Chapter 5
BEAMS AND FRAMES

5.1 INTRODUCTION

Here we consider the finite element formulation of the one-dimensional fourth-order dif-
ferential equation that arises in the Euler-Bernoulli beam theory and the pair of one-
dimensional second-order equations associated with the Timoshenko beam theory. The
superposition of the beam and bar elements give rise to frame elements that can be used to
analyze plane frame structures. The formulations of a fourth-order equation as well as cou-
pled second-order equations (see Problems 3.1 and 3.3) involve the same steps as described
in Section 3.2 for a second-order equation, but the mathematical details are somewhat
different, especially in the finite element formulation of the equations.

5.2 EULER-BERNOULLI BEAM ELEMENT
5.2.1 Governing Equation

In the Euler-Bernoulli beam theory, it is assumed that plane cross sections perpendicular to
the axis of the beam remain plane and perpendicular to the axis after deformation. In this
theory, the transverse deflection w of the beam is governed by the fourth-order differential
equation

dx?

where EJ = E(x)I(x), cy =cp(x), g =q(x) are given functions of x (i.e., data), and w is
the dependent variable; £ denotes the modulus of elasticity, / the second moment of area
about the y axis of the beam, g is the distributed transverse load, ¢, the elastic founda-
tion modulus (if any), and w is the transverse deflection of the beam. The sign convention
used in the derivation of (5.2.1) is shown in Fig. 5.2.1. In addition to satisfying the dif-
ferential equation (5.2.1), w must also satisfy appropriate boundary conditions; since the
equation is of fourth order, four boundary conditions are needed to solve it. The weak
formulation of the equation will provide the form of these four boundary conditions. A
step-by-step procedure for the finite element analysis of (5.2.1) is presented next (see
Example 2.4.2).

d? d*w
El ) +cpw=g(x) for O<x<lL (3.2.1)
%>
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Figure 5.2.1 («) Typical beam with distributed load ¢ (x) and point force £, and moment My, (b) The
shear force-bending moment-deflection relations and the sign convention.

5.2.2 Discretization of the Domain

The domain , = (x,. x3) = (x,, X, ) of the straight beam |see Fig. 5.2.2(a )] is divided into
a set of N line elements, each element having at least the two end nodes [see Fig, 5.2.2(h)].
Although the element is geometrically the same as that used for bars, the number and form of
the primary and secondary unknowns at each node are dictated by the variational formulation
of the ditferential equation (5.2.1). In most practical problems, the discretization of a given
structure into a minimum number of elements is often dictated by the geometry. loading,
and material properties.

5.2.3 Derivation of Element Equations

We isolate a typical element €, = (x,, x,1) [see Fig. 5.2.2(b)] and construct the weak
form of (5.2.1) over the element. The variational formulation provides the primary and
secondary variables of the problem. Then suitable approximations for the primary variables
are selected, interpolation functions are developed, and the element equations are derived.

Weak Form. The weak forms of problems in solid mechanics can be developed either from
the principle of virtual work (i.e., the principle of virtual displacements or virtual forces) or
from the governing differential equations. Here we start with a given differential equation
and use the three-step procedure to obtain the weak form, Following the three-step procedure
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Figure 5.2.2 (a) Geometry and loads on a beam. (b) Finite element discretization. (¢) Generalized
displacements and generalized forces on a typical element.

illustrated in Chapter 2 (see Example 2.4.2) and revisited in Section 3.2.3, we write

e+l “ I!l'
om [ o[ (514) o] o
f“"" dv d (f"ld w ) . _ d E,'dzw) pd
= e ceow —vg | dx —_
N dx dx {x? / 1 dx dc® J .
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= %t | = .E o R
" dx? dx? dx dx? dx  dx® |,

(3.2.2)

where v(x) is a weight function that is twice differentiable with respect to x. Note that, in the
present case, the first term of the equation is integrated twice by parts, to yield two differenti-
ations to the weight function v while retaining two derivatives of the dependent variable, w:
the result is that the differentiation is distributed equally between the weight function v and
the dependent variable w. Because of the two integration by parts, there appear two bound-
ary expressions (see Example 2.4.2), which are to be evaluated at the two boundary points
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Figure 5.2.3 Deformation of a beam element.

X =x, =x, and x = x;, = x,. ;. Examination of the boundary terms indicates that the essen-
tial boundary conditions involve the specification of the deflection w and slope dw /d.x,
and rhe natural boundary conditions involve the specification of the bending moment
El d*w /dx* and shear force (d/dx)(Eld*w/dx?) at the endpoints of the element. Thus,
there are two essential boundary conditions and two natural boundary conditions: therefore,
we must identify w and dw /d x as the primary variables at each node (so that the essential
boundary conditions are included in the interpolation). The natural boundary conditions al-
ways remain in the weak form and end up on the right-hand side, { £}, of the matrix equation,

We introduce the following notation for the secondary variables that is consistent with
the sign convention in Fig. 5.2.1(h) (6 = —dw /dx; see Fig. 5.2.3);

. d d’w

O\ =|—El— =—Vix,)
dx dxs "

, d*w
QE“I ——3 (.E'.‘J = — —M{_TPJ

- dx /|,

£5.2.3)

ye — d (Efdzw) i)
s = dx gLl N

" d*w
Q__]_E_“(Elr_,?) :M(Iﬁ_f_”

dx?

Ao

where Qf and QF denote the shear forces, and Q5 and Qf denote the bending moments

[see Fig. 5.2.2¢]. The set {Qf. Q5. Qf. Q4} is often referred to as the generalized forces.

The corresponding displacements and rotations are called the generalized displacements.
With the notation in (5.2.3), the weak form (5.2.2) can be expressed as

o f‘”"" g d*v d’w ! d
= S el <1 A Tl 1 X
K dx? dx2 ;

= dv dv
— v(x.) Q] “(_dr) 05 — v(xes1) Q5 — (d\.)

= By, w) —[(v) (5.24)

Q;

Tal
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We can identify the bilinear and linear forms of the problem as

it dPy dPw
B(v.w) = Ef——7r +cruw Jdx

dx? dx?
Koy ) . {fb‘ ‘ »
[(v) = vg dx + v(x.) Q] + | — 0 (5.2.5)
e dx /|, ~~
- dv .
+U(r{||_'|}Q'§+ Tt Q4
dx »

Equation (5.2.4) is a statement of the principle of virtual displacements (where v denotes vir-
tual displacement §w ) for the Euler-Bernoulli beam theory. The quadratic functional, known
as the total potential energy of the isolated beam element, is given by [see Eq. (2.4.31)]

—_—

o [ BT (dPw)™ 1 ? . .
M,.(w) = > \ 72 - 2[‘,«- w—wg |dx —wi(x,)Qf — wx.q) 05

X

( cfw)l o ( dw)
dx /|, & dx

The first term in the square brackets represents the elastic strain energy due to bending, the
second is the strain energy stored in the elastic foundation, and the third is the work done by
the distributed load; the remaining terms account for the work done by the generalized forces
Q¢ in moving through the respective generalized displacements of the element. Conversely,
we may go from the total potential energy functional (5.2.6) to the weak form (5.2.4) by
using the principle of minimum potential energy, 811° = 0.

