Chapter 2

MATHEMATICAL
PRELIMINARIES, INTEGRAL
FORMULATIONS, AND
VARIATIONAL METHODS

2.1 GENERAL INTRODUCTION
2.1.1 Variational Principles and Methods

This chapter is devoted to a review of some mathematical preliminaries that prove to be
useful in the sequel and to a study of integral formulations and more commonly used
variational methods such as the Ritz, Galerkin, collocation, and least-squares methods,
Since the finite element method can be viewed as an elementwise application of a variational
method (see Section 1.4), it is useful to learn how variational methods work. We begin with
a discussion of the general meaning of the phrases “variational methods” and “variational
formulations™ used in the context of finite element formulations.

The phrase “direct variational methods” refers to methods that make use of variational
principles, such as the principles of virtual work and the principle of minimum total potential
energy in solid and structural mechanics, to determine approximate solutions of problems
[see Oden and Reddy (1983) and Reddy (2002)]. In the classical sense, a variational prin-
ciple has to do with finding the extremum (i.e., minimum or maximum) or stationary values
of a functional with respect to the variables of the problem. The functional includes all the
intrinsic features of the problem, such as the governing equations, boundary and/or initial
conditions, and constraint conditions, if any. In solid and structural mechanics problems,
the functional represents the total energy of the system, and in other problems, it is simply
an integral representation of the governing equations.

Variational principles have always played an important role in mechanics (see the ref-
erences at the end of the chapter). First, many problems of mechanics are posed in terms of
finding the extremum (i.e.. minima or maxima) and thus, by their nature, can be formulated
in terms of variational statements. Second, there are problems that can be formulated by
other means, such as the conservation laws (as illustrated in Chapter 1), but these can also
be formulated by means of variational principles. Third, variational formulations form a
powerful basis for obtaining approximate solutions to practical problems, many of which
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are intractable otherwise. The principle of minimum total potential energy, for example,
can be regarded as a substitute to the equations of equilibrium of an elastic body as well
as a basis for the development of displacement finite element models that can be used to
determine approximate displacement and stress fields in the body [Reddy (2002)]. Varia-
tional formulations can also serve to unify diverse fields, suggest new theories, and provide
a powerful means to study the existence and uniqueness of solutions to problems. Similarly,
Hamilton’s principle [see Reddy (2002)] can be used in lieu of the equations governing
dynamical systems, and the variational forms presented by Biot (1972) replace certain
equations in linear continuum thermodynamics.

2.1.2 Variational Formulations

The classical use of the phrase “variational formulations” refers to the construction of a
functional (whose meaning will be made clear shortly) or a variational principle that is
equivalent to the governing equations of the problem. The modern use of the phrase refers
to the formulation in which the governing equations are translated into equivalent weighted-
integral statements that are not necessarily equivalent to a variational principle. Even those
problems that do not admit variational principles in the classical sense (e.g., the Navier—
Stokes equations governing the flow of viscous or inviscid fluids) can now be formulated
using weighted-integral statements.

The importance of variational formulations of physical laws, in the modern or general
sense of the phrase, goes far beyond its use as simply an alternate to other formulations
[Oden and Reddy (1983)]. In fact, variational forms of the laws of continuum physics may
be the only natural and rigorously correct way to think of them. While all sufficiently smooth
fields lead to meaningful variational forms, the converse is not true: There exist physical
phenomena which can be adequately modeled mathematically only in a variational setting;
they are nonsensical when viewed locally.

The starting point for the discussion of the finite element method is differential equations
governing the physical phenomena under study. As such, we shall first discuss why integral
statements of the differential equations are needed.

