAL EXAMPLE

The model equation in (8.2.1) arises in many fields of engineering and applied sciences, and
some examples are given in Table 8.1.1. The application of the finite element model devel-
oped in Sections 8.2.2-8.2.8 to problems governed by the Poisson equations is discussed
here. This example is designed to illustrate selection of the computational domain, choice
of elements and mesh, assembly of element equations, imposition of boundary conditions,
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and postprocessing. The physical background of the problem is not discussed here but
Table 8.1.1 provides the background.
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' mresms (wiuch Fme ui" prmary mtﬁresi}

~where (i is the shear modulus and & is the ¢ wist per s S

hird i interpretation of B30 s ]amﬂd:c:l b; gmfmdwater {seepagc} &ml pmemial flow

ipmﬁlam Tnthis case, « denotes the piezometric head ¢, stream fﬂm{mn Vs Grvaloc&ty p{}tenttal

¢ (see SéCtmn 8.5.2) The x &nd v wmpunams@f the velocuy for the groundwater ﬂow are
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~whe '_a“ and an are ;he panmabiliti&s’ of the smI atong thx: X and }_du'emms, rsspecﬂveiy. 3
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8.4 SOME COMMENTS ON MESH GENERATION
AND IMPOSITION OF BOUNDARY
CONDITIONS

8.4.1 Discretization of a Domain

The representation of a given domain by a collection of finite elements requires engineering
judgement on the part of the finite element practitioner. The number, type (e.g., linear or
quadratic), shape (e.g., triangular or rectangular), and density (i.e., mesh refinement) of ele-
ments used in a given problem depend on a number of considerations. The first consideration
is to discretize the domain as closely as possible with elements that are admissible. As we
shall see later, we can use one set of elements for the approximation of a domain and another
set for the solution. In discretizing a domain, consideration must be given to an accurate
representation of the domain, point sources, distributed sources with discontinuities (i.e..
sudden change in the intensity of the source), and material and geometric discontinuities,
including a reentrant corner. The discretization should include, for example, nodes at point
sources (so that the point source is accurately lumped at the node), reentrant corners, and
element interfaces where abrupt changes in geometry and material properties occur.

A second consideration, which requires some engineering judgement, is to discretize
the body or portions of the body into sufficiently small elements so that steep gradients of
the solution are accurately calculated, The engineering judgement should come from both a
qualitative understanding of the behavior of the solution and an estimate of the computational
costs involved in the mesh refinement (i.e., reducing the size of the elements). For example,
consider the inviscid flow around a cylinder in a channel. The flow entering the channel
at the left goes around the cylinder and exits the channel at the right [see Fig. 8.4.1(a)].
Since the section at the cylinder is smaller than the inlet section, it is expected that the flow
accelerates in the vicinity of the cylinder. On the other hand, the velocity field far from
the cylinder (e.g., at the inlet) is essentially uniform. Such knowledge of the qualitative
behavior of the flow allows us to employ a coarse mesh (i.e., elements that are relatively
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<<4
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Figure 8.4.1 («) Flow of an inviscid fluid around a cylinder (streamlines). (b) A typical mesh for a
quadrant of the domain.

large in size) at sites sufficiently far from the cylinder, and a fine one at closer distances to
the cylinder [see Fig. 8.4.1(h)]. Another reason for using a refined mesh near the cylinder
is to accurately represent the curved boundary of the domain there. In general, a refined
mesh is required in places where acute changes in geometry, boundary conditions, loading,
material properties, or solution occur.

A mesh refinement should meet three conditions: (1) All the previous meshes should
be contained in the current refined mesh; (2) every point in the body can be included within
an arbitrarily small element at any stage of the mesh refinement; and (3) the same order
of approximation for the solution should be retained through all stages of the refinement
process. The last requirement eliminates comparison of two different approximations in
two different meshes.

When a mesh is refined, care should be taken to avoid elements with very large aspect
ratios (i.e., the ratio of one side of an element to the other) or small angles. Recall from
the element matrices in Eqs. (8.2.48) and (8.2.53) that the coefficient matrices depend on
the ratios of @ to b and b to a, where a and b are the lengths of elements in the x and y
directions, respectively. If the value of a/b or b/a is very large, the resulting coefficient
matrices are ill-conditioned (i.e., numerically not invertible). Although the safe lower and
upper limits on b/a are believed to be 0.1 and 10, respectively, the actual values are much
more extreme and they depend on the nature of physical phenomenon being modeled. For
example, in the inviscid flow problem discussed above, large aspect ratios are allowed at
the entrance of the channel.

The words “coarse” and “fine” are relative. In any given problem, we begin with a
finite element mesh that is believed to be adequate (based on experience and engineering
judgement) to solve the problem at hand. Then, as a second choice, we select a mesh that
consists of a larger number of elements (and includes the first one as a subset) to solve
the problem once again. If there is a significant difference between the two solutions, we
see the benefit of mesh refinement and further mesh refinement may be warranted. If the
difference is negligibly small, further mesh refinements are not necessary, Such numerical
experiments with mesh refinements are not always feasible in practice, mostly due to the
computational costs involved.

In cases where computational cost is the prime concern, we must depend on our judge-
ment concerning what is a reasonably good mesh, which is often dictated by the geometry
and qualitative understanding of the variations of the solution and its gradient. Since most
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practical problems are approximated in their engineering formulations, we should not be
overly concerned with the numerical accuracy of the solution. A feel for the relative propor-
tions and directions of various errors introduced into the analysis helps the finite element
practitioner to make a decision on when to stop refining a mesh. In summary, engineer-
ing knowledge and experience with a given class of problems are essential to a suitable
numerical study.

8.4.2 Generation of Finite Element Data

An important part of finite element modeling is the mesh generation, which involves num-
bering the nodes and elements, and the generation of nodal coordinates and the connectivity
matrix. While the task of generating such data is not difficult, the type of the data has an
effect on the computational efficiency as well as on accuracy. More specifically, the num-
bering of the nodes directly affects the bandwidth of the final assembled equations, which in
turn increases the storage requirement and computational cost if equation solvers with the
Gauss elimination procedure are used. The elements can be numbered arbitrarily because
it has no effect on the half-bandwidth. In a general-purpose program with a preprocessor,
options to minimize the bandwidth are included. The saving of computational cost due to
a smaller bandwidth in the solution of equations can be substantial, especially in problems
where a large number of nodes and degrees of freedom per node are involved. While element
numbering does not affect the half-bandwidth, it may affect the computer time required to
assemble the global coefficient matrix (usually, a very small percentage of the time required
to solve the equations).

The accuracy of the finite element solution can also depend on the choice of the finite
element mesh. For instance, if the mesh selected violates the symmetry present in the
problem, the resulting solution will be less accurate than one obtained using a mesh that
agrees with the physical symmetry present in the problem. Geometrically, a triangular
element has fewer (or no) lines of symmetry when compared to a rectangular element, and
therefore meshes of triangular elements should be used with care (e.g., select a mesh that
does not contradict the mathematical symmetry present in the problem).

The effect of the finite element meshes shown in Fig. 8.4.2 on the solution of the
Poisson equation in Example 8.3.1 is investigated. The finite element solutions obtained by
the three meshes are compared with the series solution in Table 8.4.1. Clearly, the solution
obtained using mesh 3 is less accurate. This is expected because mesh 3 is symmetric about
the diagonal line connecting node 3 to node 7, whereas the mathematical symmetry is
about the diagonal line connecting node 1 to node 9 (see Fig. 8.4.2). Mesh | is the most
desirable of the three because it does not contradict the mathematical symmetry of the
problem.

Next, the effect of mesh refinement with rectangular elements is investigated. Four
different meshes of rectangular elements are shown in Fig. 8.4.3. Each of the meshes
contains the previous mesh as a subset. The mesh shown in Fig. 8.4.3(c) is nonuniform:; it is
obtained by subdividing the first two rows and columns of elements of the mesh shown in
Fig. 8.4.3(b). The finite element solutions obtained by these meshes are compared in Table
8.4.2. The numerical convergence of the finite element solution of the refined meshes to the
series solution is apparent from the results presented.
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_du du
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u=1

u=10

Figure 8.4.2 Various types of triangular-element meshes for the domain of Example 8.3.1: (@) mesh 1;
(h) mesh 2: and (¢) mesh 3.

8.4.3 Imposition of Boundary Conditions

In some problems of interest we encounter situations where at a point of the boundary both
primary and secondary degrees of freedom are specified at the same point. Such points
are called singular points. In this case we impose the boundary condition on the primary
variable and let the secondary variable take its value (calculated in the postcomputation).

Table 8.4.1 Comparison of the finite element solutions obtained using various linear triangular-
element meshes! with the series solution of the problem in Example 8.3.1.

