Chapter 7

COMPUTER
IMPLEMENTATION

7.1 NUMERICAL INTEGRATION
7.1.1 Background

The finite element method, like most numerical methods, converts a continuum problem to a
discrete one (i.e., converting a system with an infinite number of degrees of freedom into one
with a finite number of degrees of freedom). The finite element model of a system ultimately
represents a set of algebraic equations among the values of the dependent variables of the sys-
tem at the selected nodes of the domain. The coefficients of the algebraic equations are typi-
cally integrals of approximation functions multiplied by the data of the problem. Exact evalu-
ation of these integrals is not always possible because of the algebraic complexity of the data
a(x), b(x),c(x),and f(x) inthe mathematical model. In such cases, it is natural to seek nu-
merical evaluation of these integral expressions. Numerical evaluation of the coefficient ma-
trices is also useful in problems with constraints, where reduced integration techniques are
used (e.g., the reduced integration element of the Timoshenko beam theory in Section 5.3).
Numerical evaluation of integrals, called numerical integration or numerical quadra-
ture, involves approximation of the integrand by a polynomial of sufficient degree, because
the integral of a polynomial can be evaluated exactly. For example, consider the integral,

= f : Fx)dx (7.1.1)

X
We approximate the function F'(x) by a polynomial
N
Fx)= Y Fi(x) (T.1.2)
=1
where F; denotes the value of F(x) at the /th point of the interval [x,, x;] and ¥, (x)
are polynomials of degree N — 1. The representation (7.1.2) can be viewed as the finite
element interpolation of F(x), where F; is the value of the function at the /th node. The
interpolation can be of the Lagrange type or the Hermite type.
Substitution of (7.1.2) into (7.1.1) and evaluation of the integral gives an approximate
value of /. For example, suppose that we choose linear interpolation of F(x). Then N =2,
Y= (xp — x)/h, ¥2=(x —x,)/ h, and

I
I = ;;hiﬂ + F), Fi=F(x;), F=F(x) (7.1.3)
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Figure 7.1.1 Approximate evaluation of an integral using the trapezoidal rule (a) two-point formula
and (b) three-point formula.

Thus, the value of the integral is given by the area of a trapezoid used to approximate the
area under the function F(x) (see Fig. 7.1.1). Equation (7.1.3) is known as the trapezoidal
rule of numerical integration. If we use the Lagrange quadratic interpolation of F(x), we
obtain

|
= ak(f"] +4F + F), Fi=F@), F=F{,+0.54), Fa=F(x) (7.1.4)

which is known as Simpson’s one-third rule.
Equations (7.1.3) and (7.1.4) represent forms of numerical quadrature formulae. In
general, a quadrature formula has the form

Xh r
1 :f F(x)dx =~ Z FxpW,; (7.1.5)
a =1
where x; are called the quadrature points and W, are the quadrature weights. These formulae
require functional evaluations, multiplications, and additions to obtain the numerical value
of the integral. They yield exact values of the integral whenever F(x) is a polynomial of
order r — 1.
In this section, we describe several numerical integration techniques and formulations
in which the geometry as well as the dependent variables are approximated using different
degrees of polynomials. We begin with the discussion of a local coordinate system.
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Figure 7.1.2 Global coordinate x, local coordinate x, and normalized coordinate &.

7.1.2 Natural Coordinates

Of all the quadrature formulae, as will be discussed in the subsequent sections, the Gauss—
Legendre one is the most commonly used. The details of the method itself will be discussed
shortly. The formula requires the integral to be cast as one to be evaluated over the interval
[—1, 1]. This requires the transformation of the problem coordinate x to a local coordinate
£ such that (see Fig. 7.1.2):

when x=x,, &=-—1; when x=x, £&=1

The transformation between x and & can be represented by the linear “stretch” transforma-
tion

x=a+ bk
where a and b are constants to be determined such that the above conditions hold:
xg=a+b(—1), xp=a+b(1)

Solving for a and b, we obtain

1 | 1 I
bzi{xh_xa]:Ehéu (IZE(X,JJ'FIH):JCH‘*‘E}?.‘:

Hence, the transformation takes the form

X =0+ she(1 +5) (7.1.6)

where x, denotes the global coordinate of the left-end node of the element £2, and A, is the
element length (see Fig. 7.1.2).

The local coordinate & is called the normal coordinate or natural coordinate, and its
values always lie between —1 and 1, with its origin at the center of the element. The local
coordinate & is useful in two ways: It is (@) convenient in constructing the interpolation
functions and (k) required in numerical integration using Gauss-Legendre quadrature.

The derivation of the Lagrange family of interpolation functions in terms of the natural
coordinate & is made easy by the following interpolation property of the approximation
functions:

1 ifi=j

Vi =1, ifi ] (7.1.7)

where &; is the & coordinate of the jth node in the element. For an element with n nodes,
Vv, (i=1,2,...,n)are polynomials of degree n — 1. To construct ; satisfying (7.1.7), we
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Figure 7.1.3 Lagrange family of one-dimensional interpolation functions in terms of the normalized
coordinate, :

proceed as follows: For each y;, we form the product of 2 — 1 linear functions & — & (j=
(e RO, ) DY 5, S iy LR
Vi=cil§ —E)E—&) - (E—&)E—E4p) - (E—&)
Note that v; is zero at all nodes except the ith. Next, we determine the constant ¢; such that
Pi=1até=¢;:
¢ =G —&1)& —&) & —E_ )& — &) (& —ED
Thus, the interpolation function associated with node i is
(& — —52) k8 =&y HE — Erpt) v (B — 8y
wigy= E-BE-8) £i1)(6 —6i) - (6~ & .
(& =& —&) - & — &G — &) - (& — &)

The linear, quadratic, and cubic Lagrange interpolation functions in terms of the natural
coordinate (for equally spaced nodes) are shown in Fig.7.1.3.

7.1.3 Approximation of Geometry

We wish to use the Gauss-Legendre quadrature to numerically evaluate all integrals in the
finite element method. The integrals are generally expressed in terms of the coordinate
appearing in the problem description (like x or r). We shall call x and » as the problem
coordinates or global coordinates. The Gauss—Legendre quadrature requires us 1o express
the integral in terms of & over the interval —1 to +1. We assume arelation (or transformation)
between the problem coordinate x and natural coordinate £ in the form

where f is assumed to be a one-to-one transformation. An example of f(&) is provided by
(7.1.6):

. |
f{EJ =X, + Eke(l -+ E]
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In this case, f (&) isalinear function of £, Hence, a straight line is transformed into a straight
line.

[t is natural to think of approximating the geometry in the same way as we approximated
a dependent variable. In other words, the transformation x = f(&) can be written as

m
£y A0 (7.1.10)

i=l
where x; is the global coordinate of the ith node of the element €2, and 1[}"’ are the Lagrange
lmerpolatmn functions of degree m — 1. When m =2, we have a linear transformation, and
Eq. (7.1.10) is exactly the same as (7.1.6). When m = 3, Eq.(7.1.10) expresses a quadratic
relation between x and £. The functions cﬁf are called shape functions because they are
used to express the geometry or shape of the element. When the element is a straight line,

the mapping is linear (because two points, x| and x5, are sufficient to define a line).

The transformation (7.1.10) allows us to rewrite integrals involving x as those in terms

of &:
xn |
f F(x)dx :f F(E)de, F(&)dE=F(x(£))dx (7.1.11)
K -1
s0 that the Gauss—Legendre quadrature can be used to evaluate the integral over [—1, 1].
The differential element dx in the global coordinate system x is related to the differential
element £ in the natural coordinate system & by

Ix
Mzﬁﬁ:hﬁ

where J, is called the Jacobian of the transformation. We have

" m d‘qj;t-’
L= e =} " xe L 7.1.12
ﬁ @(zﬁ i Zﬁd& Gl

=1 i=1

For a linear transformation [i.e.. when m =2 in (7.1.10)], we have

-

I
v =—f| = &), ‘PEZEH +£)

| | I : I
Je=x5 (_E) + x5 (;) = ;I[_x'2 =)= ;.-‘z‘., (7.1.13)

It can be shown that J, = éhﬂ whenever the element is a straight line, irrespective of the
degree of interpolation used in the transformation (7.1.10).

