Chapter 3

SECOND-ORDER
DIFFERENTIAL EQUATIONS
IN ONE DIMENSION: FINITE

ELEMENT MODELS

3.1 BACKGROUND

The traditional variational methods (e.g., the Ritz, Galerkin, and least-squares) described
in Chapter 2 cease to be effective because of a serious shortcoming, namely, the diffi-
culty in constructing the approximation functions. The approximation functions, apart from
satisfying continuity, linear independence, completeness, and essential boundary condi-
tions, are arbitrary; the selection becomes even more difficult when the given domain is
geometrically complex. Since the quality of the approximation is directly affected by the
choice of the approximation functions, it is discomforting to know that there exists no sys-
tematic procedure to construct them. Because of this shortcoming, despite the simplicity
in obtaining approximate solutions, the traditional variational methods of approximation
were never regarded as competitive computationally when compared with traditional finite
difference schemes. The finite element method overcomes the shortcomings of the tradi-
tional variational methods by providing a systematic way of constructing the approximation
functions.

Ideally speaking, an effective computational method should have the following
features:

1. It should have a sound mathematical as well as physical basis (i.e., yield convergent
solutions and be applicable to practical problems).

2. It should not have limitations with regard to the geometry. the physical composition of
the domain, or the nature of the “loading.”

3. The formulative procedure should be independent of the shape of the domain and the
specific form of the boundary conditions.

4. It should be flexible enough to allow different degrees of approximation without refor-
mulating the entire problem.

5. It should involve a systematic procedure that can be automated for use on digital
computers.
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The finite element method is a technique in which a given domain is represented as 4
collection of simple domains, called finite elements. so that it is possible to systematically
construct the approximation functions needed in a variational or weighted-residual approx-
imation of the solution of a problem over each element. Thus, the finite element method
differs from the traditional Ritz, Galerkin. least-squares, collocation, and other weighted-
residual methods in the manner in which the approximation functions are constructed. But
this difference is responsible for the following three basic features of the finite element
method:

L. Division of whole domain into subdomains that enable a systematic derivation of the
approximation functions as well as representation of complex domains.

2

Derivation of approximation functions over each element. The approximation functions
are often algebraic polynomials that are derived using interpolation theory. However,
approximation functions need not be polynomials (like in meshless form of the finite
element method).

3. Assembly of elements is based on conti nuity of the solution and balance of internal fluxes:
the assemblage of elements results in a numerical analog of the mathematical model of
the problem being analyzed.

These three features, which constitute three major steps of the finite element formulation.
are closely related. The geometry of the elements used to represent the domain of a problem
should be such that the approximation functions can be uniquely derived. The approximation
functions depend not only on the geometry but also on the number and location of points,
called nodes, in the element and the quantities to be interpolated (e.g., solution, or solution
and its derivatives). Once the approximation functions have been derived. the procedure to
obtain algebraic relations among the unknown coefficients (which give the values of the
dependent variable at the nodes) is exactly the same as that used in the Ritz and weighted-
residual methods. Hence, a study of Chapter 2, especially the weak-form development and
the Ritz method, makes the present study easier.

The finite element method not only overcomes the shortcomings of the traditional
variational methods, but it is also endowed with the features of an effective computational
technique. The basic steps involved in the finite element analysis of a problem are given in
Table 3.1.1.

In the sections that follow, our objective is to introduce many fundamental ideas that form
the basis of the finite element method. In doing so, we postpone some issues of practical
and theoretical complexity to later sections of this chapter and to Chapters 4—14. The
basic steps of a finite element analysis are introduced via a model second-order differential
equation,

3.2 BASIC STEPS OF FINITE ELEMENT ANALYSIS
3.2.1 Model Boundary Value Problem
Consider the problem of finding the function u(x) that satisfies the differential equation

] d
‘ (a_—E) Teu—f=0 for Q=<3 <1 {3.2.1)

o x o x
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Table 3.1.1 Steps involved in the finite element analysis of a typical problem.

[, Discretization (or representation) of the given domain into a collection of preselected finite elements. (This

step can be postponed until the finite element formulation of the equation is completed. )

(¢r) Construct the finite element mesh of preselected elements.

{H) Number the nodes and the elements,

(¢) Generate the geometric properties (e.g., coordinates and cross-sectional areas) needed for the problem,
2. Derivation of element equations for all typical elements in the mesh.

(er) Construct the variational formulation of the given differential equation over the typical element,

(i) Assume that a typical dependent variable s is of the form

M
= E iy

i=l

and substitute it into Step 2a to obtain element equations in the form
(K ut} = F*}

(¢) Select, if already available in the literature, or derive element interpolation functions 1 and compute the
element matrices.

3. Assembly of element equations to obtain the equations of the whole problem.
{a) ldentify the interelement continuity conditions among the primary variables ( relationship between the local
degrees of freedomand the global degrees of freedom—connectivity of elements) by relating element nodes
to global nodes.
(#) ldentity the “equilibrium” conditions among the secondary variables (relationship between the local source
or force components and the globally specified source components).
() Assemble element equations using Steps 3a and 3b.
4. Imposition of the boundary conditions of the problem.

() ldentify the specified global primary degrees of freedom,

(h) ldentify the specified global secondary degrees of freedom (if not already done in Step 35).
5. Solution of the assembled equations.
6. Postprocessing of the results.

(a) Compute the gradient of the solution or other desired quantities from the primary degrees of freedom
computed in Step 3.

(b} Represent the results in tabular and/or graphical form.

and the boundary conditions

d it
u(0) = . (r.fd—) ‘ =0y (322

X lx=L

where a =a(x), e =c(x), [ = f(x), and ug, and Qy are the data (i.c., known quantities) of
the problem. Equation (3.2.1) arises in connection with the analytical description of many
physical processes. For example. conduction and convection heat transfer in a plane wall
or fin [see Fig. 3.2.1(a)], low through channels and pipes, transverse deflection of cables,
axial deformation of bars [see Fig. 3.2.1(h)], and many other physical processes are de-
scribed by Eq. (3.2.1). A list of field problems described by Eq. (3.2.1) when ¢(x) =0 are
presented in Table 3.2.1 [see Reddy (2004)]. Thus, if we can develop a numerical procedure
by which Eq. (3.2.1) can be solved for all possible boundary conditions, the procedure
can be used to solve all field problems listed in Table 3.2.1, as well as many others. This
fact provides us with the motivation to use (3.2.1) as the model second-order equation in
one dimension. A step-by-step procedure for the formulation and solution of (3.2.1) by the
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Figure 3.2.1 (a) Heat transfer in a fin. (b) Axial deformation of a bar. (¢) Mathematical idealization
of the problem in (a) or (b).

finite element method is summarized in Table 3.1.1. The mathematical problem consists
of solving the differential equation (3.2.1) in one-dimensional domain € = (0, L) subject
to a suitable set of specified boundary conditions at the boundary points x =0 and x = L.
as shown in Fig. 3.2.1(c). As already shown in Chapter 2, the type of boundary condi-
tions associated with a differential equation emerges in a natural way during the weak-
form development of the differential equation. A detailed discussion of these ideas is
presented next.

3.2.2 Discretization of the Domain

In the finite element method, the domain €2 of the problem [Fig. 3.2.2(a)] is divided into a
set of subintervals, i.e., line elements, called finite elements. A typical element is denoted
€2, and it is located between points A and B with coordinates x, and x; (i.e., of length
he =x, — x,). The collection of finite elements in a domain is called the finite element
mesh of the domain [see Fig. 3.2.2(b)].

The reason for dividing a domain into a set of subdomains, i.e., finite elements. is two-
fold. First, domains of most systems, by design, are a composite of geometrically and/or
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Table 3.2.1 Some examples of engineering problems governed by the second-order equation (3.2.1)
(see the footnote for the meaning of some parameters®).

EEE Problem data SeaonchLy
Field variable variable
of study u a o I o
Heat Temperature Thermal Surface Heat Heat
transfer T—Ts conductance convection generation Q
kA APS f
Flow through Fluid head Permeability 0 Infiltraction Point source
porous medium I i r €
Flow through Pressure Pipe resistance 0 Point source
pipes P /R l o
Flow of Velocity Viscosity 1] Pressure gradient  Shear stress
viscous Auids Uy it —dPldx fo
Elastic cables Displacement  Tension 0 Transverse force Point force
i T i P
Elastic bars Displacement  Axial suffness 0 Axial force Point force
i EA T r
Torsion of Angle of Shear 0 0 Torque
bars twist stiffness T
f GJ
Electrostatics Electrical Dielectric (] Charge Electric
potential constant density flux
& £ Fe E

“k = thermal conductance: f = convective film conductance; p = penmeter: P = pressure or force; T = ambient temperature
of the surrounding fluid medium; R = 128h/(md®) with @ being the viscosity, & the length, and & the diameter of the pipe;
F = Young's modulus: A = area of cross section; J = polar moment of inertia.

materially different parts, and the solution on these subdomains is represented by different
functions that are continuous at the interfaces of these subdomains. Therefore, it is appro-
priate to seek approximation of the solution over each subdomain. Second, approximation
of the solution over each element of the mesh is simpler than its approximation over the
entire domain. Approximation of the geometry of the domain in the present case is not a

(et)

Element

End points of an interval Q= (x;x5)

(b)

Figure 3.2.2 (a) Whole domain. () Finite element discretization (mesh}.
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concern, since it is a straight line. We must, however, seek a suitable approximation of the
solution over each subdomain (i.e., finite element).

The number of elements into which the total domain is divided in a problem de-
pends mainly on the geometry of the domain and on the desired accuracy of the solu-
tion. In the one-dimensional problem at hand. geometry is simple enough to represent
it exactly. Since the exact solution is not known a priori, we may begin with a num-
ber of elements that are considered to be reasonable. Most often, the analyst has knowl-
edge of the qualitative behavior of the solution, and this helps to choose a starting mesh.,
Whenever a problem is solved by the finite element method for the first time, we are
required to investigate the convergence of the finite element solution by gradually refin-
ing the mesh (i.e., increasing the number of elements) and comparing the solution with
those obtained by higher-order elements, The order of an element refers to the degree of
polynomial used to represent the solution over the element. This is made clearer in the
sequel.

3.2.3 Derivation of Element Equations

Next, we develop the algebraic equations among the unknown parameters, much the same
way as we did in the Ritz and Galerkin methods discussed in Chapter 2 [see Eq. (2.5.5)].
The main difference here is that we work with a finite element (i.e., subdomain) as opposed
to the total domain, This step results in a matrix equation of the form [K“){¢*) = [F*},
which is called the finite element model of the original equation. Since the element is
physically connected to its neighbors, the resulting algebraic equations will contain more
unknowns (¢“s as well as F's are unknown in the element equations) than the number of
algebraic equations. Then it becomes necessary to put the elements together (i.e., assembly)
to eliminate the extra unknowns. This process is discussed in Section 3.2.5.

The derivation of finite element equations, i.e., algebraic equations among the
unknown parameters of the finite element approximation, involves the following three
steps:

I. Construct the weighted-residual or weak form of the differential equation.
2. Assume the form of the approximate solution over a typical finite element.