Finite element solution

Node Mesh | Mesh 2 Mesh 3 Series solution
| 0.31250 0.29167 (0.25000 0.29469
2 (.22917 .20833 (.20833 0.22934
3 0.22917 0.20833 (.20833 0.22934
4 0.17708 0.18750 0. 16667 018114

ISee Fig, 8.4.2 for the finite element meshes,
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Figure 8.4.3 Mesh refinement; the meshes in (a), (b), and (d ) are uniform: the mesh in (¢) is nonuni-
form: (@) 2 x 2 mesh; (b) 4 x 4 mesh; (¢) 6 x 6 mesh; and (d) 8 x 8 mesh.

This is because the boundary conditions on the primary variables are often maintained more
strictly than those on the secondary variables. Of course, if the problem is such that the
essential boundary conditions are a result of the natural boundary conditions, then we must

impose the natural boundary conditions.

Another type of singularity we encounter in the solution of boundary value prob-
lems is the specification of two different values of a primary variable at the same point,

Table 8.4.2 Convergence of the finite element solution (with mesh refinement)’ of the problem in

Example 8.3.1.

Location Finite element solution
X y Zx2 4 x4 66 BxB Series solution
0.000 (.0 0.31071 0.29839 0.29641 (.29560 0.29469
0.125 0.0 — — 0.29248 0.29167 0.29077
(.250 0.0 — (1.28239 (0.280)55 0.27975 0.27888
0.375 0.0 — — 0.26022 0.24943 (1.25863
0.500 0.0 0.24107 0.23220 0.23081 0.23005 0.22934
0.625 0.0 —_ — - 0.19067 0.19009
0,750 0.0 — 0.14137 (14064 0.14014 0.13973
0.875 0.0 — - — 0.07709 0.07687
0.125 0.125 = — (0.28862 0.28781 0.28692
0.250 (1.250 - 0.26752 0.26580 (.26498 0.26415
(.375 0.375 - - 0.22960) 0.22873 0.22799
0.500 0.50 0.19286 0.18381 0.18282 0.18179 018114
0.625 0.625 — — — 0.12813 0.12757
0,750 0.750 — 0.07506 0.07481 0.07332 0.07282
0.875 (.875 - = — 0.02561 0.02510

ISee Fig. 8.4.3 for the finite element meshes.
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Us= Us=0/ 1.0
N
{a) (b)
: 4 % 4 mesh =
1 &6 11 16 21 1 & 11 18 21
N5
(d)
TH
T4 8 x 8 mesh = S S A e
73 110 73

Figure 8.4.4 Effect of specifying two values of a primary variable at a node [node 5 in (a) and (b)
and node 9 in (¢) and (d)].

An example of such cases is provided by the problem in Fig. 8.4.4, where u is specified
to be zero on the boundary defined by the line x =0 and is specified to be unity on the
boundary defined by the line y = 1. Consequently, at x =0 and v = 1, # has two different
values. The analyst must make a choice between the two values. In either case, the true
boundary condition is replaced by an approximate condition. Often, the larger value is used
to obtain a conservative design. The closeness of the approximate boundary condition to
the true one depends on the size of the element containing the point (see Fig. 8.4.3). A mesh
refinement in the vicinity of the singular point often yields an acceptable solution.

Additional comments on the choice of element geometry, meshes, and load-represen-
tation in finite element analysis are presented in Section 9.4.

8.5 APPLICATIONS
8.5.1 Conduction and Convection Heat Transfer

In Section 4.3, heat transfer (by conduction and convection) in one-dimensional (axial
and radially symmetric) systems was considered. Here we consider heat transfer in two-
dimensional plane and axisymmetric systems. The derivation of two-dimensional heat trans-
fer equations in plane and axisymmetric geometries follows the same procedure as in one
dimension but the heat transfer is in two directions. Details of such derivations can be found
in textbooks on heat transfer [e.g., Holman (1986) and Ozisik (1985)]. Here we record the
governing equations for various cases, construct their finite element models, and present
typical applications.
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For heat conduction in plane or axisymmetric geometries, the finite element models
developed in Sections 8.2 and 8.3 are immediately applicable with the following interpre-
tation of the variables:

u = T = temperature (°C)
gn = negative of heat flux [W/(m? - °C)]
an, ax = conductivities [W/(m - °C)] of an orthotropic medium
whose principal material axes coincide with the (x, y) axes
[/ = internal heat generation (W/m”)
ag = 0 (8.5.1)

For convection heat transfer, i.e., when heat is transferred from one medium to the
surrounding medium (often, a fluid) by convection, the finite element model developed ear-
lier requires some modification, The reason for this modification is that in two-dimensional
problems, the convective boundary is a curve as opposed to a point in one-dimensional prob-
lems. Therefore, the contribution of the convection (or Newton's type) boundary condition
to the coefficient matrix and source vector are to be computed by evaluating boundary
integrals involving the interpolation functions of elements with convection boundaries.
The model to be presented allows the computation of the additional contributions to the
coefficient matrix and source vector whenever the element has the convection boundary
condition.

Plane Systems

The governing equation for steady-state heat transfer in plane systems is a special case of

(8.2.1) and is given by
d aT i aT
e, k‘_-__ — L k\, = Xy 8.5.2
Hx( Bx) t'}y('(")y) Je3) ( :

where T is the temperature (in °C), k, and k, are the thermal conductivities [in W/(m - )]
along the x and y directions, respectively, and f is the internal heat generation per unit
volume (in W/m?). For a convection boundary, the natural boundary condition is a balance
of energy transfer across the boundary due to conduction and/or convection (i.e.. Newton's
law of cooling):

aT aT p
koot + ky Zoty + AT = T) =§a (8.5.3)

Jy

where B is the convective conductance (or the convective heat transfer coefficient) [in
W/(m? - °C)], T, is the (ambient) temperature of the surrounding fluid medium, and Gn 18
the specified heat flux. The first term accounts for heat transfer by conduction, the second
by convection, and the third accounts for the specified heat flux, if any. It is the presence of
the term (T — T.,) that requires some modification of (8.2.10).

The weak form of (8.5.2) can be obtained from (8.2.8). The boundary integral should
be modified to account for the convection heat transfer boundary condition in (8.5.3).
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The coetficient of w, k (37T /dx)n, + k(3T /dy)n, in the boundary integral is replaced
with ¢, — (T — Tw):

dw aT dw aT aT aT
0= ky——+ki———wf )dxdy — wlk—n,+ki—n, |ds
Q. dx dx dy i ¥ ’ E; ax Sdy

dwar  awarT X o
:f Ki———— Fly————wf | dxdy— wlg, — B(T — T )] ds
Q, dx dx dy dy Iy

=Bw.T)—UT) (8.5.4a)

where w is the test function and B(-, -) and /() are the bilinear and linear forms, respectively,

Jwar . awar
B(w.T):f B gt dxrf\.+j£ BwT ds
dx dx dy dy

HE) = j wfdxdy+ ¢ PwTds +’¢ W, ds
Q. Jr, L.

The finite element model of (8.5.4«) and (8.5.48) is obtained by substituting the finite
element approximation of the form,

(8.5.4b)

T'=3 T ) (8.5.5)
j=1
for T and v/ for w into (8.5.4a):
Z(K‘ + HE)TS = Ff + Pf (8.5.6a)

where

dx dx “dy Oy

et g aapre o
K;;.:f (”'{ i -I*Jf(‘,.fwI ]j’r)d.td}:
Q, \

. [ ,fw:’dxd.wrr,{ Geveds = f¢ + OF (8.5.6)
.

HE = B 55 yiyids, Pf= ﬁ‘*?g YT ds
Fe 4

Note that by setting the heat transfer coefficient £ to zero, we obtain the heat conduction
model that accounts for no convection.

The additional coefficients H; and P due to the convection boundary conditions can
be computed by evaluating boundary integrals. These coefficients must be computed only
for those elements and boundaries that are subjected to a convection boundary condition.
The computation of the coefficients for the linear triangular and rectangular elements is
presented in the following paragraphs. The coefficients H; and P for a linear triangular
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clement are defined by
Az L kg,
Hf; = B Yiws ds + B, f Yy ds + B f Wiy ds
' : S (8.5.7)
ha Iy HE
PP =BT | vids+BuTe | wids+ 5Ty f e ds
0 J0 0

where g, is the film coefficient (assumed to be constant) for the side connecting nodes
i and j of element £2., 7. is the ambient temperature on the side, and £{; is the length of
the side. For a rectangular element, expressions in (8.5.7) must be modified to account for
four line integrals on four sides of the element.

Only those line integrals that have a convection boundary condition need to be evaluated.
The boundary integrals are line integrals involving the interpolation functions. The local
coordinate s is taken along the side, with its origin at the first node of the side (see Fig. 8.5.1).
As noted earlier, the interpolation functions on any given side are the one-dimensional inter-
polation functions. Therefore, the evaluation of integrals is made easy. Indeed, the integrals

h F.l i ".'
f Wi ds, Wi ds
{

) 1]
have been evaluated in Chapter 3 in connection with mass matrix coefficients and source
vector coefficients for linear and quadratic elements. We summarize the results here.

