Chapter 4

SECOND-ORDER
DIFFERENTIAL EQUATIONS
IN ONE DIMENSION:
APPLICATIONS

4.1 PRELIMINARY COMMENTS

In Chapter 3 we developed weak forms and finite element models of continuum problems
described by a fairly general second-order differential equation. For discrete systems, such
as a network of springs or electrical circuits, no differential equations exist and the weak
form concept is not applicable. Therefore, an alternate approach based on the laws of
physics must be used to develop finite element models (i.e., relations between the cause
and effect) of such systems. Physical principles can also be used to develop finite element
models of continuum problems (as discussed in Remark 7 of Chapter 3) but the approach
cannot be used to derive finite element models with higher-order approximation of the field
variable.

The objective of this chapter is two-fold. First, we derive finite element models of some
typical discrete systems. Finite element models of discrete systems are developed using
physical laws familiar to most engineering and applied science majors, and the approach
requires no concept of weak form. Second, we present numerical examples of application of
finite element models developed for both discrete systems and continuum systems. We will
consider several examples to illustrate the steps involved in the finite element analysis of one-
dimensional second-order differential equations arising in heat transfer, fluid mechanics, and
solid mechanics. The examples presented here make use of the element equations already
developed in Chapter 3. While the notation used for the dependent variables. independent
coordinates, and data of problems from field to field is different, the reader should keep the
common mathematical structure in mind and not get confused with the change of notation
from problem to problem and field to field.
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4.2 DISCRETE SYSTEMS
4.2.1 Linear Elastic Spring

A linear elastic spring is a discrete element (i.e.. not a continuum) whose load-displacement
relationship can be expressed as

F=k8 (4.2.1)

where F is the force (N) at the right end, § is the displacement (m) of the right end of the
spring relative to the left end in the direction of the force, and k is the constant known as the
spring constant (N/m). The spring constant depends on the elastic modulus, area of cross
section, and number of turns in the coil of the spring. Often a spring is used to characterize
the elastic behavior of complex physical systems.

A relationship between the end forces (Ff, F¥) and end displacements (6.85) of a
typical spring element [see Fig. 4.2.1(a)] can be developed as discussed in Remark 7 for 2
bar element. The force F{ at node 1 is equal to the spring constant multiplied by the relative
displacement of node 1 with respect to node 2, 8§ — 85:

FY = ko (8] — 85) = k.85 — k.85
Similarly, the force at node 2 is equal to
er = ke(‘s; =) af) = _ke‘ﬁ g ke‘s;

Note that the force equilibrium, 7} + Fy = 0, is automatically satisfied. The above equations
can be written in matrix form as
1 =1 | |8 Ff

k. = 422
-1 1] )e Ff el

Equation (4.2.2) is applicable to any spring element whose force-displacement relation is
linear. Thus a typical spring in a network of springs of different spring constants obey

Eq. (4.2.2).
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Figure 4.2.2 Torsion ol a circular shaft.

ar
G.J, 1 -1 £ /i
iy 2 Bl (4.2.9)
he |=1 1]]8s i

4.2.3 Electrical Resistor Circuits

There is a direct analogy between a network of mechanical springs and a direct current
electric resistor network. Ohm’s law provides the relationship between flow of electric
current / (amperes) through an ideal resistor and voltage drop V (volts) between the ends
of the resistor

V=IR (4.2.10)

where R denotes the electric resistance (ohms) of the wire.
Kirchhoff s voltage rule states that the algebraic sum of the voltage changes in any loop
must be equal to zero. Applied to a single resistor, the rule gives [see Fig. 4.2.3(a)]

ISR, + VE—VE=0, IER.+Vi—Vi=0

Global node numbers
f£=10£L 5 K=5€Q R=]”Q2 =56

|
W WA — 1, =200

o V=200V

1
G)\ Flement numbers

R=10Q Element node
numbers

R=50

V=0V

4 [§]

3 .6 5 >
R=150 R=20% R=1580 R=200

(h) (c)

Figure 4.2.3 (a) Direct current electric element (current flows from high to low voltage). (b) A resistor
circuit. {¢) Finite element mesh of the resistor circuit.
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or in matrix form
I 1 -1 vy If

= — 4.2.11
R\t 1] v | e

Thus, once again we have the same form of relationship between voltages and currents as
in the case of springs. The quantity 1/ R, is known as the electrical conductance.
The assembly of resistor equations is based on the following rules:

1. Voltage is single-valued.

2. Kirchhoff current rule: The sum of all currents entering a node is equal to zero.
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4.2.4 Fluid Flow through Pipes

Another example of a discrete element is provided by steady, fully developed, flows of
viscous incompressible fluids through circular pipes. The velocity of fully developed laminar
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Figure 4.2.5 Flow of viscous fluids through pipes.

flow of viscous fluids through circular pipes is given by

| dP 2r\2
L. .. ) (1 A | 213
Uy T |:I (d)] (4.2.13a)

where dP/dx is the pressure gradient, d is the diameter of the pipe, and g is the viscosity of
the fluid [see Fig. 4.2.5(a)]. The volume rate of flow, @, is obtained by integrating v, over
the pipe cross section. Thus, the relationship between Q and the pressure gradient dP/dx
is given by the equation

ad* dP

Y o s
¢ 1280 dx

(4.2.13b)

The negative sign indicates that the flow is in the direction of negative pressure gradient.
Equation (4.2.13b) can be used to develop a relationship between the nodal values of

the volume rate of flow, (Qf. Q%) and the pressure, (P[, P5), of a pipe element of length

h. and diameter d,. The volume rate of flow entering node 1 is given by [see Fig. 4.2.5(h)]

wd}
)L’ pisi (4 P’)E s P!‘
£ 123ghﬂ( i = #0)
Similarly, the volume rate of flow entering node 2 is
wd*
L= — P
e 128uh, (A —~25)

Thus, we have

nd* —1 rl*
12844h, l:— ] ipa } { ,2} (4.2.14)

The constant, R, = 128.h, /md is called the pipe resistance, in analogy with the electrical
resistance [see Eq. (4.2.11)].

4.3 HEAT TRANSFER
4.3.1 Governing Equations

The equations governing conduction heat transfer were discussed in Example 1.2.2. Here
we briefly-review the pertinent equations for our use.
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The Fourier heat conduction law for one-dimensional systems states that the heat flow
g (x) is relate the temperature gradient 87 /d.x by the relation (with heat flow in the positive
direction of x)

g=—kA— (4.3.1)
0x
where k is the thermal conductivity of the material, A the cross-sectional area, and T
the temperature. The negative sign in (4.3.1) indicates that heat flows downhill on the
temperature scale. The balance of energy requires that

,i (RA ﬂ) + Ag =pcA £ (4.3.2)
d.x dx dt

where g is the heat energy generated per unit volume, p is the density, ¢ is the specific
heat of the material, and ¢ is time. Equation (4.3.2) governs the transient heat conduction
in a slab or fin (i.e., a one-dimensional system) when the heat flow in the normal to the
x-direction is zero. For a plane wall, we take A = 1.

In the case of radially symmetric problems with cylindrical geometries, (4.3.2) takes a
different form. Consider a long cylinder of inner radius R;, outer radius R, and length L.
When L is very large compared with the diameter, it is assumed that heat flows in the radial
direction r. The transient radially symmetric heat flow in a cylinder is governed by

1 o dT aT
—— (kr—;-- ) +g-—-pr_"‘— (4.3.3)
ror dr it

A cylindrical fuel element of a nuclear reactor, a current-carrying electrical wire, and a
thick-walled circular tube provide examples of one-dimensional radial systems.