3. Derive the finite element equations by substituting the approximate solution into the
weighted-residual or weak form.

A typical element €, = (x,. xp) [see Fig. 3.2.3(a)], whose endpoints have the coordi-
nates x = x, and x = xy, is isolated from the mesh. We seek an approximate solution to the
governing differential equation over the element. In principle, any method that allows the
derivation of necessary algebraic relations among the nodal values of the dependent variable
can be used. In this book we develop the algebraic equations using the Ritz method, which
is based on the weak form of the differential equation, Other methods, such as the least-
squares method, may also be used to construct the finite element equations. Apart from the
method used to derive the algebraic equations, the steps presented in this book for the Ritz
(or weak-form Galerkin) finite element models are the same for other methods. The three
steps in the derivation of finite element equations associated with the model differential
equation over a rypical element of the mesh are discussed next.
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Figure 3.2.3 Finite element discretization of a one-dimensional domain for the model problem in
(3.2.1). (a) A typical finite element from the finite element mesh. (b) A typical element,
with the definition of the primary (1) and secondary ( () variables at the element nodes,

Step 1. Weak Form and Minimum of a Quadratic Functional

In the finite element method, we seek an approximate solution to (3.2.1) over each finite
element. The polynomial approximation of the solution within a typical finite element 2,
is assumed to be of the form

"
up=Yy uiyt(x) (3.2.3)

1=l
where u; are the values of the solution «(x) at the nodes of the finite element ., and ﬂfj are
the appmxlmdtlon functions over the element. The particular form in (3.2.3) will be derived
in the next section. Note that the approximation in (3.2.3) differs from the one used in the
Ritz method in that ¢ ;¢b; (x) is now replaced with «¢ j < (and ¢y = ), and u¢ |]|d}"s the role of
undetermined parameters and ¥ the role of dppmxmmtmn functions. As WL shall see later,
writing the .lpprummdlmn in terms of the nodal values of the solution is necessitated by the
fact that the continuity of u(x) between elements can be readily imposed. The coefficients
u‘; are determined such that (3.2.1) is satisfied in a weighted-integral sense. As discussed
in Chapter 2, the necessary and sufficient number of algebraic relations among the i, can
be obtained by recasting the differential equation (3.2.1) in a weighted-integral Iorm

Y d du )
0= Wl l———I1a— )+cu— f| dx {3.2.4)
3 dx \ dx

where w (x) denotes the weight function and 2, = (x,,, x;) is the domain of a typical element
[see Fig. 3.2.3(a)]. For u =~ uj and each independent choice of w, we obtain an independent
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algebraic equation relating all 1 of the element. A total of n independent equations are
required to solve for the parameters u, j=1,2....,n. When w is selected to be
and (3.2.4) is used to obtain the ith equation of the required n equations, the resulting
finite element model (i.e., system of algebraic equations among the nodal values) is termed
the Galerkin finite element model. Since (3.2.4) contains the second derivative of u, the
approximation functions yr{ must be twice differentiable. In addition, if the secondary
variables are to be included in the model, ¢ must be at least cubic. Similar arguments
apply for cases of the weighted-residual methods discussed in Chapter 2. For details of the
weighted-residual finite element models, see Chapter 14 and Reddy (1986).

To weaken the continuity required of the functions ¢ (x), we trade the differentiation
in (3.2.4) from u to w such that both & and w are differentiated equally—once each in the
present case. The resulting integral form is termed the weak form of (3.2.1). This form is
not only equivalent to (3.2.1) but it also contains the natural boundary conditions of the
problem. The three-step procedure of constructing the weak form of (3.2.1) was presented
in Chapter 2 and is revisited in the next few paragraphs.

The first step is to multiply the governing differential equation with a weight function
w and integrate over a fypical element, as given in (3.2.4). The second step is to trade
differentiation from u to w using integration by parts:

" Xy d 3 d j Xh
U:] (ui—u + ewiu — wf) dx — [H!(fi—;] (3.2.5)

dx dx X

Xa

The third and last step is to identify the primary and secondary variables of the weak
form. This requires us to classify the boundary conditions of each differential equation into
essential (or geometric) and natural (or force) boundary conditions. The classification is
made uniquely by examining the boundary term appearing in the weak form (3.2.5),

du Xk
wa—
o x S

As a rule, the coefficient of the weight function w in the boundary expression is called
a secondary variable, and its specification constitutes the natural or Neumann boundary
condition. The dependent unknown u in the same form as the weight function w appearing
in the boundary expression is termed a primary variable, and its specification constitutes
the essential or Dirichlet boundary condition. For the model equation at hand, the primary
and secondary variables are

u
u and a—=0Q
dx

The primary and secondary variables at the nodes are shown on the typical element in
Fig. 3.2.3()).

In writing the final form of the weighted-integral statement (i.e., weak form) we wish
to use, we must address the fate of the boundary terms. For a typical line element, the end
points (nodes | and 2) are the boundary points. At these points we have the following four
conditions (none of them specified at the moment)

du

du
: : _ g g T
uy (xo) =y, | —a—— = 0, U, (xp) =us5, | a— =05
GX Loy dx Je
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[ we select uj (x) in (3.2.3) such that it automatically satisfies the end conditions us (x,) =
uy and uy (x,) = w5, then it remains that we include the remaining conditions

1 du
o=(-ag)| . e=(e%)].

in the weak form (3.2.5). With the notation in (3.2.6), the weak form becomes

(3.2.6)

dx dx

{
0= f (rﬂﬂ +ewu — wf) dx —w(x,)Q1 — wixp) 0> 32.7)

This completes the three-step procedure of constructing the weak form of the model
equation (3.2.1). The finite element model based on the weak form (3.2.7) is called the
weak form Galerkin finite element model. 1t is clear that the weak form (3.2.7) admits
approximation functions that are lower order than the weighted-residual statement (3.2.4).

Students of engineering recognize that Fig. 3.2.3(b) is the free-body diagram of a typical
element. For axial deformation of bars, u denotes displacement, du /dx is the strain &, E¢
is the stress o, and Ao denotes the force, where £ is Young’s modulus and A is the
area of cross section of the bar; hence, Q = EA(du/dx)=a(du/dx) has the meaning of
force. The quantities Qf and Qf are the reaction forces at the left and right ends of the
member; Qf is a compressive force while Qf is a tensile force [algebraically, both are
positive, as shown in Fig. 3.2.3(h)]. For heat conduction problems, u denotes temperature,
du/fdx is the temperature gradient, —k (du /dx) is the heat flux g, and Ag denotes the heat,
where & is the thermal conductivity and A is the area of cross section of the bar; hence,
O =kA(du/dx)=aldu/dx) has the meaning of heat; 1 =—kA(du/dx), is the heat
input at node 1, while Q5 =kA(du/dx), denote the heat input at node 2. Thus, the arrow
on the second node should be reversed for heat transfer problems. For additional details on
heat transfer, see Section 3.3.1.

The weak form in (3.2.7) contains two types of expressions: those containing both w
and u (bilinear form) and those containing only w (linear form):

A d 'd
Bf(w,u) = f (ﬂ—u ek ~|—("wu) dx
% dx dx

o

Ky = f w fdx +wixg) Q)+ wixy) 0

“n

The weak form can be expressed as
BY(w,u)y=1(w) (3.2.9)

which is called the variational problem associated with (3.2.1). As will be seen later, the
bilinear form results directly in the element coefficient matrix, and the linear form leads to the
right-hand-side column vector of the finite element equations. Derivation of the variational
problem of the type in (3.2.9) is possible for all problems described by differential equations.
However, the bilinear form B“(w, u) may not be linear in u, and it may not be symmetric
in its arguments w and u.

Those who have a background in applied mathematics or solid and structural mechanics
will appreciate the fact that the variational problem (3.2.9), when B®(w. u) is symmetric
B(w, u)=B(u, w)and [°(w) is linear in w, is the same as the statement of the minimum
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of the quadratic functional [“(u), §1° =0, where

: L .
“(u) = EB‘(M. w) —1(u)
. ] (,:fu)-’+ it | e
= " a e e | dx
VA
—j i f dx —ulx,)Q) — ulxy) Qs (3.2.10)

Thus, the relationship between the weak form and the minimum of quadratic functional 1¢
is obvious |cf. (3.2.9)]:

0=81I"=B"(w,u) —1I°(w), w=24u

The statement /¢ = 0 in solid and structural mechanics is also known as the principle
of minimuni total potential energy. When (3.2.1) describes the axial deformation of a bar,
;lh‘"{u. i) represents the elastic strain energy stored in the bar element, /*(«) represents the
work done by applied forces, and 1¢(u) is the total potential energy (I1¢) of the bar element.
Thus, the finite element model can be developed using either the statement of the principle of
minimum total potential energy of an element or the weak form of the governing equations
of an element. However, this choice is restricted to those problems where the minimum
of a quadratic finctional /“(u) corresponds to the governing equations. On the other hand,
we can always construct a weak form of any set of differential equations, linear or not,
of order 2 and higher. Finite element formulations do not require the existence of the
functional /¢(u); they only need weighted-integral statements or weak forms. However,
when the functional /¢ (1) exists with an extremum (i.e., minimum or maximum principle),
existence and uniqueness of solution to the variational problem and its discrete analog can
be established. In all problems discussed in this book, the variational problem is derivable
from a quadratic functional.

Step 2. Approximate Solution

Recall that in the traditional variational methods, approximate solutions are sought over the
total domain €2 = (0. L) at once. Consequently, the approximate solution [u(x) = Uy (x) =
Y ¢ipi(x) 4+ polx)] is required to satisfy the boundary conditions of the problem. This
places severe restrictions on the derivation of the approximation functions ¢; (x) and ¢y(x),
especially when discontinuities exist in the geometry, material properties, and/or loading
of the problem (see Chapter 2 for details). The finite element method overcomes this short-
coming by seeking approximate solution (3.2.3) over each element. Obviously, geometry
of the element should be simpler than that of the whole domain, and the geometry should
allow a systematic derivation of the approximation functions, as we shall see shortly.

To put the elements back together into their original positions, i.e., connect the approx-
imate solution from each element to form a continuous solution over the whole domain,
we require the solution to be the same at points common to the elements. Therefore, we
identify the end points of each line element as the element nodes, which play the role
of interpolation points (or base points) in constructing the approximation functions over
an element. Depending on the degree of polynomial approximation used to represent the
solution, additional nodes may be identified inside the element.
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Since the weak form over an element is equivalent to the differential equation and the
natural boundary conditions (3.2.6), i.e., conditions on Q¢ of the element, the approximate
solution uj, of (3.2.3) is required to satisfy only the end conditions wuy (x) =ug and u§ (x;) =
5. We seek the approximate solution in the form of algebraic polynomials, although this is
not always the case. The reason for this choice is two-fold: First, the interpolation theory of
numerical analysis can be used to develop the approximation functions systematically over
an element; second, numerical evaluation of integrals of algebraic polynomials is easy.

As in classical variational methods, the approximation solution «§ must fulfill certain
conditions in order that it be convergent to the actual solution u as the number of elements
is increased. These are:

| Tt should be continuous over the element and differentiable, as required by the weak form.

2. It should be a complete polynomial, i.e., include all lower-order terms up to the highest
order used.

3. It should be an interpolant of the primary variables at the nodes of the finite element (at
least the nodes on the boundary of the element so that the continuity of the solution can
be imposed across the interelement boundary).

The reason for the first condition is obvious; it ensures a nonzero coefficient matrix. The
second condition is necessary in order to capture all possible states, i.e., constant, linear, and
so on, of the actual solution. For example, if a linear polynomial without the constant term is
used to represent the temperature distribution in a one-dimensional system, the approximate
solution can never be able to represent a uniform state of temperature in the element should
such a state occur. The third condition is necessary in order to enforce continuity of the
primary variables at points common to the elements.