Side 3 (h,5)

2
S]ElB 1(.3?]_3)

Boundary of the _
discretized A\ Boundary of the
domain N discretized domain

\\.

Boundary of the

problem domain problem domain

Boundary Boundary
flux, gq,(s) flux, ¢,(s)

Figure 8.5.1 Triangular and quadrilateral elements, with node numbers and local coordinates for the
evaluation of the boundary integrals. Also shown are the boundary approximation and
flux representation using linear and quadratic elements.
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Linear Triangular Element

The matrices [ H¢] and { P} are given by

-2 1 B o 16 G 0 wr |8 0 1
f?’l!. i hl [ ,li
|H"]:—'26]'2 1 2 0 +L-’:31‘ 0 2 1|+5% 10 o 0| @580
00 0 01 2 6 11 0 2
. e
(Pf) = 2= | =22 ] 3 422l 231 2 (8.5.8b)
2 ) 2
0 [ 1
Quadratic Triangular Element
4 2 -1 0 0 07 [0 0 0 0 0 07
2 16 200 0 00 0 0 00
(] = Bhia| -1 2 4 0 0 0 Bishis|0 0 4 2 —1 0
T30 0O 0 0000 30 (00 2 16 2 0
00 0000 00 -1 2 40
00 00 0 0] 00 0 0 0 0]
"4 5 008 -1 27
0000 0 0
Bsths, | 0 0 0 0 0 0 ¥
30 | 0000 0 0 (ESon
-10 00 4 2
| 2000 2 16|
1 0 |
4 0 0
, T hts |1 bt T hS |0
{PE} g ﬁ]_i 6 |1: U lﬂﬂﬁ ﬁ 15 “é:- ﬁﬁl ﬁ igl 40 (859;))
0 1 1
0 0 4
Linear Rectangular Element
The matrix [ H¢] is of the form
21 0 0 00 0 0
i = Rh |1 2 0 0 Buks |0 2 1 0
~ 76 |0 00O 6 |0 1 2 0
00 0 0 00 0 0
0000 %00 1
Biyhs, |0 0 0 0 Bihi; |0 0 0 0 B
5§ [0 0 2 1 6 |0 0 0 0 e
00 1 2 1 0 0 2
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and {P¢} is given by

ﬁ45 Tnuhsu
2

e 12 1,¢
LT s

P} =
(7 5

0
ﬁﬂT”héa | 1 ] ﬁuT”h‘H
|

OO e =
_—— O

(8.5.10b)

Similar expressions hold for a quadratic rectangular element.

Axisymmetric Systems

For symmetric heat transfer about the z axis (i.e., independent of the circumferential coor-
dinate), the governing equation is given by

1 o RFJT +E3‘ ka';' (F3) (8.5.11)
— | —— | PR, — [— 3 o At e
ror ar dz X =g Je
where r is the radial coordinate and z is the axial coordinate. We define the flux vector (i.e

negative of heat flux) by
aT , aT ,
(k {—1 ks —J)

and its normal component across the surface is

aT dT
= % : —n, + k., [—n (8.5.12)
dar dz

where n, and n. are the direction cosines of the unit normal fi
n=nd+n.j

The weak form of (8.5.11) is given by

[ 9 AT\ 9 (. T
U:Z:ﬂ{f i N i ) T o 0 (k — fYrdrdz
0 ror dr 0z 0z

{3

dw oT dw aT
:231'/ k, il + k. sl ik —wf rdrd7—2:frf w, ds (8.5.13a)
i dr dr dz oz r,

where 2 is due to the integration with respect to the circumferential coordinate over
(0, 2), and g, is given by (8.5.12). The convection boundary condition is of the form

gn + B(T — Tx) =G (8.5.13D)

Substituting for g, = —B(T — Tx) + §, into (8.5.13a), we obtain

dw aT dw aT
0=2 kr e T k. g d d 'dZ
Ij;‘zf( ar ar T dz 9z w'f) ra

—2r Eﬁ w [—=B(T — Tx) + gy lds (8.5.14)
I,
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The finite element model of (8.5.11) with convective boundary condition (8.5.13b) is

[K+ HNT Y ={f)+ (P°) +{Q°) (8.5.15a)

where

e OY; s 0P
K= J ; d
i z’rfgr(’ or ar % a; oz )rd’ ‘

HE =2 f Bewtwds,  ff =2 | ¢S fo)rdrdz (8.5.15b)
r.

82
or=2n b duids, pr=2n§ pergycas
rE r!

Evaluation of the integrals in [K°], [H*], {F¢}, and {P*} follows from the discussion of
Section 8.2.6.

Clearly, the finite element models in (8.5.6a) and (8.5.154) are valid for Newton’s type
(1.e., convective heat transfer) boundary conditions, Radiative heat transfer boundary condi-
tions are nonlinear and therefore are not considered here. For problems with no convective
boundary conditions, the convective contributions [ H] and { P*) to the element coefficients
are omitted. In addition, the convective heat transfer contributions have to be included only
for those elements whose sides fall on the problem boundary with convection heat transfer
specified. For example, if side 2-3 of a linear triangular element 2, is on the boundary with
convection boundary conditions, then the only contribution to [ H¢] and { P¢} comes from
the second integral of respective expressions in (8.5.7).
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where v is the velocity vector. A fluid is termed inviscid if the viscosity is zero, = 0. A
flow with negligible angular velocity is called irrotational if

Vxv=0 (8.5.34)

The irrotational flow of an ideal fluid (i.e., p = constant and p =0) is called a potential
flow.

For an ideal fluid, the continuity and the momentum equations can be written as [see
Schlichting (1969)]

V-v=0 (8.5.35a)
I 2
;;}V(v-v}—p[vx (Vxv))==VP (8.5.35h)
where VP =V P —f. For irrotational flow the velocity field v satisfies (8.5.34). For two-

dimensional irrotational flows, these equations have the form
dv,  du,

— (8.5.35¢
dx i ay %)
I > a
;p(uf + ;) + P = constant (8.5.35d)
dv,  du,
— - —= =) (8.5.35¢)
dy ax

These three equations are used to determine v,, vy and P.
The problem of determining vy, v, and P is simplified by introducing a function W (x,
such that the continuity equation is identically satisfied:
A Oy
W=, Uy=—— (8.5.36)
ay ) dx
Then the irrotational flow condition in terms of ¥ takes the form,

Y " 9%y
ay? = ax?
Equation (8.5.37) is used to determine v; then velocities v, and v, are determined from
(8.5.36) and P from (8.5.35d ). The function i has the physical significance that lines of
constant ¥ are lines across which there is no flow, i.e., they are streamlines of the flow.
Hence, v (x, v) is called the stream function.
In the cylindrical coordinates, the continuity equation (8.5.35a) takes the form

=Viy=0 (8.5.37)

d [ 1 HUH
— =) 8.5.38
ar i roao : )

where v, and vy are the radial and circumferential velocity components. The stream function
Y (r, @) is defined as

1 9 rJ‘l,{.r
1% 53
rog’ T ar o
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Then the continuity equation (8.5.35¢) takes the form,

(8.5.42)

=10

_v3¢

Comparing (8.5.39) with (8.5.41). we note that

(8.5.43)

Yy
dx

dp
dy
The velocity potential has the physical significance that lines of constant ¢ are lines along

dy ¥

o

dep
dx

which there is no change in velocity. The equipotential lines and streamlines intersect at

right angles.

Although both ¥ and ¢ are governed by the Laplace equation, the boundary conditions
on them are different in a flow problem, as should be evident by the definitions (8.5.39) and

(8.5.41). In this section, we consider applications of the finite element method to potential

flows, i.e., the solution of (8.5.36) and (8.5.43).

We consider two examples of fluid flow. The first one deals with a groundwater flow
problem and the second with the flow around a cylindrical body. In discussing these prob-

lems, emphasis is placed on certain modeling aspects, data generation, and postprocessing
of solutions. Evaluation of element matrices and assembly are amply illustrated in previous
examples and will not be discussed as it takes substantial space to write the assembled

equations even for the crude meshes used in these examples.
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are a special case of (8.2.1) and therefore, we can use the finite element equations developed

through the earth and dams. Laplace equations (8.5.37) and (8.5.42) governing these flows
earlier to model these problems,
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{a) {b)

Figure 8.5.14 Torsion of cylindrical members: (a) a cylindrical member and (b) domain of
analysis,

mechanics later in Chapter 10 to consider two-dimensional flows of viscous, incompressible
fluids. The governing equations of such problems consist of several dependent variables
and as many differential equations.

8.5.3 Solid Mechanics

In this section we consider two-dimensional boundary value problems of solid mechanics
that are cast in terms of a single dependent unknown. These problems include torsion of
cylindrical members and transverse deflection of membranes. This study is restricted to
small deformations.