The boundary conditions for heat conduction involve specifying either the temperature
I" or the heat flow @ at a point:

9T
T=T, or Q= —k,q‘?— - (4.3.4)
ox

[tis known that when a heated surface is exposed to a cooling medium, such as air or lig-
uid, the surface will cool faster. We say that the heat is convected away. The convection heat
transfer between the surface and the medium in contact is given by Newton s law of cooling:

Q=BA(T, — Tx) (4.3.5)

where T is the surface temperature, 7 is the temperature of the surrounding medium,
called the ambient temperature; and B is the convection heat transfer coefficient or film
conductance (or film coefficient). The heat flow due to conduction and convection at a
boundary point must be in balance with the applied flow Qy:

arT
+kA o +BA(T —Tx)+ Qp=0 (4.3.6)
X
The sign of the first term in (4.3.6) is negative when the heat flow is from the fluid at 7. to

the surface at the left end of the element, and it is positive when the heat flow is from the
fluid at 7', to the surface at the right end.
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Convection of heat from a surface to the surrounding fluid can be increased by attaching
thin strips of conducting metal to the surface. The metal strips are called fins. For a fin with
heat flow along its length, heat can convect across the lateral surface of the fin [see Fig.
4.3.1(a)]. To account for the convection of heat through the surface, we must add the rate
of heat loss by convection to the right-hand side of (4.3.2):

o (. aT aT
— | Ak— |+ Ag=pcA— 4 PB(T — T) (4.3.7a)
dx tx ar

where P is the perimeter and f is the film coefficient. Equation (4.3.7a) can be expressed
in the alternative form

a7 o ( ar
at dx dx

peA— — — | kA —) + PBT = Ag + PBT, (4.3.7b)
The units of various quantities (in metric system) are as follows:
T "C (celsius) k- W/im-~C)
¢ Wim’ i kg,’mj
¢ Mkg-°C) B W/m?-°C)

For a steady state, we set the time derivatives in (4.3.2), (4.3.3), (4.3.7a), and (4.3.7h)
equal to zero. The steady-state equations for various one-dimensional systems are summa-
rized below [see Fig. 4.3.1(h) and (¢); see Eqgs. (1.2.14) and (1.2.17)].

Plane Wall [Q =k(dT /dx)]

d 1T
L (k‘_)zﬂg (4.3.8)
dx \ dx
Fin [Q=kA(dT/dx)]
d 1T
ATt N e Rl e DY (4.3.9)
dx dx
Cylindrical System |Q =k(dT /dr)|
| d dT
i kr— | =g(r) (4.3.10)
rdr dr
The essential and natural boundary conditions associated with these equations are of

the form
T=T, Q-+ BA(T —Tx)+ Qv=0

Equations (4.3.8)—(4.3.10) are a special case of the model equation (3.2.1) discussed in
Section 3.2, witha=kA, c= Pf,and [ — Ag + PST.. We immediately have the finite
element model of Egs. (4.3.8) and (4.3.9) from (3.2.31a) and (3.2.31b):

[KUT ) =(f} +1{Q°) (4.3.11a)
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Lateral surface and right end are
exposed to ambient temperature, 7.

(a)

Cross section
of the wall

X .

D

Furnace

(h)

Figure 4.3.1 Heat transfer in (a) fins, (£) plane wall, and (¢) radially symmetric system.

Here

dx dx

07 = (~ka%y)

Xp { e gt x1p
K;, :f (kA‘ il + Pﬁijffl,b;) dx, j}":f Wi(Ag + PBTx) dx

dx

where Qf and Qf denote heat flow info the element at the nodes.

Equation (4.3.10) is also a special case of the model boundary value problem. However,
in developing the weak forms of (4.3.10), integration must be carried over a typical volume
element of each system, as discussed in Section 3.4 |see Eq. (3.4.2)].

dT
. 0= (kAE) ’ (4.3.11h)

'Tl’l



Ky

AN INTRODUCTION TO THE FINITE ELEMENT METHOD
Material 2

166

i

T = e & " I
= / A 4 L,
£ ta 2 ot s £ i A “mwww\m /
= = o ) 5 AL
- o H = 1 . s Ee] A \ iy
g 8§ = T = £d : \\&N&
- 2 gy B : &wq& /
— = W e WA
o ) i i .1.\_&\
: % 5 2 B E\x
= o = == \wﬁkw H..&.m ")
e = o & 7 H\.N.« T
-5 2 o ....W\ .Nh..f.x\\x“.»._%._
E B 2 8§ -5 D
g < : = i
= g £ 33 .
U =5 i i F TR Ay
m o2 3 2 .m £ ..\..w.n.\..mﬁ\& T
= = B Th . = T
E o A — G o O o5 x%&
=2 o z o o e .,‘:\.\.\.., )
U ti S— wl s = 87 ..W\. .._.\.. s
= - e & B il v\h
& — e — S v £ B gm0
“U.-.. 2 k __ Tt V w .0. el ._<c». A 4
£ E e [:¥) = = =
= = e
- = ¥y N - L ma m =
=) g & L% E 7 =
= ———— - = -
ok =] o N = B
- = o QT 1 Il v ¢ &5
il i = o = s B OB DS 8
= of 5 = a0 | & o =R
=] o H o] dm ) e (7 7] =
= g 1 < £ 7 ) e . By
= 9 < g iz g e X =3
2 S| /EF 4 : - O S & ES
W = = =) | B | = = o
N 2 S8 o » ! 28
Il =+ = G e a e R
3 Z g i = m §= 3| § o m. @ -
i 5 = = 1 g e
I S w o9 = e} e g =
i A = —
# 7 = = = B o e — 5 =
et T Tn. 2 i A.n.lw M ....r.l. e % m m
N s Bz F :F E5
I ¢ § of S = =3
<€ = g -9 = - 2 B
0 - =1 1] n__.u - 1 o w om
= = = ™ 5 =
== Lo | .= E L = 5}
- — - -3 = & | o H
= .L;M & = ne 5] = S o z
5 E = £z g ke =8 &
g = 0, B a TN o = ik
= B E o 2o = ) Z.2 4
< =2 om @ 2 -



CHAPTER 4; SECOND-ORDER DIFFERENTIAL EQUATIONS IN ONE DIMENSION: APPLICATIONS 167

w

N

=

-

i

_



AN INTRODUCTION TO THE FINITE ELEMENT METHOD

168

ey,

7

o

2/

7

f .m.““mn\x..\_
/ 7 eﬁw\

7




169

CHAPTER 4: SECOND-ORDER DIFFERENTIAL EQUATIONS [N ONE DIMENSION: APPLICATIONS

——
eyt

s
o

FI A,




NTRODUCTION TO THE FINITE ELEMENT METHOD

170 ang

LR

7

£
)

A i _“_.__.\_.

i

i

)
i i \ku.c_ e, gy
A i A N
oy LA,

...ﬂ\ Y /) . i

A

Y,
e Ay

i
..__.‘ L“._. -_.\.
)
t“..“.x .@.«\x #

7

\“_M‘.‘&_“\.\\NM\\N / / \“_\.\.M___ﬁ.
I { 0 i
Il ‘._.___..R.._“ ¢ R / ;
{ \ \\ / ..“ \\ i / ; 7
__........__\\‘..; / \.”“w \\\“\\xmh\\w 7 £ .. Y ..nm_.\ /

/ \ i i .

7

m\w\ﬁ :
)

i /
7 7 ) 7
AN\&\ I &&\ﬁ\\\“@ \\\ \x\ﬂ% T / M,lmx W

i ‘\,

i

f

‘ £
i # SO

\w\
i
ot

xﬁ_“c
.L_.\“
, i







172 AN INTRODUCTION TO THE FINITE ELEMENT METHOD

7




APPLICATIONS

._.N
7 \S..x
_.. hmw\._“\\. i .c

with heat transfer in a rod and comparison of fini
is steps.

rmed
S

1S Concel
te element analy

£
Z
5
s
=]
z
(=3
z
Z
Z
=
=
2
z
=
=
[~
-
3
=
g
=
o
w

CHAITER 4
The next example
fference and fini

d




ELEMENT METHOD

174 anwviropucrion o e fmire

il
i
i

A \u\ '/
m“\“m\ W ﬁ\x\\\

=S

— s
o

o
i

o

: 0

\%\m

7
o

)

/

7

.

s
o

7

/

4

A
7

o

7

7

.