7.1.4 Isoparametric Formulations

Recall that a dependent variable u i1s approximated in an element £2, by expressions of the
form

w(x) =) " uy(x) (7.1.14)
j=l

In general, the degree of approximation used to describe the coordinate transformation
(7.1.10) is not equal to the degree of approximation (7.1.14) used to represent a dependable
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variable, i.c., gﬁj # Y. In other words, two independent meshes of elements may be used
in the finite element formulation of a problem: one for the approximation of the geometry
+ and the other for the interpolation of the dependent variable . Depending on the rela-
tionship between the degree of approximation used for the coordinate transformation and
that used for the dependent variable, the finite element formulations are classified into three
categories:

I. Subparametric formulations: m < n
2. Isoparametric formulations: m = n (Z=1415)
3. Superparametric formulations: m > n

[n subparametric formulations, the geometry is represented by lower-order elements than
those used to approximate the dependent variable. An example of this category is provided
by the Euler-Bernoulli beam element. where the Hermite cubic functions are used to ap-
proximate the deflection w (x) and linear interpolation can be used, when straight beams
are analyzed, to represent the geometry. In isoparametric formulations (which are the most
common in practice), the same element is used to approximate the geometry as well as the
dependent unknowns: ;(x) = v, (£). In the superparametric formulations, the geometry
is represented with higher-order elements than those used to approximate the dependent
variables. The superparametric formulation is seldom used in practice.

7.1.5 Numerical Integration

As discussed in the introduction, the evaluation of integrals of the form

b
[ F(x) dx (7.1.16)

by exact means is either difficult or impossible owing to the complicated form of the
integrand . Numerical integration is also required when the integrand is to be evaluated
inexactly (as in the Timoshenko beam element) or when the integrand is known only at
discrete points (e.g., experimentally obtained data).

The basic idea behind all numerical integration techniques is to find a function P(x),
often a polynomial, that is both a suitable approximation of F(x) and simple to integrate.
The interpolating polynomials of degree n, denoted by P, which interpolate the integrand
atn + 1 points of the interval [a, b], often produce a suitable approximation and possess the
desired property of simple integrability. An illustration of the approximation of the function
F'(x) by the polynomial Py(x) that exactly matches the function F(x) at the indicated base
points is given in Fig. 7.1.4(a). The exact value of (7.1.16) is given by the area under the
solid curve, while the approximate value

B
f Py(x) dx
(4

is given by the area under the dashed curve. It should be noted that the difference (i.e., the
error in the approximation) £ = F(x) — P,(x) is not always of the same sign, and therefore
the overall integration error may be small (because positive errors in one part cancel negative
errors in other parts), even when Py is not a good approximation of F.
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Figure 7.1.4 Numerical integration by the Newton-Cotes quadrature: (a) approximation of a function
by Py(x); (b) the trapezoidal rule; and (¢) Simpson’s rule.

The commonly used numerical integration methods can be classified into two groups:

|. The Newton—Cotes formulae that employ values of the function at equally spaced points
2. The Gauss—Legendre quadrature formula that employs unequally spaced points

These two methods are described here.

The Newton—Cotes Quadrature. For r equally spaced base points, the Newton—Cotes
closed integration formula is given by

h P
f F{x)a‘x:(b—a)EF(x;)w; (7.1.17)
a =1

where w, are the weighting coefficients, x; are the base points that are equally spaced,
and r is the number of base points (or 7 — 1 is the number of intervals). Note that r = 1
is a special case in which the number of base points as well as the number intervals is the
same; in this case Eq. (7.1.17) gives the rectangle formula. For r =2, (7.1.17) gives the
familiar trapezoidal rule, in which the required area under the solid curve in Fig. 7.1.4(b) is
approximated by the area under the dotted straight line [i.e., F'(x) isapproximated by P (x)]:

b=x3 -
[ F(x) d.r:-z—a[f"(x,)+F(xz}J. E=0(h", h=b—a (7.1.18)

=X

where E denotes the error in the approximation and £ is the uniform spacing between two
base points. The notation O(h), read as “order of h.” is used to indicate the order of the
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Table 7.1.1 Weighing coefficients for the Newton—Cotes formula.

¥ W W7 wiy Wy Ws Wg W7
I I
2 ! 1
2 2
| 4 I
3 = & e
6 6 6
I 3 3 I
4 = = & 2
8 8 § 8
4 o 32 12 32 i
; 90 90 90 () 90
" 19 75 50 50 75 19
288 288 88 288 28% 288
: 41 216 27 272 27 216 4]
840 840 840 840 840 840 840

error in terms of the spacing . For r =3 (i.e., two intervals). (7.1.17) gives the familiar
Simpson’s one-third rule [see Fig. 7.1.4(c)]:

b=xy ! " b
f F(x)dx= }—E-EJF{IJ)+4F(.UJ+F(.£3)I. E=0("), h=05(—a)

o (7.1.19)

The weighting coefficients for r=1,2,....7 are given in Table 7.1.1. Note that

21— Wy = 1. The base point location forr = 1 is x; =a + 5(b—a)=Ya+b).Forr> 1,
the base point locations are

X =d, Xa=dad+Ax,..., x,=a-+(r—1}Ax=bh

and Ax = (b —a)/(r — 1). We note that when r is odd (i.e., when there is an even number of
intervals or an odd number of base points), the formula is exact when F(x) is a polynomial
of degree r or less; when r is even, the formula is exact for a polynomial of degree » — | or
less. Odd-point formulas are frequently used because of their high order of accuracy [see
Carnahan, Luther, and Wilkes (1969)].

The Gauss-Legendre Quadrature. In the Newton-Cotes quadrature, the base point loca-
tions have been specified. If the x; are not specified, then there will be 2r + 2 undetermined
parameters, r + 1 weights w; and r + | base points x;, which define a polynomial of degree
2r + 1. The Gauss—Legendre quadrature is based on the idea that the base points x; and
the weights w; can be chosen so that the sum of the r + | appropriately weighted values
of the function yields the integral exactly when F(x) is a polynomial of degree 2r + 1 or
less. The Gauss-Legendre quadrature formula is given by

b | r
j F[x]dx:/ F‘(E)d&ﬁza‘}(&;}w; (7.1.20)
a =1 I=1

where w, are the weight factors, &; are the base points [roots of the Legendre polynomial
Pr1(8) ], and £ is the transformed integrand

F(E)=F(xENJE), dx=JdEt G121y
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Table 7.1.2 Weights and Gauss points I'nr the Gauss—Legendre quadrature.

1
j FEdE=Y FiEw;

T

Points, E’j r Weights. w;

0.0000000000 1 2.0000000000
+0.5773502692 2 1.0CO0OO0000

0.0000000000 3 0.888BRERERY
+0.7743966692 ().5555555555
+0.3399510435 4 (.6521451548
+0.861 1363116 0.3478548451

OLO00O000C0 2 (L50EERERERT
+0.5384693 101 0.4TR6286705
+0.9061798459 0.2369268850
+0.2386191861 O 04679139346
+0.661 2093865 (0.3607615730
+0.9324695142 0.1713244924
iNote that 0.57735,..=1/+/3, 0.77439, ., = /375, and

(L.B88...=8/9, and 0.555...=5/9.

where J is the Jacobian of the transformation between x anbd &. The weight factors and
Gauss points for the Gauss—Legendre quadrature (7.1.20) are given for r =1,...,6 in
Table 7.1.2.

The Gauss—Legendre quadrature is more frequently used than the Newton—Coltes quadra-
ture because it requires fewer base points (hence, a saving in computation) to achieve the
same accuracy. The error in the approximation is zero if the (2r + 2)th derivative of the inte-
grand vanishes. In other words, a polynomial of degree p is integrated exactly by employing
= ;1[;') + 1) Gauss points. When p + | is odd, one should pick the nearest larger integer:

|
:I:;{p—{— I)] (7.1.22)

[n finite element formulations, we encounter integrals whose integrands F are functions
of x, i (x), and derivatives of i; (x) with respect to x, For the Gauss—Legendre quadrature,
we must transform F(x)dx to F(£)d& in order to use the formula (7.1.20). For example,
consider the integral

i X dyf dy’;
K= — L dx 7.1.23
Y .[ 4 dx dx ( )
Using the chain rule of differentiation, we have
“(x) dyf e
dyix) _dyi@) ds __ dvi®) 571,
dx dE  dx d&
Theretore, the integral in (7.1.23) can be written, with the help of (7.1.10), as
| ¢
: L dyf 1 difr
K¢ = i SR A T.1.25
i f irr(?:{i:'}JJr i T dE g ( )

s Z FoEnw) (7.1.26)

=1
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where

= Id e Jurt m _dﬁlﬁ”
g L G} J:Z,ﬁ--ﬂ (7.1.27)

=51 dE dE

For the isoparametric fnmwlutlon we take f = 1;;‘ As noted earlier, the Jacobian matrix
will be the same (J, = h ) when the element is a straight line, even if the coordinate
transformation is qlldd['dllt. or cubic. However, when the element is curved, the Jacobian is
a function of & for transformations other than linear. The transformation from x to & is not
required in the Newton—Cotes quadrature.