Torsion of Cylindrical Members

Consider a cylindrical bar (i.e., a long, uniform cross-sectional member), fixed at one end
and twisted by a couple (i.e., torque) of magnitude M. that is directed along the axis (z)
of the bar, as shown in Fig. 8.5.14(a). We wish to determine the amount of twist and the
associated stress field in the bar. To this end, we first derive the governing equations and
then analyze the equation using the finite element method.

In general, a noncircular cross-sectional member subjected to torsional moment expe-
riences warping at any section. We assume that all cross sections warp in the same way
(which holds true for small twisting moments and deformation). This assumption allows us
to assume that the displacements (u, v, w) along the coordinates (x, y, z) are of the form
[see Fig. 8.5.14(b)]

u=-—0zy, wv=~0zx, w=06¢(x,y) (8.5.51)

where ¢ (x. ¥) is a function to be determined and @ is the angle of twist per unit length of
the bar.

The displacement field in (8.5.51) can be used to compute the strains, and stresses are
computed using an assumed constitutive law. The stresses thus computed must satisfy the



486 AN INTRODUCTION TO THE FINITE ELEMENT METHOD

three-dimensional equations of stress equilibrium in Eq. (2.3.52):

do,, il Ty doy.

. = ()

dx ay 0z
do., do,, 0o, )
0 vy 0ay, i ¥ 0 (8.5.52)
ox dy dz
EE HG—_\-: UU;:.' =1

ax ay 0z

and the stress boundary conditions on the lateral surface and at the end of the cylindrical
bar. Calculation of strains and then stresses using the generalized Hooke's law gives the
expressions,

J d
=170 (ﬂ - ‘\J) w Oy =1050 (d_¢ -+ .r) (8.5.53)

ax y

and all other stresses are identically zero. Here G denotes the shear modulus of the material
of the bar. Substitution of these stresses into (8.5.52) yields [the first two equations in
(8.5.52) are identically satisfied and the third one leads to the following equation|:

j 3 9 9
= (Gyﬁ) i (Gf),—‘p) ) (8.5.54)

dx dx ay iy

throughout the cross section £ of the cylinder. The boundary conditions on the lateral
surfaces I" require that o,.n, + oy.n, =0:

9 ) 3 .
(r_f = }.) o o (fi) _|_,g) piy = 0i=h —¢ = yn, —xn, (8.5.55)

dx ay in

Here (ni,, n,) denote the direction cosines of the unit normal at a point on I,

In summary, the torsion of a cylindrical bar is governed by the equations (8.5.54) and
(8.5.55). The function ¢(x, v) is called the torsion function or warping function. Since the
boundary condition in (8.5.55) is of the flux type, the function can be determined within an
additive constant. The stresses in (8.5.53), however, are independent of this constant. The
additive constant has the meaning of rigid body movement of the cylinder as a whole in the
z-direction. For additional discussion of the topic the reader is referred to Timoshenko and
Goodier (1970).

The Laplace equation (8.5.54) and the Neumann boundary condition (8.5.55) governing
¢ are not convenient in the analysis because of the nature and form of the boundary condition,
especially for irregular cross-sectional members. The theory of analytic functions can be
used to rewrite these equations in terms of the stress function W (x, v), which is related to
the warping function ¢ (x, ) by the equations

o\

i : '
i — X, ﬁ = d_q’) =¥ (8.5.56)
ay  dx

dx  dy
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Eliminating ¢ from (8.5.54) and (8.5.55) gives, respectively, the results

v PP
= (@ n a—yz) -2 (8.5.57)
aw G
a—y—ﬂ._t = a‘ﬁy —il; (8'5'58)

The left side of (8.5.58) denotes the tangential derivative dW /ds. and dWV /ds = () implies
that

Y =constant on I

Since the constant part of W does not contribute to the stress field

dw R
{sz——GHB—y, aﬁ_—Gﬁ'g (8559}
we can take W =0 on the boundary.
In summary, the torsion problem can now be stated as one of determining the stress

function W such that

-V =2 inQ
(8.5.60)
V=0 onl

Once W is determined, the stresses can be computed from (8.5.59) for a given angle of twist
per unit length (#) and shear modulus ().
The finite element model of (8.5.60) follows immediately from that of Eq. (8.2.1):

[K“Neu} = (£ +{Q°) (8.5.61a)

where u{ is the value of W at the ith node of €2, and

dr ayf; Oy 0
K.e. — - . b
i L(ax 5 By By )

aW
fi=[ vmavay gi=¢ yias
: I, in
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Transverse Deflections of Membranes

Suppose that a membrane, with fixed edges, occupies the region €2 in the (x, y) plane.
Initially the membrane is stretched so that the tension @ in the membrane is uniform and
a is so large that it is not appreciably altered when the membrane is deflected by a dis-
tributed transverse force, f(x, v). The equation governing the transverse deflection u of the
membrane is given by

Pu 0w , _ —
-t | ——l=Fflx 3] R (8.5.63a)
gdx=  dy- ' )

with
u=0 onl (8.5.63h)

Note that (8.5.63a) and (8.5.63b) have the same form as the equations used to describe
torsion of cylindrical bars [see Eq. (8.5.60)]. The finite element model of the equation is
obvious. In view of the close analogy between this problem and the torsion of cylindrical
bars, we will not consider any numerical examples here (see Examples 8.3.1 and 8.5.6).

8.6 EIGENVALUE AND TIME-DEPENDENT
PROBLEMS

8.6.1 Introduction

This section deals with the finite element analysis of two-dimensional eigenvalue and time-
dependent problems involving a single variable. We use the results of Sections 2.4 and 6.2
to develop finite element algebraic equations from the semidiscrete finite element models
of time-dependent problems. Since weak forms and temporal approximations were already
discussed in detail in Sections 2.4.2 and 6.2, attention is focussed here on how to de-
velop the semidiscrete finite element models and then on the associated eigenvalue and
fully discretized models. The examples presented here are very simple because they are
designed to illustrate the procedure for eigenvalue and time-dependent problems; solution
of two-dimensional problems with complicated geometries require the use of isoparametric
formulation and numerical integration. Chapter 9 is devoted to the discussion of vari-
ous two-dimensional elements and their interpolation functions and numerical integration
methods.

The finite element model development of eigenvalue and time-dependent problems
involves, as described in Section 6.2, two main stages. The first stage, called semidis-
cretization, is to develop the weak form or weighted-residual form of the equations over
an element and to seek spatial approximation of the dependent variables of the problem.
The end result of this step is a set of ordinary differential equations in time among the
nodal values of the dependent variables. For transient problems, the second stage consists
of time approximations of the ordinary differential equations (i.e., numerical integration
of the equations) by finite difference schemes. This step leads to a set of algebraic equa-
tions involving the nodal values at time ¢, [= (s + 1)Ar, where s is an integer and At is
the time increment] in terms of known values from the previous time step(s). For eigen-
value problems, the second stage consists of seeking a solution of the form u;(t) = U e ™
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for nodal values and determining the eigenvalues 4 and eigenfunctions U;yr;(x, y) (no
sum on j). The two-stage procedure was clearly illustrated for one-dimensional problems
in Section 6.2. The procedure will be applied here to two-dimensional problems involv-
ing a single equation in a single variable. Since the emphasis in this section is on the
time approximations, the development of the weak form and spatial finite element model
will not be covered explicitly here, and the reader is referred to Sections 8.2 and 8.3 for
details.

8.6.2 Parabolic Equations

Consider the partial differential equation governing the transient heat transfer and like
problems in a two-dimensional region €2 with total boundary 1",

o ] ( Fiu) i) ( Elu) £ ’ f (8.6.1)
— — — — )= — | az;p— = Filx: ¥ 6.
TR dx ay \ 7oy ok =] (%n ¥ :

with the boundary conditions

u=ior g,=¢, onl" (r=0) (8.6.2a)
where
it du
Gn=ay —n, +an—~n, (8.6.2h)
ix ay -

The initial conditions (i.e., at t =0) are of the form
ulx, v, =uplx,y) in (8.6.3)

Here t denotes time, and ¢, ayy, ax, ag. &. wy, [, and g, are given functions of position
and/or time. Equation (8.6.1) is a modification of (8.2.1) in that it contains a time derivative
term, which accounts for time variations of the physical process represented by (8.2.1).

The weak form of (8.6.1) and (8.6.2) over an element €2, is obtained by the standard
procedure: Multiply (8.6.1) with the weight function v(x, y) and integrate over the element,
integrate by parts (spatially) those terms that involve higher-order derivatives using the
gradient or divergence theorem, and replace the coefficient of the weight function in the
boundary integral with the secondary variable [i.e., use (8.6.2h)]. We obtain

i , du i dv dit -
D= vie—+4+aqu—f|+ay——+an——|dxdy— jé govds  (8.6.4)
(9] at odx ox f}}’ (.)_}' I

iy

Note that the procedure to obtain the weak form for time-dependent problems is not much
different from that used for steady-state problems in Section 8.2.3. The difference is that all
terms of the equations may be functions of time. Also, no integration by parts with respect
to time is used, and the weight function v is not a function of time.

