Chapter 6

EIGENVALUE AND
TIME-DEPENDENT PROBLEMS

6.1 EIGENVALUE PROBLEMS
6.1.1 Introduction

An eigenvalue problem is defined to be one in which we seek the values of the parameter
such that the equation

A(u)=xrB(u) (6.1.1)

1s satisfied for nontrivial values of «. Here A and B denote either matrix operators or
differential operators, and values of A for which Eq. (6.1.1) is satisfied are called eigenvalues.
For each value of A there is a vector u, called an eigenvector or eigenfunction. For example,
the equation

d*u " . d?

—o2= Au(x), with A= e
which arises in connection with natural axial vibrations of a bar or the transverse vibration
of a cable, constitutes an eigenvalue problem. Here A denotes the square of the frequency
of vibration, w.

In general, the determination of the eigenvalues is of engineering as well as mathemat-
ical importance. In structural problems, the eigenvalues denote either natural frequencies
or buckling loads. In fluid mechanics and heat transfer, eigenvalue problems arise in con-
nection with the determination of the homogeneous parts of the transient solution, as will
be shown shortly. In these cases, eigenvalues often denote amplitudes of the Fourier com-
ponents making up the solution. Eigenvalues are also useful in determining the stability
characteristics of temporal schemes, as discussed in Section 6.2,

In this section, we develop finite element models of eigenvalue problems described by
differential equations. In view of the close similarity between the differential equations
governing eigenvalue and boundary value problems, the steps involved in the construction
of their finite element models are entirely analogous. Differential eigenvalue problems are
reduced to algebraic eigenvalue problems (i.e.. [A]{ X} = A[B]{X}) by means of the finite
element approximation. The methods of solution of algebraic eigenvalue problems are then
used to solve for the eigenvalues and eigenvectors.

=]




292 AN INTRODUCTION TO THE FINITE ELEMENT METHOD

6.1.2 Formulation of Eigenvalue Problems
Parabolic Equation

Consider the partial differential equation

i a d
,DCAIT-E —— .-'\:Af—u =glx. 1) (6.1.2)
ar dax dx

which arises in connection with transient heat transfer in one-dimensional systems (e.g.,
a plane wall or a fin). Here u denotes the temperature, & the thermal conductivity, p the
density, A the cross-sectional area, ¢ the specific heat, and ¢ the heat generation per unit
length. Equations involving the first-order time derivative are called parabolic equations.

The homogenous solution (i.e., the solution when ¢ = 0) of Eq. (6.1.2) is often sought
in the form of a product of a function of x and a function of 7 (i.e., through the separation-
of-variables technique):

u(x, ) =Ux)T @) (6.1.3)

Substitution of this assumed form of solution into the homogeneous form of (6.1.2) gives
dT  d dUu
pcAU — — — [ kA— | T =0
d dx

Separating variables of t and x (assuming that pcA and kA are functions of x only), we

arrive at
1dT 1 1 d dU
——=i e (A 6.1.4

T dt pcAUdx ( a’x) : )
Note that the left-hand side of this equation is a function of ¢ only while the right-hand side
1s a function of x only. For two functions of two independent variables to be equal for all

values of the independent variables, both functions must be equal to the same constant, say

—A (A =0):
|1 dT 1 1 d dl
——=————|kA— | =—A
T di  pcAUdx dx
or
o AT (6.1.5)
—_——A =
dt
d dU
—— kA— | = ApcAU =0 (6.1.6)
dx dx

The negative sign of the constant A is based on the physical requirement that the solution
U (x) be harmonic in x while T'(1) decay exponentially with increasing ¢.
The solution of (6.1.5) is

T(t)=Ke™ (6.1.7)

where K is a constant of integration. The values of A are determined by solving (6.1.6),
which also gives U (x). With T'(¢) and U (x) known, we have the complete homogeneous
solution (6.1.3) of Eq. (6.1.2). The problem of solving (6.1.6) for A and U(x) is termed an
eigenvalue problem, and X is called the eigenvalue and U (x) the eigenfunction. When &,
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A, p, and ¢ are constants, the solution of Eq. (6.1.6) is

Uitx)=Csinaxr & Doosax, o= %;-L (6.1.8)

where C and D are constants of integration. Boundary conditions of the problem are used
to find algebraic relations among C and D. The algebraic relations can be expressed in
matrix form as ([A] — a[B]){V] = {0}, where [A] and | B] depend, in general, on k, ¢, and
2, and {V} is the vector of integration constants C and D. Since C and D both cannot be
zero (otherwise, we obtain the trivial solution), we require the determinant of the coefficient
matrix [A] — «f B]to be zero. This results in an algebraic eigenvalue problem whose solution
yields e (hence, A) and {V} = (C, D).

To fix the ideas, consider Eq. (6.1.6) subject to the boundary conditions (e.g., a fin with
specified temperature at x =0 and insulated at x = L)

U =0, [kAd—U] =] (6.1.9)
dx |,

We note that nonhomogeneous boundary conditions can be converted to homogencous
boundary conditions by a change of variables. Using the above boundary conditions in
(6.1.8), we obtain

0=C .- 0+D- 1, 0= (Ccosal — Dsinal)

([U U:I_w[c()HQ‘L —sinai.])l[)lz[ul (6.1.10)

For nontrivial solution (i.e., not both C and D are equal to zero), we set the determinant of
the coefficient matrix in (6.1.10) to zero and obtain (since o cannot be zero)
(2n— 1)

2

Hence, the homogeneous solution becomes [note that the constant K of Eq. (6.1.7) is
absorbed into C, |

hyo > o 2 k (2!’1— ]).?T
u'(x,0)= Cpe ™ sinapx, Ay=0o Sa )y By (6.1.11)

or

cosal=0 — u,L=

n=1

The constants C,, are determined using the initial condition of the problem, u(x, 0) = ug(x):

n:'):—'u
u(x.0) = Z C, sina,x = ug(x)

n=1

Multiplying both sides with sin e,,x, integrating over the interval (0, L), and making use
of the orthogonality condition

L 0, ifm#n
f sine,x sine,x dx =3 L . (6.1.12)
0 5 ifm=n

we obtain

2 I
Cy,=— f uplx)sinw,x dx (6.1.13)
L Jy
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The complete solution of Eq. (6.1.2) is given by the sum of the homogeneous solution and
the particular solution u(x, ) = e, ) + ul(x, 1).

The example discussed above provides the need for determining eigenvalues (a,) in
the context of finding the transient response of a parabolic equation. Next, we consider the
transient response of a second-order equation in time, known as a hyperbolic equation.

Hyperbolic Equation

The axial motion of a bar, for example, is described by the equation [see Reddy (2002),
pp. 185-187]

T T
where u denotes the axial displacement, £ the modulus of elasticity, A the cross-sectional
area, p the density, and f the axial force per unit length. The solution of (6.1.14) consists
of two parts: homogeneous solution u” (i.e.. when f =0)and particular solution u”. The
homogeneous part is determined by the separation-of-variables technique, as we discussed
for the parabolic equation.

The homogenous solution of Eq. (6.1.14) is also assumed to be of the form in (6.1.3).
Substitution of (6.1.3) into the homogeneous form of (6.1.14) gives

e dUt
AU ——|EA— | T=0
PEY AT~ dx ( dx)

Assuming that pA and EA are functions of x only, we arrive at

L&*r 1 Icf(#AdU) 4

- 9%u i ( du

EA_—) = f{x,!) (6.1.14)
ox

e et — —_— =
T dt* pAUdx dx
or
2T
27 yatramn (6.1.15)
dr?
d 1 _
-——Omi—)—a%muzo (6.1.16)
dx dx

The negative sign of the constant « is based on the physical requirement that the solution
wu(x, t) be harmonic in x and ¢.
The solution of (6.1.15) 18

T(r):K{?"i“’=K|u()sar+K35inar (6.1.17)

where K, and K are constants of integration. The solution of (6.1.16), when £ A, and p,
are constants, is
_— " ! D 3

U(x)=Csinax + Dcosax, & = %cr' (6.1.18)
where again C and D are constants of integration. In the process of determining the constants
C and D using the boundary conditions of the problem, once again we are required to solve
an eigenvalue problem (the steps are analogous to those described for a parabolic equation).
Unlike in the case of heat conduction problem, the quantities «, in the case of bars have
direct physical meaning, namely, they represent natural frequencies of the system. Thus, in
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structural mechanics we may be interested in determining only the natural frequencies of
the system but not the transient response.