It is possible to determine the exact number of Gauss points required to evaluate the
following element coefficients:

xp dw.f’ d%ﬁj 1;!"‘ dwe » 1 .
K(‘ = 1 f —if SRR B JdE= GK d
T dx dx Y f_. T TR f_, ij €)dE
N

~ > GEEnw,
=1
X +1 +1
:f A dx:f ljrj"(E)i,ﬁrj{'E]JrfEEf Gl (&) dE
Xa —1 1

N
mZ(;M{g;

I=1

X o 1
-/ w;'dpf v sds= [ Gleae
X = =1

NJ‘
~ Y GLED W (7.1.28)
=1

when linear, quadratic, and cubic interpolation functions are used. For linear interpola-
tion functions, the integrand of K, is constant, requiring only one-point Gauss-Legendre
quadrature (N¥ =1). The mtegrand of the mass matrix M}, is quadratic (p = 2), requiring
[r = ,.(p +1)= —] the two-point quadrature (N™ = 2), The coefficients f° are evaluated
exactly by one-point quadrature (N = 1). Similarly, for quadratic and cubic elements, we
can estimate the number of Gauss points needed to evaluate K¢ M, and ff exactly. The
results are summarized in Table 7.1.3. Note that, in lelmaung 1he quadrature points, it is
assumed that the Jacobian J is a constant, which holds true when the element is a straight
line.

If the matrices in (7.1.28) have variable coefficients or the elements are curved [and
hence J, = J,(£)], the degree of the variation of the integrands changes and the number of
Gauss points needed to exactly evaluate the integral changes. If the elements are straight
and the coefficients @ = a(x) and ¢ = ¢(x) together with f = f (x) are no more than linear
in x, then the number of Gauss points for evaluating the coefficients

o dif 1’,{;‘ ) b :
K= [ u% F dx, M :f ey dx (7.1.29)
Jx T

Ka La
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Table 7.1.3 The number of Gauss—-Legendre quadrature points required to evaluate K7, M, and ff

of Eq. (7.1.28).
Element type NE NM NE
Linear | 2 |
Quadratic 2 3 2
Cubic 3 4 2

remain the same as listed in the above table. However, the evaluation of f requires one
point more than before. Conversely, the two-point quadrature for linear elements, three-
point quadrature for quadratic elements, and four-point quadrature for cubic elements would
exactly evaluate Kf; with a quadratic variation of a(x), M{; with linear variation of ¢(x),
and f with quadratic variation of f(x).

The use of Gauss—Legendre quadrature in (7.1.28) yields the following values (exact up
to the fifth decimal place) when the element is straight and the isoparametric formulation

is used:

Quadratic Element (Three-Point Formula)

[K] I
e
M] = 0
{f}=he{

[1.33333  0.66667
0.66667 5.33333

| 033333 0.66667

0.166667
0.666667
0.166667

Cubic Element (Four-Point Formula)

|
[K]ZE
h,
IM]:I_O
{f}:hr"

L

3.700 -4.725 1.350

—4725 10.800 —7.425
1350 —7.425  10.800
| 0325 1350 —4.725

0.761905  0.589286
0.589286  3.857143
—0.214286 —0.482143
0.113095 —0.214286

0.125
0.375
0.375
0.125

2.33333  —-2.66607
—-2.66667  5.33333
0.33333  —2.66667

033333
2.66667
2.33333
033333
0.66667 (7.1.30)
1.333433
0.325
1.350
_4.725
3.700
_0.214286  0.113095
0482143 —0.214286
3857143 0.589286 | 13D
0.589286  0.761905
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7.2 COMPUTER IMPLEMENTATION
7.2.1 Introductory Comments

Chapters 3-6 were devoted to the finite element formulations of two classes of boundary
value, initial value, or eigenvalue problems in one dimension:

1. Second-order differential equations (e.g., heat transfer, fluid mechanics, one-dimensional
elasticity, bars, and the Timoshenko beam theory)

2. Fourth-order differential equations governing the Euler-Bernoulli beam theory

The frame element, obtained by superposing the bar element and the beam element, was
discussed in Chapter 5.

By now, it should be clear to the reader that the steps involved in the finite element
analysis of a general class of problems (e.g., single second-order, single fourth-order, and
a pair of second-order equations) are systematic, and once the finite element formulation
is completed, the model can be implemented on a digital computer. Indeed, the success of
the finite element method is largely due to the ease with which the analysis of a class of
problems, without regard to the geometry and boundary conditions, can be implemented on
a digital computer. A particular class of problems (say that described by the model equation
of Chapter 3) can be solved by simply supplying the required input data to the program.
For example, if we develop a general computer program to solve equations of the form

du Pu 9 ( du a3 [ 0°u
6154—02@—5 (aa)+@(bﬁ) +cu=f (7.2.1)
then all physical problems described by Egs. (3.1.1) and (5.1.1) and their time-dependent
versions can be solved for any compatible boundary and initial conditions.

The purpose of this section is to discuss the basic steps involved in the development of
a computer program for second- and fourth-order one-dimensional differential equations
studied in the preceding chapters. The ideas presented here are used in the development of
the model program FEM 1D, and they are meant to be illustrative of the steps used in a typical
finite element program development. One can make use of the ideas presented here and im-
plement them using FEM1D to develop a program of one’s own. The discussion here focuses
on the finite element computations, and no attempt is made to discuss the Gauss elimination
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procedure used to solve the resulting system of algebraic equations (a solver is provided
with FEM1D; see Appendix 1 located on the book’s website at www.mhhe.com/reddy3e).

7.2.2 General Qutline

A typical finite element program consists of three basic units (see Fig. 7.2.1):
1. Preprocessor
2. Processor
3. Postprocessor

In the preprocessor part of the program, the input data of the problem are read in and/or
generated. This includes the geometry (e.g., length of the domain and boundary conditions),
the data of the problem (e.g., coefficients in the differential equation), finite element mesh
information (e.g., element type, number of elements, element length, coordinates of the
nodes, and connectivity matrix), and indicators for various options (e.g., print, no print,
type of field problem analyzed, static analysis, eigenvalue analysis, transient analysis, and
degree of interpolation).

In the processor part, all the steps in the finite element method discussed in the preceding
chapter, except for postprocessing, are performed. The major steps of the processor are:
I. Generation of the element matrices using numerical integration
2. Assembly of element equations
3. Imposition of the boundary conditions
4. Solution of the algebraic equations for the nodal values of the primary variables

PREPROCESSOR

Read geometry and material
data, and boundary and initial
conditions of the problem.

|

PROCESSOR

® (ienerate finite element mesh
e Calculate element matrices

* Agsemble element equations
s Soplve the equations.

|

POSTPROCESSOR

Compute the solution and its
derivatives at desired points of
the domain, and print/plot the
results.

Figure 7.2.1 The three main functional units of a finite element program.
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In the postprocessor part of the program, the solution is computed by interpolation
at points other than nodes, secondary variables that are derivable from the solution are
computed, and the output data are processed in a desired format for printout and/or
plotting.

The preprocessor and postprocessors can be a few Fortran statements to read and print
pertinent information, simple subroutines (e.g., subroutines to generate mesh and com-
pute the gradient of the solution), or complex programs linked to other units via disk
and tape files. The processor, where typically large amounts of computing time are spent,
can consist of several subroutines, each having a special purpose (e.g., a subroutine for
the calculation of element matrices, a subroutine for the imposition of boundary condi-
tions, and a subroutine for the solution of equations). The degree of sophistication and
the complexity of a finite element program depend on the general class of problems being
programmed, the generality of the data in the equation, and the intended user of the pro-
gram. It is always desirable to describe, through comment statements, all variables used
in the computer program. A flow chart of the computer program FEM1D is presented in
Fig. 7.2.2. The objective of each of the subroutines listed in the flow chart is described
below.

ASSEMBLE: Subroutine for the assembly of element equations. The equations are
assembled in upper-banded form for static and transient problems, and in full matrix
form for eigenvalue problems.

EIGNSLVR: Subroutine for the solution of the eigenvalue problem [A|[{ X)) = A B]{ X }.

™ i
.| ECHODATA
PREPROCESSOR and
i MESHID
y L9
" ASSEMBLE (
2 COEFFCNT
= or
g TRANSFRM
- e
BOUNDARY
PROCESSOR «
’ i B A 4
> ; ’
EQN?}?HR [ SHAPEID ]
« EIGNSLVR
K _/ L A
: A
) | POSTPROC |, ;
POSTPROCESSOR or !
+ REACTION >
A A

Figure 7.2.2 Flow chart of the computer program FEMI1D.
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BOUNDARY: Subroutine for imposition of specified boundary conditions (Dirichlet,
Neumann, and Newton type).