For the weak form in (3.2.7), the minimum polynomial order of «, is linear, A complete
linear polynomial is of the form

uy(x) =cf + c5x (3.2.11)

where ¢} and ¢ are constants. The phrase “complete polynomial” refers to the inclusion of
all terms up to the order desired; omission of ¢ would make it an incomplete linear poly-
nomial. Similarly, ¢{ 4+ ¢§x? is an incomplete quadratic polynomial because the linear term
s missing. The expression in (3.2.11) meets the first two conditions of an approximation.
The third condition is satisfied if ¢{ and ¢§ meet the conditions

uy(xa)=ci+cxa=ul,  uh(xp) =c¢§ +c5xp = us (3:2.12)

Equation (3.2.12) provides two relations between (¢}, ¢5) and (uf, u5), which can be ex-
pressed in matrix form as

u l x ct
= R (3.2.13)
i I x5 | |3
Inverting (3.2.13), we obtain
¢ = - (uixp — uhxe) = o—(ejuf + a5us)
s e
£ I ¢ ¢ I e ¢ e F
ca = -luy—uj) = —(Bruy + Bauz) (3.2.14)
[ o
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where h, = xp, — x, and (&f = xp, @5 = —x,, By =1, and g5 =—1)
of =(=1)x8, F=(D af=x. =X (3.2.15)
In(3.2.15), i and j permute in a natural order:
ifi=1 thenj=2; ifi=2 thenj=1
The @ and f#f are introduced to show the typical form of the interpolation functions.

Substituting ¢ and ¢§ from (3.2.15) into (3.2.11), we obtain

up(x) = ﬁ[(a‘lu‘l + asub) + (Bug + Prus)x]

1 T S
= —(af + pix)u] + — (o5 + Brx)u;
h B = =
= O P us =Y U (ou (3.2.16)
=1
where
s 1 ) " Xp—X i | i 3 X — X,
‘(r)= —(af + fix)=——", P =—@+p="—H=— (217
he Xp— X4 h, Xp — Xa

which are called the linear finite element approximation functions.
The approximation functions ¥ (x) have some interesting properties. First, note that

N'II = H};(Iu] = w;’(v’fu)“{; o ‘r""'_g(xrr]“g
implies ¥ (x,) =1 and 5 (x,) =0. Similarly,

uh = Uy (xp) = Wy (xp)u' + Yo (X )u5
gives | (xp) =0 and W5 (xp) = 1. In other words, ¢ is unity at the ith node and zero at the
other node. This property is known as the interpolation property (i.e., uj, is an interpolant
of u(x) through nodes | and 2) of {(x) and they are also called interpolation functions.
When they are derived to interpolate function values only and not the derivatives of the
function, they are known as the Lagrange interpolation functions. When the function and
its derivatives are interpolated, the resulting interpolation functions are known as the Hermite
family of interpolation functions. These will be discussed in connection with beam finite
elements in Chapter 5.

Another property of ¢ (x) is that their sum is unity. To see this, consider a constant

state of uj, = co. Then the nodal values uf and w5 should be equal to each other and both
equal to the constant ¢g. Hence, we have

wl () =i (O + Y (xus=cp = 1= Pl () + s (x)
This property of ¢ (x) is known as the partition of unity. In summary, we have

0ifi=]j
Wix5) = ' # J. (3.2.18a)
: Lifi=j

1
3 Py = (3.2.18h)

=l
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True solution, w(x)

» o (5
&= oty

= Uy () + s W (x)
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u{.r.}T =] T
€ - .
1y Wy (x) _,
I(
UYL (x)
’ F + 1 ot
p— = et - Hg‘
o L / 2
: Y=y >
2 5 X ]
i'l'| "] s~
e Y
| | o -'\‘ 2
> | "
9, O
(b)

Figure 3.2.4 (a) Linear interpolation functions. (b) Linear finite element approximation,

where x{ = x, and xj = x;, [see Eq. (3.2.15)]. The functions Y are showninFig. 3.2.4(q) and
uj, (x) is shown in Fig. 3.2.4(b). Although properties (3.2.18a) and (3.2.18b) are verified for
the linear Lagrange interpolation functions, they hold for Lagrange interpolation functions
of all degrees.

The element interpolation functions v in (3.2.17) were derived in terms of the global
coordinate x [i.e., the coordinate appearing in the governing differential equation (3.2.1)],
but they are defined only on the element domain Q, = (x,, x;). If we choose to ex-
press them in terms of a coordinate & (convenient in evaluating integrals of Yf). with
the origin fixed at node | of the element €., the functions Y of (3.2.17) in terms of
X are

PE® =1— 2, ¢iE)=— (3.2.19)
(B h,
The coordinate ¥ is termed the local or element coordinate |see Fig. 3.2.3(a)].

The interpolation functions ¢ are derived systematically: Starting with an assumed
degree of a complete algebraic polynomial for the primary variable u and determining
the coefficients ¢ of the polynomial in terms of the values ! of the primary variable u
at the element nodes, the primary variable is finally expressed as a linear combination of
approximation functions ¥ (x) and the nodal values u¢, which are called the element nodal
degrees of freedom. The key point in this procedure is the selection of the number and the
location of nodes in the element so that the geometry of the element is uniquely defined and
interelement continuity may be easily imposed. The number of nodes must be sufficient to
allow the rewriting of the coefficients in the assumed polynomial in terms of the primary
variables. For a linear polynomial approximation, two nodes with one primary variable per
node are sufficient to rewrite the polynomial in terms of the values of the primary variable
at the two nodes and also define the geometry of the element, provided the two nodes are
the end points of the element.

The degree (or order) of the polynomial approximation can be increased to improve the
accuracy (see Fig. 3.2.5). To illustrate the derivation of the interpolation functions of higher
order, we consider the quadratic approximation of u(x)

uj (x) = ¢ + c5x + c5x° (3.2.20)
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wix) \ i) /

(at) {h)

Figure 3.2.5 (a) Linear approximation. (#) Quadratic approximation.

Since there are three parameters ¢f (i = 1, 2, 3), we must identify three nodes in the element
so that the three parameters can be expressed in terms of the three nodal values uf. Two
of the nodes are identified as the endpoints of the element to define its geometry, and the
third node is taken interior to the element. In theory, the third node can be placed at any
interior point. However, the midpoint of the element, being equidistant from the end nodes,
is the best choice. Other choices are dictated by special considerations (e.g., to have a
certain degree of singularity in the derivative of the solution), and we will not discuss such
special cases here. Thus, we identify three nodes, two at the ends and one in the middle,
of the element of length A/, [see Fig. 3.2.5(h)]. Following the procedure outlined for the
linear polynomial, we eliminate ¢ by rewriting uj (x) in terms of the three nodal values,
(), w5, u3). The three relations among ¢ and u; are

) = (e = + 5 + 5 xf)?

uh = ul(x$) =t + c5xs + ¢5(x5)° (3.2.21a)

£

i A 14 = S i 2
uy = uy(x3) =i + c5x3 + c3(x3)

or, In matrix form,

& & FLa ) £

i | | x| {—t| } c |

bl x| e (3.2.21h)
3 pn 3 o

u{i | .T: (/\.% ¥= (1;

where xf (i =1, 2, 3) is the global coordinate of the ith node of the element €2, (x] = x,,
x5 =Xy + 0.5k, and x§ = x;,). Inverting (3.2.21h), we obtain

¢y = — aju;, o =x50x)° — x(x})

Bf = (x5)* — (xf)* (3.2.22)

5%
|
&
g
=
=
.."..._

3
I -

B e e, &__ g B e B __ ¢

€3 = D E viup, v =—x;—x), D = E w;
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where D¢ denotes the determinant of the matrix in (3.2.21b), and o, B¢, and y¢ are defined

in (3.2.22) in terms of the nodal coordinates. The subscripts used in (3.2.22) permute in a
natural order:

if i=1, then j=2 and k=3
if i=2, then j=3 and k=] (3. 2,233
if i=3, then j=1 and k=2

For example, a5, B, and ¢ are given by
: v end ™~ . 2 a2 - ] -
o) =) =20’ B =0 - (2 yf=af —

Note that if x§ is very close to either xy or x (i.e., node 2 is placed close to node 1 or
node 3), making the rows of the coefficient matrix in (3.2.21) nearly the same, which makes
the matrix nearly singular and not invertable.

Substituting for ¢; from (3.2.22) into (3.2.20) and collecting the coefficients of uf, us,
and u§ separately, we obtain

3
Wy (X) = Y (a5 (x)us + 9 (s = Z Y (xu (3.2.24)

J=1

where yr{ are the quadratic Lagrange interpolation functions,

[ , L
Vi) = —lef + Bix /%) (i=1,2,3) (3.2.25)

Once again, the quadratic interpolation functions can be expressed in terms of the local
coordinate X. When the interior node, node 2, is placed at a distance ¥ =ah,, 0 <o < I,
the quadratic interpolation functions are given by

i X | x

gy _E (% (3.2.26)
v2(x _-:r(l—or)h h [
i i | &
[ R 5 S I— U
V(%) (I—a)k( uh)

For o = gl i.e., when node 2 is placed at the midpoint of the element, the interpolation

functions in (3.2.26) become
X 2%
fE)=(1—-2= 1 — —
ki ( h)( h)

diey =g [y %
W (%) = 4h (l h) (3.2.27)

Plots of the quadratic interpolation functions are givenin Fig, 3.2.6. The function ¥/ isequal
to I at node i and zero at the other two nodes, but varies quadratically between the nodes.
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()

Figure 3.2.6 One-dimensional Lagrange quadratic element and its interpolation functions:
(a) geometry of the element; (b) interpolation functions.

The interpolation properties (3.2.18a) and (3.2.186) can be used to construct the
Lagrange interpolation functions of any degree. For example, the quadratic interpolation
functions (3.2.27) can be derived using the interpolation property (3.2.18a). Since yrj(¥)
must vanish at nodes 2 and 3, ie., at ¥ = %hg and x = h,., respectively, ¥} (X) is of the
form

S ] .
W) =C1(x — 3”")“ —h,)
The constant € is determined such that /| is equal to 1 at x = 0:

I >
1 =C(0— Eht-){U—hE.) of C;=2/h;

FIRTIEE. - T - X 2%
Py (x) = E(,lr - ;jh,.)(x —h,)= (] = E) (1 - E)

which is identical to that in (3.2.27). The other two interpolations functions can be derived
in a similar manner.

Although a detailed discussion is presented here on how to construct the Lagrange
interpolation functions for one-dimensional elements, they are readily available in books
on numerical analysis, and their derivation is independent of the physics of the problem to
be solved. Their derivation depends only on the geometry of the element and the number
and location of the nodes. The number of nodes must be equal to the number of terms in
the polynomial. Thus, the interpolation functions derived above are useful not only in the
finite element approximation of the problem at hand but also in all problems that admit

This gives
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Lagrange interpolation of the variables, i.e., all problems for which the primary variables
are the dependent unknowns—not their derivatives.