2.1.3 Need for Weighted-Integral Statements

In almost all approximate methods used to determine the solution of differential and/or
integral equations, we seek a solution in the form
3
u(x) = Uy (%) = Z(:J-gf;,-(x) (2.1.1)
J=!
where u represents the solution of a particular differential equation and associated bound-
ary conditions, and Uy is its approximation that is represented as a linear combination
of unknown parameters ¢; and known functions ¢; of position x in the domain § on
which the problem is posed. We shall shortly discuss the conditions on ¢;. The approx-
imate solution Uy is completely known only when ¢; are known. Thus, we must find
a means to determine ¢; such that Uy satisfies the equations governing u. If somehow
we can find Uy that satisfies the differential equation at every point X of the domain €2
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and conditions on the boundary I' of €, then Uy (x) = u(x), which is the exact solution
of the problem. Of course, approximate methods are not about problems for which ex-
act solutions can be determined by some methods of mathematical analysis; the role of
approximate methods is to find an approximate solution of problems that do not admit
analytical solutions. When the exact solution cannot be determined, the alternative is to
find a solution Uy that satisfies the governing equations in an approximate way. In the
process of satisfying the governing equations approximately, we obtain (not accidentally
but by planning) N algebraic relations among the N parameters ¢, ¢», - -+, cy. A detailed
discussion of these ideas is given in the next few paragraphs in connection with a specific

problem.
Consider the problem of solving the differential equation
d du : ;
——|alx)— | +elx)u=f(x) for 0<x <L (2.1.2a)
dx dx

subjected to the boundary conditions
du
w(0) = uy, [a (x) —:| =y (2.1.2b)
dx r=1

where a(.x), ¢(x), and f(x) are known functions, uy and @y are known parameters, and u(x)
is the function to be determined. The set a(x), c(x), f(x), ug, and Qg is called the problem
data. An example of the above problem is given by the heat transfer in an uninsulated rod (see
Example 1.2.2): here i« denotes the temperature (€), f(x) is the internal heat generation per
unit length (Ag), a(x) is the thermal resistance (kA ), ¢ = A P, u is the specified temperature
(0o}, and Qg is the specified heat.
We seek an approximate solution over the entire domain 2 = (0, L) in the form
N

Un EZ(';:I);(A‘)—F%(JC) (2.1.3)
j=l

where the ¢; are coefficients to be determined and ¢;(x) and ¢y (x) are functions chosen
such that the specified boundary conditions of the problem are satistied by the N -parameter
approximate solution Uy, Note that the particular form in (2.1.3) has two parts: one con-
taining the unknowns (3 ¢;¢;) that is termed the homogeneous part and the other is the
nonhomogeneous part (¢y) that has the sole purpose of satisfying the specified boundary
conditions of the problem. Since ¢ satisfies the boundary conditions, the sum > ¢ ;¢; must
satisty, for arbitrary ¢;, the homogeneous form of the boundary conditions (Bu = ii is said
to be a nonhomogeneous boundary condition when & 5 0, and it is termed a homogeneous
boundary condition when @ =0; here B denotes some operator). Thus, in the present case,
the actual boundary conditions are both nonhomogeneous (B = 1 and it = g at x =0, and
B=ua(x)(d/dx)and i = Qyatx = L). The particular form (2.1.3) is convenient in selecting
¢y and ¢p;. Thus, ¢ and ¢; satisfy the conditions

Bgo=i, B¢;=0 forall j=1,2,---,n (2.1.4)

Tobe more specific, let L =1, up=1, Qg =0,a(x)=x,c(x)= 1, f(x)=0,and N = 2.
Then we choose the approximate solution in the form

Ur=ci1 + oo+ o with go=1, ¢1(x) =x" = 2x, pp=x" —3x
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that satisfies the boundary conditions (2.1.2b) of the problem for any values of ¢, and ¢;
because

1 dep;

do(0) =1, (x‘ﬂ) =0; ¢;(0)=0, (ﬁ) =0forj=1,2 (2.1.5)
¢ A% ey dx f o=
To make U satisfy the differential equation (2.1.2a), we must have
dUs 1>Us .
-_ = x{——_;i +U; = =2¢1(x — 1) —3ca(x™ — 1) — 2¢1x — 6('2x2
dx dx=