COEFFCNT: Subroutine for computing element matrices [ K|, [M*], and { f“] for all
model problems except for truss and frame elements.

ECHODATA: Subroutine to echo the input to the program.

MESHI1D: Subroutine to generate the mesh (coordinates of the global nodes and the
connectivity array).

POSTPROC: Subroutine to postprocess the solution for all model problems except for
truss and frame elements.

REACTION: Subroutine to calculate the reactions (i.e., generalized forces) for truss
and frame elements.

SHAPE1D: Subroutine to compute the approximation functions and their derivatives.
EQNSOLVR: Subroutine for solving banded symmetric system of algebraic equations.
TRANSFRM: Subroutine to compute element stiffness matrix and force vector for
truss and frame elements.

In the following sections, a discussion of the basic components of a typical finite element
program is presented. and then the ideas are illustrated via FORTRAN statements.

7.2.3 Preprocessor

The preprocessor unit reads the input data, generates the finite element mesh, and prints the
data and mesh information. The input data to a finite element program consist of element
type IELEM (i.e., Lagrange element or Hermite element), number of elements used (NEM),
specified boundary conditions on primary and secondary variables (number of boundary
conditions, global node number and degree of freedom, and specified values of the degrees of
freedom), the global coordinates of global nodes, and element properties (e.g., coefficients
a(x), b(x), e(x), f(x),etc.). If a uniform mesh is used, the length of the domain should be
read in, and global coordinates of the nodes can be generated in the program.,

The preprocessor portion that deals with the generation of finite element mesh (when
not supplied by the user) can be separated into a subroutine (MESH1D), depending on the
convenience and complexity of the program. Mesh generation includes computation of the
global coordinates X; and the connectivity array [ B] = NOD. Recall that the connectivity
matrix describes the relationship between element nodes to global nodes as

NOD(/, J) = global node number corresponding to the Jth (local) node of element /

This array is used in the assembly procedure as well as to transfer information from the
element to the global system and vice versa. For example, to extract the vector ELX of
global coordinates of element nodes from the vector GLX of global coordinates of global
nodes, we can use the matrix NOD as follows: The global coordinate x:-”' of the ith node
of the nth element is the same as the global coordinate X; of the global node /, where
I =NOD(n, i):

(x™=1X;}, 1=NOD(n,i) — ELX(i)=GLX(NOD(n,i))
The arrays ELX and GLX are used in FEMID to denote {x"} and { X}, respectively.
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7.2.4 Calculation of Element Matrices (Processor)

The most significant function of a processor is to generate element matrices. The element
matrices are computed in various subroutines (COEFFCNT and TRANSFRM), depend-
ing on the type of problem being solved. These subroutines typically involve numerical
evaluations of the element matrices [K ] and [ M*¢] (program variables ELK and EL.M) and
the element vector { f°} (program variable ELF) for various field problems. The Gauss—
Legendre quadrature described in Section 7.1.5 is used to evaluate element matrices and
vectors, and the arrays are assembled as soon as they are computed. Thus, a loop on the
number of elements in the mesh (NEM) is used to compute element matrices and assemble
them (subroutine ASSEMBLE). It is here that the connectivity array NOD plays a crucial
role. By putting one element matrix into global locations at a time, we avoid the computation
of all element matrices at once.

Element matrices for different model equations (MODEL ) and type of problem (NTYPE)
are generated by assigning values as discussed next. Governing equations are listed for
the static case. The variables used have the following meaning: H = thickness of the
beam/plate; B = width of a beam; E = Young’s modulus; G = E/[2(] + v)] = shear
modulus; v = Poisson’s ratio; D) = bending stiffness (D = EI = EBH/12 for beams and
D = EH*/[12(1 — v?)] for plates); A = cross-sectional area; K, = shear correction factor:
and ¢y = foundation modulus.

I. MODEL = I, NTYPE = 0 All field problems described by the model equations
(3.2.1) and (3.4.1), including radially symmetric heat-transfer-type problems:

d du i

—== |85 ) +¢cu — f=0; AX =a(x); CX=c(x), FX = f(x)
dx \ dx ‘

1 d du A ;

——=—F@— | t+eu— f=0; AX=ralr); CX=rc(r), FX =rf(r)
rdr dr

2. MODEL = 1,NTYPE=1 Radially symmetric deformation of polar orthotropic disks
(see Problem 4.37):

d du u du -
—— | H | eyyr— +cj3u + H | exn— 4 c1n— =rf(r)
dr dr r dr

E, : viz £ _ E;
— = y Cg=———
1 — vy | — viavyy I — vjavy

CH =

where f(r) is the distributed force per unit volume (i.e., Hilr)= f is the distributed
force per unit area). For the isotropic case, £y = E» = E and v); = Vo = V.
3. MODEL = I, NTYPE =2 Radially symmetric deformation of cylinders:

d i U du )
L= C (l—U)r‘——}—lru +e {I_U]_'I‘U— =!‘fl:r:l
dr dr . o

. E
“Cha+wa —bw
4. MODEL = 2, NTYPE = 0 (reduced integration element; RIE) or MODEL = 2.
NTYPE =2 (consistent interpolation element; CIE) Bending of straight beams using
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the Timoshenko beam theory:

R P2 |
dx : dx g i

d dW dw
—— | EI— GAK, |V + — | =0
dx ( dx ) i ' ( * d,\:)

AX=GAK;, CX=cy(x), FX=qg(x), BX=EI
3. MODEL =2, NTYPE = 1 (RIE) or MODEL = 2, NTYPE = 3 (CIE) Axisymmetric
bending of circular plates using the shear deformation plate theory:

1| d | d
- _'_(er;']_MFJH +QJ':Ue S (rQr}—qzﬂ
r|dr rdr

dWw Y dw W dw
MNZD — +v— N M{;{JZ.D v—— Q}':KQGh 7 o —
dr r dr r dr

6. MODEL = 3, NTYPE = 0 Bending of straight beams using the Euler—Bernoulli
beam theory:

d? d*w
dx?

dx?
7. MODEL=3,NTYPE=1 Axisymmetric bending of circular plates using the classical

plate theory:
1 d d[1ldysdw
B "a[:d—r(fz;)““-f'“—q

8. MODEL =4, NTYPE =0 Two-node truss element,
9. MODEL =4, NTYPE =1 Two-node Euler—Bernoulli frame element.
10. MODEL = 4, NTYPE =2 Two-node Timoshenko frame element.

)+c'fw:q(x). BX=El, CX =cy(x), FX=¢gx)

The time-dependent option is exercised through variable ITEM:

ITEM =0 static analysis
ITEM =1 first-order time derivative (i.e., parabolic) problems
ITEM =2 second-order time derivative (i.e., hyperbolic) problems

The element matrices are evaluated using the Gauss—Legendre quadrature except for
MODEL = 4, where the explicit forms of element coefficients are programmed in the
interest of computational efficiency.

The element shape functions SF and their derivatives GDSF are evaluated at the Gauss
points in subroutine SHAPEID. The gaussian weights and points associated with two-,
three-, four-, and five-point integration are stored in arrays GAUSWT and GAUSPT., re-
spectively. The nth column of GAUSWT, for example, contains the weights corresponding
to the n-point Gauss—Legendre quadrature rule:

GAUSPT (i, n) = ith Gauss point corresponding to the n-point Gauss rule

The variable NGP is used to denote the number of Gauss points, which is selected to
achieve good accuracy. As noted earlier, the linear, quadratic and cubic interpolation
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functions require two, three, and four quadrature points, respectively, to evaluate the element
coefficients exactly. Thus, if IELEM is the element type,

| linear
I[ELEM = { 2 quadratic (Lagrange elements)
3 cubic

then NGP = IELEM +1 would evaluate K. M, and ff [see (7.1.29)] exactly when c(x)
is linear, and a(x), b(x), and f(x) are quadratic functions. The Hermite cubic element is
identified with IELEM = 0, in which case NGP is taken to be 4.

The coefficients a(x) = AX, b(x)= BX, and c(x) = CX, together with f(x)=FX in
the differential equation (7.2.1) are assumed to vary with x as follows:

AX=AX0+AX1*X (@=ap+ax)
BX=BX0+BX1*X (b=by+ by x) (7.2.2)
CX=CX0+CX1*X (c=cp+cix) o

FX=FXO+FX1*X4+FEX2*X*X (f = fo+ fix + fox2)

For radially symmetric elasticity problems, (AX0, AX1) [or (BX0, BX1) for circular plates|
are used to input Young’s modulus £ and Poisson’s ratio v.