Q4 (5.2.6)

Xet1

Interpolation Functions. The variational form (5.2.4) requires that the interpolation func-
tions of an element be continuous with nonzero derivatives up to order two. The approx-
imation w¢ (x) of w(x) over a finite element should be such that it is twice differentiable
and satisfies the interpolation properties, i.e., satisfies the following essential “boundary
conditions” of the element [see Fig. 5.2.2(¢)}:

wix)=wl, wie)=ws O(x)=0], 0;(x.41)=6 (52.7)

In satisfying the essential boundary conditions (5.2.7), the approximation automatically
satisfies the continuity conditions. Hence. we pay attention to the satisfaction of (5.2.7),
which forms the basis for the derivation of the interpolation functions of the Euler-Bernoulli
beam element,

Since there are a total of four conditions in an element (two per node), a four-parameter
polynomial must be selected for w:

w(x) A wi(x) = + c5x + 5’ + i’ (5.2.8)

Note that the continuity conditions (i.c., the existence of a nonzero second derivative of w),
in the element) are automatically met. The next step involves expressing ¢ in terms of the
primary nodal variables (i.c., generalized displacements)

.‘{J
dwy,

dx

P e _ AW
A=Wy (Xer1) g
dx

Y= et I e

Al =wi(x.), Af=—
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such that the conditions (5.2.7) are satisfied:

; . . 2 3
Al = wi(xg) =c| + X, + c5x; + cix;
£ dw-l:: & e &
Ay = ——F2 = —Cy — 2c3%, — 3cix,
dx |,
e ; e 2 e L
'ﬁ"el = w:’v(“"f“r'J) :LT 7 ("lxi""l s c}"pxc‘—H o tjl)LH-I
dws
¢ it @ £ K
Ay =——— = —C5 — 203X, — 3cix, 41
- & Gl [ _
A=A
or
¢ B 2 3 7 £
Aj - ? il X &
e {3 N
5 0 -1 —2x, —h &5 -
& = 2 3 £ {5‘9]
3 | X x5y, Kot €3
e 7 A€
A _0 -1 —2x,4 _3%1- Ko

Inverting this matrix equation to express ¢ interms of Af, A5, A§, and A%, and substituting
the result into (5.2.8), we obtain

4
Wi(X) = ATP] + ATPS + AL + Afy =D A% (5.2.10)
i=l

where (with x. ) = x,. + h,)

2 3
X -‘r(r A== '-'{E.‘
1=1-3 2
#i ( h. ) ¥ ( h )

2

X —x,

oo — ]_ ¢
¢ * r)( he )

6 —3 (x —,rr)z z(x -,rl,)3
FTEN R h,

i o =i\ H—g
< il ‘r"}(m) 7

(x201)

=
If

Note that the cubic interpolation functions in (5.2.11) are derived by interpolating w as well
as its derivative dw /dx at the nodes. Such polynomials are known as the Hermite family
of interpolation functions, and ¢f in (5.2.11) are called the Hermite cubic interpolation
(or cubic spline) functions. Plots of the Hermite cubic interpolation functions are shown in
Fig. 5.2.4.

Recall that the Lagrange cubic interpolation functions are derived to interpolate a func-
tion, but not its derivatives, at the nodes. Hence, a Lagrange cubic element will have four
nodes, with the dependent variable, not its derivative, as the nodal degree of freedom.
Since the slope (or derivative) of the dependent variable is also required by the weak form
to be continuous at the nodes for the Euler—-Bernoulli beam theory, the Lagrange cubic
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Figure 5.2.4 Hermite cubic interpolations functions used in the Euler—Bernoulli beam element.

interpolation of w, although it meets the continuity requirement for w, is not admissible in

the finite element approximation of the Euler-Bernoulli beam theory.
The interpolation functions ¢/ can be expressed in terms of the local coordinate ¥ =

P =tod (2 2+2 A pe=i1-2 2
WO _) e R U
(5.2.12)

h,

o F3 NE ! 5 i (f 2 %
:-_ — = T— U{ :_' — = 5.

3 h, I, a= " [\ R, k,

The first, second, and third derivatives of ¢! with respect to & are

dd; _Ei(!,i)ﬁtf’_z=_[1+3(£—)-—4;] (5.2.13a)
s j’i‘f

X — Xe!

dx ~ h.h, h,) ' dx
deg _ dey _6 K (X déf ¥ (%

dx =~ di  hehe h,)' dx  h. \ h.

!2 € 6 X ';2 e ) I

SN LY s O (5.2.13h)
di? hz h, 1x- e he

¢ df 6 (X A5 2 (% ])

di2 — di¥r h? “h,) di? i\

dg; 12 ds 6
dx? _hf,‘ Azl h?
di s 12 d'¢ 6

did TR 4R - K2 (5.2.13¢)

Plots of d¢¢ /dx are shown in Fig. 5.2.5.
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Figure 5.2.5 Plots of the first derivatives, d¢; /dx, of the Hermite cubic interpolations functions.

The Hermite cubic interpolation functions (5.2.11) or (5.2.12) satisfy the following
interpolations properties (see Figs. 5.2.4 and 5.2.5):

@¢f (%) = 1, Pilx)=0 (i£]D)
3 (Xey1) = 1, i (xep1)=0 (i#3)

(_u-’qbg)J =P (_ﬂ) =0 (i #2) (5.2.14a)
dx it dx Xs
(_%) :1.(—5‘3) =0 [

dx /|, | dx

Yol

These can be stated in compact form as (i, j =1, 2)

Oh 1 (F)) =08y, ¢5(E)=0, > ¢ =1

I=]

(dﬁbii—!)l —0 (ﬁd‘ﬂ)
dx ‘1 - dx

where ) =0 and & = h, are the local coordinates of nodes | and 2 of the element €3¢ —
(X, Xo1). The finite element solution

=6 (5.2.14b)

X

Wi (X) = AT (x) + ATP5(x) + Afe5 (x) + Afes (x)
is a linear combination of four terms, which is shown in Fig. 5.2.6 along with the actual
function.
It should be noted that the order of the interpolation functions derived above is the
minimum required for the variational formulation (5.2.4). If a higher-order (i.e., higher
than cubic) approximation of w is desired, we must either identify additional primary
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Figure 5.2.6 Tinite element solution over an element.

unknowns at each of the two nodes or add additional nodes with the two degrees of freedom
(w, —dw /dx). For example, if we add d*w /dx? as the primary unknown at each of the
two nodes or add a third node with (w, —dw /dx) at each node, there will be a total of six
conditions, and a fifth-order polynomial is required to interpolate the end conditions (see
Problems 5.4 and 5.5). However, interelement continuity of d*w /dx” (curvature) is not
required by the weak form (5.2.4).

Finite Element Model. The finite element model of the Euler—Bernoulli beam is ob-
tained by substituting the finite element interpolation (5.2.10) for w and the ¢ for the
weight function v into the weak form (5.2.4). Since there are four nodal variables As,
four different choices are used for v: v=¢f, ¢5. ¢, and ¢4, allowing us to obtain a
set of four algebraic equations. The ith algebraic equation of the finite element model is
(for v=2¢¢)

4 Tog| Irz ¢ {[3@,{‘ R
i Z f El i M + ¢y (p;(pj) dx | u5— [ ¢iq dx — QFf
£, Y

= dx? dx?
(5.2.15a)
oOr
4
> KLAS— Ff=0 or [K*{A) = (F*) (5.2.15b)
=1
where
o _ [ L dRer AR " .
Kij :[ ET r;’x‘; d,\-i tcp g | dx (5.2.16a)

Xp

Xy
f-';.ﬁ = [ Q‘J;Jq dx + Q: (5.2.165)
o X

@
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Note that the coefficients Kf; are symmetric: K = K. In matrix notation, (5.2.15b) can
be written as

¢ e ¢ & 7] ¢ ¢ e
Ky, Ki, Ki; 14 Al q) Q]
[ -4 (3 € K:‘ &t’ ¢ 2 Q:’
21 22 23 24 2 > 2
. " 2 " il = a0t 5 (5.2.17)
3 32 33 34 AS 43 o5
¢ ¢ o e e 3 4
K§, 42 » K LA 4 &

This represents the finite element model of (5.2.1). For the case in which £/ and g are
constant over an clement, the element stiffness matrix [ K¢] and force vector [ F¢) have the
following specific forms [see Fig. 5.2.2(c) for the element displacement and force degrees
of freedom|

6§ =3k, —6 =35, [ 156 —-22h., 54  13h,
i 2E,l, | =3h. 20 3h, A’ cShe | =22k,  4h2  —13h, —3h?
ki | -6 3h 6 3h, 420 | 54 —13h, 156 224,
| ~34, B 3H. 242 | | 13k =3k} 22n, 4k}
6 oy
o Geho | —he 0
(Fe) = e + (5.2.18)
'2 () Q_{
he Q.