Step 3. Finite Element Model

The weak form (3.2.7) or (3.2.9) is equivalent to the differential equation (3.2.1) over
the element €2, and it also contains the natural boundary conditions (3.2.6). Further, the
finite element approximations (3.2.16) and (3.2.24) are the interpolants of the solution. The
substitution of (3.2.16) or (3.2.24) into (3.2.7) will give the necessary algebraic equations
among the nodal values u} and Q7 of the element £2,.. In order to develop the finite element
model based on the weak form (3.2.7), it is not necessary to decide a priori the degree of
approximation of uj . The finite element model can be developed for an arbitrary degree of
interpolation:
0
u =y uP(x) (3.2.28)
i=1
where y¢ are the Lagrange interpolation functions of degree n — 1. For n > 2, the weak
form in (3.2.7) must be modified to include nonzero secondary variables, if any, at interior
nodes. This modification is discussed next.
The integration by parts in Step 2 [see Eq. (3.2.5)] of the weak-form development for
an element with interior nodes is carried out by intervals (x{, x5), (x5, x$), ..., (x5, x5

5 E /‘-ffu dw du i r)d ( du ]
= 4— — W — W X — | wix)a—
g dx dx " " : i dx

: -
fi= | x

Y dw du ; 3 du o1 du
= . e +ewu —wf ) dx — w(x)) Sl . — wi(x3) @ )
() du ) du
—wx3) | —a— | —wix el e
& “dx ¢ 3\ % dx "
) a‘u) ( L,}( elu
—wix —g— — w(2 1 —
0 T PR "
o/ dw du , R du
= d——Fewn—wf | dx = wix) | —a—
Xt dx dx dx ¥
W) ( du) +( du) ) du) +( i
— wi(x5 68— + | —a— — w(x! — —a—
o dx J Ydx L PN dx / . “dx v

W ) ( du) g du) ) du
----- vix 4 — —a— — w{ ==
.ol dx A= 2 dx e e dx J ..

Y/ dw du _ a2 o . o
= f d— — + Wi — w_,“) dx —w(x)) Q] —wx3) 05 — w(x5) 04
xt dx dx ; ) R

— swaayixt )OF . —wixSY0s (3.2.29a)
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where x{ and x{" denote the left and right sides, respectively, of node i, and

- ( du) 0 ( du) 2 ( u’u)
4= —a— y &2 = a— B
dx xl > dx vy dx X
: i du 2 du
er == I:(aﬂ)_r:._ ¥ (_”E;)Lﬁ:-l] ’ Qri’ 3 (q l.:l".;)l_,.

i—| g n

(3.2.295)

Thus, Qf,i=2.3,...,n — |, denotes the Jump in the value of the secondary variable in
going from the left to the right of the ith node. This value is zero if no external source is
applied at the node. Thus, for an element with n nodes. the weak form becomes

0 / * [ ) / f ek Z (x9) Q" (3.2.30)
—_ _— VR A‘ M ? ¥ — W e~ s A b o
! a Ix de TEwH ) ¢ g wq dx vi(x;)Qf

j=1

Note that Qf = @ and Q¢ = @}, represent the unknown point sources at the end nodes.
and all other Qf (i =2.3,...,n — 1) are the specificed point sources, if any, at the interior
nodes.

Next, we develop the finite element model of Eq. (3.2.1) when the (n — [)st-degree
Lagrange polynomials are used to approximate ¢ (x). Following the Ritz procedure devel-
oped in Section 2.5.2, we substitute (3.2.28) for u and w = Yi.w=y3, ..., w=v¢ into
the weak form (3.2.30) to obtain n algebraic equations:

B d]"”r{g - ¢ ff%’:r I:I & < [ (& e rf - (& (& (S
e f{ [a d_rl (Z“;‘T;) + o (Zr.fjlfrj(x)) — 4 .;’:] dx~ ;wl (x4) Q"

=1 =l

(I'st equation)

& (:'1;5“5 = e dw" @ = i L e r 3 ol &
0 = /L‘r |:u F (}.Z[uj _('j) =+ {-b’fj (Z“_I,'lfflr-(«\.)) == i,ff?_fJ dx — ;L’IE{"‘})Q_;

i=1

(2nd equation)

o= [ {aﬁx_ (Zu@—_ Fevr (L) s | ds =3 vt

i=l

(ith equation)

=l

- ﬂr‘l‘{f: . {4 dq’{f; & - e & £ . i o e
0= [ [ﬁ? (Z i ¥ + cifr, ;rz | ﬁif_,- (x) ) = f | dx — ; 7% (x9)Q

(r1th equation)
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The ith algebraic equation of the system of n equations can be written as

"
0= Kjus—ff— @ (i=1,2....n) (3.2.31a)
i=l
where
v ( dyrf dr§
e

Ta

+ ey ) dx

Lp
fr= f fie dx (3.2.31h)

Note that the interpolation property (3.2.18a) is used to write
n
D w05 =0; (3.2.32)
j=l
Equations (3.2.31a) can be expressed in terms of the coefficients K, f, and QF as
g+ Kipuy + -+ Ky, = f7 + Q)

I"‘cvg'lugll + K”JE”[_’ mnk ¢l K;H“’:; = -f; * Q:‘I’

(3.2.33a)
Ko +KSus + oo+ Ko u, = f5+ OF
[n matrix notation, the linear algebraic equations (3.2.33a) can be written as
[KNu)={f}+{Q°} or Ku'=f+Q° (3.2.33h)

The matrix K¢ is called the coefficient matrix, or stiffness matrix in structural mechan-
ics applications. The column vector f¢ is the source vecior, or force vector in structural
mechanics problems. Note that Eq. (3.2.33) contains 2n unknowns: (e}, w5, ... uy) and
(Qf, 0%, .... 0Qy), called primary and secondary element nodal degrees of freedom: hence,
it cannot be solved without having an additional n conditions. Some of these are provided
by the boundary conditions and the remainder by “balance™ or equilibrium of the secondary
variables Q¢ at nodes common to several elements. This balance can be implemented by
putting the elements together (i.e., assembling the element equations). Upon assembly and
imposition of boundary conditions, we shall obtain exactly the same number of algebraic
equations as the number of unknown primary and secondary degrees of freedom. The ideas
underlying the assembly procedure are discussed in the next section.

The coefficient matrix [ K ], which is symmetric, and source vector | f¢} can be evaluated
for a given element and data (a, ¢, and f). For elementwise-constant values of a, ¢, and f
(say, ., ¢, and f,) the coefficients K}, and /i can easily be evaluated for a typical element,
as discussed nexL.

Linear Element. For a mesh of linear elements, the element 2, is located between the
global nodes x, = x, and x;, = x4 [see Fig. 3.2.2(b)]. Hence,

. P RN e d & R
Kij= / (a ey, +f.-e..:f:’¢f;f) dx, ff= / P d

[
Js. dx dx

el
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or, in the local coordinate system ¥,

i 5 e h
. dre dir’ ‘
Kﬂ:] (a Vi f;+quﬁ)¢i fi= {1 Jfebi dx
[ .

(& - —
) dx dx 0

where x = x{ 4 ¥ and

dyrf  dyf
tx=d¥, —e=—_—=
o . dx dx
The yf can be expressed in terms of ¥ as [see (3.2.19)]
vi(¥)=1—xX/h.,, Y5 (E)=X/h,

We can compute K{; and ff by evaluating the integrals. We have

e [ D)) (-2

—%+1f
=7t gtk
x“ifﬂ (] SR T . I
e ] s - he ) he o he) h, “
a: | .
S ac-ﬁ,h,. = K5, (by symmetry)
h il
. 11 x X dp 1
K, = Ag——+Ce—— | d¥=-—"+ —c,h,
= j; ( h, h. ‘ h, h() ‘ h, ’ 3( '
Similarly,
fr f! / (I j) ds=1phy F=[ fEdr=ipa
= el 1 — — F=xfh  fi= e— dX == f.h,
J1 A h, 2 2 0 h, 2

Thus, for constant f,, the total source f.h, is equally distributed to the two nodes. The
coefficient matrix and column vector are

1

] (3.2.34)

| U =1 che (2 1] . fke
[KLWiq |}+6 Lz}”}_z

If a =a.x and ¢ =¢,, the coefficient matrix | K¢] can be evaluated as

v g  XeF Xag 1 -1 Ghe |2 1
K']l=— = — 3.2.35
L5 he ( 2 ) |:—] I iF 6 |1 2 ( )

The reader should verify this. Note that when ¢ is a linear function of x. this is equivi-
lent to replacing a in the coefficient matrix with its average value [compare (3.2.34) with
(3.2.39)]:

I
davg = 5':""‘(.‘ + Xet1)a,
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T ‘41‘ t rclr'+|
Axy=Ay[2 — (x/L)] Area of A= e -

cross section, A Q

Figure 3.2.7 Approximation of an element with linearly varying cross section by an equivalent ele-
ment of constant cross section.

For example, in the study of bars with linearly varying cross section (see Fig. 3.2.7)

i - ‘4'[.’+| T A{' s
a=EAx) ==~F|Ay+ ——%
h,
this amounts to replacing the linearly varying cross section with a constant cross section
within each element, the cross-sectional area of the constant section being the average area
of the linearly varying element. Here A, denotes the cross-sectional area at x, and A, is
the area at x = x,y.

Quadratic Element. For a mesh of quadratic elements, element €2, is located between
global nodes x, = x5, and x;, = x3,,. Hence,

Vet It dr
K, :f (u; il +r:,,1,!f;’1,£r_j') dx

Pe-1 dx dx
he f dyre Ay N
:j{: (ag—d?' d,{-} +cf",-’f,-'1,ff_,-) dXx (3.2.36a)
Xap| }!F
ﬁ:]‘ Wﬂﬁ:f yi fe dx (3.2.36h)
X2e—| 0

where (%) (i =1,2,3) are the Lagrange quadratic interpolation functions in (3.2.27).
Evaluating the integrals in (3.2.36a) and (3.2.365h), we obtain

f“«- ( 3+4_f)( 3+4f)
=g 1\ kTR R B

. 3% L ® )3 l 3x ip £\ -
| 1= — - — — X
; i, I, I, I, ¢
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e 3 48\ /4 8%
K, = il S S 5
. ﬁ l“ ( he " hf) (hc. hf)

Il

!

|

|
+
>
t-_'r-\.

i [’ } 4 8,?) ( 4 x.f)
3 — s — — _—— —
R he he)\h., h,
i i i i
A - ey ) VIS ) [ i 1%
T [4h(, ( hf):] [4}11, (J h,,):H =

and so on. Similarly,

f« e ,‘( _I 3~f +2 X 2 (f_ I ’l'i
i T A Je f’.'c, iEi,E. X—-ﬁ_,ﬂ?f,

he [~ = = 4
g=1" % 4i(l—i)] di=> ik,

i il -‘r'.’.t.

fi = f{ (by symmetry)

Thus, the element coefficient matrix and source vector for a quadratic element are

= 4 9 -1
]K"]:;:: -8 16 -8 +";g“ 2 16 2 (3.2.37a)
L1 -8 7 -1 2 4
[
i.f“}z%:fE l4l (3.2.37h)
I

Note that, for quadratic elements, the total value of the source f,h, is not distributed
equally between the three nodes. The distribution is not equivalent to that of two linear ele-
ments of length 1/1,. The computation of f should be based on the interpolation functions
of that element. The sum of 1 for any element should always be equal to the integral of
f(x) over the element:

Z = / E f(x)dx (3.2.38)
i=l Ya
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In summary, for elementwise-constant values of the dataa, ¢, and f. the element matrices
of a linear and quadratic elements are

Linear Element
de { == ; ch, |2 1 u Lh (3.2.39)
he | —1 I 6 (1 2 us Q{
Quadratic Element
T =B 1 | 4 2 -1 1
a, Celly : :
—8 16 —8 | 4- 2 16 2 -
3hi F30 : “2
L el 7 . 4 ut
ehe
_ f‘(’ -l Q‘ (3.2.40)
§]
Qr.