+e(x? —=2x) + e =3x) +1=0 (2.1.6)

Since this expression must be zero for any value of x, the coefficients of the various powers
of x must be zero:

14+2¢;+3¢,=0
—(6¢1 +3¢2) =0
¢1 =92 =0
;=10

The above relations are inconsistent; hence, there is no solution to the equations. On the
other hand, we can require the approximate solution Uy to satisfy the differential equation
(2.1.2a) in the weighted-integral sense,

|
j w(x)Rdx =0 2L
0
where R denotes the left side of the equality in (2.1.6) and is called the residual,
dUy ~ d*Uy
B 2 L
dx dx?

and w (x) is called a weight function. From (2.1.7), we obtain as many linearly independent
equations as there are linearly independent functions for w(x). The number of linearly
independent choices of w must be restricted to N =2 so that we have exactly the same
number of equations as the number of unknown coefficients, c;. For example, in the present
example, if we take w = | and w = x, we obtain

|
1 | 1
= f |- Rdx =(1+42c) +3c2) + 5(—6(71 —3¢) + —i(m —8é3) 7
0 :

' I I | I
0= jr: X Rdx= i(l + 2(.‘] e 3['1] -+ 5(—6(.'] = 3{'1) + Z[(.‘| — 9(.'2} -+ g['g

ar

3. .8, 8, .85 1 5
go TR T s

which provides two linearly independent equations for ¢y and ¢, (whose solution iscy =222

23
and ¢ = — L(—},f' ;

The above discussion clearly demonstrates the need for weighted-integral statements
of the type in (2.1.7); they provide the means for obtaining as many algebraic equations
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as there are unknown coefficients in the approximate solution. This chapter deals with the
construction of different types of integral statements used in different variational methods.
The variational methods differ from each other in the choice of the weight function w and/or
the integral statement used, which in turn dictates the choice of the approximation functions
¢ ;. In the finite element method, a given domain is viewed as an assemblage of subdomains
(i.e., finite elements), and an approximate solution is sought over each subdomain in the
same way as in variational methods. Therefore, itis informative to study variational methods
before we study the finite element method.

Our goal in this chapter is to illustrate the basic steps in the weighted-integral for-
mulations and associated approximations of boundary value, eigenvalue, and initial value
problems. Toward this goal, we first introduce the necessary terminology and notation.

2.2 SOME MATHEMATICAL CONCEPTS
AND FORMULAE

2.2.1 Coordinate Systems and the Del Operator

In the analytical description of physical phenomena, a coordinate system in the chosen frame
of reference is introduced, and various physical quantities involved in the description are
expressed in terms of measurements made in that system. The vector and tensor quantities
are expressed in terms of their components in that coordinate system. For example, a vector
A in a three-dimensional space may be expressed in terms of its components (a,, a2, as)
and basis vectors (e, €, €3) (e; are not necessarily unit vectors) as*

A=uae + arer + aze; (22010

When the basis vectors of a coordinate system are constants, i.e., with fixed lengths and
directions, the coordinate system is called a Cartesian coordinate system. The general
Cartesian system is oblique. When the Cartesian system is orthogonal. it is called rectangular
Cartesian. The rectangular Cartesian coordinates are denoted by

{x, X2, x3) or (x,v,2) (2.2.2)

The familiar rectangular Cartesian coordinate system is shown in Fig. 2.2. 1. We shall always
use a right-hand coordinate system. When the basis vectors are of unit lengths and mutually
orthogonal, they are called orthonormal. In many situations an orthonormal basis simplifies
calculations. We denote an orthonormal Cartesian basis by

(€),8,8;) or (&.6¢,,¢) (2.2.3)
For an orthonormal basis, the vector A can be written as
A=A & + Arér + Az,

where & (i = 1, 2, 3) is the orthonormal basis and A; are the corresponding physical compo-
nents (i.e., the components have the same physical dimensions as the vector). Although the
analytical description depends upon the chosen coordinate system and may appear different

*Vectors and matrices in this book are written with boldface letters.
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X =x

Figure 2.2.1 A rectangular Cartesian coordinate system, (X, X3, X3)=(x, y,2); (&.8&. &)=
(&, &,.¢.) are the unit basis vectors.

in another type of coordinate system, one must keep in mind that the laws of nature are
independent of the choice of coordinate systen.