It can be verified that the generalized force vector in (5.2.18) represents the “statically
equivalent™ forces and moments at nodes | and 2 due to the uniformly distributed load
of intensity g, over the element (see Fig. 5.2.7). For any given function g(x), (5.2.16h)
provides a straightforward way of computing the components of the generalized force
vector {¢“}

Lefl
q;' = f qb:-'lq dx (5.2.19)
X

ll " " " 1 l - l L Uniformly distributed load
——F

T —

=
i -

ffn"".'l
0z 12
ST Statically equivalent point loads
( . as computed by Eq. (5.2.19)
¢ ﬂ ol
7 2

- -

Figure 5.2.7 Generalized nodal forces due to uniformly distributed load.
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When a transverse point force Fj is applied at a point x; inside the element, it is
distributed to the element nodes by the relation [see Remark 5 in Chapter 3; Eq. (3.3.4)]:

Ape|
Zf @f () FG8(x — x0) dx = Fj¢f (xp),  Xe < Xp < Xy (5.2.20)
X,
which contains both transverse forces (¢{ and ¢5) and bending moments (g5 and g3).

5.2.4 Assembly of Element Equations

The assembly procedure for beam elements is the same as that used for bar elements except
that we must take into account the two degrees of freedom at each node. Recall that the
assembly of elements is based on: (a) interelement continuity of the primary variables
(deflection and slope) and (b) interelement equilibrium of the secondary variable (shear
force and bending moment) at the nodes common to elements. To demonstrate the assembly
procedure, we select a two-element model (see Fig. 5.2.8). There are three global nodes and
a total of six global generalized displacements and six generalized forces in the problem.
The continuity of the primary variables implies the following relation between the element
degrees of freedom A{ and the global degrees of freedom U; (see Fig. 5.2.8):

Al =U;, Al=U, Al=Al=U;

Lo , - (5.2.21)
Ay =A5=U,, Az =Us, &4——0’(,
F
9 L"I::mm{t node Gln)balbrloqE
M -\ Nnumpers numoers
! 3 ,: ol \\_, >
i é.ﬁ eth element 2 fth clemcm 3
w] _A| hr_’ - jllf.——lr.-. i
wy = Aj
i
& =4,
Mﬂ;—- r.’sIz
(a)
i % Q ; Q>' H‘u _ F
9, o, E : P 0/ 0,
NG Q I e
I 2 |
¥ EEssaESSsSssss , My ESESSSSS S
Qu Q" | L)J‘-
’ ' o Q| 2
f
o5+ 9/ = Fy

(h)

Figure 5.2.8 Assembly of two Euler-Bernoulli beam finite elements. (a) Continuity of generalized
displacements. (b) Balance of the generalized forces.
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In general, the equilibrium of the generalized forces at a node between two connecting
elements €2, and Q2 requires that

05+ Q,’f = applied external point force
e oo (5.2.22)
Q) + Q3 = applied external bending moment

If no external applied forces are given, the sum should be equated to zero. In equating the
sums to the applied generalized forces (i.e., force or moment), the sign convention for the
element force degrees of freedom [see Fig. 5.2.2(¢}] should be followed. Forces are taken as
positive when they act in the direction of positive z-axis, and moments are taken as positive
when they follow the right-hand screw rule (i.e., when the thumb is along the positive y-axis.
the four fingers show the direction of the moment). With respect to the coordinate system
used in Figs. 5.2.1 and 5.2.2, forces acting downward are positive and counterclockwise
moments are positive.

To impose the equilibrium of forces in (5.2.22). it is necessary to add the third and
tourth equations (corresponding to the second node) of element Q¢ to the first and second
equations (corresponding to the first node) of element £2/. Consequently, the global stiffness
parameters K3, K3y, K43, and K4y associated with global node 2 are the superposition of
the element stiffnesses:

Kun=Ky+Kij, Ku=Ki+Kh Kp= Kis+ K3, Ku=Kjy + K3,
(32.23)

In general, the assembled stiffness matrix and force vector for beam elements connected in
series have the forms given in Eqs. (5.2.24a) and (5.2.24b):

Global node 1 Global node 2 Global node 3
[K{, K}, K| Ky, ]
KL Kl K, K), '
[Kl=| Kk} Ki, KL+K} KL+KL K% K2 g (5.2.24a)
Ky K K4+ K3, K+ K3, 5 K3,
e 2 ) >
3 e 3 Ky 3
L Fy K Kin K%
qi 0
@ 03
Ly, .2 | )
g1 + 4y g:+ 0y
[Fp=g = Lp4d 3T =L (5.2.24b)
q; + q; Q4 + Qg
a3 Q3
4 03
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5.2.5 Imposition of Boundary Conditions

At this step of the analysis, we must impose the particular boundary conditions of the prob-
lem being analyzed. The type of essential (also know as geomeiric) boundary conditions
for a specific beam problem depend on the nature of the geometric support. Table 5.2.1
contains a list of commonly used geometric supports for beams. The natural (also called
Jforce) boundary conditions involve the specification of generalized forces when the corre-
sponding primary variables are not constrained. One must bear in mind that one and only
one element of each of the following pairs must be specified at every node of the finite

element mesh:
( 4 | g9 (dw L"fdzw) (5.2.25)
w,— | El—|], | —. E 5.2
. dx dx? dx dx?

Atan interior node, we impose the continuity of generalized displacements and balance of
generalized forces as discussed in Egs. (5.2.21) and (5.2.22).

Table 5.2.1 Types of commonly used support conditions for beams and frames.

Displacement  Force

boundary boundary
Type of support conditions conditions
Free None All, as specified
Pinned =1 Moment is specified
w=1(
-]
Roller (vertical) u=0 Transverse force and moment

are specified

Roller (horizontal}

————————— w=10 Horizontal force and bending
N moment are specified
=
Fixed (or clamped) =10 None specified
A w =1
a= === dw Jdx =0
o
Elastically restrained E % widr?) 4 uf = Mg, My specified
%
u
k

E!(djwjd.l'"') +kw = Oy, Oy specified
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There are two alternative ways to include the effect of a linear elastic spring (extensional
as well as torsional). (1) Include the spring through the boundary condition for the appro-
priate degree of freedom (see Table 5.2.1). (2) Include the spring as another finite element,
whose element equations are given by Eq. (4.2.2). In the former case. after assembly of the
element equations, the secondary variable in the direction of the spring action is replaced
by the negative of the spring constant times the associated primary variable. Let Q", and
Q" denote the secondary variables associated with the transverse and rotational degrees of
freedom at a node. Then, we have, respectively

Q" +kw =0or Q"= —kw for vertical spring with spring constant k
Q% +ub =0 or @¢”=—ub for torsional spring with spring constant u
Note that Q" is the shear force and Q7 the bending moment. In the second case, the spring
element may be assembled along with beam elements by noting that the axial displacement
of the spring is the same as the transverse displacement of the beam.
For example, consider the case of a beam clamped at the left end and supported by a
P p Pl Y

spring at the right end, as shown in Fig. 5.2.9(a). Using one-element model of the beam.
we obtain [set ¢ ; =0 in Eq. (5.2.18)]

6 3L -6 -3L7 (U 6 Q)

2E1 | —=3L 217 3L 12 U, q‘{aﬁl":’_l_’g’
6
L

L -6 3L 6 3L Us 12 0;
-3 I 3¢ 12 | U Q4

PN

o
(1w

e
B

(c) QE

Figure 5.2.9 (a) A spring supported cantilever beam. (5) Spring action. (¢) Finite element mesh of
beam and spring elements.
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The obvious boundary conditions are U, = U, = Q4 =0. The effect of the spring is that
[see Fig. 5.2.9(h)] it exerts a force of kU5 upward on the beam. Hence, @3 = —kU/5. Thus,
we have

6 30 =§- <3
% | =6 31 86 31 S B —kU1

-

=3L. &= 3L ZL?

and the condensed equations for the unknown displacements U3 (deflection) and U4 (rota-

tion) become
|:|2H_|_k ﬁ:’”] le an{ }
T 4£1 =
EA L Uy

X kL
ol ol | _2_)
’ (]—l_s”) v (Iﬂf'}"ﬁ;)

Note that when k = (), we obtain the deflection U3 = goL* /8 ET and rotation Uy = —gyL>/
6£1 at the free end of a cantilever beam under uniformly distributed load of intensity g.
When k — oo, we obtain the deflection U3 = 0 and rotation Uy = —goL* /48ET at x = L
(where it is simply supported).