When the coefficient ¢, = 0, the corresponding contribution to the above equations should
be omitted.

When a, ¢, and f are algebraic polynomials in x, the evaluation of Ki; and f71
straightforward. When they are complicated functions of x, the integrals in [K¢] and {,f ]
are evaluated using numerical integration. A complete discussion of numerical integration
will be presented in Chapter 7.

3.2.4 Connectivity of Elements

In deriving the element equations, we isolated a typical element (the eth element) from
the mesh and formulated the variational problem (or weak form) and developed its finite
element model. The finite element model of a typical element contains n equations among 2n
unknowns, (4], u5, ..., uy) and (QF, QF, ..., Q). Hence, they cannot be solved without
using the equations from other elements to get rid of extra unknowns. From a physical point
of view, this makes sense because we should not be able to solve the element equations
without considering the complete set of elements and the boundary conditions of the total
problem.

To obtain the finite element equations of the total problem, we must put the elements
back into their original positions (undoing of what was done before formulating the discrete
problem). In putting the elements with their nodal degrees of freedom back into their original
positions, we must require that the solution «(x) is uniquely defined (i.e., & is continuous)
and their source terms Q¢ are “balanced” at the points where elements are connected to
each other. Of course, if the variable « is not continuous, we do not impose its continuity;
but in all problems studied in this book, unless otherwise stated explicitly (like in the case
of an internal hinge in the case of beam bending), the primary variables are assumed to be
continuous. The continuity of the primary variables refers to the single-valued nature of the
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solution; balance of secondary variables refers to the equilibrium of point sources. Thus,
the assembly of elements is carried out by imposing the following two conditions:

1. If the node i of element Q¢ is connected to the node j of element £/ and node k of
element ¢, the continuity of the primary variable u requires

“:c'] - ut}_,f'] = uj('["J (3.2.41)

When elements are connected in series, as shown in Fig. 3.2.8, the continuity of u requires

ut =yt (3.2.42)

[ |

2. For the same three elements, the balance of secondary variables at connecting nodes
requires

94 Q:.“ + 0P =0, (3.2.43)

where / is the global node number assigned to the nodal point that is common to the
three elements, and Q) is the value of externally applied source, if any (otherwise zero),
at this node [the sign of Q; must be consistent with the sign of Qf in Fig. 3.2.3(b)]. For
the case shown in Fig. 3.2.8, we have

0 if no external point source is applied
Q4 + OF '— ! @, ifan external point source of magnitude (3.2.44)
Q; is applied

u.--_uu«m o
n .
[e+1) {e=1}) fetl)
B iy h‘i=z w, Y (x)
I j=1
l |
! | 1 [ |
! ! | |
ety | ! :
* ;o !
. | i
l H
|
| ! .
wogee |1 i1 1]
it <%l | | et
0, J s o
23 n=l 1 Elementnodés 1 2 3 m=1 m
> Interior nodes
(a)
Q | Llﬁ-]
et
Q] : :; e+l
Qf”
| 2 3 m-=1 m

O, + Q‘T-l = Externally applied

(h)

Figure 3.2.8 Assembly of two Lagrange elements: (a) continuity of the primary variable: (b) balance
of the secondary variables.
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The balance of secondary variables can be interpreted as the continuity of a(du/dx)
[not a(duj, /dx)] at the node (say, global node /) common to elements 2, and £2,., when
no change in adu /dx is imposed externally:

or

du\* du\“"! . ST -
dx /, dx /,

d 1

If there is a discontinuity of magnitude Q; in a5 in going from one side of the node to the

other side (in the positive x direction), we |mpmc

f ¢ e+1
(—) ¥ (‘;7) =Q — @, + 07" =0, (3:3.458)
|

The interelement continuity of the primary variables can be imposed by simply renaming
the variables of all elements connected to the common node. For the connection in Eq.
(3.2.41), we simply use the name

ug"uj =u [;'” = fi” = U (3.2.46)
where [ is the global node number at which the three elements are connected. For example,
for a mesh of N linear finite elements (n = 2) connected in series [see Fig, 3.2.2(b)], we
have

ul =y u)_ _ul =5, u, —u[ =Us,.. uiy : =H']| 2 Ty, u_?’ =Unyi

Figure 3.2.9 shows the connected finite element solution, u;,, composed of the element
solutions uj,. From the connected solution, we can identify the global interpolation functions
@, which can be defined in terms of the element interpolation functions ¥ corresponding
to the global node 7, as shown in Fig. 3.2.9.

To enforce balance of the secondary variables, it is clear that we can set [see Eq. (3.2.44)]
Q{” + Qc 1.4 Q(’LJ equal to zero or to a specified value @, only if we have such an expres-
sion in th finite element equations. To obtain such expressions, it is clear that we must add
the ith equation of the element €2, the jth equation of element ¢, and the kth equation
of element §2,. For the case shown in Fig. 3.2.8, the nth equation of element €2, must be
added to the first equation of the element €2, , i.e., we add

Z K= fi+ 0

=1

and

n
e+ e+l  pesl et
DK =1t + 0

=1
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Figure 3.2.9 Global interpolation functions for the (a) linear elements and (b) quadratic elements.

to obtain
"
2 (Kju + K ity = £+ A7+ (05 + 05+
p= = f2 4 fetl 0y (3.2.47)

This process reduces the number of equations from 2N to N + 1 in a mesh of N linear
elements. The first equation of the first element and the last equation of the last element
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will remain unchanged, except for renaming of the primary variables. The left-hand side of
(3.2.47) can be written in terms of the global nodal values as

(K,

nl

i+ Kigus + -+ Kppg) + (K{ ™+ K gt e K
= (K:;I U\ + K.:el.l U-"'*"H . K:;”U,’\.f ik |)
+ (K Uninar + K5 Unpn + ..+ K Uniana)

]

=K*

il

+ K Unin 4.+ K U yan2 (3.2.48)

L

Un + KoUnsr + -+ Kf oy Ungnoz + (K5 + KT ) Unsas

nin—1) nn

where N = (n — 1)e + 1. For a mesh of N linear elements (n = 2), we have

K|]|U| “+ K'llj U, = f|l “+ Qll (unchanged)
KLU+ (KL + K Uz + KLU = £ + f1+ 03 + 0F
KiUs + (K + Ki ) Us + KiyUs = f3 + [+ 03 + Q)

(3.2.49)
K 'Unor+ (Ko ' + KN Un + KU = 3 4+ Y+ 0 + 07
KNUy+ KXUni = £+ QY  (unchanged)

These are called the assembled equations. They contain the sum of coefficients and source
terms at nodes common to two elements. Note that the numbering of the global equations
corresponds to the numbering of the global primary degrees of freedom, U;. This correspon-
dence carries the symmetry of element matrices to the global matrix. Equations (3.2.49)
can be expressed in matrix form as

K}, KIIE I U
Ky K+ Kj Kt 0 Uz
K%] Kﬁl-z + Kilt L
0 Ky '+ Kl K Uy
L KN KY | |Unsi
fi 0,
£+ 1 Q; + 0
.fzg + .f|3 Q% e Q';’
J‘Z'\" —1 ha l}c‘]N Q-?I_I 4 QJI’\-'
b 5
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hi=8 R, hy=4R, hh=61.,

- d,=0.5in., d,=0875in,,
Rigid member
(constrained d,=10in, E,=30x 10" psi,
to move

horizontally)

Ep=14x10%psi, E,=10x10°psi,
P = 3000 Ib

SR ..... ' %

.f‘

Aluminum (£, A,) Global node number

Figure 3.2.10 The geometry and finite element mesh of a three-bar structure.

Note that the discussion of assembly in Eqs. (3.2.49) and (3.2.50) is based on the
assumption that elements are connected in series. In general, several elements can be con-
nected at a global node, and the elements do not have to be consecutively numbered. In that
case, the coefficients coming from all elements connected at that global node will add up.
For example, consider the structure consisting of three bar elements shown in Fig. 3.2.10.
Suppose that the connecting bar is rigid (i.e., not deformable) and is constrained to remain
horizontal at all times. Then the continuity and force balance conditions for the structure
are

d=uwi=ls Qi+ 07+03=2P (3.2.51)

To enforce these conditions, we must add the second equation of element 1, the first equation
of element 3, and the second equation of element 2:

(K3uq + Kypus) + (K7 + Kiyig) + (K3yui + K,u3)
=H+R+A+0+0+03 (3.2.52)

We note the following correspondence of local and global nodal values (see Fig.
3.2.10%

u: = W uf:U;, ué:u?:u%:ii_*, u%:U.;
Hence. (3.2.52) becomes
K3\ U+ K3 Uz + (K3 + K| + K3,)Us + KLUy
= fds P 24 Bl B 4102
=hH +fi+f5+2P
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The other equations remain unchanged, except for renamlng of the primary variables. The
assembled equations are

Kl, 0 Kj, 0 U h 0|

0 n Kb 0 Ua | _ It 0

K} Ky R Ky ||| L+t 8 I lQJ +Q‘+ 03
0 0 K3 K3]lu I

(3.2.53)

where K = K}, + Kj, + K3,. Note thatall /¢ are zero for the problem in Fig. 3.2.10 because
there is no distributed axial force ( f =0 for all elements).

The coefficients of the assembled matrix can be obtained directly. We note that the
global coefficient K, is a physical property of the system, relating global node 7 to global
node J. For axial deformation of bars, K;; denotes the force required at node [ to induce a
unit displacement at node J/, while the displacements at all other nodes are zero. Therefore,
K1, is equal to the sum of all K7, for which i corresponds to / and j corresponds to J, and
i and j are the local nodes of the element §2,.. Thus, if we have a correspondence between
element node numbers and global node numbers, then the assembled global coefficients can
readily be written in terms of the element coefficients. The correspondence can be expressed
through a matrix | B|, called the connectivity matrix, whose coefficient b;; has the following
meaning: b;; is the global node number corresponding to the jth node of element /. For
example, for the structure shown in Fig. 3.2.10, the matrix [ B8] is of order 3 x 2 (3 elements
and 2 nodes per element):

1 3
[Bl=|2 3
3 4
This array can be used in a variety of ways—mnot only for assembly, but also in the com-
puter implementation of finite element computations, The matrix [ B] is used to assemble
coefficient matrices as follows:

K! = K, because local node 1 of element 1 corresponds to global node 1.

" P g

K||z = K3 because local nodes | and 2 of element | correspond to global nodes |
and 3, respectively

and so on. When more than one element is connected at a global node, the element coeffi-
cients are to be added. For example, global node 3 appears in all three rows (i.e., elements)
of the matrix | B], implying that all three elements are connected to a global node 3. More
specifically, it indicates that node 2 of element 1, node 2 of element 2, and node 1 of element
3 are the same as global node 3. Hence,

Ky + K3, + Kjy = K33

Assembly by hand can be carried out by examining the finite element mesh of the
problem. For the mesh shown in Fig. 3.2.10, we have

K= K;-’z because global node 2 is the same as node 1 and global
node 3 is the same as node 2 of element 2,
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K21 =0 because global nodes 2 and 4 do not belong to the same element
K33 =Ky + K3, + K,

and so on. The problem can also be solved by numbering global nodes | and 2 to be the
same node. This leads to a 3 x 3 global system of equations.