When we are interested only in natural frequencies of the system, the eigenvalue problem
may be formulated directly from the equation of motion (6.1.14) by assuming a solution
form that is periodic in time ¢

u(x, 1) =U(x)e " (6.1.19)

where w denotes the frequency of natural vibration, i equals +/—1, and U (x) denotes the
configuration of the structure at that frequency, called the mode shape (i.e., for each value
of w, there is an associated mode shape). Substitution of (6.1.19) into the homogeneous

form of (6.1.14) gives
2 d U :
["!}A(u'{f = (LA(-—)] R —

X dx
or
i [ dU y
.1 (EA—) — w?pAU =0
dx dx

which is identical to Eq. (6.1.16) with @ = e. Similar equations can be formulated for natural
vibration of beams. Another eigenvalue problem that arises directly from the governing
equilibrium equation is that of buckling of beam-columns. We shall return to this topic
shortly.

In summary, eigenvalue problems associated with parabolic equations are obtained from
the corresponding equations of motion by assuming solution of the form

wlx,)=Ux)e™, i=a (6.1.20a)

whereas those associated with hyperbolic equations are obtained by assuming solution of
the form

ulx, )=U(x)e ™™, r=w’ (6.1.20h)

where A denotes the eigenvalue. Finite element formulations of both problems are presented
next.

6.1.3 Finite Element Formulation

Comparison of Egs. (6.1.6) and (6.1.16) with the model equation (3.2.1) reveals that the
equations governing eigenvalue problems are special cases of the model equations studied
in Chapters 3 and 5. Here we summarize the steps in the finite element formulation of
eigenvalue problems for the sake of completeness and ready reference. We will consider
eigenvalue problems described by (@) a single equation in a single unknown (e.g., heat
transfer, bar, and Euler-Bernoulli beam problems), and (b) a pair of equations in two
variables (e.g., Timoshenko beam theory).

Heat Transfer and Bar-Like Problems

Consider the problem of solving the equation

—i a{.x)d—U +c(x)U(x) =Acg(x)U (x) (6.1.21)
dx dx
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for A and U(x). Here a, ¢, and ¢ are known quantities that depend on the physical problem
(i.e., data), A is the eigenvalue, and U is the eigenfunction. Special cases of Eq. (6.1.21) are
given below.

Heat transfer: a = kA, ¢=PB, c¢y=pcA (6.1.22)
Bars: a=FEA, ¢=0, c¢y=pA (6.1.23)

Over a typical element £2,., we seek a finite element approximation of U in the form
n
Ury =Y usyr(x) (6.1.24)
J=1
The weak form of (6.1.21) is

xp d .

0=f (J_rpiﬂ +ewl(x) — Ac.;wU) dx — Q\w(xg) — Q,w(xp) (6.1.25)
xq dx dx

where w is the weight function, and Qf and Q;, are the secondary variables at node | and

node . respectively (assume that Qf =0 when i | and i #n)

" du o [T
S =

Substitution of the finite element approximation into the weak form gives the finite element
maodel of the eigenvalue equation (6.1.21);

[KNu®} — A M u®)={0°) (6.1.27a)

where

K¢ e dl,fffdwf 5 et | ds Me ‘u e pe 6.1.27
f= : a(x)?x— iw + ety | dx, = : colyi v dx  (6.1.27h)

Equation (6.1.27a) contains the finite element models of the eigenvalue equations (6.1.6)
and (6.1.16) as special cases.

The assembly of element equations and imposition of boundary conditions on the as-
sembled equations remain the same as in static problems of Chapter 3. However, the solution
of the condensed equations for the unknown primary nodal variables is reduced to an alge-
braic eigenvalue problem in which the determinant of the coefficient matrix is set to zero
to determine the values of A and subsequently the nodal values of the eigenfunction U (x).
These ideas are illustrated through examples.
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We note that the eigenvalue equations (6.1.31a) and (6.1.315) can also be interpreted
as those arising in connection with the axial vibrations of a constant cross sectional mem-
ber. In that case, U denotes the axial displacement [u(x, 1) = U (x)e | and i = w’p/E,
@ being the frequency of natural vibration. For example, the boundary conditions in
(6.1.31h) can be interpreted as those of a bar fixed at the left end and the right end
being connected to a linear elastic spring (see Fig. 6.1.3). The constant H is equal to
k/EA, k being the spring constant. Thus, the results presented in Table 6.1.1 can be in-
terpreted as @’ p/ £ of an uniform bar for the two different boundary conditions shown in
Fig. 6.1.3.

Natural Vibration of Beams
Euler—Bernoulli Beam Theory

For the Euler-Bernoulli beam theory, the equation of motion is of the form [see Reddy
(2002), pp. 193-196]

3w a*w 92 92w
AT Pl (Ef i~ ) —q(x,8) (6.1.36)

where p denotes the mass density per unit length, A the area of cross section, E the modulus,
and [ the second moment of area (see Chapter 5). The expression involving p/ is called

X

Set 1: L{0)y=0, ((L)=0 U
et 1: L40) (L) Sc!2:b'{0)'—‘0.[% .,.”u] =0
x=l,

Figure 6.1.3 Uniform bar with two sets of boundary conditions.
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rotary inertia term, Equation (6.1.36) can be formulated as an eigenvalue problem in the
interest of finding the frequency of natural vibration by assuming periodic motion

wix, H)=Wx)e (6.1.37)

where o is the frequency of natural transverse motion and W (x) is the mode shape of the
transverse motion. Substitution of Eq. (6.1.37) into (6.1.36) yields

£ L‘fdzw) A( “’zw)—n (6.1.38)
dx? dx? dx? ] e
where & = w?.

The weak form of Eq. (6.1.38) is given by

Xy dz ?.w ‘, dW
0:/ (EI e —ApAuW—Aprﬂ—)d.r
% dx* dx? dx dx

i [ 2 (22 a1 s ( N g W 6139
e e s J. L.
dx dx? M dx . . dx [

where v is the weight function. Note that the rotary inertia term contributes to the shear
force term, giving rise to an effective shear force that must be known at a boundary point
when the deflection is unknown at the point.

To obtain the finite element model of Eq. (6.1.39), assume finite element approximation
of the form

4
Wx)=)  Ajei(x) (6.1.40)
j=I
where ¢}T are the Hermite cubic polynomials [see Eqgs. (5.2.11) and (5.2.12)], and obtain
the finite element model

(1K1 — &’ [M“]) {A°) = {QF) (6.1.41a)

dx? dx? dx dx

d d*W dw d*W
= El—- | + Apl — sl Bl
|:d.x ( dx? ) e dx ] e & (P dx? ) '\

d*w 2y
Q5= - [d (Ff )“l'lﬁfﬂ] ; Q‘“E—(.-d )‘ (6.1.41¢)

X 0‘2 ¢ dztp" L7 1! j'qu
Kﬂ. = f El ¢ L dx, M:’:_/ (_{)Ad):d}} + pl i—-) dx
K Xa

(6.1.41b)

2
I

Il

dx dx? dx dx?

X

For constant values of EI and pA, the stiffness matrix [K] and mass matrix | M?]
are

6 —3k, —6 —3h,
2B, | =3k 2 3k, K
W | -6 3 6 3k
-3k KE 3k 2k

[Kf]=
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" 156 —22k, 54 13h,
P Ah, | =224, 4!1‘3, —13h, —3.-’:3

€ —
= 420 54 —13A, 156 224,
| 13k =3k  22h, 4k
- 36 —3h, -36 =3,

pile | =3h  4n:  3h, —h?