The Gauss—Legendre quadrature formula (7.1.20) can be implemented in the computer
as follows: Consider K7, of the form

A d
K,-‘}:L [( 1‘;’ f + ey w} x (7.2.3)
We use the following program variables for the quantities in (7.2.3):
: , dif
ELK(L = K{;, SFI)=4;, GDSF(l)= 73
ax

AX =ual(x), CX=c(x), ELX(D= t:’
NPE =#n (the number of nodes in the element)

After transforming x to & [or x = x, +0.5h,(1 + &)]
fi
we= ) AYE (7.2.4)
i=I

the coefficients K, in (7.2.3) can be written as

”'_f[”msxas CEWE ]f f e (E©)Jde (7.25)

NGP
Z G (ENIW, (7.2.5h)

where G}, denotes the expression in the square brackets in (7.2.5a), J is the Jacobian, and
(&, Wp) are the /th Gauss point and weight.

Examination of (7.2.5h) shows that there are three free indices: i, f, and /. We take the
Gauss-point loop on [ as the outermost one. Inside this loop, we evaluate Gj’.j at the Gauss
point &; for each i and j, multiply with the Jacobian J = %hf and the weights W;, and sum
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over the range of [:
ELK(, j) = ELK(, j) + G{;(&)J W, (7.2.6)

Since [K“], [M*], {f*} are evaluated for ¢e=1,2, ..., NEM, where NEM denotes the
number of elements in the mesh, we must initialize all arrays that are being evaluated using
the Gauss—Legendre quadrature. The initialization must be made outside of the Gauss—
Legendre quadrature loop.

The computation of coefficients K{; in (7.2.5a) requires evaluation of a, ¢, v, and
di fd§ at the Gauss point §;. Hence, inside the loop on /, we call subroutine SHAPE1D
to evaluate v, d; /dx = (dir; /d€)/J . Fortran statements to evaluate [K¢] and { f¢} are
given below.

DO 100 NI = |, NGP
X1 = GAUSPT(NI,NGP)
C Call subroutine SHP1D to evaluate the interpolation functions
C (SF) and their global derivatives (GDSF) at the Gauss point X1
CALL SHP1D(XI,NPE,SF.GDSE,GJ)
CONST = GI*GAUSWT(NI,NGP)
DO 201 = I,NPE
20 X = X + SE()*ELX(I)
AX = AX0 + AXI1*X
CX =CX0+ CX1*X
DO 30J = | ,NPE
ELF(J) = ELF(J) + CONST*SF(J)*FX
DO 30 I = 1,NPE
30 ELK(LJ) = ELK(LJ) + CONST*(AX*GDSF(I)* GDSF(J)

+ CX*SF(I)*SF()

In the same way, all the other coefficients (e.g., M; and f) can be evaluated. Recall that
the element properties (i.e., K{;, M{,, and f¢) are calculated by calling a suitable subroutine
(COEFFCNT or TRANSFRM) for the field problem being analyzed within a loop with a
counter based on the number of elements in the mesh (NEM).

7.2.5 Assembly of Element Equations (Processor)

The assembly of element equations should be carried out as soon as the element matrices are
computed, rather than waiting till the element coefficients of all the elements are computed.
The latter requires storage of the element coefficients of each element. In the former case,
we can perform the assembly in the same loop in which a subroutine is called to calculate
element matrices,

A feature of the finite element equations that enables us to save storage and computing
time is the assembly of element matrices in upper-banded form. When element matrices are
symmetric, the resulting global (or assembled) matrix is also symmetric, with many zeros
away from the main diagonal. Therefore, it is sufficient to store only the upper half-band of
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the assembled matrix. The half bandwidth of a matrix is defined as follows: Let N; be the
number of matrix elements between the diagonal element and the last nonzero element in
the ith row, after which all elements in that row are zero; the half-bandwidth is the maximum
of (N; + 1)x NDEF, where NDF is the number of degrees of freedom per node
by= " [(N;+1) x NDF]
| <i<n

and n is the number of rows in the matrix (or equations in the problem). General-purpose
equation solvers are available for such banded systems of equations.

The half-bandwidth NHBW of the assembled (i.e., global) finite element matrix can
be determined in the finite element program itself. The local nature of the finite element
interpolation functions (i.e., yf are defined to be nonzero only over the element §2,) is
responsible for the banded character of the assembled matrix. If two global nodes do
not belong to the same element, then the corresponding entries in the global matrix are
Zeros:

K,; =0 if global nodes I and J do not correspond to
local nodes of the same element

This property enables us to determine the half-bandwidth NHBW of the assembled matrix

max
NHBW = If,,,F.;~i]|3p.,,] {absINOD(N, [) — NOD(N, J)]+ 1} x NDF (7.2.7a)
1<t, }<NPE

where
NEM = number of elements in the mesh
NPE = number of nodes per element (7.2.7h)
NDF = number of degrees of freedom per element

For example, for one-dimensional problems with elements connected in series. the
maximum difference between the nodes of an element is equal to NPE — 1. Hence,

NHBW = [(NPE — 1) + 1] x NDF = NPE x NDF (7.2.8)

Of course, NHBW is always less than or equal to the number of primary degrees of freedom
in the mesh, i.e., the number of equations, NEQ.

The logic for assembling the element matrices K, into the upper-banded form of the
global coefficients K7, is that the assembly can be skipped whenever J < [ and J >~ NHBW.
The main diagonal, / = J, of the assembled square matrix (i.c., full storage form), becomes
the first column of the assembled banded matrix (i.e., banded storage form), as shown
in Fig. 7.2.3. The upper diagonals (parallel to the main diagonal) take the position of
respective columns in the banded matrix. Thus, the banded matrix has dimension NEQ x
NHBW, where NEQ denotes the total number of equations in the problem.

The element coefficients K7, and f" of a typical element €2, are to be assembled into
the global coefficients matrix [ K] and source vector { F'}, respectively. If the ith node of the
element is equal to the fth global node and the jth node of the element is equal to the Jth
global node, we have

|
Kii=Kjj,

Fy=F' (forNDF=1) (7.2.9a)
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coefficients are zero

Figure 7.2.3 Finite element coefficient matrix storage in upper-half-banded form.

The values of I and J can be obtained with the help of array NOD:

I =NOD(n,i), J=NOD(n, j) (7.2.9b)

Recall that it is possible that the same / and J may correspond to a pair of / and j of some
other element 2. In that case, K:f will be added to existing coefficients K, ; during the
assembly. For NDF > 1, the logic still holds, with the change

(pig=1,2;....NDF) (7.2.10a)

K(INRYNC) = Kt p—13j+g-1)
where

NR=(/—-1)xNDF+4+p, NC=(J—1)xNDF+g (7.2.10b)

and [ and J are related to i and j by (7.2.95). These ideas are implemented in subroutine
ASSEMBLE.

7.2.6 Imposition of Boundary Conditions (Processor)

Imposition of boundary conditions on the primary and secondary global degrees of freecdom
can be carried out through a subroutine (BOUNDARY), which remains unchanged for two-
dimensional or three-dimensional problems. There are three types of boundary conditions
for any problem:

1. Essential boundary conditions, i.e., boundary conditions on primary variables (Dirichlet
boundary conditions).

2. Natural boundary conditions, i.e., boundary conditions on secondary variables (Neumann
boundary conditions).

3. Mixed boundary conditions (Newton boundary conditions).

The procedure for implementing the boundary conditions on the primary variables
involves modifying the assembled coefficient matrix (GLK) and right-hand column vector
(GLF) by three operations:
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Step 1. Moving the known products to the right-hand column of the matrix equation.
Step 2. Replacing the columns and rows of GLK corresponding to the known primary
variable by zeros, and setting the coefficient on the main diagonal to unity.

Step 3. Replacing the corresponding component of the right-hand column by the specified
value of the variable.

Consider the following N algebraic equations in full matrix form:

Ky K K3 - [ Ui Fy
Ky Kp Kn - ||U 5

where U; and F; are the global primary and secondary degrees of freedom, respectively,
and K are the assembled coefficients. Suppose that Us = Uy is specified. Recall that when
the primary degree of freedom at a node is known, the corresponding secondary degree of
freedom is unknown, and vice versa. Set K g5 = | and Fo= ffg: further, set Kg; = K;5 =0

for7=1,2,.... N and I #§. For § =2, the modified equations are
(K 0 K Ky ... Ku][[U Fy
g 1 O 8 s 0 U, U,
Kai 0 Kss Ky ... Ky, U\ _ ] Fy
_Kn] 0 Knz Kag ... Kn.rr_ Uy F‘n
where

Fi=F —Kply (i=1,3.4,5....n i#2)
Thus, in general, if Us = f;'_-; is known, we have
Kss=1, Fs=Us; Fi=F —KisUs; Ks= Kis=0

whetei=1,2,.... 8= L8+ 10 n (i # 5). This procedure is repeated for every spec-
ified primary degree of freedom. It enables us to retain the original order of the matrix, and
the specified boundary conditions on the primary degrees of freedom are printed as part of
the solution. Of course, the logic should be implemented for a banded system of equations.