It is useful to abbreviate a summation of terms by understanding that a repeated index
means summation over all values of that index. Thus, the summation

3
A=) A
i=1
can be shortened to
A=Ae (2.2.4)
The repeated index is a dummy index and thus can be replaced by any other symbol that
has not already been used. Thus, we can also write
A=Ae; =A,e,

and so on,
The “dot product” & - &; and “cross product” & x &; of base vectors in a right-handed
system are defined by

g, 0, ifis#£j 2
€ - € E‘Bf'_.r' = il Ir’i-; 22:5)
e x E‘J- ES,’_;‘kék (2.2.6)

where 8. is the Kronecker delta and &, is the alternating symbol or permutation symbol
i ik g §) )

I. ifi. j, k are in cyclic order
and not repeated (i # j # k)
eijn =1 —1. ifi, j. kare notin cyclic order (2.2.7)
and not repeated (i # j # k)
0, ifanyofi, j, k are repeated
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x

Figure 2.2.2 Cylindrical coordinate system.

Differentiation of vector functions with respect to the coordinates is common in science
and engineering. Most of the operations involve the “del operator,” denoted by V. In a
rectangular Cartesian system, it has the form

V=é, ;r + é_\-% +é. 32 (2.2.8)
It is important to note that the del operator has some of the properties of a vector, but it does
not have them all because it is an operator, The operation V¢ (x) is called the gradient of a
scalar function ¢ whereas V x A(x) is called the curl of a vector function A. The operator
V? =V - Vis called the Laplace operator. In a 3-D rectangular Cartesian coordinate system,
it has the form

- g . B
Tax? o 9y? o 872

‘We have the following relations between the rectangular Cartesian coordinates (x. v. z)
and cylindrical coordinates (r, ¢, z) (see Fig. 2.2.2):

(2.2.9)

x=rcosfl, y=rsint, z=z (2.2.10)
¢, =cosf &, +sind &, & =—sinf & +cost &, & =¢ (2.2.11)
e . .. 08 . o R
= —sin® &, +cosh 8, =8, ,—H:—cosb' é, —sinfé, =—8&, (2.2.12)
af) ot )

and all other derivatives of the base vectors are zero. For more on vector calculus, see Reddy
and Rasmussen (1982) and Reddy (2002), among other references.

2.2.2 Boundary Value, Initial Value, and Eigenvalue Problems

The objective of most analyses is to determine unknown functions, called dependent vari-
ables, that are governed by a set of differential equations posed in a given domain €2 and
some conditions on the boundary I" of the domain. Often, a domain not including its bound-
ary is called an open domain. A domain 2 with its boundary I' is called a closed domain
and is denoted by Q =QUT.

A function u of several variables (x, y, - - ) is said to be of class C™(£2) in a domain §2
if all its partial derivatives with respect to (x, y. - --) of order up to and including m exist
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and are continuous in . Thus, if u is of class C" in a two-dimensional domain €2, then u is
continuous in §2 (i.e., du/dx and du/dy exist but may not be continuous). Similarly, if u is
of class C', then u, du/dx, and du/dy exist and are continuous (hence, 8%u/dx?, 8%u/dy*,
and 9%u /dydx exist but may not be continuous).

When the dependent variables are functions of one independent variable (say, x), the
domain is a line segment (i.¢., one-dimensional) and the end points of the domain are called
boundary points. When the dependent variables are functions of two independent variables
(say.x and y), the domain is two-dimensional and the boundary is the closed curve enclosing
it. In a three-dimensional domain, dependent variables are functions of three coordinates
(say x, v, and z) and the boundary is a two-dimensional surface.