30h, | =36 3k, 36 3k,
| -3h, —h? 3h, 4k

When rotary inertia is neglected, we omit the second part of the mass matrix in (6.1.42).

(6.1.42)

Timoshenko Beam Theory

The equations of motion of the Timoshenko beam theory are [see Reddy (2002), pp. 193
196]

Aa?w ¢ e {22 + q;) 0 (6.1.43q)

3 S i = o — A SR

ol B | g i
v a aw . dw ;

plo = o= | Bl ) + GAK, | =+ ¥ ) =0 (6.1.43h)
ar- gx dx dx

where (5 is the shear modulus (G = E/[2(1 4+ v)]) and K, is the shear correction factor
(K =5/6). Note that Eq. (6.1.43b) contains the rotary inertia term, Once again, we assume
periodic motion and write

wix,t)=Wx)e '™, W(x, 1) =S5(x)e " (6.1.44)
and obtain the eigenvalue problem from Egs. (6.1.43a) and (6.1.435)
i dW 2
GAK;, | — 4+ S || —@ pAW =0 (6.1.45a)
Cdx dx
e ds dW 5
—— | El— |+ GAK, | — + S| —aw'pl § =0 (6.1.45b)
dx dx dx

For equal interpolation of W (x) and S(x)
i n
W)= Wipi). S@=) Sy (6.1.46)
i=1 J=]
where W are the (n — 1) order Lagrange polynomials, the finite element model is given by

KU (K21 M o) ) [ (F!)
([!K“'l lff”t]“" [ o1 (M )|ml :F}] A

where [ K] is the stiffness matrix and [M*] is the mass matrix

Ul f £
Kl = [ (.‘Ax,,“f" id
: = dx dx

X !' f’
K= [ cak, 1Y
i dx

e TS 7.4
lff}- ﬂ',\ = K”'
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] 0

0 r
0 2 0
0 2

0 2r.
1
0

For Hermite cubic interpolation of W(x) and related quadrat

[i.e., interdependent interpolation element (I1E)], the resulting mass ma

peA
6
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E.l.

(6.1.49h)

o= 12A,
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and depends on the stiffness parameters (£ and G'). We will not consider it here [see Reddy
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In closing the discussion on natural vibration, it is noted that when the symmetry of the
system is used to model the problem, only symmetric modes are predicted. It is necessary
to model the whole system in order to obtain all the modes of vibration.

Stability (Buckling) of Beams
EBT

The study of buckling of beam-columns also leads to an eigenvalue problem. For example,
the equation governing onset of buckling of a column subjected to an axial compressive
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(er) (b) (€)

Figure 6.1.6 Columns with different boundary conditions and subjected to axial compressive load,
N". (a) Hinged-hinged. (b) Hinged-clamped. (¢) Clamped-clamped. () Clamped-free.

force NV (see Fig. 6.1.6), according to EBT is [see Reddy (19995)]

d? d*w d*w
El NI— =0 6.1.51
dx? ( dx? ) L d & }

which describes an eigenvalue problem with 2 = N". The smallest value of N is called the
critical buckling load.
The finite element model of Eq. (6.1.51) is

[KEHAYY — NG NAY) = (Q°) (6.1.52a)

where {A“} and {Q°} are the columns of generalized displacement and force degrees of
freedom at the two ends of the Euler—Bernoulli beam element:

. (E:‘fdlw) L
W p dx dx? dx |,
|
_dw ( > i )
i “"[ - t!‘z |
(A} = ' () = 2 (6.1.52b)

Ws ‘ 1*W
W _i E;{__’_) = N”ﬂ
( g ) dx dx- dx |,

where the subscripts | and 2 refer to element nodes 1 and 2 (at x = x, and x = x;,, respec-
tively). The coefficients of the stiffness matrix [ K] and the stability matrix |G*] are

v e del  dep¢ dp’
K,."i._—_/. E!d s dx, Gi —] ﬂ—ﬁ dx (6.1.52¢)

dx? dx? W b dx dx
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where ¢ are the Hermite cubic interpolation functions. The explicit form of [G*] is [see
the second part of the mass matrix in Eq. (6.1.42)]

36 —3h, —36 —3h,
~3h, 4h>  3h, —h>

[G¥]= 30h, | —36  3h, 36 30, (6.1.52d)
—3h, —h> 3h, 4h?
TBT
For TBT, the equations governing buckling of beams are [see Reddy (19995)]
4 | Gak (dw+s) LT (6.1.53a)
dx \ dx dx? s b
i) ds W
2 EI—) +GAK, [ £ 4+ 8) =0 (6.1.53b)
dx dx dx

Here W(x) and §(x) denote the transverse deflection and rotation, respectively, at the onset
of buckling.
The finite element model of Eqgs. (6.1.53a) and (6.1.536), with equal interpolation of W

and S, is
[KY] &) o|lG] 0] ) W (V)
) ) - N : e = & ':6.].54 {
([[K"]T (K4 (0] 10] {5} (M} 9
where
¥ dyre dyrs
KM = f cak, WLV 4,
: 5 dx dx
N Xh Jjr€ .
K2 = f GAK, ﬂa,y; dx
' i dx
% 1 de
K? = / (GAK@;’;‘.";&:.’ i -ib:‘-) dx
: 3 ' dx dx
Gy=| Vv dx
dW dwW
Vi = Q% =|—GAK; | - S)+N—
I Q) [ JAR, (dx + )+ T :I_.-,,
_ dw GdW
Vo= Q= |GaAK, ( — +8 ) - N9=—
' dx dx |

15
Me = Q= (—E.-'( ) (6.1.54b)
T
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We close this section with a note that eigenvalue problems (for natural vibration and
buckling analysis) of frame structures can be formulated using the ideas discussed in Section
5.4. The transformed element equations are of the form

[KNAT) — ?[MI{AC) = (Q°), [K°1(A) — NO[G*]{A*) ={Q")
[KV=[TTKNT Y, (M)=[TV(MNT), [G]=[T*]"[G][T*]
(6.1.56)

6.2 TIME-DEPENDENT PROBLEMS
6.2.1 Introduction

In this section, we develop the finite element models of one-dimensional time-dependent
problems and describe time approximation schemes to convert ordinary differential equa-
tions in time to algebraic equations. We consider finite element models of the time-dependent
version of the differential equations studied in Chapters 3 and 5. These include the second-
order (in space) parabolic (i.e., first time derivative) and hyperbolic (i.e., second time deriva-
tive) equations and fourth-order hyperbolic equations arising in connection with the bending
of beams [see Eqgs. (6.1.2), (6.1.14), (6.1.36), (6.1.43a), and (6.1.435)].

Finite element models of time-dependent problems can be developed in two alternative
ways: (a) coupled formulation in which the time ¢ is treated as an additional coordinate
along with the spatial coordinate x and () decoupled formulation where time and spatial
variations are assumed to be separable. Thus, the approximation in the two formulations
takes the form

n
wix,t)=ugp(x, 1) = Z ﬁ:;if!:-'{,\'. 1) (coupled formulation) (6.2.1a)
=1

n
ulx, )= uy(x, 1) = Zu:ﬁ(r)i,!.rj'(_r) (decoupled formulation) (6.2.1h)
i=1

where tfr}‘(,r. 1) are time-space (two-dimensional) interpolation functions and #; are the
nodal values that are independent of x and ¢, where ¥ (x) are the usual one-dimensional
interpolation functions in spatial coordinate x only and the nodal values u (1) are functions
of time r only. Derivation of the interpolation functions in two coordinates will be discussed
in Chapters 8 and 9 in connection with the finite element analysis of two-dimensional prob-
lems. Space-time coupled finite element formulations are not common, and they have not
been adequately studied. In this section, we consider the space-time decoupled formulation
only.
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3 1y(t) ) )
ljflt"(_.r; W () Deflection at time #y

Figure 6.2.1 Deflections of a cable at different times.