In summary, assembly of finite elements is carried out by imposing interelement con-
tinuity of primary variables and balance of secondary variables. Renaming the primary
variables of an element in terms of the global primary variables and using the correspon-
dence between the local and global nodes allows the assembly. When certain primary nodal
values are not required to be continuous across elements (as dictated by physics or the vari-
ational formulation of the problem), such variables may be condensed out at the element
level before assembling the elements.

3.2.5 Imposition of Boundary Conditions

The discussion in Section 3.2.1-3.2.4 is valid for any differential equation that is a special
case of the model equation (3.2.1). Each problem differs from the other in the specification
of the data(a, ¢, f)and boundary conditions on the primary and secondary variables (u, Q).
Here we discuss how to impose the boundary conditions of a problem on the assembled set
of finite element (algebraic) equations. To this end, we use the problem in Fig. 3.2.10. The
boundary conditions of the problem are evident, at least for an engineering student, from
the structure shown. The known primary degrees of freedom (i.c.. displacements) are

up=U1=0, ul=0,=0, wl=U,=0 (3.3.54a)
The known secondary degrees of freedom (i.e., forces) are
Q3+ Q3+ 0] =2pP (3.3.54b)

The forces Q1, QF, and Q3 are unknown (reaction forces), and they can be determined after
the primary degrees of freedom are determined.

Imposing the boundary conditions (3.2.54a) and (3.2.54h) on the assembled system of
equations (3.2.53) with £ =0, we obtain

Kl 0 K 0] (ti=0 0]

0 Kj E 0 [Jta=0| |o? —_—
Ky K3 Ky + K3, + K{ K} U5 “a2r =

0 0 K5, K3 | luu=0 03

This contains four equations in four unknowns: Uy, Q!, 02, and 3.

3.2.6 Solution of Equations

As a standard procedure in finite element analysis, the unknown primary degrees of freedom
are determined first by considering the algebraic equations corresponding to the unknown
primary variables. Thus, in the present case, we consider the third equation in (3.2.55) to
solve for L5

Ky Ui+ K3 Uz + (K3 + K% + KD Us + KU, =2P
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ar
(KL, + K4+ K2 )Us =2P — (K3, U1 + K3,Uz + K}, Us) (3.2.56)
Equation (3.2.56) is called the condensed eguation for the unknown U5. The term in paren-

theses on the right-hand side is zero because all specified displacements are zero in the
present problem. Hence, the solution is given by

2P
K} + K3 + K
The unknown secondary variables are determined by considering the remaining equations
of (3.2.55), i.e., those that contain the unknown secondary variables:

U, (32.37)

| I I Ui [
Q; Ky, 0 K, 0 U Ky Us
Oip=|0 ki K 0 |3, f ={ KLU (3.2.58)
03 o © Ky k5|7 K3,Us

- - '{f_; -

because Uy, U5, and Uy are zero.

It is possible, although not common with commercial finite element programs, to move
all the unknowns to the left-hand side of (3.2.53) and solve for them all at once. But this
process destroys the symmetry of the coefficient matrix and requires more computational
time in practical problems.

To obtain numerical values, we use the geometric and material data shown in Fig. 3.2.10.
We obtain

. EpAp (14 x 10%)(d}/4)

Kl = = =87, 693 Ib-in.
h 8 x 12
EsAs (30 x 10%)(rd? /4 .
K|2|: . =(' X 1650 JI:IZZ.".J’H‘}Ih—in.
h> 4x12
E,A, (10 x 10°)(wd? /4
K3 = _ QO TN/ _ 109, 083 thein.
I 6x12

The displacement of node 3 is U3 =0.01878 in., reaction at node 1 is Q) =—1, 647 Ibs,
Q? = —2,305 Ibs and reaction at node 4 is Qi = —2.049 Ibs. Hence, the stresses in ele-
ments 1,2, and 3are o' =2, 739 psi,o? =11, 739 psi,and o® = —2, 609 psi, respectively.

In general, the assembled finite element equations can be partitioned according to the
sets of specified and unspecified displacements into the following form:

K” Kl2 UI F; [
K2 K2 U2 =] B2 (3.2.59)

where U' is the column of known (i.e., specified) primary variables, U is the column of
unknown primary variables, F! is the column of unknown secondary variables, and F” is the
column of known secondary variables. Writing (3.2.59) as two matrix equations, we obtain

K'"u"+ K?U? =F' (3.2.60a)

K2U! + K2U?2 =F? (3.2.60h)
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From (3.2.608), we have
v =(K®)" (F* —K*U") (3.2.60c)

Once U? is known from (3.2.60¢), the vector of unknown secondary variables, F', can be
computed using Eq. (3.2.60a).

[n most finite element computer programs, element matrices are assembled as soon
as they are generated and they are not stored in the memory of the computer. Thus,
element equations are not available for postcomputation of the secondary variables. Also,
due to the fact that the assembled coefficient matrix is modified (when operations are
performed to invert a matrix) during the solution of equations, Eq. (3.2.60a) cannot be
used. Therefore, secondary variables can only be computed using their definitions, as
discussed next.

3.2.7 Postcomputation of the Solution

The solution of the finite element equations gives the nodal values U; of the primary
unknowns (e.g., displacement, velocity, or temperature). Once the nodal values of the pri-
mary variables are known, we can use the finite element approximation uj (x) to com-
pute the desired quantities. The process of computing desired quantities in numerical form
or graphical form from the known finite element solution is termed postcomputation or
postprocessing; these phrases are meant 1o indicate that further computations are made
after obtaining the solution of the finite element equations for the nodal values of the
primary variables.
Postprocessing of the solution includes one or more of the following tasks:

1. Computation of the primary and secondary variables at points of interest; primary vari-
ables are known at nodal points.

[

Interpretation of the results to check whether the solution makes sense (an understanding
of the physical process and experience are the guides when other solutions are not
available for comparison).

3. Tabular and/or graphical presentation of the results.

To determine the solution u as a continuous function of position x, we return to the approx-
imation (3.2.28) over each element:

n
u,'!(x) =5 Z u_:,- l,’f'} (x)

j=1

uﬁ(.\:)z Zu?ljf%{x}
Hix)=s f=1 (3.2.61)

n
up (1) =Y uf v} (x)

j=1
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where N is the number of elements in the mesh. Depending on the value of x, the corre-
sponding element equation from (3.2.61) is used. The derivative of the solution is obtained
by differentiating (3.2.61):

L oM
dx = fdx
d”% - 2 d'fﬂff

== A f=1 B (3.2.62)
X ]
du; i il y’rf
= W' - .
dx = Todx

Note that the derivative duj/dx of the finite element approximation uj based on
Lagrange interpolation is discontinuous, for any order element, at the nodes connecting
different elements because the continuity of the derivative of the finite element solution at
the connecting nodes is not imposed. In the case of linear elements, the derivative of the
solution is constant within each element (see Fig. 3.2.11).

The secondary variables Q can be computed in two different ways. In Eq. (3.2.58),
we determined the unknown secondary variables Q|, Qf, and Q3 from the assembled
equations of the problem in Fig. 3.2.10. Since the assembled equations often represent
the equilibrium relations of a system, the Q5 computed from them will be denoted by
(QF)equil- The QfF can also be determined using the definitions in (3.2.6), replacing & with
U. We shall denote Qf computed in this way by (Qf)aer. Since (Qf)aer are calculated
using the approximate solution uj , they are not as accurate as (O )equil- However, in finite
element computer codes, (Q)aer are calculated instead of (Q )equii- This is primarily due
to computational reasons. Recall that, in arriving at the results in (3.2.58), we used part
of the assembled coefficient matrix. In the numerical solution of simultaneous algebraic
equations in a computer, the original assembled coefficient matrix is often modified, and
therefore the coefficients needed for the determination of the secondary variables are not
available, unless they are saved in an additional array. For the problem in Fig. 3.2.10, we

=4 o
i, (x) H[m—1 ) d“h 1

(e4+1) :
1t =2 )
[‘““}i 2 e+l
| ;

(e} _
e) =
|

|
{ — T

! _(‘I{'l‘] l

l J—E:n=;

i §

Figure 3.2.11 Gradient of the finite element solution.
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have
du| Ui~ EA
(O aer ( T - EA W ™ Us=K,U;
'tf .2
(D= = BA—R = KLU (3.2.63)
| T . 2
du; = th EA
35: EA—'!!' =FEA = — U:KBU
(Qz)d i} ( v sl h3 h3 3 21¥3

where /i, and /5 are the lengths of elements | and 3, respectively.

The secondary variables computed using the definitions (3.2.63) are the same as those
derived from the assembled equations for the problem in Fig. 3.2.10. This equality is not to
be expected in general. In fact, when the source vector f is not zero, the secondary variables
computed from the definitions (3.2.6) will be in error compared with those computed from
the assembled equations. The error decreases as the number of elements or the degree of
interpolation is increased.

This completes the basic steps involved in the finite element analysis of the model
equation (3.2.1). Next, we consider an example of application of the finite element method.
Additional applications of the method to one-dimensional problems of heat transfer, fluid
mechanics, and solid mechanics, are presented in Chapter 4.
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3.3 SOME REMARKS

A few remarks are in order on the steps described for the model equation.

Remark 1. Although the Ritz method was used to set up the element equations, any other
method, such as a weighted-residual (i.e., the least-squares or Galerkin) method could be
used.

Remark 2. Steps 1-6 (see Table 3.1.1) are common for any problem. The derivation of
interpolation functions depends only on the element geometry and on the number and
position of nodes in the element. The number of nodes in the element and the degree of
approximation used are related.

Remark 3. The finite element equations (3.2.33b) are derived for the linear operator
equation

A(uy=f, where A:-i (a£)+r B3l
dx

Hence, they are valid for any physical problem that is described by the operator equation
A(u) = [ orits special cases. One need only interpret the quantities appropriately. Examples
of problems described by this operator are listed in Table 3.2.1. Thus, a computer program
written for the finite element analysis of (3.2.1) can be used to analyze any of the problems
in Table 3.2.1. Also, note that the data a = a(x), c =c(x), and f = f(x) can be different
in different elements.
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Remark 4. Integration of the element matrices in (3.2.31b) can be implemented on a
computer using numerical integration. When these integrals are algebraically complicated,
we have no other choice but numerical integration (see Chapter 7).

Remark 5. As discussed in (3.2.45a) and (3.2.45h) the point sources at the nodes are
included in the finite element model via the balance of sources at the nodes. Thus, in
constructing finite element meshes, we should include nodes at the locations of point sources.
If a point source does not occur at a node, it is possible to “distribute” it to the element
nodes, consistent with the finite element approximation. Let Oy denote a point source at
a point ¥ = Xy, X| <X < x°, where i is the local coordinate. The point source (O can be

represented as a “function” with the help of the Dirac delta function
J(X) = 0p8(x — xp) (3.3.2)
where the Dirac delta function 8(-) is defined by
%
f F(x)s(x — Xo)dx = F(xy) (3.3.3)
—C

The contribution of the function S (¥) to the nodes of the element Q. = (X, %,) is computed
from [see Eq. (3.2.31h)]

h h,
=] f@®YEE) di= f Q0d (¥ — ) (£) d = Qopt (%) (3.3.4)
0

1
where /" are the interpolation functions of the element 2. Thus, the point source Qg
is distributed to the element node i by the value Qo (¥g). Equation (3.3.4) holds for
any element, irrespective of the degree of the interpolation, the nature of the interpolation
(i.e., Lagrange or Hermite polynomials), or the dimension (i.c.. one-dimensional, two-
dimensional, or three-dimensional) of the elements. For one-dimensional linear Lagrange
interpolation functions, Eq. (3.3.4) yields

Note that f+ 15 = Qo. When & =h,/2, we have Ji =15 = 0Q0/2, as expected.

b

Remark 6. There are three sources of error that may contribute to the inaccuracy of the
finite element solution of a problem:

|. Domain approximation error, which is due to the approximation of the domain.