As discussed in Section 1.2, a differential equation is said to describe a boundary
value problem over the domain  if the dependent variable and possibly its derivatives
are required to take specified values on the boundary I' of €. An initial value problem
is one in which the dependent variable and possibly its derivatives are specified initially
(i.e., at time ¢ = 0). Initial value problems are generally time-dependent problems, Exam-
ples of boundary and initial value problems were discussed in Section 1.2, A problem
can be both a boundary value and initial value problem if the dependent variable is sub-
ject to both boundary and initial conditions. Another type of problem we encounter is
one in which a differential equation governing the dependent unknown also contains an
unknown parameter and we are required to find both the dependent variable and the pa-
rameter such that the differential equation and associated boundary conditions are satisfied.
Such problems are called eigenvalue problems. Examples of various types of problems
we encounter in science and engineering are given below (the mathematical classification
of differential equations into elliptic, parabolic, and hyperbolic is of no interest at the
moment).

Boundary Value Problems. Sready State Heat Transfer in a Fin and Axial Deformation
of a Bar |Fig. 2.2.3(a)]: Find u(x) that satisfies the second-order differential equation and
boundary conditions:

/ d
... aj) +eu=f for O<x<L (2.2.13a)
dx \ dx '
d
u(0) = uy, (a—u) =qy (2.2.13h)
dx ==L

Bending of Elastic Beams under Transverse Load: Find u(x) that satisfies the fourth-order
differential equation and boundary conditions:

1’ 2
& Th ‘:)+m=_r TR (2.2.14a)
dx” dx~
du
u(0) = uyg, —_— =dy
oo
d { d e
RNl = (bi—‘;f- i (2.2.14b)
dx dx= ) |y i b o

Steady Heat Conduction in a Two-Dimensional Region and Transverse Deflections of a
Membrane |Fig. 2.2.3(b)]: Find u(x. y) that satisfies the second-order partial differential
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=0 Q=(0,1) x=1L
SRS SEEssss

|—>x

{er) A one-dimensional domain

() A two-dimensional domain

Figure 2.2.3 (a) One-dimensional domain. (b) Two-dimensional domain.

equation and boundary conditions:

0 du d it ;
- [{-;_x (a.a) -+ 5)—) (az—'ﬁ)] +eu=f inf (2.2.15a)
d 0
u=uyonl,, (a. ‘—an,t + ﬂg—“ﬂ}.) =gponly (2.2.15h)
dx ax

where (n,, n,) are the direction cosines of the unit normal vector fi to the boundary I';.

Initial Value Problems. A General First-Order Equation: Find u(t) that satisfies the
first-order differential equation and initial conditions:
du 5
a;; ‘+eu=f for 0<t<T (2.2.16a)
w(0) =uy (2.2.16b)
A General Second-Order Equation: Find u(r) that satisfies the second-order differential
equation and initial conditions:
du d’u

aE+bE‘T +cu=f for 0<t<T (2.2.17a)

d
4(0) = up, (b—”-) =i (2.2.17b)
dr J,_y
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Boundary and Initial Value Problems. Unsteady Heat Transfer in a Rod: Find u(x, 1)
that satisfies the partial differential equation and initial and boundary conditions:

i du au : ; _ z
—r= i | 4+ p—=f 2,f), for" Q==L Yer=<T (2.2.18a)
dx dx ar

d
w(0, 1) =dul1), (ctTH) =qgolt), wlx,0)=up(x) (2.2.18D)
ax =L

Unsteady Motion of @ Membrane: Find u(x, y, 1) that satisfies the partial differential
equation and initial and boundary conditions:

] du 9 du Du _ ; ,
| e ige—] e (a-;_— +po—==flx,y1) inQ, 0<r<T (22.19%)
dx ix ; ote

ay \ oy
S i du
u=ug(t)onl,, ay—hy +ay—n, | =qolt) on T, (2.2.19h)
ox oy
ulx.y,0) =dy, tt(x,y.0)=1y (2.2.19¢)

where the superposed dot indicates a derivative with respect to time 7.