The specified secondary degrees of freedom (Q,) are implemented directly by adding
their specified values to the computed values. Suppose that the point source corresponding
to the Rth secondary degree of freedom is specified to be F. Then

Fr= fr+ Fg

where fg is the contribution due to the distributed source f(x); f is computed as a part
of the element computations and assembled.
Mixed-type boundary conditions are of the form

il
a;_” +k(u —uw)=0 (& and k are known constants) {7.2.11)
X

which contains both the primary variable « and the secondary variable a dujdx. Thus,
a du/dx atthe node p is replaced by —k , (u,, — it ,):

Q,H — _k;:(U,u b glu)
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This amounts to modifying K, by adding k,, to its existing value,
Kpp < Kpp +Kkp

and adding k,U, to F,,
F, < F,+k,U,

All three types of boundary conditions are implemented in the subroutine BOUNDARY
for boundary, initial, and eigenvalue problems. The following variable names are used in
the subroutine BOUNDARY:

NSPV  Number of specified primary variables

NSSV  Number of specified secondary variables

NNBC Number of Newton boundary conditions

VSPV  Column of the specified values Ug of primary variables

VSSV  Column of the specified values F  of secondary variables

VNBC Column of the specified values &,

UREF  Column of the specified values U,

ISPV Array of the global node and degree of freedom at the
node that is specified [ISPV(I,1)=global node of the
{th boundary condition, ISPV(1.2)=degree of freedom
specified at the global node, ISPV(I1,1)]

Similar definitions are used for ISSV and INBC arrays.

7.2.7 Solving Equations and Postprocessing

Subroutine EQNSOLVR is used to solve a banded system ol equations, and the solution is
returned in array GLFE. The program performs the gaussian elimination and back-substitution
to compute the solution. For a discussion of the gaussian elimination used to solve a set of
linear algebraic equations, the reader is referred to the book by Carnhan, Luther, and Wilkes
(1969).

Postprocessing involves computation of the solution and its gradient at preselected
points of the domain. The preselected points are the end points of the element, the mid-
point, and three evenly spaced points between the end points and the midpoint. Subroutine
POSTPROC is used to evaluate the solution and its derivatives at the preselected points of an

element;
e - eyt dﬂr “ 2 dl‘bj‘
cio-Swn. (45)] -5 (%)

.Ji:i # j_]

(7.2.12)

X
for the Lagrange elements and
4 LN
dmMwe d (‘f)
Wi =3 uleln), —— =Zuj.( -’) (i=1,2,3) (7.2.13)

— dxm — dxm
Jj=l J=l

for the Hermite cubic elements. The nodal values u? of the element €2, are deduced from
the global nodal values U as follows:

u'; =U;, [I=NOD(e, j)
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when NDF = |, For NDF = 1, [ is given by I = [NOD(e, j) — 1] x NDF and
M‘” =U|f.|..l|rj [f}zl.g..NDF]

f+p
The values computed using the derivatives of the solution are often inaccurate because
the derivatives of the approximate solution become increasingly inaccurate with increasing
order of differentiation. For example, the shear force computed in the Euler—Bernoulli beam
theory (EBT)

[ { d*w LI,
R (h{-i)zzm Ly 8 (7.2.14)

dx dx? o= T x dx?

will be in considerable error in addition to being discontinuous across the elements. The
accuracy increases, rather slowly, with mesh refinement and higher-order elements. The
derivatives computed using (7.2.14) are more accurate if they are computed at the Gauss
points. When accurate values of the secondary variables are desired at the nodes, it is
recommended that they be computed from the element equations:

i
g; = E K,-';-u’j — B =12 00y n) (7.2.15)
=l
However, this requires recomputation or saving of element coefficients K, and ff.
Recall that the nodal values of generalized forces are exact at the nodes when computed
using (7.2.15) for certain problems as discussed before.

7.3 APPLICATIONS OF PROGRAM FEMI1D
7.3.1 General Comments

The computer program FEM 1D, which embodies the ideas presented in the previous section,
is intended to illustrate the use of the finite element models developed in Chapters 3-6 to
a variety of one-dimensional field problems, some of them are not discussed in this book.
The program FEMI1D is developed as a learning computational tool for students of a first
course on the finite element method (see Appendix 1 for a listing of the program located
on the book’s website at www.mhhe.com/reddy3e). In the interest of simplicity and ease
of understanding, only the model equations discussed in this book and their immediate
extensions are included in the program.

Table 7.3.1 contains a summary of the definitions of coefficients of various model
problems and their corresponding program variables. The table can be used as a ready
reference to select proper values of AX0, AX1, and so on for different problems.

7.3.2 Hlustrative Examples

Here we revisit some of the example problems considered earlier to illustrate the use of
FEMI1D in their solution, Only certain key observations concerning the input data are made,
but complete listings of input files for each problem are given. In the interest of brevity, the
complete output files for most problems are not included.

A description of the input variables to program FEM1D is presented in Table 7.3.2. In
Table 7.3.2, “‘skip™ means that the input data is omitted (i.e., no data is required). In the “free
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Table 7.3.2 Description of the input variables to the program FEM1D

371

e Data Card 1
TITLE

e Data Card 2
MODEL
NTYPE

ITEM

o Data Card 3
IELEM

NEM
e Data Card 4
ICONT

NPRNT

Title of the problem being solved (80 characters)

Meodel equation being solved (see below)

Type of problem solved (see below)

MODEL = 1, NTYPE = 0: A problem of MODEL EQUATION (3.2.1)
MODEL = |, NTYPE = |: A circular DISK (PLANE STRESS)
MODEL = I, NTYPE > 1: A circular DISK (PLANE STRAIN)
MODEL = 2, NTYPE = 0: A Timoshenko BEAM (RIE) problem
MODEL = 2, NTYPE = 1: A Timoshenko PLATE (RIE) problem
MODEL = 2, NTYPE = 2: A Timoshenko BEAM (CIE' ) problem
MODEL = 2, NTYPE > 2: A Timoshenko PLATE (CIE) problem
MODEL = 3, NTYPE = (: A Euler—Bernoulli BEAM problem
MODEL = 3, NTYPE = 0: A Euler—Bernoulli circular plate
MODEL = 4, NTYPE = (: A plane TRUSS problem

MODEL =4, NTYPE = I: A Euler—Bernoulli FRAME problem
MODEL = 4, NTYPE = 2: A Timoshenko (CIE) FRAME problem
Indicator for transient analysis

ITEM = 0, Steady-state solution

ITEM = |, Transient analysis of PARABOLIC equations

ITEM = 2, Transient analysis of HYPERBOLIC equations

ITEM = 3, Eigenvalue analysis

Type of finite element

IELEM = ), Hermite cubic finite element
IELEM = 1, Linear Lagrange finite element
IELEM = 2. Quadratic Lagrange finite element
Number of elements in the mesh

Indicator for continuity of data for the problem
TCONT = 1, Data (AX,BX,CX.FX and mesh) is continuous
ICONT = 0, Data is element dependent
Indicator for printing of element/global matrices
NPRNT = 0, Not to print element or global matrices
but postprocess the solution and print
NPRNT = |, Print Element 1 coeflicient matrices only
bul postprocess the solution and print
NPRNT = 2, Print Element | and global matrices but
NOT postprocess the solution
NPRNT = 2, Not to print element or global matrices and
NOT postprocess the solution

Skip Cards 5-15 for TRUSS/FRAME problems (MODEL=4), and read Cards 5-15 only if MODEL = 4.
SKIP cards 5—9 if data is discontinuous (ICONT = ().

e Data Card 5
DX}

Array of element lengths. DX 1) denotes the global coordinate
of Node | of the mesh; DX(1) (I = 2, NEM1) denotes the length
of the (1 - 1)st element, where NEM1 = NEM + 1, and

NEM denotes the number of elements in the mesh.