Alternatively, the assembly of the beam and spring elements [see Fig. 5.2.9(c)] yields
the result

whose solution is

g Bl LR e o] (g 6 0|
_SEL  4EI  OEL 2t o ||, o 0!
7 T . L)
|;}-'; ﬁ:‘f |?r:' b:f! qol- A
=8 . pAE Sp S plgsteey 8 e Ut o
6ET 2E1 GEL 4E1 g I
- - S A e L Q,
0 0 —k 0 k| lUs 0 03

Using the boundary conditions, U = Us = Us =0 and @ = 0, and the equilibrium condi-
tion Q; e Q% = (), we obtain the condensed equations

o aF
Ii{_‘f + k ’Jf_f

bE] 4E7

B L

which are identical to those obtained earlier.

_i

q’r}f

Uy

5.2.6 Postprocessing of the Solution

Once the boundary conditions are imposed, the resulting equations are solved for the un-
known nodal displacements and forces. The solution is then given by Eq. (5.2.10) in each
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element. The slope of the deflection at an interior point is

5.2.26)

(

of the beam can be

the bending moment at any point in the element Q¢

Similarly,
computed from the formula

Rl
=
oy
T
I
d
i~
W i

=
=
(']
bq
=
T
nll"u
y
b
[l
L2¥
=
3
o
gy b
s 7
r.l.lld
=]
Il
-z
-
b
3
S E
Il
P
s
o

(3.2.27)

section beam).

where B is the width and 4 is the height of the beam (for a rectangular cross

The bending stress 1s given by

(5.2.28)

W

d2
% dx?

M(x)z
!

)=

o (X

The maximum tensile stress occurs at the bottom (z = H /2) and the maximum compressive

stress at the top (z = — H /2) of the beam.

We close this section with a note that whenever the flexural rigidity £/ is a constant
in each element, the finite element solution for the generalized displacements at the nodes

is exact for any applied transverse load ¢. Further, the solution is exact at all points if the

distributed load is such that the exact solution is a cubic.

5.2.7 Numerical Examples
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5.3 TIMOSHENKO BEAM ELEMENTS
5.3.1 Governing Equations

Recall that the Euler-Bernoulli beam theory is based on the assumption that plane cross
sections remain plane and normal to the longitudinal axis after bending [see Fig. 5.3.1(a)].
This assumption results in zero transverse shear strain. When the normality assumption is
not used, i.e., plane sections remain plane but not necessarily normal to the longitudinal axis
after deformation, the transverse shear strain y,. = 2e,. is not zero. Therefore, the rotation

_dw

dx

e i

Undeformed edge

]

! Deformed edge
-"&-."J—-F 3 [”}

I

Undeformed edge i

Deformed edge }

Tt

(h)

Figure 5.3.1 (a) Kinematics of the Euler—Bernoulli beam theory. (b) Kinematics of the Timo-
shenko beam theory where normals before deformation no longer remain normal after
deformation.
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of a transverse normal plane about the y-axis is not equal to —dw /dx |see Fig. 5.3.1(h)].
Beam theory based on these relaxed assumptions is known as a shear deformation beam
theory, most commonly known as the Timoshenko beam theory. We denote the rotation
about the y-axis by an independent function W (x).

The equilibrium equations of the Timoshenko beam theory [see Example 2.4.3; also see
Reddy (2002)] are the same as those of the Euler-Bernoulli beam theory (see Fig. 5.2.1),
but the kinematic relations are different:

dVv dM dW dw
——ootepw=q, ——+ V=0 M=EI—, V=G0GAK, + W (5.3.1)
dx dx dx dx

Thus, the governing equations in terms of the deflection w and rotation ¥ become

8 . dw "
—— |GAK, |V + — } | + crw =g (5.3.2a)
dx dx :
{ d W _ dw
..} (E.-'——— + GAK, (W—Fl = (5.3.2h)
dx dx o x

where G is the shear modulus and K, is the shear correction coefficient, which is in-
troduced to account for the difference in the constant state of shear stress in this theory
and the parabolic variation of the shear stress predicted by the elasticity theory through
the beam thickness. All other quantities have the same meaning as before. For short and
chubby beams (i.e., length-to-height ratio less than 20), W # —(dw /dx) and the difference,
W + (dw /dx),is the transverse shear strain. When the shear strain is zero(i.e., for long slen-
der beams), substituting the second equation into the first for GAK, (¥ + dw /dx) and re-
placing ¥ with —dw /dx. we obtain governing equation (5.2.1) of the Euler—Bernoulli beam
theory.

5.3.2 Weak Form

The weak form of Egs. (5.3.2a) and (5.3.2b) over an element Q¢ = (x,, x;) can be developed
using the usual three-step procedure, as already discussed in Example 2.4.3. At the end of
the second step (i.e., after integration by parts), we obtain

" [ duy dw " dw\ T
(s [ GAK, |V + — | +¢; nw—uvgq |dx — | 1WGAK, [ W+ —
Fi. |liax dx ' dx

%5
Y Mdvy . dw n 1w
fics / ["—EE.*‘T- + 1GAK, (w £ ‘;‘ )] dx — ':UQEI(—:'
L. dx

dx dx dx

i

The coefficients of the weight functions v, and v» in the boundary integrals are, respectively,

X dw o dw _

GAK, (¥ + =V and El—=M (5.3.3)
dx dx

where V is the shear force and M is the bending moment; these coefficients constitute the

secondary variables of the weak form. The weight functions v; and v2 must have the physical

interpretations such that the products vy V and vs M have the units of work. Clearly, v, must

be equivalent to (the variation of) the transverse deflection w. and v must be equivalent to
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(the variation of) the rotation function -
Up~w, it~y

Hence, the primary variable of the formulation are w and W. Denoting the shear forces and
bending moments at the endpoints of the element by the expressions [cf. Eq. (5.2.3)]

dw
0 = ’:GAK,\ (w + i)] || =—V(x,)

dx

EXON | ——ats
( " dx & B e

e
Pmm(w+?J] < Vibts)

dx -

Q5

Il

(5.3.4)
05

dx :
!y,

0s=(5152)| =mew)

we arrive at the final weak statements of Egs. (5.3.2a) and (5.3.25):

dx

A

T dU| dw ] 3
0= f G/-‘l.'(,.df_- W+ — )t epvgw — vig |dx — v(x,)Qf — vi(ap) 05

W dus dW dw ) 4
0= ET — 4+ GAK 0 (P + dx —valx,) 05 — valxp) Q) (5.3.5)
2 dx dx dx =
We note that Q¢ have the same meaning as well as sense as in the Euler-Bernoulli beam
theory.
We can identify the bilinear and linear forms from the weak forms as

1 fi Tvy dW
B((vy, v2), (w, W) = f [GAK_\. (‘—;_' n ug) (w i ‘—’i) B ]d.x
X

dx dx dx E:_

i
[((vy, 1)) = / vig dx + v (x,) O + v2(xy) 05 + vy (x3,) OF + va(xp) Q)
S,
(5.3.6)