2. Computational errors, which are due to inexact evaluation of the coefficients K}, and
i+ or are introduced owing to the finite arithmetic in a computer,

3. Approximation error, which is due to approximation of the solution by piecewise
polynomials,

For the structure shown in Fig. 3.2.10, the geometry of the problem is exactly represented
and the linear approximation is able to represent the exact solution at the nodes when a is a
constant, ¢ = 0, and f is arbitrary [see Reddy (1986), p. 403; also, see Sec. 14.5]. Therefore,
the first and third type of errors are zero. The only error that can be introduced into the
final numerical results is possibly due to the computer evaluation of the coetficients K,
and £ and the solution of algebraic equations. However, in general, computational as well
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as approximation errors exist even in one-dimensional problems. Additional discussion of
the errors in the finite element approximation can be found in Oden and Carey (1983) and
Reddy (1986); also, see Sec. 14.5.

Remark 7. The approach used in matrix methods of structural analysis to solve the problem
in Fig. 3.2.10 is not much different than that presented here. The difference lies only in
the derivation of the element equations (3.2.39) for the case ¢, = (. In matrix methods of
structural analysis, the element equations are obtained directly from the definitions of stress
and strain and their relationship. For example, consider the free-body diagram of a bar
element [see Fig. 3.2.3(h)]. From a course on mechanics of deformable solids. we have

strain, £ = elongation/original length

stress, o = Young's modulus x strain

load. P = stress x area of cross section
The strain defined above is the average (or engineering) strain. Mathematically, strain for
one-dimensional problems is defined as £ = du/dx, u being displacement, which includes

rigid body motion as well as elongation of the bar. Hence, the compressive force at the left
end of the bar element is

[ [ T

u — ut AE
5 , S .y 2 elog
| = Aoy = A B8] =AE, =

(uy —us3)

h, I, :
where £, is Young’s modulus of the bar element. Similarly, the force at the right end is
A By
Py =- (05 — u5)
2 B, "% |
In matrix form, these relations can be expressed as
A.E, L =1 | }u} P’
e [= = (3.3.5q)
he |—1 L] | s P;

which 1s the same as (3.2.39) obtained for a linear finite element witha, = A, E,. ¢, = 0, and
Pf = Qf + ff. Note that in deriving the element equations, we have used knowledge of the
mechanics of materials and the assumption that the strain is constant (or the displacement is
linear) over the length of the element. If a higher-order representation of the displacement is
required, we cannot write the force-displacement relations (3.3.5¢) directly, i e.. the element
equations of a quadratic finite elements cannot be derived using the arguments presented
above,

A similar approach can be used to develop the relations between the temperatures and
heats at the ends of an insulated fin. From a course on basic heat transfer, we have

temperature gradient = difference in temperature/length
heat flux, ¢ = conductivity x (—lemperature gradient)
heat, Q = heat flux x area of cross section
Then, if the temperature is assumed to vary linearly between the ends of the fin and there
is no internal heat generation, the heat input at the left end of the fin is
I8 =15 Ak,

£ —_ A“ o —_ A‘vk{ii e L Tt’.’ = T_;.;
Q] ) . . h, (7, 5)
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where k. is thermal conductivity of the fin. Similarly, the heat input at the right end is
i —3F ik

s =-A.qf = Ak, = e
) % h, h, ta 1)
In matrix form, we have
Ak, I —1 T ¢
- G b (3.3.5h)
h, | —1 | 75 05

which are the same as those in (3.3.54) with E, replaced by k., 7¢ by ui, and Pf
by Qf |and reverse the arrow at node 2 in Fig. 3.2.3(b)].

Equations of the type (3.3.5¢) can also be derived for discrete systems (as opposed to a
continuum) consisting of spring elements, pipe-flow elements, electrical resistor elements.
and so on. These elements will be discussed in Chapter 4 using physical principles. However,
such a direct approach cannot be used when the element data is not constant or when higher-
order approximation of the dependent unknowns is used.

Remark 8. Another interpretation of (3.2.39) for ¢, = () can be given in terms of the finite
difference approximation. The axial force at any point x is given by P(x) = EA du/dx.
Using the forward difference approximation, we approximate the derivative du /d x and write

—Pf = P(t)| = Ee A il — uix.)|/ h, (3.3.6a)

P =Pa)e.. = EA LR ) — u(x. )1/ h, (3.3.6h)

which are the same as (3.3.5a), with #, =u(x,) and #5 =u(x.,1). Note that no explicit
approximation of u(x) itself is assumed in writing (3.3.6a) and (3.3.6b), but the fact that
we used values of the function from two consecutive points to define its slope implies that
we assumed a linear approximation of the function. Thus. to compute the value of u at a
point other than the nodes (or mesh points), linear interpolation must be used.

Remark 9. For the model problem considered. the element matrices [K¢] in (3.2.31b) are
symmetric: Kf= k'.;.'f.. This enables one to compute K:."j. (I=1,2,.,.,n) for j <i only.
In other words, we need compute only the diagonal terms and the upper or lower diagonal
terms. Because of the symmetry of the element matrices, the assembled global matrix will
also be symmetric. Thus, we need to store only the upper triangle, including the diagonal, of
the assembled matrix in a finite element computer program. Another property characteristic
of the finite element method is the sparseness of the assembled matrix. Since K, =0, if
global nodes I and J do not belong to the same finite element, the global coefficient matrix
is banded, i.e., all coefficients beyond a certain distance from the diagonal are zero, The
maximum of the distances between the diagonal element, including the latter, of a row
and the last nonzero coefficient in that row is called the half-bandwidih, When a matrix
18 banded and symmetric, we need to store only entries in the upper or lower band of
the matrix. BEquation solvers written for the solution of banded symmetric equations are
available for use in such cases (see Chapter 7 for additional discussion). The symmetry of
the coefficient matrix depends on the type of the differential equation, its variational form.
and the numbering of the finite element equations. The sparseness of the matrix is a result of
the finite element interpolation functions, which have nonzero values only over an element
of the domain (i.e., so-called “compactness” property of the approximation functions),
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Remark 10. The balance (or “equilibrium™) of the secondary variables Qf at the interele-
ment boundaries is expressed by (3.2.43). This amounts to imposing the condition that the
secondary variable adu /dx at the node, where u is the actual solution, be continuous. How-
ever, this does not imply continuity of adu§ /dx, where uj, is the finite element solution.
Thus, we have

Q5+ 05" =0 or Oy (3.3.7)
but
duj dutt!
a —a—— #0 or Qyp (3.3.8)
dx dx %

Xe

In most books on the finite element method, this point is not made clear to the reader.
These books consider the quadratic form or weak form of the total problem and omit the
sum of the interelement contributions (for linear elements),

N 2
3 (Z Qul (3.3.9)

e=I i=I

in the quadratic form (or functional) of the problem. However, this amounts to imposing
equilibrium conditions of the form (3.3.8). When the secondary variable is specified to be
nonzero (say, (g) at an interelement boundary (say, at global node 2), we have

Qé + Qi’z Qo

[n other books, Qg is included in the functional as Qgl/>, where U is the value of u at
global node 2.

To fully understand the difference between the direct use of the global statement ver-
sus using the assembly of element equations, consider the model problem described by
Egs. (3.2.1) and (3.2.2) with ¢ =0. The variational form of these equations over the entire
domain is given by

v dv du
ﬂ':] (a—— —vg | dx —v(L)Oq (3.3.10)
( _

) (ix (t_r

When u is approximated by functions that are defined only on a local interval (which is the
case in the finite element method), use of the above variational form implies the omission
of the sum of the interelement contributions of (3.3.9).

Consider a mesh of three linear elements. Since ¥f (e =1, 2, 3) is zero in any element
Q  for e # f, the (global) finite element solution for the entire domain is given by

3 2 4
up(x)=>_ Wyl | =) U ®(x) (3.3.11)
I

e=| i 1=l

where ®;(x) (I =1,2,3,4) are the piecewise-continuous global interpolation functions
(see Fig. 3.2.9),

(f—1) -
lr (x) forx;_1<x<x
drx)=1 "> s : (3.3.12)

i : 3
Py forx; <x = xpq
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Substituting (3.3.11) for « and v = @ into (3.3.10), we obtain

L1 d®yifacte . ddy
0= AT T ——& | =i Ix — &, (L)O (3.3.13)
f“ [ﬂ e (; n 1q |« 1(L)Oy

Since ®; is nonzero only between x;_, and X741, the integral becomes

byl b {1, [P dd
0:f {a‘ ’(U;_.‘ LE S il N ”')—clw] dx — (L) Qg

dx dx dx dx
(3:3:14)
and we have
3 do) [ dd 1P
.’zl:ﬂ:f c—'(m—-' Flh—2 | =g | g —0yy0;
Yisd) dx dx dx
: & dd, P dd, dd-
f:Z:[]:f [:a . (U“f : + Uy ——= +U_1——i)—cbgq} dx
=B dx dx dx dx
—®>(L)Qy
=Ll dd. {P I dd
1:3:0=/ i (Uz( - JI—U-_;‘r 2 4 U4—4) — Pyg | dx
" | dx dx dx dx
—D5(L) 0y
WEET ddy (0 do 1P
[=4:0= f P (U_q,—"‘ i Uq‘—i) - ¢4q] dx — d4(L)OQy
" L. dx dx dx
(3.3.15)

These equations, upon performing the integration, yield (3.2.50), with the last column
(containing Qs) in the latter replaced by

0

Qo
0
(0

(3.3.16)

Although this procedure, known as the direct stiffness method in structural mechanics,
gives the assembled equations directly, it is algebraically complicated (especially for two-
dimensional problems) and not amenable to simple computer implementation.

3.4 AXISYMMETRIC PROBLEMS
3.4.1 Model Equation

The equations governing physical processes in a cylindrical geometry are described ana-
lytically in terms of cylindrical coordinates (see Fig. 3.4.1: also see Fig. 1.4.5). When the
geometry, loading, and boundary conditions are independent of the circumferential direction
(i.e., B-coordinate in Fig. 3.4.1), the problem is said to be axisymmetric and the governing
equations become two-dimensional in terms of » and z. The equations are functions of only
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Figure 3.4.1 Volume element and computational domain of an axisymmetric problem.

the radial coordinate r if the problem geometry and data are independent of z. Here, we
consider a model second-order equation in a single variable and formulate its finite element
model.