Cards 6-9 define the coefficients in the model equations. All coefficients are expressed in terms of
GLOBAL coordinate x. See Table 7.2.1 for the meaning of the coefficients.
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(Table 7.3.2 continued)
e Data Card 6 N B

AXD Constant term of the coefficient [a(x) =] AX
AXI1 Linear term of AX

e Data Card 7
BX0 Constant term of the coefticient [Hix) =] BX
BX1 Linear term of the coefficient BX

e Data Card 8
X0 Constant term of the coefficient [e(x) =] CX
CXl Linear lerm of the coefficient CX

SKIP Card 9 for eigenvalue problems (i.e.. when ITEM = 3)
e Data Card 9

FX0 Constant term of the source | f(x) =] FX
FXI1 Linear term of FX
FX2 Quadratic term of FX

SKIP Cards 10-15 if data is continuous (ICONT = 0), Cards 10-15 are read for each element (i.e.. NEM
times). All coefficients are with respect to the LOCAL coordinate .
e Data Card 10

NNM Number of global nodes in the mesh
s Data Card 11 -
NOD Connectivity of the element: NOD(N.I) = Global node number corresponding to the Ith
node of Element N (I=1, NPE) where NPE denotes the Number of nodes Per Element
GLX(D) Length of the Ith element
e Data Card 12
DCAX Constant and linear terms of the coefficient AX
« Data Card 13
DCBX Constant and linear terms of the coefficient BX
e Data Card 14
DCCX Constant and linear terms of the coefficient CX
e Data Card 15
DCFX Constant, linear and quadratic terms of FX

READ Cards 16-23 only for TRUSS/FRAME problems (MODEL = 4); otherwise SKIFP,
e Data Card 16

NNM Number of nodes in the finite element mesh

SKIP Cards 17-19 for TRUSS problems (NTYPE = 0)
e Data Card 17 (Read lor each element) =

PR Poisson’s ratio of the material (not used in EBT)
SE Young’s modulus of the material

SL Length of the element

S5A Cross-sectional area of the element

51 Moment of inertia of the element

C5 Cosine of the angle of orientation of the element
SN Sine of the angle of orientation of the clement: the

angle is measured clockwise from the global x axis
o Data Card 18 (Read for each element)

HF Intensity of the horizontal distributed force
VF Intensity of the transversely distributed force
PF Point load on the element
XB Distance from node |, along the length of the element
o the point of load application, PF
CNT Cosine of the angle of orientation of the load PF
SNT Sine of the angle of orientation of the load PF; the angle

is measured clockwise from the element x axis.
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(Table 7.3.2 continued)
e Data Card 19
NOD Connectivity of the element: NOD(N, 1) = global node number corresponding

to the Ith node of element N (1 = |,NPE)

READ Cards 20 and 21 only for TRUSS problems (NTYPE = 0).
s Data Card 20 (Read for each element)

SE Young's modulus of the material

SL Length of the element

SA Cross-sectional area of the element

oS5 Cosine of the angle of orientation of the element

SN Sine of the angle of orientation of the element
Angle is measured counterclockwise from x axis

HF Intensity of the horizontal distributed force

e Data Card 21 o
NOD(N.I1) Connectivity of the element: NOD(N,1) = global node number corresponding to the
[th node of element N (1 = |.NPE)

e Data Card 22 _
NCON Number of inclined support conditions

SKIP Card 23 if no inclined support conditions are specified (NCON=(0).

e Data Card 23 (I = 1 to NCON)
ICON(I) Global node number of the support

VCON(I) Angle (in degrees) between the normal and the global x-axis

e Data Card 24

NSPV Number of specified PRIMARY degrees of freedom

SKIP Card 25 if no primary variables is specified (NSPV=0).
» Data Card 25 (1 = 1 to NSPV)
ISPV (l,1) Node number at which the PV is specified
ISPV(L2) Specified local primary degree of freedom (DOF) at the node
VSPV() Specified value of the primary variable (PV)
(will not read for eigenvalue problems)

SKIP Card 26 for eigenvalue problems (i.e., when I'TEM = 3),
e Data Card 26 ——
NSSV Number of specified (nonzero)
SECONDARY variables

SKIP Card 27 if no secondary variables is specified (NSSV=0); repeat Card 27 NSSV times.

o Data Card 27 (1 = 1 to NS8YV)
ISSVIL1) Node number at which the SV is specified
ISSV(1.2) Specified local secondary DOF at the node

VSSV(D) Specified value of the secondary variable (SV)

e Data Card 28

NNBC Number of the Newton (mixed) boundary conditions

SKIP Card 29 if no mixed boundary condition is specified (NNBC = 0). The mixed boundary
condition is assumed to be of the form:
SV4+VNBC *(PV — UREF) = 0. Repeat Card 29 NNBC times.

s Data Card 29 (I = 1 to NNBC)
INBC(L1) Node number at which the mixed B.C. is specified
INBC(1.2) Local DOF of the PV and SV at the node
VNBC(1) Value of the coefficient of the PV in the B.C.
UREF(I) Reference value of the PV
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{(Table 7.3.2 continued)
# Data Card 30

NMPC Number of multipoint constraints (solid mechanics)

SKIP Card 31 if no multipoint conditions are specified (NMPC = (), The multipoint condition is
assumed to be of the form:
VMPC(LPPY I+VMPC(.,2)*PV2=VMPC(..3). Repeat Card 31 NMPC times.

s Data Card 31 (1 = 1 to NMPC)
IMCI(I.1) Node number associated with PV 1
IMCI(L,2) Local DOF of PV
IMC2(L.1) Node number associated with PV2
IMC2(1,2) Local DOF of PV2
VMPC(T) Values of the coefficients of the constraint equation
VMPC(4) Value of the force applied at the node of PV or PV2

Skip Card 32 if ITEM = 0 (read only for time-dependent or eigenvalue problems).
e Data Card 32

CTO Constant part of CT = CTO 4 CT1#X

CT1 Linear part of CT = CT0 4+ CT1*X

Skip remaining cards if steady-state or eigenvalue analysis is to be performed
(ITEM =0 or ITEM = 3).
s Data Card 33

DT Time increment (uniform)
ALFA Parameter in the time approximation scheme
GAMA Parameter in the time approximation scheme*

GAMA (not used when ITEM = I parabolic equation),
Give GAMA= 10"® when centered difference is used (formulation in Problem 6.23 is the correct way to
implement the centered difference scheme).
e Data Card 34
INCOND Indicator for initial conditions
INCOND = (), Homogencous (zero) initial conditions
INCOND = 0, Nonhomogeneous initial conditions
NTIME Number of time steps for which solution is sought
INTVL Time step intervals at which solution is to be printed

Skip Cards 35 and 36 if initial conditions are zero (INCOND = 0),
» Data Card 35
GLO Array of initial values of the primary variables

Skip Card 36 for parabolic equations (ITEM = 1},
¢ Data Card 36
GUI Array of initial values of the first ime derivatives of the primary variables.

format™ used here, variables of each “data card” (we shall use this terminology to imply
an input sequence in a single instruction) are read from the same line; if the values are not
found on the same line, the computer will look for them on the next line(s). However, data
required by different data cards cannot be put on single line; each data card must start with
a new line. The space available after typing required data on a given line may be used to
include any comments. For example, we may list the variable names on that line for ready
reference but only after all of the required data are listed. The text included thereafier is not
read by the computer (except to echo the input file).
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7.4 SUMMARY

In this chapter three main items have been discussed: numerical integration of finite
element coefficient matrices and vectors, numerical implementation of a typical finite
element program and their contents, and applications of the finite element program
FEMID. The numerical evaluation of the coefficients is required because of (a) vari-
able coefficients of the differential equations modeled and (b) special evaluation of
the coefficients, as was required for the Timoshenko beam element with equal interpo-
lation. The Newton—Cotes and Gauss-Legendre integration rules have been discussed.
The integration rules require transformation of the integral expressions from the global
coordinate system to a local coordinate system and interpolation of the global coordi-
nate x. Depending on the relative degrees of interpolation of the geometry and the de-
pendent variables, the formulations are classified as subparametric, isoparametric, and
superparametric,

The three logical units—preprocessor, processor, and postprocessor—have been dis-
cussed. The contents of the processor, where most finite element calculations are carried
out, have been considered in detail. Computer implementation for numerical evaluation of
integral expressions, assembly of element coefficients, and imposition of boundary con-
ditions have been discussed. A description of the input variables to the finite element
computer program FEMI1D has been presented, and application of FEMI1D to problems
of heat transfer and solid mechanics has been discussed. Fluid mechanics problems are
similar in mathematical structure to heat transfer problems and hence not discussed in this
chapter.

PROBLEMS
Section 7.1

In Problems 7.1-7.4, use the appropriate number of integration points, and verify the results with
those obtained by the exact integration.
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7.1 Evaluate the integrals in Example 7.1.1 using the Newton—Cotes formula and Gauss—
Legendre quadrature when v; are the quadratic interpolation functions

W = (I o x_x“)(l g it )z—lé(l—&‘)
Xp — -r” Xp — Xa 2
x—Xi - T N
]1"]3:4(_“_1“)(' .?C{,—JC“)—-“ €

il X —: I
= _(1—2——-------)=Esu+5}

7.2 Use Newton—Cotes integration formula to evaluate

XL dZ 2 i
K”:f (df;') dx, G.|=[ (1) dx

where ¢ are the Hermite cubic interpolation functions [see Egs. (5.2.12), (5.2.13a), and
(5.2.13h)]. Answer: r=2: Ky, =12/ h” (exact), G|, = 0.398148h.
7.3 Use Gauss-Legendre quadrature to evaluate the integrals of Problem 7.2 for the case in

which the interpolation functions ¢; are the fifth-order Hermite polynomials of Problem
5.4, Answer: K| = %H“. G = 8 h (exact).