.._._.\M

.

s

/

£

.\.
7
.

)
W

.

7

7

7

g
i
/
'/

.

7
f
7

e

%

i,

7

W

i

.

i

7 \o\u_.

.@
__H..

7

%

(i

7

7

,._w.‘ iR !

,.“......3 4




175

APPLICATIONS

e . / : i . \\\%\h.\x i iy \_ﬂ. 7
7 NI : e Wi i / i
/ / o ..m____.. /

0

7

i

i

7
sy

P, ___._.\.\“wm_ _\_“.H_._ﬂ.

o LA .\..\_ ',
7 i
LT ..._.. s

e

_\_..‘..x..ﬂ\

o,

i

s
/)

SECOND-ORDER DIFFERENTIAL EQUATIONS IN ONE DIMENSION

CHAPTER 4




\\._“x... \.m@. 7
.

s
W

.H..“‘

7

\\_‘.m.ﬁ_

.x_..»\_..._.m.‘\.\

k&%ﬁ.\

\wx“._“_‘ ;

s : / /
\\a&w\_ / i i e e e / ;

e 5 e i ) i )

.\_.u_..‘...u.muv___. ! . .‘._ ] i A / /

L

g
:
:
-
z
:
&
o
3
g
s
5
=z

176




CHAPTER 4: SECOND-ORDER DIFFERENTIAL EQUATIONS IN ONE DIMENSION: AppLICATIONs 177

ol
o

S

7 _\\: _.._&._ \ ..“. /
. 0 | .
s : @&&R\m\@ 7 n\.\

\\\ i’
. .
T s
)k
“\mﬂ\\w‘m\m\m
i el
N
v

. ; : \\\\-L“ .
7 \.“\ \Hmm\.‘\.\._. ..._,w“mm{._

|

i i

i

ﬁ 7 i
i __.......&\v\x 7
i w‘.

o

i
R
i

The last example of heat transfer deals with radially symmetric heat transfer in a cylinder.

SIS

Z



METHOD

NT

INTRODUCTION TOTHE FINITE ELEME

178

i
\,-m

)

i

e

1 .u.__\._.

EE

W




179

APPLICATIONS

SECOND-ORDER DIFFERENTIAL EQUATIONS IN ONE DIMENSION

CHAPTER 4




g
5
z
:
:
E
m
E

AN INTROL

180




CHAPTER 4: SECOND-ORDER DIFFERENTIAL EQUATIONS IN ONE DIMENSION: APPLICATIONS 181

4.4 FLUID MECHANICS
4.4.1 Governing Equations

All bulk matter in nature exists in one of two forms: solid or fluid. A solid body is char-
acterized by the relative immobility of its molecules whereas a fluid state is characterized
by relative mobility of its molecules. Fluids can exist either as gases or liquids. The field
of fluid mechanics is concerned with the motion of fluids and the conditions affecting the
motion (see Reddy and Gartling, 2001).

The basic equations of fluid mechanics are derived from the global laws of conservation
of mass, momentum, and energy. Conservation of mass gives the continuity equation, while
the conservation of momentum results in the equations of motion. The conservation of
energy, considered in the last section, is the first law of thermodynamics, and it results in
Eqgs. (4.3.8)—(4.3.10) for one-dimensional systems when thermal-fluid coupling is omitted.
For additional details, see Schlichting (1979), Bird et al. (1960), and Reddy and Gartling
(2001). More details are provided in Chapter 10, which is dedicated to finite element models
of two-dimensional flows of viscous incompressible fluids.

Here, we consider so-called parallel flow, where only one velocity component is different
from zero resulting in all the fluid particles moving in one direction, i.e., u =u(x, y, 7),
where u is the velocity component along the x coordinate. We assume that there are no body
forces. The z-momentum equation requires that u = u(x, v). The conservation of mass in

this case reduces to
du
— =10
ix

which implies that u = u(y). The y-momentum equation simplifies to

JaP
— =0

dy
which implies that P = P (x), where P is the pressure. The x-momentum equation simplifies
to

dzu_dP : 44.1)
'udyz T dx i

The energy equation for this problem reduces to
aT T T du\*
peltZ— = k ( 2 + ﬁ) + (d_y) (4.4.2)
Here we are primarily interested in the finite element analysis of Eq. (4.4.1).

4.4.2 Finite Element Model

Equation (4.4.1) is a special case of the model equation (3.2.1) with the following corre-
spondence:
dpP

f= et == constant, ¢=0, x=y (4.4.3)
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Therefore, the finite element model in (3.2.31a) and (3.2.315) 1s valid Lor this problem:

(K W) =(F) +10°F or Kua'=["4+ 0 (4.4.4a)

- /‘ i e ; e , i ( n".-”) ve
e i 2 N 2 = e Wr - \
= f Wy ay T N )

, !
er-___(“chr) - (“i I
ey " B dv

Next, we consider an example.

where

(4.4.4h)

Example 4.4.1

Consider parallel flow between two long flat walls separated by adistance 2L [see Fig. 4.4.1(a)|.
We wish to determine the velocity distribution u(v), —L < v < L, for 4 given pressure gradient
—dP/dx. using the finite element method.

For a two-element mesh of linear elements (i = L). we have

R R .
%--1 2 1 | {u f-i Q0+QJ

0 =l I Ly
We consider two sets of boundary conditions [see Fig. 4.4.1(5)]
Setl: wi—L)y=0, pl)=0  (two stationary walls)

Set2:  w(—L)=0, u(L)=U,; (bottom wall stationary and top wall moving)
(4.4.5)

For the first case, we may use symmetry and model domain 0 < x = L. Here we consider the
full domain for the two sets of boundary conditions.

For Set 1. we have U, = (5, =0. The finite element solution is given by

y L_l LE
R e (4.46)
_ 2t T
For set 2, we have £/; =0 and /5 = U,. The finite element solution is
L® ¥
Ua= fn S UL]. Hy V)= ( f; e Un) i 4.4.7)

For a one-element mesh of the Qu,adrutm element {,h =2L), we have

. N
SR NN —f-‘fi. at+fo @4l
6L | b

L= RS O} S 3
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4.5 SOLID AND STRUCTURAL MECHANICS

4.5.1 Preliminary Comments

Solid mechanics is that branch of mechanics dealing with the motion and deformation of

solids. The Lagrangian description of motion is used to express the global conservation laws.

The conservation of mass for solid bodies is trivially satisfied because of the fixed material

viewpoint used in the Lagrangian description. The conservation of momentum is nothin

but Newton’s second law of motion. Under

uncouples from the momentum equations, a
motion or equilibrium (see Example 2.3.3).

g

isothermal conditions. the energy equation
nd we need only consider the equations of
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Unlike in fluid mechanics. the equations governing solid bodies undergoing different
forms of deformations are derived directly without specializing the three-dimensional elas-
ticity equations to one dimension. Various types of load-carrying members are called by
different names, e.g.. bars, beams, and plates. A bar is a structural member that is subjected
to only axial loads (see Examples 1.2.3 and 2.3.2), while a beam is a member that is sub-
Jected to loads that tend to bend it about an axis perpendicular to the axis of the member (see
Example 2.4.2). The equations governing the motion of such structural elements are not
deduced directly from (2.3.52), but they are derived either by considering the equilibrium
ol an element of the member with all its proper forces and using Newton's second law
(Example 1.2.3), or by using an energy principle (Examples 2.3.2 and 2.4.2).