The semidiscrete finite element model is obtained from (8.6.4) by substituting a
finite element approximation for the dependent variable, u. In selecting the approximation
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for u, once again we assume that the time dependence can be separated from the space
variation,

"
ulx, y, 1)~ Z u (P, y) (8.6.5)
where ' denotes the value of u(x, y.r) at the spatial location (x;, y;) at time . The

ith dlﬂLantmI equation (in time) of the finite element model is obtained by substituting
v =1 (x, y) and replacing u by (8.6.5) in (8.6.4):

i d
0= ZI (M:} 41 + K:;”_;) = f:L = Q: (866{.’]
J=
or, in matrix form
IMI‘“J;‘[. I = I K" HH‘J } — [‘f{' I- - { Q"’} (R.f).fih‘]

where a superposed dot on « denotes a derivative with time (u = du /1), and

M} = j e’ dxdy

2

, Y dyrs OYr§ s
s :[ (ﬂ” Y, A i3 uzzt.#’!, —L L agprf el | dx dy (8.6.6¢)
Q. ax ox dy dy 4

= [ flx, y. 00 dxdy
Q,

This completes the semidiscretization step.

Eigenvalue Analysis

The problem of finding u (1) = U e~ such that (8.6.6) holds for homogeneous boundary
and initial conditions and f = 0 1s called an eigenvalie problem. Substituting for u' (1) into
(8.6.6/k), we obtain

(=A[M ]+ [KD{u“) ={Q°) (8.6.7)

Upon assembly of the element equations (8.6.7), the right column vector of the condensed
equations is zero (because of the homogeneous boundary conditions), giving rise to the
global eigenvalue problem

(K] =AM]){U}=1{0) (8.6.8)

The order of the matrix equations is N x N, where N is the number of nodes at which the
solution is not known. A nontrivial solution to (8.6.8) exists only if the determinant of the
coeflicient matrix is zero:

[K]—A[M]| =0
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which, when expanded, results in an Nth-degree polynomial in A. The N roots A; (j =
1.2, ..., N)of this polynomial give the first N eigenvalues of the discretized system (the
continuous system, in general, has an infinite number of eigenvalues). There exist standard
cigenvalue routines to solve (8.6.8), which give N eigenvalues and eigenvectors.

Transient Analysis

Note that the form of (8.6.6b) is the same as the parabolic equation discussed in Section 6.2
[see Eq. (6.2.21a)]. Whether a problem is one-dimensional, two-dimensional, or three-
dimensional, the form of the semidiscrete finite element model is the same. Therefore, the
time approximation schemes discussed in Section 6.2 for parabolic equations can be readily
applied.

Using the a-family of approximation

{a)sir = (u}s + At[(1 — )i} +ala)]l O=<a=<l) (8.6.9)
we can transform the ordinary differential equations (8.6.6b) into a set of algebraic equations
at time fyq:

(K Lsiludsir = (Flosny (8.6.10a)
where

[K i1 = [M]+ a1 K o1
lﬁf =At(@{Flp1 + (1 —a){F)) + (IM] — ar| K ) (8.6.106)

ay=calAf, a=(l—a)Al

Equation (8.6.10a), after assembly and imposition of boundary conditions, is solved at each
time step for the nodal values u; at time £,y = (s + 1)Ar. At time 1 =0 (i.e., s =0), the
right-hand side of (8.6.10a) is computed using the initial values {u}o: the vector { F'}, which
is the sum of the source vector { f} and internal flux vector {Q}, is always known for both
times 1, and 7, |, at all nodes at which the solution is unknown [because f(x, 1) is a known
function of time and the sum of Qf at these nodes is zero].

It should be recalled from Section 6.2 that, for different values of @, we obtain the
following well-known time approximation schemes [see Eq. (6.2.20)]:

0, the forward difference scheme (conditionally stable); O (Ar)

I .
7’ the Crank—Nicolson scheme (unconditionally stable); O (Ar)~
0= 2
3 the Galerkin scheme (unconditionally stable); O (Ar)?
1, the backward difference scheme (unconditionally stable); O (A7)
For the forward difference scheme the stability requirement is
2 1
At < Aty = —, - 8.6.11
= =i {] = M}lnmx e 2 ( )

where A,y is the largest eigenvalue of the finite element equations (8.6.8).
We consider examples of an eigenvalue problem and a time-dependent problem next.
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8.6.3 Hyperbolic Equations

The transverse motion of a membrane, for example, is governed by the partial differential
equation of the form,

c;: — —;; (a“ %;) - :% (azgg—i) +apu= f(x, y, 1) (8.6.14a)
where u(x, y, t) denotes the transverse deflection, ¢ the material density of the membrane,
ay and ay; are the tensions in the x and y directions of the membrane, ay is the modu-
lus of elastic foundation on which the membrane is stretched (often ay =0, i.e., there is
no foundation), and f(x, v, ¢) is the transversely distributed force. Equation (8.6.14a) is
known as the wave equation and is classified mathematically as an hyperbolic equation.
The function # must be determined such that it satisfies (8.6.144) in a region £2 and the
following boundary and initial conditions:

u=ua onl" orgq,=¢, onl" (+=0) (8.6.14b)

du
u(x, y, 0) =up(x, y), E{x« ¥, 0) =vp(x, y) (8.6.14¢)

where i and g, are specified boundary values of « and qn [see (8.6.2b)], and uq and vy are
specified initial values of u and its time derivative, respectively.

The weak form of (8.6.14a) and (8.6.14b) over a typical element €2, is similar to that
of (8.6.1) [see Eq. (8.6.4)], except that here we have the second time derivative of u:

0%u dv du v du
U=.[, [u (.5};2_ +aou — f) _H”'E;ﬁ +a22$8—;] dxdy — f g.vds (8.6.15)

where v =v(x, y) is the weight function.
The semidiscrete finite element model is obtained by substituting the finite element
approximation (8.6.5) for u and v = v, into (8.6.15):

S d’u’
0=)" (M'E' ek K’f;ﬂ‘}) - ff -0 (8.6.16a)

Ly dll
j=1
or, in matrix form, we have
[MENas) + (KN u) = { )+ {0°) (8.6.165)

K:;, and f° are the same as those in (8.6.6¢).

The coefficients M?. e

ij*

Eigenvalue Analysis

The problem of finding u ;(t) = U;e ™" (i = «/=1) such that (8.6.16a) and (8.6.16h) hold
for homogeneous boundary and initial conditions and f =0is called an eigenvalue problem
associated with (8.6.14a). We obtain,

(@’ (M) + KD {u} = (Q°) (8.6.17)

The eigenvalues @’ and eigenfunctions > Uj¥rj(x, y) are determined from the assembled
equations associated with (8.6.17), after imposing the homogeneous boundary conditions.
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For a membrane problem, @ denotes the frequency of natural vibration. The number of
eigenvalues of the discrete system (8.6.17) of the problem is equal to the number of unknown
nodal values of U/ in the mesh.

S S SN
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Transient Analysis

The hyperbolic equation (8.6.16b) can be reduced to a system of algebraic equations by
approximating the second-order time derivative. As discussed in Section 6.2, the Newmark

time integration schemes are the most commonly used ones in structural dynamics. Since
Eq. (8.6.16b) is a special case (with [C] = [0]) of Eq. (6.2.28a), the results in Egs. (6.2.38)—

(6.2.40) hold with [C'] =[0]. For ready reference, the main results are summarized here.

Newmark's Scheme

'h"]s—ky

2

2
+ Atfi, + 20

{u}s

{u}x+1

{

(8.6.18a)
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where w2, is the maximum eigenvalue of the corresponding discrete eigenvalue problem

(8.6.17) (i.e., the same mesh and element type used in the transient analysis must be used
in the eigenvalue analysis). Note that a more refined mesh will yield a higher maximum
eigenvalue and a lower Ar;.

Time Marching Scheme

[RTgs1 (o1 = {Fehs s (8.6.20)
where (the superscript e is omitted for brevity in the following),

[K i1 =K ls41 +as[M]y

{FYsit = [F) g1 + M1 (aafuls + aalic), + aslii)s) (8.6.20b)
dsy = —%——— ai = Ata as = l -1
7 o

Once (u};4; is calculated from (8.6.20a), the velocities and accelerations at time Ll =
At(s + 1) are calculated from

li)srr = as(fulypr — (u)y) — astit)s — aslii),

{a)srr = li)y + axfit)s + ar{it) s (8.6.21)
ay=alt, a=(1—a)At

For the centered difference scheme (y =0), the alternative formulation of Problem 6.23
must be used.