The space-time decoupled finite element formulation of time-dependent problems in-
volves two steps:

|. Spatial approximation, where the solution u of the equation under consideration is ap-
proximated by expressions of the form (6.2.1h), and the spatial finite element model of
the equation is developed using the procedures of static or steady-state problems while
carrying all time-dependent terms in the formulation. This step results in a set of or-
dinary differential equations (i.c., a semidiscrete system of equations) in time for the
nodal variables u(f) of the element. Equation (6.2.1b) represents the spatial approxi-
mation of « for any time 7. When the solution is separable into functions of time only
and space only, u(x, 1) = T(1) X (x), the approximation (6.2.15) is clearly justified. Even
when the solution is not separable, (6.2.1h) can represent a good approximation of the
actual solution provided a sufficiently small time step is used.

=

. Temporal approximation, where the system of ordinary differential equations are further
approximated in time, often using finite difference formulae for the time derivatives.
This step allows conversion of the system of ordinary differential equations into a set of
algebraic equations among u‘} at time t,4y = (s + 1)At, where Ar is the time increment
and s is a nonnegative integer.

All time approximation schemes seek to find u; at time £, | using the known values of
u; from previous times:

compute (u}sy using {u}y, {uhiy, ...

Thus, at the end of the two-stage approximation, we have a continuous spatial solution at
discrete intervals of time:

n
u(x, t) = uy(x, ty) = z ul‘}{:‘j)l,ff_f{..\‘) =tk L) (6.2.2)
i=1

Note that the approximate solution (6.2.2) has the same form as that in the separation-of-
variables technique used to solve boundary value and initial value problems. By taking
nodal values to be functions of time, we see that the spatial points in an element take on

different values for different times (see Fig. 6.2.1).
We study the details of the two steps by considering a model differential equation that
contains both second- and fourth-order spatial derivatives and first- and second-order time
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derivatives:

9

il i i 2 ; d-u & L du b 9u D (6.2.30)
ot 2 B e ol g | — Y e J. L.
b A" Bxd " BRE \ o REsRlmy T A

The above equation is subject to appropriate boundary and initial conditions. The boundary
conditions are of the form

: du 9 [ Fu
specify  u(x,t) or —a—+— b

ox  dx dx?
J al
specify ﬂ or b- E: (6.2.3h)
iy dx*
atx =0, L, and the initial conditions involve specifying
cou(x, Q) and cou(x, )+ cu(x, 0) (6.2.3¢)

where i =du/dt. Equation (6.2.3a) describes, for example, the following physical
problems:

(a) Heat transfer and fluid low: ¢;=0and b =0

(b) Transverse motion of acable: a=7T,¢p=0,b=0,¢, = poea=0

(¢) The longitudinal motion of a rod: a = EA, b=0; if damping is not considered,
¢) =0, c=pA

(d) The transverse motion of an Euler-Bernoulli beam: a =0, b=El, ¢y =k, ¢; =0,

cx=pA

We will consider these special cases through examples.

6.2.2 Semidiscrete Finite Element Models

The semidiscrete formulation involves approximation of the spatial variation of the depen-
dent variable. The formulation follows essentially the same steps as described in Section
3.2. The first step involves the construction of the weak form of the equation over a typical
element. In the second step, we develop the finite element model by seeking approximation
of the form in (6.2.1b).

Following the three-step procedure of constructing the weak form of a differential
equation, we can develop the weak form of (6.2.3a) over an element. Integration by parts is
used once on the first term and twice on the second term to distribute the spatial derivatives
equally between the weight function w and the dependent variable u:

5 f a [ du % a* baﬁu P du 2 u ¢4
= SR fi g ok + ¢ — + ¢ - X
& B am s ax2 \ ax? Rl “ 012 ;
f‘”’ dw  du - ngbﬁzu & m it . 9u ny
= — ] — ) — oW It L | - R W S ¥
e LBE ax T Gk aaE | WGy Te T — W | ek

£ ( au)+ i (bazu) +aw( buzu) g
Wwil|—a— — | b— = e
ax ax ax? dx ax? -
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Yol Bw du *w *u A 9 _
= a—— + b +eowi +eyw— +caw— —wj | dx
X

dx ox ax? ax? at ar?
A 4 i dw A aw
—Oiwi(xg) — Oswlxy) — Q2 | —— =] — (6.2.4a)
dx & dx .

where

" du d a%u - 3 u
=|—-a—+—|b— _ )= |b—
& [ Yax :'i'x( m)] L2 { d\’]

" du d au " 0u
Q3 = [ et (bH.rE):L" Qa= [f)axz:l“

Next, we assume that « is interpolated by an expression of the form (6.2.15). Equa-
tion (6.2.1h) implies that, at any arbitrarily fixed time ¢ > 0, the function # can be approxi-
mated by a linear combination of the 1 and u(r). with (1) being the value of u at time
t at the jth node of the element €2,. In other words, the time and spatial variations of u are
separable. This assumption is not valid, in general, because it may not be possible to write
_ the solution u(x, 1) as the product of a function of time only and a function of space only.
However, with sufficiently small time steps, it is possible to obtain accurate solutions to
even those problems for which the solution is not separable in time and space. The finite
element solution that we obtain at the end of the analysis is continuous in space but not in
time. We only obtain the finite element solution in the form

(6.2.4h)

ul(x, t;)= Z U (1) (x) = Z(u‘}}"nﬁ}'(.ﬂ (s=12,...) (6.2.5)
i=1 =1

where (u)" is the value of u(x, 1) at time 1 =, and node j of the element €2,.
Substituting w = ;(x) (to obtain the ith equation of the system) and (6.2.15) into
(6.2.4a), we obtain

x5 dl‘f;’; n d‘,ﬁ' d2 lffa' n d2¢, n
0= ];’ [II (;uj d.vc}) +b T2 (;“J I Jl) + ot (Zu;'ﬁf)

=1

i=1 i=1
3 d i - d If
= QI"’J(-ra) Q’-'s'.ﬁ(-l.‘;-) = Qz( ff )‘ _ Qq( - w-—u‘—).
ax /|, dx -
n / 1d2 .
=3 [(K,.',,- + K )ity ML =L ;” + M2 d:;‘] —F (6.2.6)

In matrix form, we have

K} + (M) + M) = F) (6.2.7a)
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where
[Kl1=1K"]+ K]+ M) (6.2.7h)

Xy Xp
My= [ ovwydn M= [ e
X Ku

B S diy; difr;
2 i 5 5 | P ¢ i I pe :
M;‘_f' = /; 2 1;"1';' ﬁ[-’j dx, K".f —j_;‘ (4] _dx W dx (6.2.7¢)
X d}! . d! . X .
K} = f b 1{' '{’ dx, F= f Wi f dx + Q;
v, Rt dat "

Equation (6.2.7a) is a hyperbolic equation, and it contains the parabolic equation as a
special case (set [M?] = [0]). The time approximation of (6.2.7a) for these two cases will
be considered separately. We begin with the parabolic equation.

6.2.3 Parabolic Equations
Time Approximation

The time approximation is discussed with the help of a single first-order differential equation.
Suppose that we wish to determine u(t) for ¢ = 0 such that u(7) satisfies

7l
a%{-r} +bu=f(1), O<t<T and u(0)=uy (6.2.8)

where a # 0, b, and uy are constants, and f is a function of time ¢. The exact solution of the
problem consists of two parts: the homogeneous and particular solutions. The homogeneous
solution 1s
J b
“h(r]:-ﬂlf" kf. k=_
a
The particular solution is given by

uf(t) = le ke ([ e“_f'(r)dr)
o J0O

The complete solution is given by

L
u(f) =e* (A+ &f e“f{zmr) (6.2.9)

o Jo

In the finite difference solution of (6.2.8). we replace the derivatives with their finite dif-
ference approximation. The most commonly used scheme for solving (6.2.8) is the a-family
of approximation in which a weighted average of the time derivatives at two consecutive
time steps is approximated by linear interpolation of the values of the variable at the two
steps (see Fig. 6.2.2):

My N Hy
&!r+|
”

where u denotes the value of u(7) at time t =1, =3 | | Ar;, and At, =1, — 1,y is the sth
time step. If the total time [0, 7] is divided into equal time steps, then 1, = s Ar. Equation
(6.2.10a) can be expressed as

(1 —a)us+au, = forO0<e < | (6.2.10a)

Ugr) =Ug+ Dty
o =1 —a)itys +a iy forO<g=<]| (6.2.10h)
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a oy — U, H
i, = = forward difference

i

I
/ = U~ Mol backward difference
: : ﬂ'r.\' 1
() |
w,=ult,) E g =ulty,)
E}.Hi

= |

Figure 6.2.2 Approximation of the derivative of a function.