4.5.2 Finite Element Model of Bars and Cables

The equation of motion governing axial deformation of a bar is (see Example 1.2.3)

d%u d (  du ;
f.}.‘"'l T —r—(ﬁﬂ.—):f(l_.r) (45i)
dr= dx ax
For static problems, Eq. (4.5.1) reduces to
d fu
i (EA‘—-) = {(x) (4.5.2)
dx o x

It should be recalled that Eq. (4.5.2) is derived under the assumption that all material points
on the line x = constant (i.e,, all points on any cross section) move by the same amount
u(x). This 1s equivalent 1o the assumption that the stress on any cross section is uniform.
Equation (4.5.2) is the same as the model equation (3.2.1), witha = £ A and ¢ = (). Hence.
the finite element model in (3.2.31a) and (3.2.315) is valid for bars.

The average transverse deflection u(x) of a cable made of elastic material is also govy-

erned by an equation of the form:
d [ _du )
——(T— )= f(x) (4.5.3)
dx dx

where T'is the uniform tension in the cable and f is the distributed transverse force. Again,
Eq. (4.5.3) is a special case of Eq. (3.2.1), witha =T and ¢ =0.

In structural mechanics problems, the quadratic functional of (3.2.10) takes the special
meaning of total potential energy, 1, which can be expressed in the form

l X \ "Xl
nr’ = _2 ‘[I:H E] U'A‘-- d_\' — [ H_f dx — Z ”:Q;J

0 7
where « is the displacement, € the strain and & the stress. The finite element approximation
(3.2.24) of & can be written as
4
H#
a

up={yf ¥s ... ¢t} 1 | =N
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where the element label on B and u

total potential energy,
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4.5.3 Numerical Examples

In this section we consider a number of examples of finite element analysis of bars.
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4.6 PLANE TRUSSES
4.6.1 Introduction

Consider a structure consisting of several bar elements connected to each other by pins,
as shown in Figure 4.6.1. The members may rotate freely about the axis of the pin. Con-
sequently, each member carries only axial forces. The planar structure with pin-connected
members (i.e., all members lie in the same plane) is called a plane rruss. Since each member
is oriented differently with respect to a global coordinate system (x, y), it is necessary
to transform the force displacement relations that were derived in element coordinate sys-
tem (X, ¥) to the global coordinate system (x, y) so that the structure stiffness can be
assembled from the element stiffness referred to the same global coordinate system.

4.6.2 Basic Truss Element

First, we consider a uniform bar element with constant £A and oriented at an angle 4,,
measured counterclockwise. from the positive x-axis. If the member coordinate system
(Xo. o) is taken as shown in Figure 4.6.2(a), and (if, v{) and (F}'. 0) denote the dis-
placements and forces at node i with respect to the member coordinate system (X,. ¥,),
respectively, the element equations (4.5.1 1a) can be expressed as (we now use the notation
0; + fi=Fp)

1l 0 =1 0 i

| Fy
B 0 0 0 0 M 0 — o
Lok ok oF [ KV T{AS) = {7 (4.6.1)
. -1 0 1 0 5 F5
0

0 0 0 0 U5

We wish to write the force-deflection relations (4.6.1) in terms of the corresponding
global displacements and forces. Toward this end, we first write the transformation relations
between the two sets of coordinate systems (x, v) and (X,, ¥, ) (see Fig. 4.6.2)

y . Y g

Xy =x cosfy+y sinf,;, Jo=—x s5inf:+ y cosé,

X =X, cost, — y, sinfl,, y=Xx, sinfl, + y. cost,

F F;

Pin joint

Figure 4.6.1 A plane truss structure.



CHAPTER 4: SECOND-ORDER DIFFERENTIAL FQUATIONS IN ONE DIMENSION: APPLICATIONS 195

{e) (h)

Figure 4.6.2 A bar element oriented at an angle with respect to the global coordinate system (x, v).
(«r) Forces and displacements in the element coordinates. (b) Forces and displacements
in the global coordinates.

or, in matrix form, we have

- cosf. sinf, X X cost, —sinf, X,
v A B

bl

(4.6.2)

e —sinf, cos0, sinf  cost | | Ve

Ly

where 6, is the angle between the positive x-axis and positive ¥.-axis, measured in the
counterclockwise direction. Note that all quantities with a bar over them refer to the member
(or local) coordinate system (%, ¥.), while the quantities without a bar refer to the global
coordinate system (x, v).

The above relationship also holds for the displacements and forces of the two coordinate
systems. We have

it cosfl, sind, 0 0 |
Uy —sinfl, cosd, 0 0 vy
e r ) (4.6.3a)
i 0 0 cosfl, sind, T
U5 0 0 —s8inf, cosf, U5
or
[A®) =T {A*) (4.6.3h)

where {A¢} and {A*} denote the nodal displacement vectors in the member and structure
coordinate systems, respectively. Similarly, we have

{(F}y=[T*){F*) (4.6.4)

Here {7} and { F°} denote the nodal force vectors in the member and structure coordinate
systems, respectively (see Figures 4.6.2).

4.6.3 General Truss Element

Next, we derive the relationship between the global displacements and global forces. Using
Egs. (4.6.3b) and (4.6.4) in Eq. (4.6.1), we obtain

K NT A= [T 1 F) (4.6.5)
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Premultiplying both sides of the above equation with [ 7| and noting that [7¢]~ ' =|T¢]|",

we obtain
[TTIRCNT A = (F) or [KHA)=[F)
where
[K*]= [TV [KNT®);, (F=ITT{F)

Carrying out the indicated matrix multiplications, we obtain

cos” @, —:',_ sin 26, —cos2 6, —15 sin 26,
ey = Eetle Lsin20,  sin®f,  —1sin20, —sin’6,
he | —cos’@. —3sin20, cos’@,  §sin26,
—1sin20, —sin’H,  §sin26, sin® 6,
F§ F{ cos b, f cos,
(P} Fy| | Fisind, M f siné,
F¢ Fi cos b, F5cos6,
Fe F5sing, f5sind,

where f are computed using Eq. (3.2.315) [also see Eq. (3.2.34)]

h,-
Fi=1 r@yeE) ds

8]

(4.0.6)

(4.6.7)

(4.6.8)

(4.6.9)

(4.6.10)

Equations (4.6.8) and (4.6.9) provide the means to compute the element stiffness matrix
[K“] and force vector [ F¢), respectively, both referred to the global coordinate system, of
a bar element oriented at an angle #,. The assembly of elements with their stiffness matrix
and force vector in the global coordinates follows the same ideas as discussed before except
that we must note that each node now has two displacement degrees of freedom. These

ideas are illustrated in the following example.
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-

2
i
g t
L ! ;
L " :
&l T,
e
- U, =t cose+ v sind
z i, = —i SiNEL + v COSW

Figure 4.6.5 Transformation of specified boundary conditions from a local coordinate system to the
global coordinate system (for an inclined support).

4.6.4 Constraint Equations: Penalty Approach

It is not uncommon in structural systems to find that the displacement components at a
point are related. For example, when the plane of a roller support is at an angle to the
global coordinate system (see Fig. 4.6.5), the boundary conditions on displacements and
forces at the roller are known only in terms of the normal (to the support) component of the
displacement and the tangential component of the force

ue=0, 0°=Qy (4.6.31)

where uj is the normal component of displacement and Q¢ is the tangential component of
the force at node 1 of the element £2¢°; Oy, 1s any specified tangential force. These conditions,
when expressed in terms of the global components of displacements and forces by means
of the transformation of the form (4.6.3h) and (4.6.4), become

u, = —u} sino +u5coso =10 (4.6.32a)

Q) = Qfcosa + Qfsina = Qg (4.6.32))

where (u{, u5) and (Q7. 0%) are the x and y components of the displacements and forces,
respectively, at the support. Equations (4.6.32a) can be viewed as constraint equations
among the global displacements, which have a companion relation among the associated
forces, namely Eq. (4.6.32b). Here, we present the penalty function method through which
constraint equations of the type in (4.6.32a) and (4.6.326) can be included in the finite
element equations.