Equations (5.3.5) are equivalent to the statement of the principle of virtual displacements
for the Timoshenko beam theory. The total potential energy functional of the isolated beam
finite element is given by [see Eq. (2.4.40)]

L (v, B / [ ET (d'-D 3+ GAK, {dw o 3+ | i
W — E— _ —— = W — x
o . |2 \ax 2 \dx i | o

=il (-rrr}QT - q"(lu}Qa — W (-“IJ:"Q; == "J"{UJ]Q:J (5.3.7)

The first term in the square brackets represents the elastic strain energy due to bending, the
second term represents the elastic energy due to the transverse shear deformation, the third
is the strain energy stored in the elastic foundation, and the fourth is the work done by the
distributed load; the remaining terms account for the work done by the generalized forces
@} in moving through the respective generalized displacements (w, W) at the ends of the
element. Once again, the principle of minimum total potential energy, 511, =0, gives the
weak forms in Eq. (5.3.5).
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5.3.3 General Finite Element Model

A close examination of the terms in (5.3.5) shows that both w and W are differentiated
only once with respect to x. Since the primary variables are the dependent unknowns
themselves (and do not include their derivatives), the Lagrange interpolation of both w and
W is admissible here. The minimum admissible degree of interpolation is linear, so that
dw fdx #0 and dW /dx # 0. The variables w and W do not have the same physical units;
they can be interpolated, in general, with different degrees of interpolation.

Let us consider Lagrange interpolation of w and ¥ in the form

W= Z H*J-'l,.’f_}”. Y = Z b'),-'qf.f_}z] (5.3.8)

f=l f=I

() (2) : G, i
where ;" and 17" are the Lagrange interpolation functions of degree m — 1 and n — 1,
respectively. In general, m and n are independent of each other, although m =n is most
common. However, when m = n =2 (i.e., linear interpolation of both w and W is used: see

Fig. 5.3.2), the derivative of w is
dw\" wy — wi
dx ] h,

which is elementwise-constant. The rotation W, being linear, is not consistent with that
predicted by w (x). For thin beams, the transverse shear deformation is negligible, and we
must have W = —dw /d.x, which requires

e Xh— X 5 f;g“r — X, - w5 — wi
+ R 2 ik, h.
or, equivalently (by equating like coefficients on both sides),
Sty — Sixp=— (W5 —w), S5—5=0
which in turn requires
TR (5.3.9)
i h 5.3
This implies that W(x) is a constant, i.e., S| = §§ = §%
Ay =X ”
Wix)=8——+ 8¢ L= S (5.3.10)
. h.
& X 0= -Mx,) 0, = Mix;)
1Q 02 1 G 02
he - h,
n'l(' H.-z" s :
QI =—Hx,) Q_,:E Vixy)
(e} (h)

Figure 5.3.2 Linear Timoshenko beam finite element. (a) Generalized displacements. (b) Generalized
forces.
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However, a constant state of W(x) is not admissible because the bending energy of the

element,
' BE fawy?
— | — o x 5.3.11)
g (cm-) \

would be zero. This numerical problem is known in the finite element literature as shear
locking.
To overcome shear locking, two alternative procedures have been used in the literature:

I. Consistent interpolation. Use an approximation of w and W such that dw /dx and W are
polynomials of the same degree (i.e., m=n + 1).

2. Reduced integration. Use equal interpolation (i.e.. m =n) for w and W and evaluate the
bending stiffness coefficients associated with (5.3.11) using a numerical integration rule
(to be discussed in Chapter 7) consistent with the actual interpolation of W. However.
the stiffness coefticients associated with the shear energy

Xy GA K.'. dH’ 2
g b X 3
f 2 (d.r H’) e (5.3.12)

must be evaluated using a numerical integration rule that treats W as if it is the same
order polynomial as dw /dx. Thus, if w and W are approximated with linear polynomials,
dw [dx is a constant and W is linear. In evaluating the stiffness terms coming from the
shear energy (5.3.12), we must use one-point integration. as dictated by dw /dx and
not W, Note that one-point integration in this case is sufficient to evaluate the bending
energy exactly but not the shear energy because it is quadratic in W. Thus, it amounts to
underintegrating the term. This is known as the reduced integration technique.

For illustrative purposes, we take a detailed look at the expression

GAK, f ‘dw 2 GAK, | {dw "
- — 4+ dr= ~ || —=+W
2 % ( dx ) 2 dx
where x = x, + %h(. is the midpoint of the element and k, is its length. Substituting (5.3.8)
into this expression (with m = n = 2) and equating to zero for thin beams, we obtain

GAK h, (w5 —w* Xy — X X = Xy, &
! ( e + 8% 7 ) ‘

f,

r=x,+Hhe 2

. he fre o=, -fh, 12
GAKh, (ws—wt S+ 856\*
= ' : e} = 5.3.13)
2 ( % 2 ) (

which is a weaker requirement than (5.3.9), ie.. if (5.3.9) holds, then (5.3.13) also holds,
but (5.3.13) does not imply (5.3.9). We note that (5.3.9) must hold only for problems for
which the transverse shear energy (5.3.12) is negligible.

[n summary, we use either consistent interpolation (m =n + 1) or equal interpolation
with reduced integration in the evaluation of the transverse shear stiffness coefficients in the
Timoshenko beam element. We consider both forms of elements here. First, we complete
the finite element model development using the general interpolations given in Eq. (5.3.8)
and then discuss the specific choice of interpolations functions used for w and W,
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Substitution of (5.3.8) for w and W, and v| = i,!f,-‘” and v; = 1;!5.{1’ into the weak forms
(5.3.5), we obtain the following finite element equations of the Timoshenko beam element:

U—ZR'Fu,JrZK j—F (=12.ym)

FE=]

- (5.3.14)
Gi= Y. k2 u,+2!{2” F2 i=1,2,...,n)
j=l
where
X di}f“l d,{]b{.]] -
K :f GAK, Loyl ) d:
- ¥ (I dx dx ¥y w’ :
12 ‘ "M’m (2) 21 g 21 124T
K, = GAK, 7 ¥, dx=Kj Ge, [K7]=[K7]")
s
_ / (2) (2
K :f (u‘ L4 _‘[_ +GAK Py ® (5.3.15)
: - dx  dx

oy
F;.l :f ff]!f;“(’ix_i_ Q_'!,l'--ln 'F;E: sz

In the interest of clarity, the element label ¢ on the quantities is omitted. Equations (5.3.14)

can be written in matrix form as
[KM] K% (w} Bt
(K= [K=] ]| 8] (F)
The finite element model in (5.3.16) with the coefficients given in (5.3.15) is the most

general displacement finite element model of the Timoshenko beam theory. It can be used
to obtain a number of special finite element models, as discussed next.

5.3.4 Consistent Interpolation Elements

The first consistent interpolation element (CIE) that we will consider is the one in which
quadratic interpolation is used for w and linear interpolation for ¥ so that dw /dx and W
are of the same order polynomial (and hence, no shear locking occurs). That is, we select
:,!f”' to be quadratic po ynomml s and y’;f “ to be lmedr polynomials. For this choice of
interpolation, [K'']is 3 x 3, [K'?]is 3 x 2, and [K**] is 2 x 2. The explicit forms of the
matrices, when E/ and G A K, are constant, are (note that some of the matrix coefficients
are readily available from Chapter 3)

7T —% I 4 2 -1

G.A.K, cSh
. g P e BT T RS 3 6 2
P =B 9 -1 2 4

3h, 30
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-5 -1
N GLALK, .
[Ki_]_ 6 4 _4 :[K2|]]
1 5
3 ET 1 -1 G.AKh, | 2 1
K?] = — A 5.3.17
[ I h, |:—I I]+ 6 l:l 2:| ( )

When ¢ =0, the finite element equations for this choice of interpolation are given by (see
Fig. 5.3.3)

[ 14 -16 2 —She  —h ] (i q¢ 05
—16 32 —16 4h, —4h, we q. Q°
%‘:(‘ 2 =16 14 h, 5h, ws t=1¢; ¢ + & ¢ (5.3.18)
—Sh.  4h, h. 202E, K20, S¢ 0 05
| —h, —4h, Sh. Rh2O, 2r2%, ]| 8§ 0 e
where
E.I,

Ap=—r-"—, =12Ag Ga=1—=04A,; E;=143A; 23,18

GAKGHE ' TP = @21
(Qf., Q5, Q5. Qf) are the generalized forces defined in Eq. (5.3.4), w¢ and Q:j are the
deflection and applied external load, respectively, at the center node of the quadratic element,
and

Xp
=f v Vg dx, (i=1,2¢)., " =quadratic (5.3.20)
Ya

This element is designated as CIE-1 (see Fig. 5.3.3).