Eigenvalue Problems. Axial Vibrations of @ Bar: Find u(x) and 5 that satisfy the differ-
ential equation and boundary conditions:

o {
55 aﬂ) —au=0 for O<x<L (2.2.20a)
dx dx
du
w(0) =0, (a—) =) (2.2.20h)
d'r =il

Transverse Vibrations of a Membrane: Find u(x, y) and A that satisty the partial differential
equation and boundary conditions:

a o i du ;
= | =— L ~+- — g — —iu=0 InK (2.22'(!)
ox ix ay dy

du i ; .
u=0onl, ay T”/‘ -+ ag)—n). =0onl, (2.2.218)

dx dy

The values of A are called eigenvalues, and the associated tunctions u are called eigen-
Jfunctions.

The set of specified functions and parameters (e.g., a, b, ¢, p, f, ug, dy, go, v, and so
on) are called the data of the problem. Differential equations in which the right-hand side
[ is zero are called homogeneous differential equations, and boundary (initial) conditions
in which the specified data is zero are called homogeneous boundary (initial) conditions.
The exact solution of a differential equation is the function that identically satisfies the
differential equation at every point of the domain and for all times ¢ > 0, and satisfies the
specified boundary and/or initial conditions.

2.2.3 Integral Identities

Integration by parts is frequently used in the integral formulation of differential equations.
In two- and three-dimensional cases, integration by parts is carried out with the help of
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the gradient and divergence theorems. In this section, we derive some useful identities for
future use.

Integration-by-Parts Formulae. Let i, v, and w be sufficiently differentiable functions
of the coordinate x. Then the following integration-by-parts formula holds:

h dv b b P
f w—dx = [ wdv= —f vdw + [wo];
a dx Ju a

bodw
= v T dx +w(b)v(b) —wia) via) (2.2.22)

a
This identity can easily be established. First, note the following identity from the product
rule of differentiation:

) dw ” dv
— NN= —1 L
d ax " dx
Therefore,
dv d dw
W— = —(Wp) — — 1
o dx X

Integrating both sides over the interval (a, b), we obtain the identity in (2.2.22)

v b
dv 1 dw
] widx:f ‘—(14,1})——}1' dx
wdx 5 | dx

b ] b

d.l
= —wv)dx — [ —uvd
] dx(“ v) dx ' T vdx
b
d ;
= [wv]} — W v dx
Jo dx

Next, consider the expression

b du bd (du b du
w—dx=f w—|—)dx=] w—dx
. dx? . dx \dx . dx

where v = “I“ . Using (2.2.22), we obtain

] l'J'“ b 1 s
f W d—tj dx = — f v (]i dx +w(bh)vib) —w(a)via)
a i a ax

1] ;
du d d
= - o —Ha’x + w{b)—- E w(.c.f)—E (2.2.23a)
a dx dx dx|, dx |,
or
b b 2
{u dw d-u 1
-/ % d—‘;d,r=£ = ,dm+w(a)— “ —w(b)% o2
Similarly,

bdtw bod? dPw
V——dx = U —= — dx
e dx o dx® dx?

b
d-u
= f—— d;
lldx“ .
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where u = % Using (2.2.23a) with w = v, we can write the right-hand side as
bdu dv du du
- ——d v(b)—| —vla)— 2.2.24
j:‘ dx dx L )d.r lh (a)d.\' ; ( o
We use (2.2.23b) with w =i and u = v to write (2.2.24a) as
ol 2
d=v dv dv du du
. {x - —1b—l i(by—| —ufa)— 2.2.24¢
j,, “ dx? : +H(u)dx i 4 )d,r s +u )d.r b (a)a‘x . ( 4
and, finally, replacing u by its actual value u = d*w /dx?, we arrive at
fb d*w b dPw d*o d*w| dv d*w| dv
v—dx = — —dx+——| | — 53| =
. dx? a dx*idxt dx?|,dx|, dx*|,dx|,
ol )d:‘w ( ]djw (2.2.25)
i e — v — Lririet
" dx? i e ax 2