The penalty function method allows us to reformulate a problem with constraints as
one without constraints. The basic idea of the method can be described by considering an
algebraic constrained problem:

minimize the function f(x, v) subject to the constraint G(x, v) =10

In the Lagrange multiplier method the problem is reformulated as one of determinin
the stationary (or critical) points of the modified function £ (x. y),

o
=

Fr(x,y)=f(x.y) +AiG(x, v) (4.6.33)
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subject to no constraints. Here A denotes the Lagrange multiplier. The solution to the problem
is obtained by setting partial derivatives of F; with respect to x, y and A to zero:
aFy oFy, akFy, .
—— U' —_— U, T =0 4.634
dx dy A ¢ )
which gives three equations in the three unknowns (x, y. ).
In the penalty function method, the problem is reformulated as one of finding the
minimum of the modified function Fp,

Fp(x, y)= F(x.y) + %[Gu, WP (4.6.35)

where y is a preassigned weight parameter, called the penalty parameter. The factor % in
Eq. (4.6.35) is used for convenience: When £, is differentiated with respect to its arguments,
the factor will be cancelled by the power on G(x, y). The solution to the modified problem
is given by the following two equations:
g, e (4.6.36a)
ax dy
The solution of Egs. (4.6.36a) will be a function of the penalty parameter, (x,, y,). The
larger the value of y, the more exactly the constraint is satisfied (in a least-squares sense),
and (x,, v,) approaches the actual solution (x, y) as y — oc. An approximation to the
Lagrange multiplier is computed from the equation,

Ay =pGlxy. y) (4.6.36b)

We consider a specific example to illustrate the ideas presented above.
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Now we turn our attention to constraint equations of the form used with bar elements

ﬁﬂi “Hf + .HH “?‘.I' = fiflfﬂ {4.(‘-3?,"

where B,,, B, and B,,, are known constants, and u,, and u, are the mth and nth displace-
ment degrees of freedom in the mesh, respectively. The functional that must be mini-
mized subject to the constraint in (4.6.37) in this case is the total potential energy of the
system (see Section 4.5.2)

1 = =
M= —f AEu'B"Budx — [ uB' fdy—u'Q (4.6.38)
2 Jg Ja
The penalty functional is given by
M, = - f AEU"B"Bu dx — f u'B'fdx —u'Q
2 Ja 2
b % (Bimttm + Buttn — ﬁmu)z (4.6.39)

The functional [T, attains a minimum only when S, 1, + Butty — Bun 18 very small, ie.,
approximately satisfying the constraint (4.6.37). Setting §I1, = 0 yields

where [see Eq. (4.5.4a)]

y';zﬂ e }’.Hmﬁn

K:fAEBTBd.r, K=
Q

Vﬁm ﬁn T Vﬁﬁ

}’ﬁmnﬁm
f= f B fdx, Q=1 ... } (4.6.40b)
2

}’ﬁmn.ﬁn .

Thus, a modification of the stiffness and force coefficients associated with the constrained
degrees of freedom will provide the desired solution to the constrained problem. As illus-
trated in Example 4.6.2, the value of the penalty parameter y dictates the degree to which
the constraint condition (4.6.37) is met. An analysis of the discrete problem shows that the
following value of ¥ may be used:

y=max|K;;| x 10*, 1 <i,j<N (4.6.41)

where N is the order of the global coefficient matrix. The reaction forces associated with
the constrained displacement degrees of freedom are obtained from

FmP L ‘_yﬁm (ﬁmum =] .Bnun i ﬁmn) 1 FH,'! — _]”)6" '(ﬁm“m + ﬁﬂ‘uﬂ o ﬁm") {4642)

Because of the large magnitudes of the penalty terms, it is necessary to carry out computa-
tions in double precision (hand calculations do not give accurate results).
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4.6.5 Constraint Equations: A Direct Approach

Here, we present an exact method by which constraint equations of the type in (4.6.32a)
and (4.6.32b) can be included in the assembled equations for the unknowns. The method
involves expressing the global displacement degrees of freedom at the node with a constraint
in terms of the local displacement degrees of freedom so that the boundary conditions can
be readily imposed.

Recall from Eqs. (4.6.2) and (4.6.3a) that the displacements (i, ©), referred to the local
coordinate system (&, ¥) at a point, are related to the displacements (i, v), referred to the
global coordinates system (x, ¥). by

lﬁ] l: cos 8 sinﬁ:,[u] R
— . — 0, =Au, (4.6.51a)
) . —smmf cosfB | |v "

and the inverse relation is given by

(4.6.51h)

u. =AT4,, where A=l: i il }

—sinfi  cos f8
where the subscript “c” refers to the constrained degrees of freedom. Since we wish to
P £

express the global displacements at a given node in terms of the local displacements at a
specific node, we construct the transformation of the whole (global) system as

7] [0] [0O]
[7]1={10] [A] [0] (4.6.52)
01101 [/]

Thus, all displacement degrees of freedom that are not constrained are unaffected and
only global displacements that are constrained are transformed to the local displacements.
Further, note that the transformation matrix [A] is placed in [T] in such a way that only the
constrained degrees of freedom are transformed. We have

Al I 0 0] (A
u $=|0 AT o i Y orA=T'A (4.6.53)
A 0 0 1 A2
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where A' and A? denote vectors of the global displacement components ahead and behind
(in terms of numbering) the constrained displacement degrees of freedom u, in the mesh.
We also note that the transformed displacement vector A contains the global displacement
vectors A' and A” and the local (constrained) displacement vector 1.

The remaining steps of the procedure are the same as that described in Sections 4.6.2
and 4.6.3. Thus, we obtain

KA=F (4.6.54)

where the transformed global stiffness matrix K and global force vector F are known in
terms of the assembled global stiffness matrix K and force vector F as [see Eq. (4.6.7)]

K=T'KT. IF=T1F (4.6.55)

Since the constrained displacements are a part of the global system of equations, we may
impose the boundary conditions on them directly (such as &, =0 at an inclined roller
support, where n denotes the coordinate normal to the roller).

In summary, we may introduce a transformation of the displacements that facilitates the
imposition of boundary conditions or inclusion of constraints on the displacements. Once
the transformation T is identified, we may use Eq. (4.6.7) or (4.6.55) to obatin the modified
equations that have the desired effect. We revisit the problems of Examples 4.6.3 and 4.6.4
to illustrate the ideas described here.
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The former method gives more accurate results, which will satisfy the equilibrium at inter-
clement nodes, whereas the latter gives less accurate results that are discontinuous at the
nodes. The secondary variables computed using the linear elements are elementwise con-
stant, while they are elementwise linear for the Lagrange quadratic elements. The magnitude
of discontinuity can be reduced by refining the mesh (k or p refinement). The discontinuity
of the secondary variables at nodes is due to the fact that the secondary variables are not
made continuous across the elements.

In closing this chapter, the reader is reminded that the finite element method is a poOw-
erful tool for engineering analysis. The power of the method lies in transforming the tradi-
tional variational methods (e.g., Ritz, Galerkin, least-squares, and other weighted-residual
methods) into a powerful computer-based technique by developing suitable approxima-
tion functions for complex problems. Without a good understanding of the method as well
as the engineering background behind each problem, one is ill-equipped to analyze the
problem,.

PROBLEMS

Many of the following problems are designed for hand calculation while some are intended specifically
for computer calculations using the program FEM 1D (see Chapter 7 for details on how to use the
program). The problem set should give the student deeper understanding of what is involved in the
setting up of the finite element equations, imposition of boundary conditions, and identifying
the condensed equations for the unknown primary and secondary variables of a given problem. When
the number of equations to be solved is greater than three, the student should opt for a computer
solution of the equations. The calculations can be verified, in most cases, by solving the same prob-
lem using FEM1D.