Note that node ¢, which is the center node of the element, is not connected to other
elements, and the only degree of freedom there is the transverse deflection. Thus, there are
different number of degrees of freedom at different nodes of the element, and this therefore
complicates the assembly of elements and its implementation on a computer. Hence, we
eliminate the node ¢ dependence in the system of element equations by condensing out w¢,
The second equation of (5.3.18) can be used to express w¢ in terms of w{, ws, 8¢, 8%, ¢,

*

S 0, a3
/\ f'\ /‘\ /‘\
O Sl s 1 (5 =32
l - i, i—bl lﬂf h,
o a4 Ol ¢
{a) (h)

Figure 5.3.3 Consistent interpolation Timoshenko beam element, CIE-1. (a) Generalized displace-
ments. (h) Generalized forces.
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and Qj

| 6h, e W WS 58— 57')
. £ ey By o (PTTHGN o 02— 5.3.21
W= TG.AK, et O+ ( 2 ) i ( 8 S

Substituting for w from Eq. (5.3.21) into the remaining equations of (5.3.18) [i.e.. eliminate
we Trom Eq. (5.3.18)] and rearranging the equations, we obtain

6 —3h, —6 —3h, wi
(2&“,;3) ~3h, h2(1.54+6A,) 3h, h>(1.5-6A,) &2
toh —6 3h, 6 3h, W
| —3h, hX(1.5-6A,) 3h, h2(1.5+64,) | | S
¢ | ¢

q) + 59, er

|~ 5

__qi'h'ﬁ' )‘fj

=l o f C; (5.3.22)
4> + 34¢ Q5
1geh, Q4

where g¢ = qf + Q; For simplicity, but without loss of generality, we will assume that
Qj’ =0 (i.e., no external point force is placed at the center of the element) so that §¢ = g°.
Note that the load vector is equivalent to that of the Euler—Bernoulli beam element [see Eq.
(5.2.18)]. In fact, for uniform load ¢, the load vector in Eq. (5.3.22) is identical to the one in
(5.2.18). Thus, the CIE-1 element, for all analysis steps, is exactly the same as that shown
in Fig. 5.3.2 with the element equations given by (5.3.22). However, one must keep in mind
that w and ¢ are determined by quadratic interpolations functions.

The second consistent interpolation element, denoted CIE-2, is based on Lagrange cubic
interpolation of w (.x) and quadratic interpolation of W (x). However, this element leads to
7 x 7 element stiffness matrix with seven degrees of freedom (w{, w2, w$, ws, 8¢, 85, 59)
per element. Elimination of the internal nodal degrees of freedom will result in a 4 x 4
matrix. Alternatively, the same element can be derived directly by assuming Hermite cubic
interpolation of w(x) and a dependent quadratic interpolation of W (x). This approach leads
to an element that yields, as a special case, the Euler-Bernoulli beam element [see Reddy
(1997, 2000)]. The derivation is presented here for the case c§ =0.

The exact solution of Eqs. (5.3.2a) and (5.3.2b) for the homogeneous case (i.e., ¢ = ()
and when ¢y =015

l x7 x2 |
PR : i il el S fay 5.3.23
w(x) £ ((16+(“2 +£"1+£4)+GAK,,[”” ( )
EIW(x ;::-.i%_- G5k Ao (5.3.23b)

where ¢ through ¢4 are the constants of integration, Note that the constants ¢y, ¢2. and ¢
appearing in (5.3.23b) are the same as those in Eq. (5.3.23a). This suggests that one may
use cubic approximation of w(x) and an interdependent quadratic approximation of W (x).
The resulting finite element model is termed an interdependent interpolation element (11E).

Since the solutions in (5.3.23a) and (5.3.23b) are valid also for a typical finite element
(replace ¢; with ¢f), we proceed to express ¢! in terms of the nodal values of w and W.
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The resulting four relations among (w{, w5. 57, 85) and (c{. ¢5, 5, ¢f), when inverted and
substituted back into Eqgs. (5.3.23a) and (5.3.24h). give

n "
w) Awh(x) =) §IAS, W) XWi(x)=) ¢iA] (5.3.240)
J=l J=l
Af=wi, A{=S]. AS=w), A;=5; (5.3.24b)

where ¢¢ and ¢ are the approximation functions

|
¢ = — [pe — 12A.% — (3 — 28)5]
e

- ;!l' ¥
¢t = —— [(1 =) £+ 6A, (1 — X) x|
[T

¢ = ] [(3—28)%° + 12A,%]
Hhe

Hx

¢5 = —[(1 = D) +6A, (1 — ©) k] (5.3.25q)
He
ooy B (1—%)x
Lt I
, I
@5 = — (e — 4% + 38" — 12A,X)
M
6
¢ = — (1 =%
; Ritta
1 5
@S = —(3%% — 2% + 12A,%) (5.3.25h)
e

Here, ¥ is the nondimensional local coordinate

X — X, Bl
i= PURTI A S R . ..
g o b T L R

(5.3.26)

Note that the Hermite cubic interpolation functions ¢ (x) of Eq. (5.2.11) are a special case
of ¢¢, i.e., ¢f can be obtained from ¢ by setting A, =0 (hence, pt. = 1).

Substitution of Eq. (5.3.24a) into the total potential energy functional in (5.3.7) and
differentiating it with respect to A{ yields the finite element model

[KNA) ={q) + (Q°) (5.3.27a)

vl dt dyf CoaaeN (. d#
K = Gedi———=5 JeAe K ; r o 1x
" [ l:F . dx dx H ek (go, A dx ) (‘P; " dx s

Xy
q = f “q(x) dx (5.3.27h)
[fJ

where
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and Q¢ have the same meaning as before [see Eq. (5.3.4)]. Equation (5.3.27a) has the
explicit form

6 —3h, -6 —3h | [w} q: 0
2E. L ~3h, 2%, 3k, RO, i gs £
( ) ‘ . B el ) R omnny
eh, —6 3h, 6 3h. w5 q5 (043
| —3h, K@, 3h. 20CE. | | 55 s 0
where
E.l,
Ae=—2— pe=14+124,, O,=1-6A,, ZT.=14+3A. (53.28h)

T G AKh?'
For uniformly distributed load, g (x) = gy, the load vector in (5.3.270) yields

6
{ [’} . qtihé‘ _hf‘ | {S 3 78{'}
q 1= —"_12 12 J.2.400
h,

which is exactly the same as that in the Euler-Bernoulli beam element (EBE). Of course,
for nonuniform loads the load vectors of the two elements are different.

In the thin beam limit (i.e., A, — 0), Eq. (5.3.28a) reduces to the EBE equations (5.2.17)
and (5.2.18) (with (‘f =()). The IIE element leads to the exact nodal values for any distribu-
tion of the transverse load ¢ (x) provided that the bending stiffness £7 and shear stiffness
K,GA are elementwise constant (and ¢, =0). Such an element is said to be supercon-
vergent. Note that the bar element and EBE are also superconvergent elements (i.e., bar
element, 11E, and EBE yield exact nodal values of the respective theories).