Gradient and Divergence Theorems. Let V and V2 denote, respectively, the gradient
operator and the Laplace operator in the two-dimensional Cartesian rectangular coordinate
system (x, y):

R : 2?9

V=¢é —+& —, V=V:V=—

— 2.2.26
ax Oy dx2 - y? ( %)

where &, and &, denote the unit basis vectors along the x and y coordinates, respectively.

If F(x.y)and G(x, y) are scalar functions of class C%(§2) in the two-dimensional domain
© shown in Fig. 2.2.3(b), the following gradient and divergence theorems hold.

f gradF dxdy = [ VE dxdy :é nfF ds
Q Ja r

f‘—“‘q‘—a 1!—3£(é+ &) F d
é, - @ dxdy = n,e, +n,é) F ds
Q ()JL ! {'}\ B ‘ Jr R ! ¥ :

The second equation implies, because two vectors are equal if and only if their components
are equal, that the following relations hold:

Gradient Theorem

(2.2.27a)

aF ? aF

— dxdy :§> B dw f —dxdy= @ n, F ds (2.2.27h)
o dx r q dy r
Divergence Theorem

f divG dxdy —=‘f V. -Gdxdy = % n-Gds (2.2.28a)

Q Q v

W . B,
—2 4+ —L )dxdy = P (ny Gy +ny Gy)ds (2.2.28h)
o\ dx dy r i

Here the dot denotes the scalar product of vectors, fi denotes the unit vector normal to the
surface I of the domain ; n, and n, (G, and G ,) are the rectangular components of i(G):
and the circle on the boundary integral indicates that the integration is taken over the entire
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boundary [see Fig. 2.2.3(b)]. The direction cosines n, and n, of the unit vector fi can be
wrilten as
ny=cos(x.i)=¢&, -n, n,=cos(y,n)=¢, - A0 (2.2.29)

where cos(x, i), for example, is the cosine of the angle between the positive x direction
and the unit vector h.

The following identities, which can be derived using the gradient and divergence
theorems, will be useful in the sequel. Let w and G be scalar functions defined in a
two-dimensional domain €2. Then

f(VG) wdxdy =— j (Vw) G dxdy + f niw G ds (2.2.30a)
Q Q I
and
5 aG
f (V’G) wdxdy= | Vw -VGdxdy — @ — wds (2.2.30b)
Q 0 r on
where d/dn denotes the normal derivative operator,
Jd . d i
— =V =hy—tfy— (2.2.31)
an dx Tdy

The following component form of (2.2.30a), with an appropriate change of variables,
is useful in the sequel:

aG aw .
[ w— dxdy = — ﬁ G dxdy + % new G ds (2.2.32a)
Ja  0x o dx r
G ow
f W dxdy = — | — Gdxdy +5£ nyw G ds (2.2.32b)
Q l}_\’ q OV r

Equations (2.2.32a) and (2.2.32b) can easily be established by means of (2.2.27b).