462
7.4 Repeat Problem 7.3 for the case in which the interpolation functions ¢; are the fifth-order
Hermite polynomials of Problem 5.5. Answer: K| = :fi" G = Lz (exact).

Section 7.2

Computer Exercises (use FEM1D)
7.5 Solve the problem

d (de)_ ”
dx dx —

dr _ dT
(—'—) = Oy, [k— + T _Tw]} =0
dx.t. s dx il

using two and four linear elements. Compare the results with the exact solution. Use the
following data: L =0.02 m, £k =20 W/(m -°C), gy = 10° Wim?, Qn = 10° W, T, = 50°C,
£ =500 W/(m -"C).

7.6 Solve Problem 7.5 using two guadratic elements.

7.7 Solve the heat transfer problem in Example 4.3.3 (Set 1), using (@) four linear elements
and (b) two quadratic elements (see Table 4.3.1).

7.8 Solve the axisymmetric problem in Example 4.3.4 using four quadratic elements and
compare the solution with that obtained using eight linear elements and the exact solution
of Table 4.3.2.

7.9 Solve the one-dimensional flow problem of Example 4.4.1 (Set 1), for d P /dx = —24,
using eight linear elements (see Figure 4.4.1). Compare the finite element results with the
exact solution (4.4.20),,

7.10 Solve the Couette flow problem in Example 4.4.1 (Set 2) using four quadratic elements,
Compare the finite element solution with the exact solution.
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7.11 Solve Problem 4.10 (heat flow in a composite wall) using the minimum number linear
finite elements.

7.12 Solve Problem 4.22 (axisymmetric problem of unconfined aquifer) using the minimum
number of linear finite elements.

7.13 Solve Problem 4.25.
7.14 Solve Problem 4.27.
7.15 Solve Problem 4.35 using two linear elements.

7.16 Determine the forces and elongations in the wires AB and CD shown in Figure P7.16.
Each wire has a cross-sectional area of A = 0.03 in.? and modulus of elasticity £ = 30 x

10° psi.
= Ue‘-'
siot—>r
{.: 80 in. T,
7 R4 Y
3 ot r
N | "
bt I Y
' 21 s
o
7
Figure P7.16

7.17 Solve the problem of axisymmetric deformation of a rotating circular disk using four
linear elements (see Example 7.3.5).

All radial lines experience the same deformation

A typical radial line

Figure P7.17

7.18-7.25 Solve Problems 5.7-5.14 using the minimum number of Euler-Bernoulli beam elements
(Note: Numerous other beam problems can be found in books on mechanics of deformable
solids).

7.26 Analyze Problem 7.22 (same as Problem 5.11) using the RIE Timoshenko element. As-
sume v =0.25, K, =5/6,and H = 0.1 m (beam height}. Use two, four and eight elements
lo see the convergence characteristics of the RIE (two-element model may yield results
very far off from the Euler—Bernoulli beam solution).

7.27 Repeat Problem 7.26 using the CIE Timoshenko element.

7.28 Analyze a clamped circular plate under a uniformly distributed transverse load using the
Euler-Bernoulli plate element. Investigate the convergence using two, four, and eight
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7.29

7.30

7.31

7.32

7.33-7.47

7.48

elements by comparing with the exact solution [from Reddy (2002)]

4 2.‘
T |
n(il—mn[l (ﬂ)}

where D = EH*/12(1 — v?), gy is the intensity of the distributed load, @ is the radius
of the plate, H is its thickness, and v is Poisson’s ratio (v =(0.25). Tabulate the center
deflection.

Repeat Problem 7.28 with the RIE Timoshenko plate element for a/H = 10. Use four
and eight linear elements and two and four quadratic elements and tabulate the center
deflection. Take £ = 107, v =0.25, and K, = 5/6. The exact solution is [see page 403 of

Reddy (2002)]
q 772 el =
fipdd Lt gt ry2
e b= [ I e 1
= i [1 (n) } tIx.EH [ (a) ]

Repeat Problem 7.29 with the Timoshenko plate element (CIE) (and linear elements) for
a/H =10

Consider an annular plate of outer radius a. and an inner radius b, and thickness H. If
the plate is simply supported at the outer edge and subjected to a uniformly distributed
load gy (see Fig. P7.31), analyze the problem using the Euler-Bernoulli plate element.
Compare the four-element solution with the analytical solution [from Reddy (2002)]

we Bl (O [ ()] - T e ()]

ar =B+ vl =B =40 + vk, ar=0C+v)+4(1+ v
HE b EH

— loe B, B=—., D=——

U 1201 — v2)

where E is the modulus of elasticity, H the thickness, and v Poisson’s ratio. Take £ = 107,
p=0.3, and b/a =0.25.

b
- =
H3yyyvy
N r

z, wir)

Figure P7.31

Repeat Problem 7.31 with (a) four linear elements and (b) two quadratic Timoshenko
(RIE) elements for a/H = 10.

Analyze the truss problems in Figures P4.38-P4.44 and frame problems in Figures P5.28~
P53,

Consider the axial motion of an elastic bar, governed by the second-order equation
u 9*u
EA— =pA for0<x<L
B g
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with the following data: length of bar L = 500 mm, cross-sectional area A = 1 mm”, mod-
ulus of elasticity £ = 20, 000 N/mm?, density p = 0.008 kg/mm’, boundary conditions

ail
u(0,t)=0, EA—(L.t)=1
ax

and zero initial conditions. Using 20 linear elements and Ar =0.002 s, determine the
axial displacement and plot the displacement as a function of position along the bar for

t =08 s,
7.49 Consider the following nondimensionalized differential equation governing the plane wall
fransient:
T AT
= +—=0 for0<x<l
ax? | ar h

with boundary conditions T(0, r)=1 and T(1, r) = 0, and initial condition T (x, 0) = 0.
Solve the problem using eight linear elements. Determine the critical time step: solve the
problem using the Crank-Nicholson method and Ar =0.002 s.
Note: Modify program FEMI1D to solve Problems 7.50-7.52 (solutions to these problems are
not presented here for obvious reasons).
7.50 Consider a simply supported beam of length L subjected to a point load

| PasinZ for0<t <t
Pm_{ 0 fortzt
at a distance ¢ from the left end of the beam (assumed to be at rest at t = 0), The transverse
deflection w (x, t) is given by [see Harris and Crede (1961), pp. 8-53]

wix,t)=
2PLY N1 | ime | imx I .ot T )
= — 8in 51N sin— — —sinwt ||, 0<t <wt
miEl ;;‘4 L L [1-T}/4 ( 7 2
; F 1, T

LY &1 ., ime | imx | FEOSTF

ee— — sin sin —sinw; (t —=t) | . t=T

wAEl ;H L L | Tdc2—1" " 2 -

where

i

27 2L7 /’Tp_r.
w,  im N EI 2

Use the data Py = 1000 1b, 1 =20 x 10 %5, L =30in., £ =30 x 10° Ib/in%, p =733 x
10 Ib/in.*, At =10"" s, and assume that the beam is of square cross section of 0.5 in
by (1.5 in. Using five Buler—Bernoulli beam elements in the half-beam, obtain the finite
element solution and compare with the series solution at midspan for the case ¢ = %
7.51 Repeat Problem 7.50 for ¢ = _-,'IL and eight elements in the full span.
7.52 Repeat Problem 7.50 for P(t) = Py at midspan and eight elements in the full span.

7.53 Consider a cantilevered beam with a point load P at the free end (Fig. P7.53). Using the
data of Problem 7.50, find the finite element solution for the transverse deflection using
eight Euler-Bernoulli beam elements.
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PlJ P"l
—— E=30x10%psi, v=0.3, -
I , p =733 % 10 b/in.}, o L >
_— L=30in., Py= 10 Ibs, Yo ow

A=025in2 Ar=10"%s g
Figure P7.53 Figure P7.54

L

7.54 Repeat Problem 7.50 for a clamped beam with the load at the midspan (see Fig. P7.54).
7.55 Repeat Problem 7.54 using four linear Timoshenko beam elements. Use v =0.3.
7.56 Repeat Problem 7.54 using two quadratic Timoshenko beam elements. Use v = 0.3.
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