Consider the ditferential equation [an analogue of (3.2.1)]

| du :
s [a( )—:| J‘(P} for R,' == R(]. (3.4.”

where r is the radial coordinate, a and f are known functions of r, and u is the dependent
variable. Such equations arise, for example, in connection with radial heat low in a long
circular cylinder of inner radius R; and outer radius Ry. The radially symmetric conditions
require that both @ = kr (k is the conductivity) and f (internal heat generation) be functions
of only r. Since the cylinder is long, the temperature distribution at any section along
its length (except perhaps at the ends) is the same, and it is sufficient to consider any cross
section away from the ends, i.e., the problem is reduced from a three-dimensional problem
to a two-dimensional one. Since ¢ and f are independent of the circumferential direction ¢,
the temperature distribution along any radial line is the same, reducing the two-dimensional
problem to a one-dimensional one, as described by (3.4.1).

3.4.2 Weak Form

In developing the weak form of (3.4.1), we multiply it with a weight function w(r) and
integrate over the volume of the cylinder of unit length (see Fig. 3.4.1)

'ﬂ'_f . 1 d ( fr’u) rla
— i " rdr \ dr @
ff f ———(di —flrdraoa
0 rdr\ dr PATEZ
i L {
= b [ W [—-‘— (uf) ~ j] rdr (3.4.2)
Jr rdr dr

o
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where (r,, rp) 1s the domain of a typical element along the radial direction. Next, we carry
out the remaining two steps of the weak formulation:

*f dwd tu’]™
0=2n j: (aﬁ% - rwf) dr —2m [waij—f:ll

fu

" dw du ; y )
ﬂ:Z;rf (a—— —Jv-wf)m-—w(rH]Q‘I —wi(ry) Q5 (3.4.3a)

dr dr
where
d d
Qi=-2xn (u—“) ., 05=2m (ai) (3.4.3h)
dr /|, dr /) |,
3.4.3 Finite Element Model
The finite element model is obtained by substituting the approximation
u(r) =y uSyrir) (3.4.4)
i=l1
and w =¥y, s, ..., ¥, into (3.4.3a). The finite-element model is given by
[K“Hu} =} + (Q°) (3.4.5a)
where
oo g diyfrt '
Kf=2n f o X0 —Ldr, ff=2n f W frdr (3.4.5b)
o ;i dr dr TR

and vf are the interpolation functions expressed in terms of the radial coordinate r. For
example, the linear interpolation functions are of the form (h, = r;, — r,) [see Eq. (3.2.17)]

ry—r =il

he he
The explicit forms of the coefficients K} and S fora=a,r and f = f, are given below
(ry denotes the global coordinate of node | of the element).

Yi(r)= Ys(r)= (3.4.6)

Linear Element

2ra, | 1 -1 2nf.h, | 3rs+h,
K== : + —h ; ]l=— 3.4.7
K] I, (ra 5 e) I:_I I] (f°) 6 {3rﬂ+2he ( )

Quadratic Element
Vi 3h, + 14r, —(4h,. + 16r,) h.+2r,
K%)= o | —(4h, + 16r,) 16h, + 32r, —(12h, + 16r,)
£ h,~+ 2r, —(12h, + 16r,) 11k, + 14r,
2n f.h e

= Hé" £ {4r, +2h, (3.4.8)

rﬂ +hl‘.’
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3.2.1). Couple
"and

ent analysis of

especially those arising in heat

ented in Chapter 4.

primary’

differential equation over an element.
which enables identification

d analysis of a typical equation are outlined in Table 3.1.1. The model equation is repre-

sentative of the equations arising in various fields of engineering (see Table
of numerical examples are presented to illustrate the steps in the finite elem

second-order differential equations. Additional examples,
The finite element model is developed following three steps:

order differential equation in single variable is presented. The basic steps of the formulation
ondary” variables) development over a typical element.

variables are included in the weak form. The finite element interpolation functions have been

developed systematically on the basis of continuity, completeness, and linear independence.
The finite element model has been developed by substituting appropriate interpolation of

throughout the domain, including the nodes at which elements are connected, The secondary
the primary variable into the weak form of the differential equation,

A systematic study of the steps involved in the finite element formulation of a model second-
2. Finite element interpolation of the primary variables of the weak formulation.
of primary and secondary variables. The primary variables are required to be continuous

3. Finite element model (i.e., a set of algebraic equations relating the *
The weak formulation itself involves a three-step procedure,

transfer, fluid mechanics, and solid mechanics will be pres

. Weak (or variational) formulation of the

3.5 SUMMARY

dan
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PROBLEMS

For Problems 3.1-3.4, carry out the following tasks:

(a) Develop the weak forms of the given differential equation(s) over a typical finite element, which
is a geometric subdomain located between x = x, and x = x;,. Note that there are no “specified”
boundary conditions at the element level. Therefore, in going from Step 2 to Step 3 of the weak-
form development, one must identify the secondary variable(s) at the two ends of the domain
by some symbols (like Qf and Q5 for the first problem) and complete the weak form.

(b) Assume an approximation(s) of the form

() =y uiy(x) (1)

=1

where u is a primary variable of the formulation, { (x) are the interpolation functions, and u*
are the values of the primary variable(s) at the jth nnde of the element. Substitute the cx:pn.ssmn
in (1) for the primary variable and v for the weight function into the weak form(s) and derive
the finite element model. Be sure to define all coefficients of the model in terms of the problem
data and .

fad
:
—

Develop the weak form and the finite element model of the following differential equation over

an element;
d ( n’M) " d? (; a'lu.) " rof
—— | a— h W= 0r  Xp-L2 XXy

dx \“dx ) T dx? Taxz) TN T *

where @, b, ¢, and f are known functions of position x. Ensure that the element coefficient
matrix [K*|is symmetric. What is the nature of the interpolation functions for the problem?

o
o

Construct the weak form and the finite element model of the differential equation

_ & (22 nEt 7 v MsmEL
dx ”d_r dx . ek

over a typical element €2, = (x,. x;,). Here @, b, and [ aré known functions of x, and « is the
dependent variable. The natural boundary condition should not involve the function A(x ). What
type of interpolation functions may be used for u?

3.3 Develop the weak forms of the following pair of coupled second-order differential equations
over a typical element (x,. xp):
e dv )
== u(.r}(uﬁ——) = _fix) (la)
dx dx
d dv
J{'.JI— faltx)lu+ — | =qglx) (15)
Cdx dx

where # and v are the dependent variables, and a, b, f, and ¢ are known functions of x. Also
identify the primary and secondary variables of the formulation.

3.4 Consider the following weak forms of a pair of coupled differential equations:

" dwy dv
[] e l R T ek Jf dx — P:.lwl()-'r.l} n Ph”" (Xh] { i(”
L 8

dx dx

e dws du 3
)im= — tewat — Wag | dx — Qawalx.) — Quwalxy) (1)
X

dx dx
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where ¢(x) is a known function, w and w, are weight functions, u and v are dependent variables
(primary variables), and P,, Py, Q,, and Q, are the secondary variables of the formulation.
Use the finite element approximations of the form

i f

u(x) =y uSyi(n), vix) =Y vjg;(x) (2)
=l

=1

and w, = i, and w, =¢; and derive the finite element equations from the weak forms. The
finite element equations should be in the form

m t
i I..e 12 & 21 .,
W= Zl Kyl Z] Kijvi—F (3a)
I= J=

™m n
0="Y Klus+) Kjvi—F} (3h)
f=1 i=1
Define the coefficients X! K12, K2, k22 F! and F? in terms of the interpolation functions,
ij if if if i i P

known data, and secondary variables.

Derive the Lagrange cubic interpolation functions for a four-node (one-dimensional) element
(with equally spaced nodes) using the alternative procedure based on interpolation properties
(3.2.18a) and (3.2.18h). Use the local coordinate ¥ for simplicity.

Evaluate the element matrices [K''], [K'?], and [ K??] for the linear interpolation of u(x) and
v(x) in Problem 3.4.

Evaluate the following coefficient matrices and source vector using the linear Lagrange inter-
polation functions:

. i e ¢ d-ql';:" d F £ L e e e
K{"j :f {g”—|— ﬂ'i_{}ﬂ d—x'u‘x. Mflj -:h/; {E_'[J -+ {'.|X]1’|’;f llfflfj)..

th
L= f (fy + fix)yidx

where ajj, aj, cfj, cf, fi. and f{ are constants.
(Heat transfer in a rod) The governing differential equation and convection boundary condition
are of the form:

d*o
—— =0, O0<x<lL (1)
dx-
. - df
KN =Ty — Tx, k— + B¢ =) (2)
d"[ x=l

where # =T — T, ¢ = BP/(Ak), B is the heat transfer coefficient, P is the perimeter, A is
the area of cross section, and & is the conductivity. For a mesh of two linear elements (of equal
length), give (a) the boundary conditions on the nodal variables (primary as well as secondary
variables) and (b) the final condensed finite element equations for the unknowns (both primary
and secondary nodal variables). Use the following data: Ty = 120°C; Ty, =20°C, L=0:25m;
¢ =256, # =64, and k = 50 (with proper units).

(Axial deformation of a bar) The governing differential equation is of the form (£ and A are
constant):

d du

--—|:EA—:|=H, D<x<L (1)
dx X
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For the minimum number of linear elements, give (a) the boundary conditions on the nodal
variables (primary as well as secondary variables) and (&) the final condensed finite element
equations [or the unknowns.

200 kips

8 in.—b|<— 10 in. —D‘

Steel, £, = 30 x 10® psi
Aluminum, £, = 10 x 10° psi

500 kips

Figure P39

3.10 Resolve the problem in Example 3.2.1 using the uniform mesh of three linear finite elements.
Answer: Uy = —0.02999, Uy =—0.04257, (Q})ue; =0.08998, (03)yeyr =0.12771.
3.11 Solve the differential equation in Example 3.2.1 for the mixed boundary conditions

o =0 [%
I =i —
(a‘.r

Lse the uniform mesh of three linear elements. The exact solution is

k=1

2ecos(l —x)—sinx
uix)= ( WO
cos( )

Answer: U; =0.4134, U; =0.7958, Uy=1.1420, (Q})ger= —1.2402.
3.12 Solve the differential equation in Example 3.2.1 for the natural (or Neumann) boundary con-

ditions
i 1 du
dh b dx

Use the uniform mesh of three linear finite elements to solve the problem. Verify your solution
with the analytical solution

=

=]

) = cos(l — Ix) +2cosx )
sin(1)

Answer: Uy = 1.0280, U, = 1.3002, Us=1.4447, Us=1.4821,
3.13 Solve the problem described by the following equations

d*u

dx?

=costx, O<x<l; u{®=0, u(l)=0

Use the uniform mesh of three linear elements to solve the problem and compare against the
exact solution

|
uix)= S {cosmx +2x — 1)
/s
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3.14 Solve the differential equation in Problem 3.13 using the mixed boundary conditions

3.15 Solve the differential equation in Problem

du
u(h =0, (—) =0
o7

Use the uniform mesh of three linear elements to solve the problem and compare against the
exact solution

b |

I

uix)= (fcosmx — 1)

2

o

fad

.13 using the Neumann boundary conditions

!
@) (®)],
dx./ |, dx J |y

Use the uniform mesh of three linear elements to solve the problem and compare against the
exact solution

COSTXY

ix) = -

4

Note: For Neumann boundary conditions, none of the primary dependent variables are speci-
fied, and therefore the solution can be determined within an arbitrary constant for this equation
(i.e., when the cu term is not present, the coefficient matrix is singular and cannot be inverted).
In such cases, one of the U; should be set equal to a constant to remove the “rigid-body” mode
(i.e., to determine the arbitrary constant in the solution).
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