Discrete Elements

4.1 Consider the system of linear elastic springs shown in Fig. P4.1. Assemble the element equations
to obtain the force-displacement relations for the entire system. Use the boundary conditions
to write the condensed equations for the unknown displacements and forces.

NN
B ks = 80 Ibitt

o -
%—\/W\, = 1001b |
k; = 60 Ibfin, —AAN—

fy = 50 1h/in. el
3 &\

AN

ks = 120 Ibfin,

ks = 180 Ibfin,

———
80 1b 2 o

N&""\" ky = 150 Ibfin. NN

Figure P4.1
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4.2 Repeat Problem 4.1 for the system of linear springs shown in Fig. P4.2.

AR

LI

SRR

Figure P4.2

4.3 Consider the direct current electric network shown in Fig. P4.3. We wish to determine the
voltages V and currents 7 in the network using the finite element method. Set up the algebraic
equations (i.e., condensed equations) for the unknown voltages and currents.

» R=30Q 5 R=35Q
I VYWW—o0 | p=10v

k=:5£) R=10£8

6 Vy=200V

R=15Q ° R=5Q

Figure P4.3

4.4 Repeat Problem 4.3 for the direct current electric network shown in Fig, P4.4,

R=5Q , R=0Q
VWA VVW— 8

k=20€ gh’— 10 €2

k=580
2—NWW—5 R-]ﬁug

R=5%] g R=108

1 —ANN STATATAV 7
rR-20Q Y r=500

L

V| =110V V'..l =40V

Figure P4.4
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4.5 Write the condensed equations for the unknown pressures and flows (use the minimum number
of elements) for the hydraulic pipe network shown in Fig. P4.5. Answer: P, = ';—jQu. P=
L 0a,and P, = 13 Qa.

Ry =2a

{0 given
@ constant

Figure P4.5

4.6 Consider the hydraulic pipe network (the flow is assumed to be laminar) shown in Fig. P4.6.
Write the condensed equations for the unknown pressures and flows (use minimum number of
elements. )

128 th,

0 =5% 10" ms Pipe resistance, R, = a7
¢

L=70m

D=5em @

Figure P4.6

4.7 Determine the maximum shear stresses in the solid steel (G, = 12 Msi) and aluminum (G, =
4 Msi) shafts shown in Fig. P4.7.
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b mms - Aluminum tube

d=1.5m =200 Ib.fi d=1in

h

76 mm

AN\

le——— 500 mm ——»

Figure P4.7 Figure P4.8

4.8 A steel shaft and an aluminum tube are connected to a fixed support and to a rigid disk, as

shown in Fig. P4.8. If the torque applied at the end is equal to 7 = 6, 325 N.m, determine the
shear stresses in the steel shaft and aluminum tube. Use G, =77 GPa and ¢, =27 GPa.

Heat Transfer

4.9 Consider heat transfer in a plane wall of total thickness L. The left surface is maintained at

4.10

temperature 7j; and the right surface is exposed to ambient temperature 7'y, with heat transfer
coefficient f. Determine the temperature distribution in the wall and heat input at the left
surface of the wall for the following data: L = 0.1 m, k = 0.0l W/(m - “C), # =25 W/(m* - "C),
Ty =50"C,and T, = 5"C. Solve fornodal temperatures and the heat at the left wall using (a) two
linear finite elements and (k) one quadratic element. Answer: (a) Uy, =27.59°C, U, =5.179°C,
Q! =4.482 Wim? = — Q2.

An insulating wall is constructed of three homogeneous layers with conductivities &, &5, and
ks in intimate contact (see Fig. P4.10). Under steady-state conditions, the temperatures of the
media in contact at the left and right surfaces of the wall are at ambient temperatures of 7.
and 1", respectively, and film coefficients £, and g, respectively. Determine the temperatures
on the left and right surfaces as well as at the interfaces. Assume that there is no internal heat
generation and that the heat flow is one-dimensional (37 /8y =0), Answer: U, =61.582°C,
U =61.198"C, Uy =60.749°C, U; =60.612°C.

hl h} h_]

Adir at temperature, ]:f= 35°C
Film coefficient, B = 15 W/(m®- °C)
k=50 Wi(m- *C)
ky=30 Wim- *C)
K= 70 Wim- «C)
By =50 mm
fi= 35 mm
=25 mm

Th=100°C
B = 10 Wi(m?- °C)

Figure P4.10
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Rectangular fins are used to remove heat from the surface of a body by conduction along
the fins and convection from the surface of the fins into the surroundings. The fins are 100
mm long, 5 mm wide, and | mm thick, and made of aluminum with thermal conductivity k =
170 W/(m - “C). The natural convection heat transfer coefficient associated with the surroundi ng
air is # =35 W/m* . °C) and the ambient temperature is 7., = 20°C. Assuming that the heat
transfer is one dimensional along the length of the fins and that the heat transfer in each fin is
independent of the others, determine the temperature distribution along the fins and the heat
removed from each fin by convection. Use (a) four linear elements. and (b) two quadratic
elements.

Find the heat transfer per unit area through the composite wall shown in Fig. P4.12. Assume
one-dimensional heat Qow.

ky = 150 Wi(m- °C)
fiy =30 Wilm- °C)
k=70 Wilm. °C)
k; =50 Wi(m- °C)

iy =25 mm

his =75 mm

A hy =50 mm

gy o ":r: s o

Tsurface = 370°C bn":-: Turtace = 66°C

%

5355

Figure P4.12

A steel rod of diameter D =2 cm, length . = 5 ¢cm, and thermal conductivity £ = 50 W/(m-“C)
is exposed to ambient air at T, = 20°C with a heat transfer coefficient A =100 Wim?*>-C). If
the left end of the rod is maintained at temperature 7, = 320°C, determine the temperatures
at distances 25 mm and 50 mm from the left end, and the heat at the left end. The governing
equation of the problem is

f,

_H p
_F +m =0 for D=<x <L

where # =T — T, T is the temperature, and m* = # P/ Ak. The boundary conditions are

f
#(0) =T(0) — T, =300°C, (d— + EH) ‘ =10
dx k x=L

Use (a) two linear elements and (b) one quadratic element to solve the problem by the finite
element method. Compare the finite element nodal temperatures against the exact values. An-
swer: (@) Uy =300°C, U, =211.97°C, U; = 179.24°C, 0} =3,521.1 Wim?. (b) U, = 300°C,
Us =213.07°C, U; = 180.77°C, Q! =4,569.9 W/m".

Find the temperature distribution in the tapered fin shown in Fig. P4.14. Assume that the
temperature at the root of the fin is 250°F, the conductivity k = 120 Btu/(h-ft-°F). and the film
coefficient 8 = 15 Btu/(h-ft*."F); use three linear elements. The ambient temperature at the top
and bottom of the fin is T, = 75°F. Answer: T, (tip) =166.23°F, T, = 191.1°F, T; = 218.89°F.
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Figure P4.14

4.15 Consider steady heat conduction in a wire of circular cross section with an electrical heat
source. Suppose that the radius of the wire is Ry, its electrical conductivity is K, (2 '/em),
and it is carrying an electric current density of / (A/em?®). During the transmission of an
electric current, some of the electrical energy is converted into thermal epergy. The rate of heat
production per unit volume is given by ¢, = I’/ K,. Assume that the temperature rise in the wire
is sufficiently small that the dependence of the thermal or electric conductivity on temperature
can be neglected. The governing equations of the problem are

dT dT
——— | rhk— ) =g, for 0=<r<Ry k— =0, T(Ryp=T
rdr (JI dr ) K SR RS (r dr ) ‘r=f} =i

Determine the distribution of temperature in the wire using (a) two linear elements and
(£) one quadratic element, and compare the finite element solution at eight equal intervals with

the exact solution
. - r
T =T — |1l = —
(r) o+ Ik [ ( Ru )]

Also, determine the heat flow, Q = =27 Rok (dT [dr)| g, . atthe surface using (i) the temperature
field and (ii) the balance equations.