5.3.5 Reduced Integration Element

When equal interpolation of w(x) and W(x) is used (m = n), all submatrices in (5.3.16) are
of the same order: n x n, where n is the number of terms in the polynomial (or n — 1 is the
degree of interpolation). The element coefficient matrices K\, K !% as well as the first part
of K77 must be evaluated exactly. The second part of K77 is to be evaluated using reduced
integration. For the choice of linear interpolation functions, and for elementwise constant
values of GAK and E [, the matrices have the following explicit values (when r'} =)

G.AK; I =l GAK | -1 =1
fLy _ Yelelhi; 12, GeApRy

|K23] o Ea_ef.? | —1 i GE-AE-K_.JI!J I‘ |
" |1 1 ol P

where one-point integration is used to evaluate the second part of [ K??]. Note that [K"'],
[ K '], and the first part of [ K??] can be evaluated exactly with one-point quadrature (i.e..
numerical integration) when E'T and G A K ; are constant because the integrands of these co-
efficients are constant. Hence, one-point integration for [ K «f] satisfies all the requirements.
The resulting beam element is termed the reduced integration element (RIE).

(5.3.29)
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4

The element equations of the RIE are (¢, =4E,1,/G.A.K,)

[ 4 —2h, -4 —2h, | [w 04 gt
GeA K, | —2h, h*+a, 2h, h’—a 4] ; 0
e Wil Bty Slay L=Q§ +1 b (53300)
4h, —4 2h, 4 2h, ws Q5 45
| <2k, hi—a, 2, hidey | | SE o 0
or, in alternative form (to resemble those of the EBE)
[ 6 —3h, —6 —3h, ] [we qt 05
2E.I, | =3h. hZ(1.546A.) 3h, h2(1.5—6A,) || S¢ 0 Q5
— b+
woh? | —6 3h, 6 3h, w$ q5 04
| —3h. hZ(1.5—6A,) 3h, h(1.5+6A,) | | S5 0 Q4
(5.3.30h)
where
Th
q;=f Yigdx, (i=1,2) (5.3.31)
Xa
E,.l
A, £ po=12A, (5.3.32)

T GeAKn2'

and 1fr; are the linear interpolation functions,

It is interesting to note that the element stiffness matrix (5.3.30b) of the linear RIE is
the same as that of the CIE-1 in (5.3.22) obtained using quadratic approximation of w and
linear approximation of W. The only difference is the load representation. In CIE-1, the
load vector is equivalent to that of the Euler-Bernoulli beam theory, whereas in RIE it is
based on (5.3.31), which contributes only to the force degrees of freedom and not to the
moment degrees of freedom.

The quadratic interpolation of both w and W with full integration of the element coeffi-
cient matrices also suffers slightly from the shear-locking phenomenon. A uniform two-point
quadrature rule has the desired effect on [K''], K'?], and [K 2], i.e., [K''], K '?], and the
first term of [K**] will be evaluated exactly and the second term of [K 2] approximately.
As the degree of approximation and/or the number of elements in the mesh is increased,
shear locking will disappear and reduced integration is not necessary.

5.3.6 Numerical Examples

_— -:"‘".-,}“\1: o
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5.4 PLANE FRAME ELEMENTS
5.4.1 Introductory Comments

Recall that a bar element oriented arbitrarily in a plane is called a truss element. A plane
truss element contains two degrees of freedom per node (u. v), an axial (u) and transverse
displacement (v). By definition, a bar element can carry only axial loads and deform axially,
whereas beams can take transverse loads and bending moments about an axis perpendicular
to the plane of the member. A superposition of bar and beam degrees of freedom gives
a finite element that is known as a frame element (see Fig. 5.4.1). Members of a frame
structure are connected by rigid connections (e.g., welded or riveted), and therefore axial
and transverse forces and bending moments are developed in the members. The objective of
this section is to formulate a frame finite element, with the help of the developments from
Sections 4.6, 5.2, and 5.3.

5.4.2 Frame Element

In many truss and frame structures, the bar and beam structural elements are found in many
different orientations (see, for example, Fig. 4.6.1). Analysis of such structures for displace-
ments and stresses requires the setting up of a global coordinate system and referencing all
quantities (i.e., displacements, forces, and stiffnesses) of individual elements to the com-
mon (global) coordinate system in order to assemble the elements and impose boundary
conditions on the whole structure.
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Bar element
:‘re,;" Frame
_. _ _ R
] —() D 11 o~ element ==

Si 5
RN A
. S

—+ =
>
g poyr 1 2
5 ”\ . Y \j " d
USSSESSS e 3 —
] Beam 2 " 'H-'z
'ﬁ"l' element Tz ~

Figure 5.4.1 Superposition of bar and beam element to obtain a frame element [degrees of freedom
are referred to the element coordinate system (x, v, z)].

A superposition of the bar element of Section 4.6 with the EBE of Section 5.2 or the
Timoshenko beam element (RIE, CIE, or IIE) of Section 5.3 gives a frame element with
three primary degrees of freedom (u, w, §) per node (note that the transverse displace-
ment v of Section 4.6 is now denoted by w to be consistent with Sections 5.2 and 5.3).
When the axial stiffness £ A and bending stiffness £/ are elementwise constant, the su-
perposition of the linear bar element with the 1IE gives the following element equations
(see Fig. 54.1):

[KI{A) ={F} (5.4.1a)
or, in explicit form,
- 4 0 (] — M (,:' ':} ] I_J| & Fj| e
0 6 —3h 0 -6 —3h W Fs
2E1 | 0 =3h h*(1546A) 0 3h Hh(1.5—06A) £ ] F5
L — =
,u,(]h?' —H 0 0 H 0 0 ki fz'q
—6 3h 0 6 3h W2 Fs
L0 —3h R25-6A) 0 30 h(1.5+6a) ] US2) Fo
(5.4.1b8)
where
R TN
F q 0;
Fy G2 05
! =1 = + 4 73 (5.4.2a)
‘(14 I Q4
::;‘* ds Qs
o 44 Qs

h. o,
f}:f fEDOYE)dx (i=1,2), g :f g (D) () dx (i=1,2,3,4)
0 0
(5.4.2b)
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and

Apph? A El
21T T GAKAY
In Eq. (5.4.2b), f* denotes the distributed axial force, ¢° the distributed transverse force, (V38
the linear interpolation functions, and ¢ the Hermite cubic interpolation functions. In the
following paragraphs, we develop transformation relations to express the element equations
(5.4.1b)—valid in the element coordinate system (¥, ¥, 2)—to the global coordinate system
(x, y,2).
The local coordinates (., V., Z.) of a typical element §2, are related to the global
coordinates (x, y, z) by [cf. Eq. (4.6.2)]

po = 12A (5.4.3)

cosee 0 sinw X
= 0 1 0 ¥y (5.4.4)
—sinae 0 cosw Z

[

o ] |
|

where the angle «, is measured clockwise from the global x-axis to the element £,-axis.
Note that the y and y, coordinates are parallel to each other, and they are out of the plane
of the paper (see Fig. 5.4.2). The same transformation relations hold for displacements
(u, w) along the global coordinates (x, z) and displacements (i, ) in the local coordinates

|
|

|
i T_
]
*\_;1:.-
]|
I
Li%]
+
ey
| .‘
I T
=-
I 5
| QL
' P
] i
2~
+
I:-:_‘I

() (h)

w’

() (d)

Figure 5.4.2 (a) Generalized displacements. () Generalized forces. (c) Generalized displacements
in the element coordinates. (d) Generalized displacements in the global coordinates.
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(%, Z). Note that there is no displacement in the direction of the coordinate y (i.e., v =0).
However, there is a rotation about the y-axis, and it remains the same in both coordinate
systems because y = y. Note that rotation ¢ is equal to —dw /dx in Euler-Bernoulli beam
theory and it is equal to W in Timoshenko beam theory. Hence, the relationship between
(1, w,0)and (@, w, ) can be written as