When a =0, Eq. (6.2.10a) gives
. gy — Uy
Hy=—"—
fﬁf;‘ +1

which is nothing but the slope of the function u(t) at time t = 1, based on the values of the
function at time f; and #,, . Since the value of the function from a step in front is used, it is
termed a forward difference approximation. When « = |, we obtain

Uy — Us . g — Hg_j

I'EH_! —_——— 3 M=
Aty IAYR

which is termed, for obvious reason, the backward difference approximation.
Returning to Eq. (6.2.8), we note that it is valid for all times ¢ = 0. In particular, it is
valid at times t = ¢, and r =1, ;. Hence, from Eq. (6.2.8) we have

. 1 . .
iy =—(fs —bus), g1 =—(fop1 = bug1)
[} cl
Substituting the above expressions into Eq. (6.2.10a), we arrive at
. o] — Uy
(1 —a) (fe —bug) +a (foyr — busy1) =a (L)
ﬂr.\'-{—l
Solving for u,..;, we obtain
[a + o Atgyy Bluspr =[a — (1 — ) Aty blug + Atgyy [@ fo + (1 —a) fi]
(6.2.11a)

or

e [ e BN | —a)f,
PO i e 0 W Aty @ for1 + U~ a) fy] (6.2.11h)
a+o Al b a+o At b

Thus, Eg. (6.2.11) can be used repeatedly to march in time and obtain the solution at times
I =typ1s b4y ooy ty, where Ntime is the number of time steps required to reach the final




320 AN INTRODUCTION TO THE FINITE ELEMENT METHOD

time T (or the solution reaches a steady state). At the very beginning, i.e.. s = (), the solution
uy is calculated using the initial value wg:
a— (1 —a)Anb la fi + (1 — ) fol

= wo + At
l a—+o b ¥ ] a-+a Ay b

We may also develop a time approximation scheme using the finite element method. To
this end. we consider the problem in (6.2.8). We wish to determine u, | in terms of u,. The
weighted-integral form of (6.2.8) over the time interval (£,. 1, ) 18

Ty | f
{_}:f vit) (nf—;i + bu — _,f) dit (6.2.13)
!

i

(6.2.12)

where v is the weight function. Assuming a solution of the form

H

u(r) =~ Zu; yri(1)

=1

where v (1) are interpolation functions of order (n — 1). The Galerkin finite element model
is obtained by substituting the above approximation for # and v =1}; into (6.2.13). We
obtain

[Alfu)=1{F) (6.2.14)

where
{ e dw} ) Tt
A= (1) u? -+ bv'{,-) dt, Fr= Wit) f () de (6.2.15)
Iy Iy

Equation (6.2.14) is valid with the time interval (1, 7, ), and it represents a relationship be-
tween the values |, u, ..., it,, which are the values of w attime fs, ty ¢ A f(n—1)s fs4 280 /(n— 1)
...y by, respectively. This would yield a multistep approximation scheme.

To obtain a single-step approximation scheme, i.e., write u,.; in terms of u, only, we
assume linear approximation (i.e., n =2)

u(t) = yr (1) + gy yralr)

where ¥, (1) = “=" and (1) = S, In the same fashion, f(¢) can be represented in terms

of its values at t; and 7, :

f“}:fﬂy’fl(r} ‘+‘ f.l\i+i¢r'1“'}

For this choice of approximation, Eq. (6.2.15) becomes

al—1 1 bAt[2 1|\ [ u | _A| f .
(i [-1 J* ® [1 7]) IH..+| l‘ K3 [z.f:-.u I L

Assuming that u, 18 known, we solve for 1, from the second equation in (6.2.16)

2bAL bAt f 2 £+
(a—}— 3 )u_n.::(a——_{—)u,--}—A!(?}%-%) (6.2.17)

Comparing Eq. (6.2.17) with Eq. (6.2.11a), we find that the Galerkin scheme is a special
case of the a-family of approximation, with o = 2/3.
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Stable and Conditionally Stable Schemes

Equation (6.2.115) can be written in the form
a— (1 —a) Al b

o) = Alg) + Fogry, A=
o (i) ! a+aAL b

I P 2 i e . (6.2.18)
a-+a b

The operator A is known as the amplification operator. Since u, is an approximate solution,
the error £, =u,(t,) — u, at time t, (where u, is the exact solution) will influence the
solution at ;... The error will grow (i.e., E, will be amplified) as we march in time if
the magnitude of the operator is greater than 1, |A| > 1. When the error grows without
bound, the computational scheme (6.2.115) becomes unstable (i.e.. solution i1 becomes
unbounded with time). Therefore, in order for the scheme to be stable, it is necessary that
Al <1

a—(1—a)At, b
a+ o Af” | b

The above equation places a restriction on the magnitude of the time step for certain values
of . When the error remains bounded for any time step [i.e., condition (6.2.19) is trivially
satisfied for any value of At], the scheme is stable. If the error remains bounded only when
the time step remains below certain value [in order to satisfy (6.2.19)], the scheme is said
to be conditionally stable.

For different values of e, the time approximation scheme in (6.2.115) yields a different
scheme. The following well-known time-approximation schemes along with their order of
accuracy and stability should be noted;

(6.2.19)

0, the forward difference (or Euler) scheme (conditionally

stable); order of accuracy = O(At)

the Crank—Nicolson scheme (stable); O (A1)?

the Galerkin method (stable); O (Ar)?

the backward difference scheme (stable); O(Ar) (6.2.20)

—_— el pa—
. »

Of these, the Crank—Nicolson method is the most commonly used scheme,

Fully Discretized Finite Element Equations

We now have the tools necessary to convert the set of ordinary differential equations (6.2.7a)
to a set of algebraic equations in much the same way we converted a single differential
equation (6.2.8) to an algebraic equation (6.2.11h). Here, we work with matrix equation
li.e., [M']=[M] and [M?]=[0] in Eq. (6.2.7a)]

[M{u} + [Ku] =(F} (6.2.21a)
subject to the initial conditions

{ulo = {uo) (6.2.21h)
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where {u ] denotes the vector of nodal values of u at time t = 0. whereas {ug} denotes the
column of nodal values u ;0. As applied to a vector of time derivatives of the nodal values,
the @-family of approximation reads as
Aty (1 —a){u), +ali)s] ={ulye — (1), forO<e<| (6.2.22a)
or
{-t»sl.\-+| = {u}; + ﬁ‘riu}wa | 6.2.225)
{i)yra = (1 — )i}, +ofit)y

for 0 <« < 1. Equation (6.2.22a) can be used to reduce the ordinary differential equations

(6.2.21a) to algebraic equations among the u; at time t,, . Since (6.2.21a) is valid for any
1 =0, we can write it for times t =/, and t =1,

[M{u}s + [K ] {u)y = (F)q (6.2.23a)

[M1i)sr + [KLqiludsor = (F)yp (6.2.23b)

where it is assumed that the matrix [ M] is independent of time. Premultiplying both sides
of (6.2.22a) with [ M] we obtain

Atgpral MUl + Aty (1 — ) [MI{a)s = M ({u} ) — {u)y)
Substituting for [M|{it},;, and [M]{i}, from (6.2.23a) and (6.2.23h), respectively, we
arrive at
Aty ({Flspr = [K ] fuls) + At (1 —a)((Fl = 1K Lol = [M1Ua)gor — (1))
Solving for the vector {u},, ;. we obtain

[K i) = 1K | btk + (Fl o (6.2.24a)
where
[Klp1 =M1+ ar[Klgpr, K] =M]—as[K],
{F}.\'..n'+l = Al I‘x{Fh-l-l % {] - (E]{F}.l (6224-‘5}
ar=uAti, ax=(I1 ‘L«t‘}&fﬁ-+|
Note that, in deriving (6.2.24a) and (6.2.24b), it has been assumed that [M ] is independent
of time and that the time step is nonuniform.