4.16 Consider a nuclear fuel element of spherical form, consisting of a sphere of “fissionable™
material surrounded by a spherical shell of aluminum “cladding” as shown in Fig. P4.16.
Nuclear fission is a source of thermal energy. which varies nonuniformly from the center of
the sphere to the interface of the fuel element and the cladding. We wish to determine the
temperature distribution in the nuclear fuel element and the aluminum cladding.

The governing equations for the two regions are the same, with the exception that there is
no heat source term for the aluminum cladding. We have

1:d [, dT} :
= T"{_ (r‘k.——_l-) =g for D<r<Rg

1 ¢ drT
—— a (r2k1d2)=ﬂ for Ry <r<Rg¢
: T

where subscripts 1 and 2 refer to the nuclear fuel element and cladding, respectively. The heat
generation in the nuclear fuel element is assumed to be of the form

R
g1 = I-I—t‘(-!%;)

where gy and ¢ are constants depending on the nuclear material. The boundary conditions are

1ﬂrT[
=0 at r=0
dr

T'=T: al r=Rp, and T:=Ty, al r=R¢

kr
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Use two linear elements to determine the finite element solution for the temperature distribution,
and compare the nodal temperatures with the exact solution

. quR: ry 3 ( ¥ § GoR3 3 ) Ry
o - | =l 2 AR I sl g R, O A
h=h="e, (R;.-) 10 Ry e WV TE R,_--)

. (j"[] R}? 3 R F R F
T N Vo) bt
= To=", ( S T R

Aluminum
cladding

Fissionable
material

Coolant

Figure P4.16

Fluid Mechanics

4.17 Consider the flow of a Newtonian viscous fluid on an inclined flat surface, as shown in
Fig. P4.17. Examples of such flow can be found in wetted-wall towers and the application
of coatings to wallpaper rolls. The momentum equation, for a fully developed steady laminar
flow along the z coordinate, 1s given by

d*w
dx®
where w is the z component of the velocity, gt is the viscosity of the fluid, p is the density. g is
the acceleration due to gravity, and £ is the angle between the inclined surface and the vertical.

The boundary conditions associated with the problem are that the shear stress is zero at
x =0 and the velocity is zero at x = L:

(d“’)‘ ST ELI=D
dx .:—'13_ ) " B

Use (a) two linear finite elements of equal length and (b) one quadratic finite element in the
domain (0, L) to solve the problem and compare the two finite element solutions at four points

—ith = pgcos p



222

4.18

4.19

AN INTRODUCTION TOTHIEE FINITE ELEMENT METHOD

Direction of gravity

Figure P4.17

x=0, 1L, —:! and 5 L of the domain with the exact solution

q
oLic -'ﬁ a2
wt,:ff&_z;i‘ﬁ,[l-(i)]

Evaluate the shear stress (1,. = —j dw /dx) at the wall using (i) the velocity fields and (ii)
the equilibrium equations, and compare with the exact value. Answer: (a) U, = -é b, =
s Jo. fo=(pgeos B)L? /p.

Consider the steady laminar flow of a viscous fluid through a long circular cylindrical tube.

The governing equation is
1 d ( dw Po—Fi /i
—-———1r R T —
rdr b dr L .

where w is the axial (i.e., z) component of velocity, p is the viscosity, and fj is the gradient of
pressure (which includes the combined effect of static pressure and gravitational force). The
boundary conditions are
( dw )
r E——
dr

Using the symmetry and (a) two linear elements and (b) one guadratic element, determine the
velocity field and compare with the exact solution at the nodes:

. .)';IR[:; ~'_ 2
=" [' - (R)]

In the problem of the flow of a viscous fluid through a circular cylinder (Problem 4.18), assume
that the fluid slips at the cylinder wall; i.e., instead of assuming that w = 0 at r = Ry, use the
boundary condition that

= (]. w{ Rn:l =0

r=_{

dw
kw=—pu— at r=R,
dr

in which k is the “coefficient of sliding friction.” Solve the problem with two linear elements.

4.20 Consider the steady laminar flow of a Newtonian fluid with constant density in a long annular

region between two coaxial cylinders of radii R, and Ry (see Fig. P4.20). The differential
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equation for this case is given by

| d dw P - P ,
=== El=—— == L—'E.fu

where w is the velocity along the cylinders (i.e., the z component of velocity), p is the viscosity,
L is the length of the region along the cylinders in which the flow is fully developed, and P,
and P, are the pressures at z =0 and z = L, respectively (P, and P; represent the combined
effect of static pressure and gravitational force).

The boundary conditions are

w={ at r= R” and R,‘

Solve the problem using (a) two linear elements and (b) one quadratic element, and compare
the finite element solutions with the exact solution at the nodes:

=

W R2 : 1 - [
w.(r)= JoRo 1 — (i) f ——— In (,—)
4“. f\‘n In(l;‘k) R[]

Velocity
distribution

Figure P4.20

where k = R,/ Ry. Determine the shear stress 7. = —p dw /dr at the walls using (i) the velocity
field and (ii) the equilibrium equations, and compare with the exact values. (Note that the steady
laminar flow of a viscous fluid through a long cylinder or a circular tube can be obtained as a
limiting case of k — 0.)

Consider the steady laminar flow of two immiscible incompressible fluids in a region between
two parallel stationary plates under the influence of a pressure gradient. The fluid rates are
adjusted such that the lower half of the region is filled with fluid I (the denser and more viscous
fluid) and the upper half is filled with fluid 11 (the less dense and less viscous fluid), as shown
in Fig. P4.21. We wish to determine the velocity distributions in each region using the finite
element method.
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The governing equations for the two fluids are

' >
d i , d’us

-— I  —— % S -t'-‘
o s Ju 2 Ix?

where f,=(Fy — Pp)/L is the pressure gradient. The boundary conditions are

=

i (—h)=0 wr(b)y=0, 1w (0)=u:(0)

Solve the problem using four linear elements, and compare the finite element solutions with
the exact solution at the nodes

finf?l 21k fty — g ¥ ¥y f
— £k =
M 24 |:_u| + o o iyt pa b (h) ¢ )

Less dense and
less viscous fluid

| Interface
P
Ly Denser and
more viscous Hud
Figure P4.21

The governing equation for an unconfined aquifer with flow in the radial direction is given by
the differential equation
I d ( du
== — | =i
rdr dr f

where k is the coefficient of permeability, f the recharge, and u the piezometric head. Pumping
is considered to be a negative recharge. Consider the following problem. A well penetrates
an aquifer and pumping is performed at r =0 at a rate Q =150 m*/h, The permeability of
the aquifer is kK =25 m'/h. A constant head u, =50 m exists at a radial distance £ = 200 m.
Determine the piezometric head at radial distances of 0, 10, 20, 40, 80, and 140 m (see Fig.

P4.22). You are required to set up the finite element equations for the unknowns using a
nonuniform mesh of six linear elements.

]
[Pe]
Y
N
Eey)
~1

Fy

Figure P4.22

4.23 Consider a slow, laminar flow of a viscous substance (for example, glycerin solution) through

a narrow channel under controlled pressure drop of 150 Pa/m. The channel is 5 m long (flow
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direction), 10 cm high, and 50 cm wide. The upper wall of the channel is maintained at 50°C
while the lower wall is maintained at 25°C, The viscosity and density of the substance are
temperature dependent, as given in Table P4.23. Assuming that the flow is essentially one
dimensional (justified by the dimensions of the channel), determine the velocity field and mass
low rate of the fluid through the channel.