)" cose  sine 0] (u]”
wt =| —sine cosa 0 W (5.4.5)
0 0 0 1 f

Therefore, the three nodal degrees of freedom (Ef’,ﬁ:;’.gf] at the ith node (i = 1, 2) in the (¥,
¥, Z) system are related to the three degrees of freedom (u{, w{, 87) in the (x, y, z) system
by

o cosa  sine 0 1w )°
W —sine cosa D 0 Wi
S 0 0 1 S
4 its = cose  sing 0 ity (5.4.6a)
Wo 0 —sinae cosa 0 W2
S, B 0 0 1] 1%
or
(A} =[THA") (5.4.6b)

Analogously, the element force vectors in the local and global coordinate systems are related
according to

{F) =[TT{F) (54.7)

Returning to Eq. (5.4.1a), we substitute the transformation equations (5.4.65) and (5.4.7)
into (5.4. la) and obtain

KIF(TI(A) =[TTI(F)
Premultiplying both sides with [7]7! = [T']", we obtain
ITT'RFITI(A) = (F) o [KI{A)={F) (5.4.8)
where
[K)=[TI'IKFITI, (FY=[TT{F}) (5.4.9)

Thus, if we know the element matrices [ K | and { F'}* of an element §2,. in the local coordinate
system (¥, v, Z) , the element matrices in the global coordinate system are obtained by
(54.9).

Using [K]¢ and {F}* from Eq. (5.4.1k) in (5.4.9) and carrying out the indicated matrix
multiplications, we arrive at the following element stiffness matrix [K“] referred to the
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which is the element force vector referred to the global coordinates.
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are two, coupled, second-order equations governing the transverse deflection and the rota-
tion. The weak forms of these equations require Lagrange interpolation of the transverse
deflection and rotation. Since the rotation function is like the (negative of) the derivative of
the transverse deflection, the degree of the interpolation used for the rotation should be one
less than that used for the transverse defiection. Such selective interpolation of the variables
is called consistent interpolation. When the same interpolation functions are used to ap-
proximate the transverse deflection and the rotation, the resulting stiffness matrix is often
too stiff to yield good solutions—especially when the number of elements used is small.
This is due to the inconsistency of interpolation of the variables, and the phenomenon is
known as shear locking. It is overcome by the use of reduced integration to evaluate the
stiffness coefficients associated with transverse shear strains, The elements developed here
are RIE, CIE-1. which has quadratic interpolation of the transverse deflection and linear
interpolation of the rotation, and IE.

The plane frame element based on the unified beam element (i.e., IIE) that contains
the classical beam theory and Timoshenko beam theory have also been discussed. The
frame element is a superposition of the beam and bar elements and has three degrees of
freedom (axial displacement, transverse deflection, and rotation about an axis perpendicular
to the plane of axial and transverse coordinates) per node. The general plane frame element
is oriented at an angle from the horizontal position, and its equations are obtained by
transforming the equations of the frame element in local coordinates.

PROBLEMS

5.1 The natural vibration of a beam under applied axial compressive load N is governed by
the differential equation

d? d*w d*w
El— ) 4+ Ng— = pAc’w
dx? ( d'xz) b T R

where @ denotes nondimensional frequency of natural vibration, E/ is the bending stiff-
ness. and pA is the mass (mass density times cross-sectional area) of the beam. Develop
(@) the weak form and (b) finite element model of the equation,

5.2 The differential equation governing axisymmetric bending of circular plates on elastic
foundation is given by

—I——d ——d{M )—M bhkw =g(r)
— r o o1 -] 7
rdr | dr a R

where k is the modulus of the elastic foundation. ¢ is the transverse distributed load,

and
d*w 1 dw' diw | dw
M,=—D|—+v—"-), Mpp==D|\V—+——
(r.-‘r3 Iy r dr) e (‘ drt  r dr )

Develop (a) the weak form and identify the primary and secondary variables, and (b) the
finite element model. Note that the shear force is defined by

1 {
Qr =g [i— (rM,)— M.rm]
r\.dr
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The differential equations governing axisymmetric bending of circular plates according
to the shear deformation plate theory are

1 d
——— (r@)—g =0 (1)
rdr
1| d
== |5 M) =My |+ 0, =0 (2)
r|dr

where

MJ"!

d\w W dv W
D(_'_ +‘IJ—),MFIF;:D(‘IJ’—+—)
dr r dr ¥

. ( a'w)
0, =K.GH|W+ —
dr

where D = EH/[12(1 —v*)] and H is the plate thickness. Develop (a) the weak
form of the equations over an element and (b) the finite element model of the
equations.
Consider the fourth-order equation (5.2.1) and its weak form (5.2.4). Suppose that a two-
node element is employed. with three primary variables at each node: w, 8, and «, where
# =dw/dx and k = d’w /dx”. Show that the associated Hermite interpolation functions
are given by

o (il =il
=l O =T 8

¢ —jz(l BT o, DRPONIE T, TN .4
g ™ “hTRE ) TR Rt RS

iy i £ P2ix 7 B
st st |, B e
¢ r( i h“) o=3 (n X h-‘)

where ¥ is the element coordinate with the origin at node 1.

Consider the weak form (5.2.4) of the EBE. Use a three-node element with two de-
grees of freedom (w, @), where 8 = —dw /dx. Derive the Hermite interpolation func-
tions for the element. Compute the element stiffness matrix and force vector. Partial

answer!

j‘j' _f'l j.4 js
=1-23—4+66— —068— + 24—
P pr T T8 H s

5.6-5.20 Use the minimum number of Euler—-Bernoulli beam finite elements to analyze the

beam problems shown in Figs. P5.6-P5.20. In particular, give:

(a) The assembled stiffness matrix and force vector,

(b) The specified global displacements and forces, and the equilibrium conditions,

(¢) The condensed matrix equations for the primary unknowns (i.e., generalized
forces) separately. Exploit symmetries, if any, in analyzing the problems. The
positive convention used for the generalized displacements and forces is the
same as that given in Fig. 5.2.2.
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L Rigid loading frame
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Analyze Problem 5.8 using the reduced-integration Timoshenko beam finite element
(i.e., RIE). Use a value of > for the shear correction factor and v = 0.25.

Analyze Problem 5.8 using the consistent interpolation (quadratic w and linear W)
Timoshenko beam element (i.e., CIE-1). Use a value of % for the shear correction factor
and v =0.25.
Analyze Problem 5.8 using the consistent interpolation (cubic w and quadratic W)
Timoshenko beam element (i.e., CIE-2). Use a value of E for the shear correction factor
and v =0.25.

Analyze the problem in Fig. P5.24 using the consistent interpolation (quadratic w and
linear W) Timoshenko beam element (i.e., CIE-1). Use a value of ;‘ forthe shear correction
factor and v =0.25.

Analyze the problem in Fig, P5.24 using the consistent interpolation (cubic w and
quadratic ¥) Timoshenko beam element (i.e., CIE-2). Use a value of 2 for the shear
correction factor and v =0.25.

Consider a thin isotropic circular plate of radius Rg and suppose that the plate is clamped
at r = Ry. If two finite elements (see Problem 5.2) are used in the domain (0 <r < Ry),
give the boundary conditions on the primary and secondary variables of the mesh if
the plate is subjected to (@) a uniformly distributed transverse load of intensity g and
(b) point load Qy at the center.

Repeat the circular plate problem of Problem 5.26 when a two-element mesh of
Timoshenko elements is used,

5.28-5.35 For the frame problems shown in Figs, P5.28-P5.35, give (a) the transformed

element matrices: (b) the assembled element matrices; and (¢) the condensed matrix
equations for the unknown generalized displacements and forces. Use the sign
conventions shown in the figure below for global and element displacement (and
force) degrees of freedom. The angle between the +ve x-axis and +ve X-axis is
measured in the clockwise sense.
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3 fi
10 klpﬂ e E=30x I[]b!b.-"in.":. V= “3
(D A=100in2 =100 in.*

10 fi.
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Figure P5.29
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