Equations (6.2.24a) and (6.2.24b) are valid for a typical finite element whose semidis-
cretized equations are of the form (6.2.21a). In other words. Eqgs. (6.2.24q) and (6.2.24b)
hold for any problem, independent of the dimension and method of spatial approximation,
as long as the end result is Eq. (6.2.21a). The assembly, imposition of boundary conditions,
and solution of the assembled equations are the same as described before for steady-state
problems. Calculation of [K | and { £} at time t = 0 requires knowledge of the initial condi-

tions {u )y and the time variation of { F'}. Note that for & = 0 (the forward difference scheme),
we obtain [ K] = [M]. If matrix [M] is diagonal, (6.2.24a) becomes

1 d: _. S A g
u; s o (E K;.‘fu; +- £ '). (no sum on §) (6.2.25)
(i) i=l i
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Thus, no inversion of the coefficient matrix is required in solving for {#}**!. Such a scheme is
called explicit. A scheme is said to be implicit when it is not explicit (i.e., an implicit scheme
requires the inversion of a coefficient matrix). Thus, explicit schemes are computationally
less expensive compared to implicit schemes; implicit schemes are more accurate and have
larger critical time steps. In real-world problems, the cost of computation precludes the use
of implicit schemes. '

In conventional finite element formulations, [ M ] is seldom diagonal. Therefore, explicit
schemes in finite element analysis can exist only if the time-approximation scheme is such
that [f:f] = [M]and [M] is diagonal. The matrix [M | computed according to the definition
(6.2.7¢) is called the consistent (mass) matrix, and it is not diagonal unless ; are orthogonal
functions over the element domain. There are several ways to diagonalize mass matrices;
these will be discussed in Section 6.2.5.

Consistency, Accuracy, and Stability

Since (6.2.22a) represents an approximation, which is used to derive (6.2.24a), error is
introduced into the solution {u},.; at each time step. In addition to the truncation error
introduced in approximating the derivative, round-off errors can be introduced because of
the finite arithmetic used in the computations. Since the solution at time ¢, depends on
the solution at time f,, the error can grow with time. As discussed earlier, if the error 18
bounded, the solution scheme is said to be stable. The numerical scheme (6.2.24a) is said
to be consistent with the continuous problem (6.2.7a) if the round-off and truncation errors
go to zero as At — 0. Accuracy of a numerical scheme is a measure of the closeness be-
tween the approximate solution and the exact solution whereas srability of a solution is a
measure of the boundedness of the approximate solution with time. As we might expect,
the size of the time step can influence both accuracy and stability. When we construct an
approximate solution, we like it to converge to the true solution when the number of el-
ements or the degree of approximation is increased and the time step A7 is decreased. A
time-approximation scheme is said to be convergent if, for fixed 1, the numerical value {u},
converges to its true value [u(r,)} as Ar — 0. Accuracy is measured in terms of the rate at
which the approximate solution converges. If a numerical scheme is stable and consistent,
it is also convergent.

For all numerical schemes in which o < % the «-family of approximations is
stable only if the time step satisfies the following (stability) condition [follows from
Eq. (6.2.19)]:

(‘J

ﬂlt < .l‘ﬁrcr'[ = ;
(1 —2a)A

(6.2.26)
where A is the largest eigenvalue associated with the problem and At is (see below)

(IM] = A[K]) {u) = {0} (6.2.27)

Note that the same mesh as that used for the transient analysis must be used to calculate the
eigenvalues.
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6.2.4 Hyperbolic Equations
Time Approximation
Consider matrix equations of the form [set [M'] = [C] and [M?]=|M] in Eq. (6.2.7a)]
[K e} +1CHe) + M) ={F} (6.2.28a)
subjected to initial conditions
()} = {up), {#(0)} = {vg) (6.2.28h)

Such equations arise in structural dynamics, where [M] denotes mass matrix, [C] the
damping matrix, and [ K] the stiffness matrix. The damping matrix [C] is often taken to be
a linear combination of the mass and stiffness matrices, [C]= 8[M] + B2l K |, where §,
and f; are determined from physical experiments. In the present study, we will not consider
damping (i.e., [C'] = [0]) in the numerical examples, although the theoretical developments
will account for it. Transient analysis of both bars and beams lead to equations of the type
given in (6.2.28a) and (6.2.28b). The mass and stiffness matrices for these problems are
discussed below.

Axial Motion of Bars

The equation of motion is given by Eq. (6.1.14). The semidiscretization results in Eq.
(6.2.28a), with [M¢] and [ K] given by Eq. (6.1.27h) and [C] =0].

Transverse Motion of Euler—Bernoulli Beams

The equation of motion is given by Eq. (6.1.36). The semidiscretized equation is the same
as Eq. (6.2.28a), with [M“] and [ K] given by Eq. (6.1.415h) and [C] =[0].

Transverse Motion of Timoshenko Beams

The equations of motion are given by Egs. (6.1.43a) and (6.1.43h). The semidiscretization
results in Eq. (6.2.28a), with [M¢] and [K“] given by Eq. (6.1.484). Note that [M*] and
[ K¢] are the matrices given in Eq. (6.1.47).

There are several numerical methods available to approximate the second-order time
derivatives and convert differential equations to algebraic equations. Among these, the
Newmark family of time-approximation schemes is widely used in structural dynamics
[Newmark (1959)]. Other methods, such as the Wilson method [Bathe and Wilson (1973)]
and the Houbolt method [Houbolt (1950)], can also be used to develop the algebraic equa-
tions from the second-order differential equations (6.2.28a). Here we consider the Newmark
family of approximation schemes.

Newmark’s Scheme

In the Newmark method, the function and its first time derivative are approximated according
to

1 g
(o = {u)s + At{uls + E(Ar}‘[u},ﬂ (6.2.29a)
[a}H—! == {”}\ i3 {ji}.\'+u‘if (6229b)



CHAPTER 6 EIGENVALUE AND TIME-DEPENDENT PROBLEMS 325

where
{it}spo = (1 — )i}y + Olit)y4y (6.2.29¢)

and & and y (= 2f) are parameters that determine the stability and accuracy of the scheme.
Equations (6.2.29a) and (6.2.29h) can be viewed as Taylor’s series expansions of u and #.
The following schemes are special cases of (6.2.29a) and (6.2.295b):

o= % Y=28= % Constant-average acceleration method (stable)
= gl W= 11 Linear acceleration method (conditionally stable)
= % y =2=0 Central difference method (conditionally stable) (6.2.30)
3. y=28=% Galerkin method (stable)
s % y =28 =2 Backward difference method (stable)

For all schemes in which y <o and o > % the stability requirement is

| —12
At <N = l:i(ofmm(a - y}] (6.2.31)

where @,y 1s the maximum natural frequency of the system (6.2.28a) without [C]:

(IM] — K1) {u) = { F) (6.2.32)

Fully Discretized Finite Element Equations

Eliminating {it};; from Egs. (6.2.29a) and (6.2.29b) and writing the result for {it),,, we
obtain

{u}s1 =as (u)er1 — {u)s) — ar i)y — agfii}y (6.2.33)
where
aF%, aTZ%—l.agz(g—l)m (6.2.34)

Now premultiplying Eq. (6.2.29a) with [M],.; and substituting for [ M g1 (it} from
Eq. (6.2.28a), we obtain

(IMI\*+I +.B(-&ﬂ2|K|.v+l) {u-}.s'+l = IM-I.\'+I”}I.«' +ﬁ(&f)2lf"}‘+|

—B(ADAC sy {it) g4
(6.2.35)

where
|
b} = {u)s + At{u}s + 3 (1 —p) (A {ii), (6.2.36)