Note that (8.6.20a) is valid for an element. Therefore, operations indicated in (8.6.205)
are carried out for an element, and [K¢| and {frre'} are assembled as in a static analysis.
For the first time step, the initial conditions on « and du/dt are used to compute {1}y and
{it}o for each element of the entire mesh. The acceleration vector {it}o is computed from
(8.6.16b) at t =0:

fitfo=[M]""({F}o — [K {u}o) (8.6.22)

Often, it is assumed that {F'}y = {0). If the initial conditions are zero, {u}y = {0}, and the
applied force is assumed to be zero at r = 0, we then take {ii}o = {0).
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8.7 SUMMARY

A slep by step procedure for finite element formulation of second-order equations in two
dimensions with a single dependent variable is presented. The Poisson equation in two
dimensions is used to illustrate the steps involved. The steps include: weak formulation of
the equation, finite element model development, derivation of the interpolation functions
for linear triangular and rectangular elements, evaluation of element matrices and vectors,
assembly of element equations, solution of equations, and postcomputation of the gradi-
ent of the solution. A number of illustrative problems of heat transfer (conduction and
convection), fluid mechanics, and solid mechanics are discussed. Finally, the eigenvalue
and time-dependent problems associated with the model equation are also discussed. This
chapter constitutes the heart of the finite element analysis of two-dimensional problems in
Chapters 10-12.

PROBLEMS

Note: Most problems require some formulative effort (sketching a mesh when it is not given, cal-
culations of element matrices and source vectors in some cases, assembling equations, identify-
ing the boundary conditions in terms of the nodal variables, writing condensed equations, and
s0 on). In some cases, a complete solution is required. When the problem size is large, essential
steps of setting up the problem are required. Many of these problems will be solved by FEM2D in
Chapter 13.
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8.1 For a linear triangular element, show that

: 3 i
Youtedh, Y A=l Yot
i=l 1=]

f==]

2
af + 87+ Y= iﬂe for any i

where

3 3

i\:’= E _'.[':." j‘re= E ‘}:,.

i=l =1

and (x/, v7) are the coordinates of the ith node of the element (i =1, 2, 3).
8.2 Consider the partial differential equation over a typical element €2, with boundary I',

9
V% +eu=0 in 9,  with a—u+ﬁu=q,1 o T
H

Develop the weak form and finite element model of the equation over an element £2..

8.3 Assuming that ¢ and £ are constant in Problem 8.2, write the element coefficient matrix and
source vector for a linear (@) rectangular element and (b) triangular element.

8.4 Calculate the linear interpolation functions for the linear triangular and rectangular elements
shown in Fig. P8.4. Answer: (a) yry = (12.25 — 2.5x — 1.5y)/8.25.

8 (2.5,4) YA

(1,3.5) (4.5,3.5)

(1,1) &

{a) (h)

Figure P8.4

8.5 The nodal values of a triangular element in the finite element analysis of a field problem,
—Viu = fp, are:

) =389.79, u;=337.19, u;=7395.08

The interpolation functions of the element are given by

| 1
= _—(12.25 —2.5x — 1.5y), =——(—154+3x—1.5
iy 8.25( X ¥). ¥ 8.25( + 3x y)
|
V= ——(—=2.5=-0.5x 4+ 3y)

~ 825
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(a) Find the component of the flux in the direction of the vector 4i+3j at x =3 and
Y=g,

(h) A point source of magnitude @ is located at point (xg, vo) = (3, 2) inside the triangular
element. Determine the contribution of the point source to the element source vector. Express
your answer in terms of Q.

8.6 The nodal values of an element in the finite element analysis of a field problem —V?u = f;
are u; =389.79, u, =337.19, and u; =395.08 (see Fig. P8.6). (a) Find the gradient of the
solution, and (b) Determine where the 392 isoline intersects the boundary of the element in
Fig. P8.6.

Answer: Vuy, = 10.58&, — 105.2é,,

yﬁ (3.5,1.5)
g

Figure P8.6

8.7 If the nodal values of the elements shown in Fig. P8.7 are u; =0.2645, u,=0.2172,
and 13 =10.1800 for the triangular element and u, =0.2173, 42 =0.1870, and u, =uy =
(.2232 for the rectangular element, compute w, du/dx, and du/dy at the point (x, y)=
(0.375, 0.375).

(a) {h)

Figure P8.7

8.8 Compute the contribution of the pump 2 discharge to the nodes of element 43 in the groundwater
flow problem of Example 8.5.4.

8.9 Find the coefficient matrix associated with the Laplace operator when the rectangular element
in Fig. PB.9(«a) is divided into two triangles by joining node | to node 3 [see Fig. P8.9(b)].
Compare the resulting matrix with that of the rectangular element in Eq. (8.2.54).



507

CHAPTER &: SINGLE-VARIABLE PROBLEMS IN TWO DIMENSIONS

o -
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where 1/; (x, y) are the linear interpolation functions of a rectangular element with sides @ and b.

0 __
=

Sl'-

\

“\x\

.

P8.11(b). Assume one degree of freedom per node, and let [ K] denote the element coefficient

8.11 Give the assembled coefficient matrix for the finite element meshes shown in Figs. P8.11{a) and
matrix for the eth element. The answer should be in terms of

8.12 Repeat Problem 8.11 for the mesh shown in Fig. P8,12.

8.10 Compute the element matrices
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8.13 Compute the global source vector corresponding to the nonzero specified boundary flux for the
finite element meshes of linear elements shown in Fig. P8.13.

2¢cm 2em 2cm 2 cm

Figure P8.13

8.14 Repeat Problem 8.13 for the finite element mesh of quadratic elements shown in Fig. P8.14.

-l -
2em lem 1.4 em

Figure P8.14

8.15 A line source of intensity g, is located across the triangular element shown in Fig. P8.15.
Compute the element source vector.

Figure P8.15
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8.16 Repeat Problem 8.15 when the line source has varying source, g(s) = gys5/L, where 5 is the
coordinate along the line source.

8.17 Consider the following partial differential equation governing the variable u:

o d a ] it
P B LN BN
dr ax \ ix dy \ Oy

where ¢, a, b, and f; are constants. Assume an approximation of the form
up(x, y. )= (1 =x)yu, (1) + x(1 = yhua(t)
where 1, and w> are nodal values of u at time f.

(a) Develop the fully discretized finite element model of the equation.

(b) Evaluate the element coefficient matrices and source vector for a square element of dimen-
sion | unit by 1 unit (so that the evaluation of the integrals is made easy).

Note: You should not be concerned with this nonconventional approximation of the de-
pendent unknown but just use it as given to answer the question.

8.18 Solve the Laplace equation
Pu u
=l=—=a4——]=0 ih 'R
(Bx? + 6}-‘3)
on a rectangle, when u(0, y) = u{a. y) =u(x, ) =0 and u(x, b) = uy(x). Use the symmetry

and (a) a mesh of 2 x 2 triangular elements and (b) a mesh of 2 x 2 rectangular elements (see
Fig. PB.18). Compare the finite element solution with the exact solution

o0

HITX nIy
uix, y)= A, sin — sinh ——

’ ; : o] b

where
2 “ . HTX
n= T N T uplx) sim dx
asinh(nwhbja) J, a

Take a=b=1, and my(x)=sin mx in the computations. For this case, the exact solution

becomes

sinmx sinhmy

Hlx, yy=——m——
sinh

Answer: For a 2 x 2 mesh of triangles, U, =0.23025 and U5 =0.16281; for a 2 x 2 mesh of

rectangles, Uy =0.1520 and Us =0.1075.

-PA ul(x,h) =uyix)
/ 7

u=10

Figure P8.18
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8.19 Solve Problem 8.18 when u,(x) = 1. The analytical solution is given by

R 4 i sin(2n + 1) x sinh(2n + )y
R (2n + 1) sinh(2n + D

n={

Answer: (a) Uy = 0.2647 and Us = 0.2059.

8.20 Solve Problem 8.18 when ug(x) =4(x — x?). Answer: (a) U; =0.2353 and U/s=0.1691;
(b) Uy =0.1623 and Us =0.1068

8.21 Solve the Laplace equation for the unit square domain and boundary conditions given in
Fig. P8.21. Use one rectangular element.

},:* du +u=2
dy b
A
_ai:(} —viu=0 & a—“:ﬂl
x dx
-4 -
1.0
Y > x
w=1
Figure PB.21

8.22 Use two triangular elements to solve the problem in Fig. P8.21. Use the mesh obtained by joining
points (1,0) and (0.1).

8.23 Consider the steady-state heat transfer (or other phenomenon) in a square region shown in Fig.
P8.23. The governing equation is given by

i i a it
()2 ()
dx dx ﬂ_}' By

The boundary conditions for the problem are:
w(0, y) '——ya. u(x, ) =x2, w(l, =1=y, wx,D=1-x
Assuming k= | and f, =2, determine the unknown nodal value of u using the uniform 2 x 2

mesh of rectangular elements. Answer: Us =().625.

-’"A wix,1)=1-x

A

. ? 1.0
ul0,y) = y* i =2 uilyl=1-y

1.0 Y

wix,0) =x*

Figure P8.23
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8.24 Solve Problem 8.23 using the mesh of a rectangle and two triangles, as shown in Fig. P8.24.
Answer; Us =0,675.

uixl)=1-x

Figure P8.24 Figure P8.25

8.25 Solve the Poisson equation —V?u =2 in @, u =0o0n Iy, du/dn =0 on I'y, where  is the first
quadrant bounded by the parabola y = | — x? and the coordinate axes (see Fig. P8.25), and I',
and I'; are the boundaries shown in Fig. P8.25.