Table P4.23: Properties of the viscous substance of Problem 4.23.

v (m) Temp. (°C) Viscosity [kg/(m: s)] Density (kg/m*)
(.00 50 0.10 1233
.02 45 0.12 1238
0.04 40) .20 1243
0,06 35 (.28 1247
0.08 30 (.40 1250
0.10 25 .65 1253

Solid and Structural Mechanics

4.24 The equation governing the axial deformation of an elastic bar in the presence of applied
mechanical loads f and P and a temperature change T is

d
ot |y ﬁ---ar) =f for O<x<lL
dx dx

where ¢ is the thermal expansion coefficient, £ the modulus of elasticity, and A the cross-
sectional area. Using three linear finite elements, determine the axial displacements in a
nonuniform rod of length 30 in., fixed at the left end and subjected to an axial force P —
400 Ib and a temperature change of 60°F. Take A(x) =6 — I—‘ﬂx in.2 E =30 x 10° Ib/in.2, and
a =12 % 107%in. -°F).

4.25 Find the stresses and compressions in each section of the composite member shown in Fig.
P4.25. Use E; =30 x 10° psi, E, = 107 psi, £, = 15 x 10° psi, and the minimum number of
lingar elements.

2000 Ib

§\¢

§ e \STS00 T

3 ,1—1(,' in-— 16 in—wme—I106 in.-'
§

Figure P4.25

4.26 Find the three-element finite element solution to the stepped-bar problem. See Fig. P4.26 for
the geometry and data. Hint: Solve the problem to see if the end displacement exceeds the gap.
If it does, resolve the problem with modified boundary condition at x = 24 in,
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%

; ]
8in. 4in, 0.02 in.

Steel, o= 30 x 10 psi, Aluminum, £,= 10 3 106 psi

Figure P4.26

4.27 Analyze the stepped bar with its right end supported by a linear axial spring (see Fig. P4.27).
The boundary condition at x = 24 in. is

du
EA— +ku=0
dx

o

Rin. 4. &= 10" h/in,

Steel, £,= 30 109 psi, Aluminum, £,= 10 x 10° psi

Figure P4.27

4.28 A solid circular brass cylinder £, = 15 x 10° psi, dp =0.25 in.} is encased in a hollow circular
steel (E; =30 x 10° psi, d, =0.21 in). A load of P = 1330 |b compresses the assembly, as
shown in Fig. P4.28. Determine (a) the compression, and (b) compressive forces and stresses in
the steel shell and brass cylinder. Use the minimum number of linear finite elements. Assume
that the Poisson effect is negligible.

P = I.’-BUibl

Figure P4.28

4.29 A rectangular steel bar (£, =30 x 10° psi) of length 24 in. has a slot in the middle half of its
length, as shown in Fig. 4.29. Determine the displacement of the ends due to the axial loads
P =2000 Ib. Use the minimum number of linear elements.
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12 in.

Plate thickness »
3 iI‘]. 0?.5 in.

4,
1 in. {(all three)
4
IS in. A
'l’SUu Ib 800 Ih
(a) Actual plate (b) ldealized plate

Figure P4.29 Figure P4.30

4.30 Repeat Problem 4.29 for the steel bar shown in Fig. P4.30.

4.31 The aluminum and steel pipes shown in Fig, P4.31 are fastened to rigid supports at ends A and
B and to a rigid plate C at their junction. Determine the displacement of point C and stresses
in the aluminum and steel pipes. Use the minimum number of linear finite elements.

4.32 A steel bar ABC is pin-supported at its upper end A to an immovable wall and loaded by a
force £ at its lower end C, as shown in Fig. P4.32. A rigid horizontal beam BDE is pinned
to the vertical bar at B, supported at point D, and carries a load F; at end E. Determine the
displacements u and u, at points B and C.

4.33 Repeat Problem 4.32 when point C is supported vertically by a spring (k = 1000 1b/in.).

Ay=04in2
E =30 x 106 psi

nanar
= Steel (£, = 200 GPa - : ;
ity X ; 30in. |, 25in,
P=SOKN || ¥Tp 10em A4, 60mm?) . 5 — |
[ " D /; g E,
Aluminum (£, = 70 GPa, I0in. Rigid member

A= 600 mm? ) Ay=025in2  F>=60001b

F=2000 Ib

Figure P4.31 Figure P4.32

4.34 Consider the steel column (a typical column in a multi-storey building structure) shown in Fig.
P4.34. The loads shown are due to the loads of different floors. The modulus of elasticity is
E =30 x 10° psi and cross-sectional area of the column is A =40 in®. Determine the vertical
displacements and axial stresses in the column at various floor-column connection points,
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Load

\Vavave K l ® 30.‘000 Ib »l f J
® @ e J?
@

32.000 Ib B l 12.5 ft.
é e | ::_

35,000 b 3 125 fi.

F&‘;j’r J\- > —1

Figure P4.34

4.35 The bending moment (M) and transverse deflection (w) in a beam according to the Euler-
Bernoulli beam theory are related by

d*w
dx?

For statically determinate beams, we can readily obtain the expression for the bending moment
in terms of the applied loads. Thus, M (x) is a known function of x. Determine the maximum
deflection of the simply supported beam under uniform load (see Fig. P4.35) using the finite
element method,

—FE!l = Mi(x)

g /AR
q —r glx
il = L f(x)

2 W Ef = constant w £l = constant

Figure P4.35 Figure P4.36

4.36 Repeat Problem 4.35 for the cantilever beam shown in Fig. P4.36.
4.37 Turbine disks are often thick near their hub and taper down to a smaller thickness at the
periphery. The equation governing a variable-thickness ¢ = r(r) disk is

d z
f—(.‘"fﬁ‘r} — tay +!,Om'.*‘2=c'
ar
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where w” is the angular speed of the disk and

(r.-’u t ) (u du E
g.=C| —4+v , th=g|l=4+v—1,. = -~
dr r r dr ] — pe

.

(a) Construct the weak integral form of the governing equation such that the bilinear form is
symmetric and the natural boundary condition involves specifying the quantity tra, .
(h) Develop the finite element model associated with the weak form derived in part ().
4.38-4.44 For the plane truss structures shown in Figs. P4.38-P4.44, give (a) the transformed element

matrices, (#) the assembled element matrices. and (¢) the condensed matrix cquations for
the unknown displacements and forces.

20 kips

E =30 msi
4,=151n2
A>=20 in.2

A= 15in?

i e * b 30 fi.
Figure P4.38 Figure P4.39
8 kips
o
. 3 > 8 kips
I All members: L
E=30x 100 p};i
I“ ﬂ. ] ‘_/]' = 3 in_:
@ @ @ i All members:
l @ @ i L A = constant
2 2 '

~
FA

F;—lnﬁ.——+ﬁ——4nn

Figure P4.40

“

.43 = 1.5 iﬂ.z

All members:
£=29x 100 1bfin,2

16 kips

Figure P4.42
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For all members:
£ =207 GPa,
A=5cme

£ = 1,000 kN

Figure P4.43

For all members;
£=207 GPa,
A=53%109m2
P=103kN

Figure P4.44

4.45 Determine the forces and elongations of each bar in the structure shown in Fig. P4.45.
Also. determine the vertical displacements of points A and D.

L & . s ] 7 fi.
Al i il 44[}

Rigid bar —], B

P =90 kips Py = 80 kips

8 fi.
Steel bars

E =29 % 109 psi

Ape=105m3 B
Agp=19.5 in. [é &
7

Figure P4.45

Acp=168in?

4.46 Determine the forces and elongations of each bar in the structure shown in Fig. P4.45
when end A is pinned to a rigid wall (and P, is removed).
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