Now, multiplying throughout with as = 1 /[ 8(A1)*], we arrive at

(as|M]spy + [K s {utsor = as[ M1 1b)s + {Flys1 — [Clss fit} g1 (6.2.37)
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Using Eq. (6.2.33) for {i},., in Eq. (6.2.37) and collecting terms, we obtain the final result

[ P (7] MR 2 T (6.2.38)
where
[K gt = [K]ye1 + as[ My +aslClis
(Flesst = {Flser + [M] ng'+ IC]HEBL ——
(A)y = as{b), = axfu)s + as{u), + aslit),
{B)s = agful; + ar{u)s + agfii};
and
I I :
{3 = dy =3l , as=——1 (6.2.40)

B(AL)?' g > Vi

Note that the calculation of [K| and | ) requires knowledge of the initial conditions
{#}o, {e}o, and [it}o. In practice, we do not know {ii}y. As an approximation, it can be
calculated from (6.2.28a) (we often assume that the applied force is zero at t =0);

liido =M1~ ({1F)o — [K Hulo — [C)it)o) (6.2.41)

At the end of each time step, the new velocity vector {it}, ., and acceleration vector i )ay
are computed using [from Egs. (6.2.29a) and (6.2.29b)]

()1 = az{u)sy — {u)y) — aglit); — asfii),
{t)or) ={u)s +aslitl; + ay i)y (6.2.42)
ar=alAt, a=(1—-a)At
The remaining procedure stays the same as in static problems.
The fully discretized model in (6.2.38) is based on the assumption that y # 0. Ob-

viously, for centered difference scheme (y =0), the formulation must be modified (see
Problem 6.26).

6.2.5 Mass Lumping

Recall from the time approximation of parabolic equations that use of the forward difference
scheme (i.e., @ =0) results in the lnll(}ng/llme marching scheme [see (6.2.24a) and
(6.2.24b)): /

[MNubypr = ((M°] —'nAr[K" D{u)s + At{F°), (6.2.43)

The mass matrix [M*] derived from the we@hhd integral formulations of the governing
equation is called the consistent mass matrix, and it is symmetric positive-definite and
nondiagonal. Solution of the global equations associated with (6.2.43) requires inversion
of the assembled mass matrix. If the mass matrix is diagonal, then the assembled equations
can be solved directly (i.e., without inverting a matrix)

N
(Ut)ss1 = M;; [M;;{U;J,. — Aty KUy, + zs:{ﬂL] (6.2.44)

J=]
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and thus saving computational time. The explicit nature of (6.2.44) has motivated analysts
to find rational ways of diagonalizing the mass matrix.

There are several ways of constructing diagonal mass matrices, also known as lumped
mass matrices. The row-sum and proportional lumping techniques are discussed here.

Row-Sum Lumping

The sum of the elements of each row of the consistent mass matrix is used as the diagonal
element:

MI_‘:. = f ot l,lr dx —[. .0':[’:, dx (6.2.45)
l|l_l X

where the property Z?zl Y7 = 1 of the interpolation functions is used. When p is constant,
(6.2.45) gives

es  Phe [T 0 "

(M®], = > |o 1] (linear element)
P 1 0 0

(Ml =—10 4 0 (quadratic element) (6.2.46)
610 0 1

Compare these lumped mass matrices with the consistent mass matrices

he [2 1 .
(M€ = p{z, % 2} (linear element)
)
o [ 4 2 .—]
[Mle = 3[_; 2 16 2 (quadratic element) (6.2.47)
=1 B

Here subscripts L and C refer to lumped and consistent mass matrices, respectively.

Proportional Lumping

Here the diagonal elements of the lumped mass matrix are computed to be proportional to
the diagonal elements of the consistent mass matrix while conserving the total mass of the

element:
M”_wf priy dx, a—f pd,x/

For constant p, proportional lumping gives the same lumped mass matrices as those obtained
in the row-sum technique for the Lagrange linear and quadratic elements.

The use of a lumped mass matrix in transient analyses can save computational time in
two ways. First, for forward difference schemes, lumped mass matrices result in explicit
algebraic equations not requiring matrix inversions. Second, the critical time step required
for conditionally stable schemes is larger, and hence less computational time is required
when lumped mass matrices are used. To see this, consider the stability criterion in (6.2.31)
for the case o = % and B = 0. For a one linear element model of a uniform bar of stiffness

[ Py dx (6.2.48)

i=l
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(2E/p)

=

and the critical time step is

(6.2.50)

(Atei)r =h(2p/E)? > (At

Thus, explicit schemes require larger time steps than implicit schemes.

6.2.6 Applications

Here we consider two examples of applications of finite element models of one-dimensional

problems. Example 6.2.1 is taken from transient heat transfer (parabolic equation), and

Example 6.2.2 is taken from solid mechanics (hyperbolic equation).
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6.3 SUMMARY

In this chapter, finite element formulations of eigenvalue problems and time-dependent
problems are developed. One-dimensional, second- and fourth-order equations (beams)
have been discussed. The eigenvalue problems studied include problems of heat transfer
(and the like), bars, and beams. In the case of bars and beams, the eigenvalue problems
arise in connection with natural vibrations and buckling of columns. Except for the solution
procedure, the finite element formulation of eigenvalue problems is entirely analogous to
boundary value problems.

Finite element models of time-dependent problems described by parabolic and hyper-
bolic equations have also been presented. A two-step procedure to derive finite element
models from differential equations has been described. In the first step, we seek spatial
approximations of the dependent variables of the problem as linear combinations of nodal
values that are functions of time and interpolation functions that are functions of space. This
procedure is entirely analogous to the finite element formulation presented for boundary
value problems in Chapters 3-5. The end result of this step is a set of ordinary differential
equations (in time) among the nodal values. In the second step, the ordinary differential
equations are further approximated using the finite difference approximation of the time
derivatives. The resulting algebraic equations can be solved for repeatedly, marching in
time. Examples using both transient heat transfer and beam bending are presented.

PROBLEMS
Section 6.1

Most problems are formulative in nature. For eigenvalue problems, we need to write the final charac-
teristic equations for the eigenvalues.

6.1 Determine the first two eigenvalues associated with the heat transfer problem whose governing
equations and boundary conditions are given by (Fig. P6.1)

i fiu
— )—f—bﬁ--l-t.'u:{l forO<x < L
ix d{

du
u(0)=0, (a‘—+ﬁu) ‘ =0
dx x=L

where a, b, ¢, and B are constants. Use (a) two linear finite elements and () one quadratic
element in the domain to solve the problem.

r—ﬁF a = kA

u(0) = 0

Fin’'s lateral surface as well as
the end x = L are exposed to
ambient temperature

Figure Pé6.1 Figure P6.2
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6.2 Determine the first two longitudinal frequencies of a rod (with Young’s modulus E, area of
cross section A, and length L) that is fixed at one end (say, at x =0) and supported axially at
the other end (at x = L) by a linear elastic spring (with spring constant k), as shown in Fig.
P6.1:

2 u 8 u
— + pA—=0 forO=x <L
ix? a2

—FEA
Codu
w(0) =10, (EA — ku) ‘ =0
d.t’ =L

Use (a) two linear finite elements and (b) one quadratic element in the domain to solve the
problem. Answer: (a) The characteristic equation is 747 — (10 +4c)x + (1 4+ 2¢) =0, ¢=
kL/2EA, )= (ph*/6E)w’.

6.3 Determine the smallest natural frequency of a beam with clamped ends and of constant cross-
sectional area A, moment of inertia [, and length L. Use the symmetry and two Euler-Bernoulli
beam elements in the halfl beam.

6.4 Resolve the above problem with two RIEs in the hal{-beam.

6.5 Consider a beam (of Young’s modulus E. shear modulus G, area of cross section A, second
moment area about the axis of bending 7, and length L) with its left end (x = 0) clamped and
its right end (x = L) supported vertically by a linear elastic spring (see Fig. P6.5). Determine
the fundamental natural frequency using (a) one Euler—Bernoulli beam element and (b) one
Timoshenko beam element (I1E) (use the same mass matrix in both elements).