8.26 Solve the axisymmetric field problem shown in Fig. P8.26 for the mesh shown there. Note
that the problem has symmetry about any z = constant line. Hence. the problem is essen-
tially one dimensional. You are only required to determine the element matrix and source

vector for element | and give the known boundary conditions on the primary and secondary
variables.

k.= k.= k, constant
k=20WHm-°C)

8= 107W/m*(internal heat generation)
To=100°C, Ry=0.02 m

-
[——————»]

Insulated —
{bottom)

Figure P8.26

8.27 Formulate the axisymmetric field problem shown in Fig. P8.27 for the mesh shown. You are
only required to give the known boundary conditions on the primary and secondary variables
and compute the secondary variable at r = Ry/2 using equilibrium and the definition. Use the
element at the left of the node.
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k.= k. =k, constant
k=20 W/(m-°C)
£0= 107 W/m’ (internal heat generation)

| Ry =T; Ty = 100°C, Ry=0.02 m, £ = 0.04 m

. 6| L12=002m
- f
Tir, =T, sk _
(bottom) ] 2 3
[
R“ a ”[]2 m
Figure P8.27

8.28 A series of heating cables have been placed in a conducting medium, as shown in Fig. P8.28.
The medium has conductivities of k, =10 W/tem - °C) and &, = 15 W/(cm - °C), the upper
surface is exposed to a temperature of —5°C, and the lower surface is bounded by an insulating
medium. Assume that each cable is a point source of 250 W/cm. Take the convection coefficient
between the medium and the upper surface to be =5 W/(cm?® - K), Use a 8 x 8 mesh of linear
rectangular (or triangular) elements in the computational domain (use any symmetry available in
the problem), and formulate the problem (i.e., give element matrices for a typical element, give
boundary conditions on primary and secondary variables, and compute convection boundary
contributions).

Convection [T, =-5°C, =5 W/(em?.°C)]

| 4 cm i 4 cm > 4 cm > 2cm
; Electric cables  (Qy =250 W) %
fem
k.= 10 Wicm - °C), k, =15 Wiem-°C)
WWM/\NMW

Figure P8.28

8.29 Formulate the finite element analysis information to determine the temperature distribution in the
molded asbestos insulation shown in Fig. P8.29. Use the symmetry to identify a computational
domain and give the specified boundary conditions at the nodes of the mesh. What is the
connectivity of matrix for the mesh shown?
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k=01 Bw/h/(ft-°F)
3in, 3 in.
Insu latcg |

e 1~ 25
3in | |_l_]£1
. 501')»'*1? | 120-100°F
1. I&;
e S— ! 2 :
100°F i L
L 5
Figure P8.29

Consider steady-state heat conduction in a square region of side 2a. Assume that the medium
has conductivity of & (in W/(m-“C)) and uniform heat (energy) generation of gy (in W/m').
For the boundary conditions and mesh shown in Fig. P8.30, write the finite element algebraic
equations for nodes 1, 3, and 7.

Convection 3, T,

Prescribed

temperature, T,

k=30 W/(m-°C), =60 W/(m?-°C)
T.,=0°C, Ty=100°C,a=1cm

g =2 % 10° Wim?, g, = 107 W/m®

Heat supply,
o (Wim?)

Insulated

Figure P8.30

For the convection heat transfer problem shown in Fig. P8.31, write the four finite element
equations for the unknown temperatures. Assume that the thermal conductivity of the material is
k =5 W/(m-"C), the convection heat transfer coefficient on the left surface is f = 28 W/(m? - °C),
and the internal heat generation is zero. Compute the heats at nodes 2. 4 and 9 using (a) element
equations (i.e., equilibrium), and (b) definition in Eq. (8.2.196) (use the temperature field of
elements |1 and 2),

" Il Insulated
v ? IQ

CGE‘"}‘E“OI‘/ ©) @ Prescribed k=5 W/(m:°C), f =28 W/(m?-°C)
ol 4( 5 6 [ |, Temperaturc Tw = {]DC, T:i = Tﬁ = Tg = 4UDC,
o
@ ®) T=T=10°C,a=0.16m
111 2 3 <
2a
Prescribed temperature
Figure P8.31

8.32 Write the finite element equations for the unknown temperatures of the problem shown in Fig.

P8.32.
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13 k=10 W/(m-°C)
Il m @ 3
9 O O 12 .1‘:-,"“=l:.:"‘|iv|l'll']'1L
=R 5@ g| T=50°C
1 . 3 H e
-t |

Imi  T=250°C
Figure P8.32

8.33 Write the finite element equations for the heats at nodes 1 and 13 of Problem 8.32. The answer
should be in terms of the nodal temperatures T;, Ts.,. .., T}s.

8.34 Write the finite element equations associated with nodes 13, 16, and 19 for the problem shown
in Fig. P8.34.

x
}A /T— T“COBE

&

ol ? Nt O k=25W/(m-°C), g5 = 0 W/m®
= T,y = 100°C
Insulated-7 | 111 I:’uw = 7 a=1m, =1
r'=0°C
6@ @ 10
yi-pg 4= I5a o
-+ e
I'=0°C
Figure P8.34

8.35 The fin shown in Fig. P8.35 has its base maintained at 300°C and exposed to convection on its
remaining boundary. Write the finite element equations at nodes 7 and 10,

Convection f§, T,

13 /14 15

k=5 W/(m "C)

7 @ Lﬂ @ 19 e B=40W/(m*-°C)
10 if“:n%r:::iun I.=20°C
I @ ]; @ ] @ B Ty =300°C, a = 8 em

Figure P8.35

8.36 Compute the heat loss at nodes 10 and 13 of Problem 8.35.
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8.37 Consider the problem of the flow of groundwater beneath a coffer dam. Solve the problem
using the velocity potential formulation. The geometry and boundary conditions are shown in

Fig. P8.37.
¢=2m Impermeable sheet pile
G F
e T A
Impermeable, ;\: - R
d i Cx
9 =0 IE cm £
dn = B
D s [h=4cm
. Impermeable
- B
::;.'.‘.'.'.'.'.'-'-'-'-'-'-‘-'-'/:'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'"""""""""""' (}—{p =)
- > dn
; a=16cm
Impermeable, d—¢= 0
dn
Figure P8.37

8.38 Formulate the groundwater flow problem of the domain shown in Fig. P8.38 for finite element
analysis. The pump is located at (x, y) = (787.5, 300) m.

; Impermeable, —¢=0 ay, = 1.75 m¥/day/m?, agy =1 m*/day/m?
/ n

g M:-:-:-:-:-:-:-:-:-:-:-:-:a-i:-:-:-:-:-: T e e e D L e e
- >
Rk ¢ =100m
Impermeable,::
9 - Pump* (787.5, 300)f 15 = 600 m
dn Sk @ =200 m"/day
= 0.5m?%/d
4 Bioaprm 200 m
R R S x
= 7 a9 @=1050m ™
Impermeable, —— =)
dn
Figure P8.38

8.39 Repeat Problem 8.38 for the domain shown in Fig. P8.39.

/ =100 m

o = 1.75 m‘/day/m? Impermeable
Impermeable, ::: Whole domain " L:m a};m g 0

P _,6/’” age = 1 m*/day/m T
o oo ” ,

9" ¢=200m /b:slreamﬂ g=0.5 mdfday;’m 375 m

5 h=750 m

e aeaaaae e oaoaanaaaads

- / a= 1500 m >

Tmperme”ihle. 99 =0
dn

Figure P8.39
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8.40 Consider the steady confined flow through the foundation soil of a dam (see Fig. P8.40), Assum-
ing that the soil is isotropic (k, = k,), formulate the problem for finite element analysis (identify
the specified primary and secondary variables and their contribution to the nodes). In particular,
write the finite element equations at nodes 8 and 11, Write the finite element equations for the
horizontal velocity component in 5th and 10th elements.

24 m

Structure

[mpermeable, % =1}

Figure P8.40

8.41 Formulate the problem of the flow about an elliptical cylinder using the (a) stream function and
() velocity potential. The geometry and boundary conditions are shown in Fig. PR.41.

Fixed wall (no flow)
o o o P o g

-
tg=1 ug=1
- ]
oy ‘ h=4cm
ik 2em
.

]
[ E a=8cm .

Fixed wall (no flow)

Figure P8.41
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8.42 Repeal Problem 8.41 for the domain shown in Fig. P8.42.