O A

3

Figure P6.5

6.6 Consider asimply supported beam (of Young’s modulus £, mass density p, area of cross section
A, second moment of area about the axis of bending 7, and length L) with an elastic support at
the center of the beam (see Fig. P6.6). Determine the fundamental natural frequency using the
minimum number of Euler-Bernoulli beam elements. Answer: The characteristic polynomial
is 4554% — 2(129 + e)A +3 + 2¢=0.

(.'-\. E Pinned here

&
2

Figure P6.6

6.7 Determine the critical buckling load of a cantilever beam (A, 7, L, E) using (a) one Euler—
Bernoulli beam element and (#) one Timoshenko beam element.



6.8

6.9

6.10

6.11

6.12

6.13
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The natural vibration of a beam under applied axial compressive load N° is governed by the
differential equation
d*w d*w
HE + N == Aw
where A denotes nondimensional frequency of natural vibration and EJ is the flexural stiffness
of the beam. (a) Determine the fundamental (i.e., smallest) natural frequency @ of a cantilever
beam (i.e., fixed at one end and free at the other end) of length L with axial compressive load
Ny using one beam element. (5) What is the buckling load of the beam? You are required to
give the final characteristic equation in each case.
Determine the fundamental natural frequency of the truss shown in Fig. P6.9 (you are required
only to formulate the problem).
B C Fais

i () i
@ 10 1.

£ =30 msi

A =3in? I

A, =4 in.? = 10 ft o

A ¥
CLr el St
4 > FHRERR . po30x 108 bin2, v=03
| 15 ft. | A=10%in2, =107 in.}
Figure P6.9 Figure P6.10

Determine the fundamental natural frequency of the truss shown in Fig. P6.10 (you are required
only to formulate the problem).

Determine the first two longitudinal natural frequencies of a rod (A, £, L, m), fixed at one
end and with an attached mass m» at the other. Use two linear elements. Hins: Note that the
boundary conditions for the problem are «(0) =0 and (EA du/dx 4+ my 802u/0t%)|,—; = 0.

The equation governing torsional vibration of a circular rod is

92 a2
O L

— Vs
dx? ar?

where ¢ is the angular displacement, J the moment of inertia, G the shear modulus, and m the
density. Determine the fundamental torsional frequency of a rod with disk (/,) attached at each
end. Use the symmetry and (a) two linear elements and () one quadratic element.

The equations governing the motion of a beam according to TBT can be reduced to the single
equation

=0

Satw Atw w2 (1 & it b*m atw
. dxd + P ( +k(}') dxrarr - kG ar?
wherea” = ElI/mA and b* = [ / A. Here E is the Young's modulus, G is the shear modulus, m is
the mass per unit length, A is the area of cross section, and / is the moment of inertia. Assuming
that (b*m/kG) << 1 (i.e., neglect the last term in the governing equation), formulate the finite
element model of the (a) eigenvalue problem for the determination of natural frequencies and
(#) fully discretized problem for the determination of the transient response.
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6.14 Use the finite element model of Problem 6.13 to determine the fundamental frequency of a
simply supported beam.

6.15 Find the critical buckling load P,; by determining the eigenvalues of the equation

i d*w .
E!{d_% + PI‘:—; =0 for0<x<lL
o d*w’
w(0) =w (L) =0, (.e,';‘ "f) r - (EI ’1) =]
dx* x=l dx? x=L

Use one Euler-Bernoulli element in the half-beam. Answer: Py =9.9439E1/1.°.

Section 6.2

6.16 Consider the partial differential equation arising in connection with unsteady heat transfer in
an insulated rod:

i i) i £ for0 L
= PP L8 LhE S —_ r
& B \pxp ) THUTES
du "
w0, D=0, u(x,0)=uy, {a ; + Bl — o) + q} =0
ax el

Following the procedure outlined in Section 6.2, derive the semidiscrete variational form, the
semidiscrete finite element model, and the fully discretized finite element equations for a typical
element.

6.17 Using a two-element (linear) model and the semidiscrete finite element equations derived in
Problem 6.16, determine the nodal temperatures as functions of time for the case in which
a=1, f=0,us=1, and § =0. Use the Laplace transform technique [see Reddy (2002)] to
solve the ordinary differential equations in time.

6.18 Consider a uniform bar of cross-sectional area A, modulus of elasticity £, mass density m, and
length L. The axial displacement under the action of time-dependent axial forces is governed

by the wave equation
Pu 0% EN'?
— = i o= —
ar? ax? m

Determine the transient response [i.e., find u(x, t)] of the bar when the end x = 0 is fixed and
the end x = L is subjected to a force Py. Assume zero initial conditions. Use one linear element
to approximate the spatial variation of the solution, and solve the resulting ordinary differential
equation in time exactly to obtain

Pyl
walx, t)= AUF ;—[(I —cosat), r.z:a/i%

6.19 Resolve Problem 6.18 with a mesh of two linear elements. Use the Laplace transform method
to solve the two ordinary differential equations in time.

6.20 Solve Problem 6.18 when the right end is subjected to an axial force ¥, and supported by an
axial spring of stiffness k. Answer:

3F, a kLN 'P
HifI)II‘:(I—CUSﬁIJ, o — W, ﬁ:\/jz (I+EA)
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6.21 A bar of length L. moving with velocity vy strikes a spring of stiffness k. Determine the motion
u(x, r) from the instant when the end x = 0 strikes the spring. Use one linear element.

6.22 A uniform rod of length L and mass m is fixed at x = 0 and loaded with a mass M at x = L.
Determine the motion u(x, ) of the system when the mass M is subjected to a force Py. Use
one linear element. Answer:

L a {(3M i
ua(1y=c(l — cos A1), E= h_ﬁI(H+fﬂ)

6.23 The flow of liquid in a pipe, subjected to a surge-of-pressure wave (i.e., a water hammer),
experiences a surge pressure p, which is governed by the equation

a2 92 o ML R
PR ol l 5 (_+ )

a2 ax? “m\k  bE

where m is the mass density and K the bulk modulus of the fluid, D is the diameter and b
the thickness of the pipe, and E is the modulus of elasticity ol the pipe material. Determine
the pressure p(x,7) using one lincar finite element for the following boundary and initial
conditions:

i)
PO, 1 =0, %tm)zn, p@.0)=po, plx,0)=0

6.24 Consider the problem of determining the temperature distribution of a solid cylinder, initially
at a uniform temperature 7j and cooled in a medium of zero temperature (i.c., T, =0). The
governing equation of the problem is

aT I a ar
P{"— — T ."'k}— =)
dt roar dr

The boundary conditions are

a1 ar
— (0. =0, (rk-_— +,6T) =0
ar ar -

The initial condition is T (r, 1) = T;). Determine the temperature distribution 7'(r, 1) using one
linear element. Take R =2.5cm, k =215 W/(m -"C), 8 =525 W/(m-°C), T, = 130°C, p = 2700
kg/m?, and ¢ = 0.9 k)/(kg-°C). What is the heat loss at the surface? Formulate the problem.

6.25 Determine the nondimensional temperature @ (r, ¢) in the region bounded by two long cylindrical
surfaces of radii R, and R,. The dimensionless heat conduction equation is

| a a6 i ae 0
rdr 4 dr ar
with boundary and initial conditions

g—ﬂlm.f}:[i, (R, )=1, &(r,0)=0
>

6.26 Show that (6.2.28a), (6.2.28h), (6.2.29a), and (6.2.29h) can be reworked to match the form in
Eq. (6.2.38) as

[Hii}ssr = {F s

and define [H] and [ F),.;.
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6.27 A uniform cantilever beam of length ., moment of inertia 7, modulus of elasticity £, and mass

m begins to vibrate with initial displacement
Wiy B)= w.;xE,’Lj

and zero initial velocity. Find its displacement at the free end at any subsequent time. Use
one Euler-Bernoulli beam element to determine the solution. Solve the resulting differential
equations in time using the Laplace transform method.

6.28 Resolve Problem 6.27 using one Timoshenko beam element.
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