Rigid wall (no flow)
R i
|

1.5 cm

|

H’U:l

4 v {‘r‘r‘r/f_‘r bh=4cm =1

2cm

AR

Y
e

YYY ¢ YYYY

A

rﬁ’ffffffffffféﬁ’#ffffff T
= a=12cm
Rigid wall (no flow)

Figure P8.42

8.43 The Prandtl theory of torsion of a cylindrical member leads to
~V'u=2G8 in 2 u=0 onl

where £2 is the cross section of the cylindrical member being twisted, I' is the boundary of
€2, G is the shear modulus of the material of the member, £ is the angle of twist, and # is the
stress function. Solve the equation for the case in which £2 is a circular section (see Fig. P8.43)
using the mesh of linear triangular elements. Compare the finite element solution with the exact
solution (valid for elliptical sections with axes @ and b):

Goa’h? x* ¥
= —{1———
at + b? al b

Usea=1,b=1,and fy=2G8 =10.

A By symmetry, any sector can be
ST used as the computational domain
= a6 a=1,2G6 =10
/
g AAD NS

Figure P8.43
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8.44 Repeat Problem 8.43 for an elliptical section member (see Fig. P8.44). Use a=1 and
b=1.5.

v A " By symmetry, a quadrant can be
27 - f 7 ® i used as the computational domain
7 N
.«’ b | @ ®\ e=1,5b=152G8=10
4 1 5)1 6
i
0 Sa
i A0 O
i 1 2 3
\
\ a
\
' ’,
> .
. = - -
Figure P8.44

8.45 Repeat Problem 8.43 for the case in which € is an equilateral triangle (see Fig. P8.45). The
exact solution is given by
| | 2
=_Go| =2 2y —xd—3 - —q*
U [2“ + y7) 2ﬂx xy%) Ja]

Take a =1 and f =2GO = 10. Give the finite element equation for node 5.

¥5=0.5y3 y3=y3
xg=0.2667a

> X xg=x3+0.2a
__];ua @ ®4 10 ; @ xm=xg+[)4f£
L ! g i Use the smallest node as the first node
| 2 i of the element to write the connectivity
1 'w ‘3
gr 7

Figure P8.45

8.46 Consider the torsion of a hollow square cross-sectional member. The stress function W is required
to satisfy the Poisson equation in (8.5.60) and the following boundary conditions:

W =0 onthe outer boundary; W =2r" on the inner boundary

where r is the ratio of the outside dimension to the inside dimension, ¥ = 6a/2a. Formulate the
problem for finite element analysis using the mesh shown in Fig. P8.46.
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(7]

la)

% .
(4]
7 8
},!.' 4 I ﬁ ® [
L8 64
- sl T
(b)

Figure P8.46
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8.47 Repeat Problem 8.46 with the mesh of linear triangles [join nodes 1 and 5, 2 and 6, and 5 and 8

in Fig. P8.46(b)].

8.48 The membrane shown in Fig. P8.48 is subjected to uniformly distributed transverse load of
intensity fy (in N/m?). Write the condensed equations for the unknown displacements.

w=>0

8 cm

YA r=1(10-x)x
< 5 cm -
|+
L L Z
o s
100 ¢
A
4 s 6 §
; ?u:[)
10| 1
7 v
o -

Ri A
A o A A -.:lﬂﬁ

10 cm w=1>0

Figure P8.48

8.49 The circular membrane shown in Fig. P8.49 is subjected to uniformly distributed transverse
load of intensity fy (in N/m*). Write the condensed equations for the unknown displacements.

By symmetry, any sector can be

used as the computational domain

t =0 on the boundary

Figure P§.49
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8.50 Determine the critical time step for the transient analysis (with ¢ < %) of the problem

du
e Viu=1 in Q; u=0 in Qat =0
{
by determining the maximum eigenvalue of the problem
~Vi%u=xu inQ wu=0 onl

The domain is a square of unit length. Use (a) one triangular element in the octant, (b) four
linear elements in the octanta, and (¢) a 2 x 2 mesh of linear rectangular elements in a quadrant
(see Fig. P8.50). Determine the critical time step for the forward difference scheme. Answer:
(a) 2 =24. (b) Apy = 305.549.

YA
u=>0
B p
dn 3
{a)
e )
X 05
o,
dy
YA YA

®
s

o | S LS e Tigls:

=

@
@
¥
©
©

.9:--|
]
o
j 3]
=1 i
= 8 F-S
Y
b
|
|
[=]
| 2%
Tad
Y
=

Figure P8.50

8.51 Set up the condensed equations for the transient problem in Problem 8.50 for the e-family of
approximation. Use the mesh shown in Fig. P8.50(h).

8.52 Set up the condensed equations for the time-dependent analysis of the circular membrane in
Problem 8.49.

8.53 Determine the fundamental natural frequency of the rectangular membrane in Problem 8.48.

8.54 Determine the critical time step based on the forward difference scheme for the time-dependent
analysis of the circular membrane in Problem 8.49.

8.55 (Central difference method) Consider the following matrix differential equation in time:
MU} +[CHU) + KUY ={F)

where the superposed dot indicates differentiation with respect to time. Assume

“ | . |
{UI!:'—_ m[{ulrr—l -ZHUIN = lU}n+I)- {U}n= m({u}rlvl i {U]rr—I)
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and derive the algebraic equations for the solution of {7}, in the form
[AIU)ys1 ={F}s = |BI{U}y — [DIU }i

Define [A], [ B], and [ 2] in terms of [M]. [C], and [K].

8.56 Consider the first-order differential equation in time

8.57

a 2 + 4 ¥
em— M=
dt

Using linear approximation, w(r) = u i (¢) + uaipa(r), ¥ =1 —1/AL, and Y, =1/At, de-
rive the associated algebraic equation and compare with that obtained using the a-family of
approximation.

(Space-time element) Consider the differential equation
3] ] i
c'[—ti - t— (ai)= f forD<x<L, 0=t=T
it ix iy :
with
w0, nN=u(L,t)=0 for 0<1r<T, ulx,0)=up(x) for 0<x<L

where ¢ = ¢(x), a =alx), f = f(x,1), and uy are given functions. Consider the rectangular
domain defined by

Q={(x,1):0<x<l, O0=¢r<T}

A finite element discretization of € by rectangles is a time-space rectangular element (with y
replaced by 1). Give a finite element formulation of the equation over a fime-space element,
and discuss the mathematical/practical limitations of such a formulation. Compute the element
matrices for a linear element.

8.58 (Space-time finite element) Consider the time-dependent problem

i%u

i ;
—=¢c—, forO0<x<l1, >0
dx* ot

At
w(0,t)=0, T[].Il:l. uix, ) =x
dx

Use linear rectangular elements in the (x, #)-plane to model the problem. Note that the finite
element model is given by [K*J{«"] = {Q°], where

At 5 £ G IS At
K’(‘z i d aft ) d,
i [., f (Elx B ¥ 5 ) e

A Bu "B By
i=\—-] —a . 0= — dr
¢ ( _‘; dx ‘ )).,._t F (1, ax ‘ )

X=X}

8.59 The collocation time approximation methods are defined by the following relations:

{&IFE—H =(l —”Hfﬂn +a{ﬁl!r-l-|

(i) nsa = lit)y + @ AL[(L = y) it} + y{it}nial

a (A1)
2

l“ln-—u = {”]n + H&”“Iu + [“ o zﬁ””}n it 2,1““”,,4.“.'
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The collocation scheme contains two of the well-known schemes: & = | gives the Newmark’s
scheme; and f = ;f; and y = 1 gives the Wilson scheme. The collocation scheme is uncondition-
ally stable, second-order accurate for the following values of the parameters:

sy - o sl 2ot — |
Rt ”_2' 2l 4oy~ T 420 - 1)

Formulate the algebraic equations associated with the matrix differential equation
[MI{i) + 1C Ha) + [K Hul={F)

using the collocation scheme.
8.60 Consider the following pair of coupled partial differential equations:

H ( au i p dut ; Elu) g At £.=0 i
——|a— )| ——|b| — 4+ — — — f=

ax \"ax) " ay| \ay " ax PY :

A (au R ] ( Eiu) N s
i ? — — —_—— X Pp— — \-Z

ax |"\ay " ax oy \ay) T~ !

where # and v are the dependent variables (unknown functions), @, b, and ¢ are known functions
of x and v, and £, and f, are known functions of position (x. y) and time 7,

(@) Use the three-step procedure on each equation with a different weight function for each
equation (say, w; and w») to develop the (semidiscrete) weak form.
(h) Assume finite element approximation of (1. v) in the following form

uix. y)= Z wilx, MU . vix, y) = z i (x, V() (f1i)
=1

J i=l

and develop the (semidiscrete) finite element model in the form

n I ; " || ; n IJ 4
0= Z. MU+ Z: KU+ Z; K2V, — F
s e i

” = i: M!ie "’:".-' 2 i KE; U.." + i: Ka'l:iz v.n’- = F;-‘
j=l1 j=1 =1

You must define the algebraic form of the element coefficients X', K7, F/ etc.
{¢) Give the fully discretized finite element model of the model (in the standard form; you are
not required to derive it).

(iv)
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