2.2.4 Linear and Bilinear Functionals
Consider the integral expression of the form

X , . du
)= Flx,u,u)dx, w=ulx), u=—
d dx

where the integrand F(x, u, u') is a given function of the coordinate x (independent vari-
able), dependent variable u, and its derivative du/dx. For a given real function u = u(x),
! (i) is a real number. Therefore, / can be viewed as an operator that transforms functions
u(x) into real numbers, and such operators are called functionals. We shall use the term
“functional’” to describe functions defined by integrals whose arguments themselves are
functions. Thus, loosely speaking, a functional is a “function of functions.” A formal defi-
nition from functional analysis is that a functional is an operator / mapping functions u from
a linear vector space into real number field. The following integrals qualify as functionals:

(2.2.33)

b du 5
) = f p{.‘c)z +qg(x)u” | dx + Pu(a)
1] . X

tu dv d
I(u,v) = f (p(x, y)ﬂ—l + g lx, y)t.') dxdy —I—/ Quds (2.2.34)
Q dx dx r
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where u and v are the dependent variables and all other parameters are either constants or
functions of position.
A functional /() is said to be /inear in u if and only if it satisfies the relation

How + po)=al(u) + Bl(v) (2.2.35)

forany real numbers & and # and dependent variables u and v. Examples of linear functionals
are provided by
b
)= | fudx+qub), Hu.vy={ (f(x.y)u+g(x, v)v)dxdy
£2

it

Note that the functionals

b du I
Ii(u) :f H e dx, I(u) =] f(x)udx+e¢, cisaconstant
(X

u i

do not qualify as linear functionals (why?).
A functional B(u. v) is said to be bilinear if it is linear in each of its arguments u
and v:

Blauw) + Pus. v) = aBuy, v) + BB(us, v) linear in the first argument (2.2.36a)
B(u,av) + puvy) = aBlu. v)) + BB(u, vy) linear in the second argument  (2.2.36h)

where i, iy, ua, v, vy, and v, are dependent variables and « and B are real numbers. Note
that a bilinear functional necessarily contains two arguments (dependent variables), and it
must be linear with respect to each argument. Examples of bilinear forms are

b E
lu dv
Bi(u,v) = f (p(x)uu + q.r(Jus}‘j l:j) dx + ku(a)v(a)
i dx dx

b i
Ba(u, v) = [ (p(X)u ¥ +q(x)d— . v) dx (2.2.37)
Ja X

Bi(u,v) = [ (p(x)u-v+4g(x) Vu- Vv)dx
Ja

b ” dv 2
Ii(u,v) = plu” +q(x) T dx
W ax

h oy d 1
[, v) = f (p(.x u-u+ q(x)!—‘r o v)d.r (2.2.38)
a ax

dx

X au\2
Iiy(u,v) = j |:p(x, y) (-—H) v+ glx, y)u} dxdy
7] dx

are not linear in their arguments,
A bilinear form B(u, v) is said to be symmetric in its arguments « and v if

The functionals

Blu.v)=B(v.u) (2.2.39)

forall # and v. Examples of symmetric bilinear forms are provided by B (u, v) and By(u, v)
listed above. Note that B(u, v¥) is not symmetric.
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A quadratic functional Q () is one that satisfies the relation
Q(au) =’ Q(u) (2.2.40)

for all real numbers w.

2.3 ELEMENTS OF CALCULUS OF VARIATIONS
2.3.1 Introduction

Calculus of variations is a branch of mathematics that deals with extrema and station-
ary behavior of functionals. As discussed in the introduction to this chapter, there are
many problems that can be posed only as finding the extremum of functionals [see, for
example, the Brachistochrone problem, geodesic problem, and isoperimetric problem dis-
cussed on pages 129 and 130 of Reddy (2002)]. The field of solid and structural mechanics
heavily depends on the use of energy principles that are stated in terms of finding the
extrema or stationary values of functionals to construct finite element models (e.g., the
principle of minimum total potential energy, the principle of maximum total comple-
mentary energy, and the Hu-Washizu and Hellinger—Reissner mixed variational princi-
ples). The direct variational methods like the Ritz method use variational principles to
obtain approximate solutions directly, bypassing the derivation of the governing
equations.

In this section we study the concept of variational operator and its properties, first
variation of functionals, and Euler equations resulting from the condition of vanishing of
the first variation of a functional. In the interest of keeping the scope of the study within
reasonable limits, only necessary concepts are covered.

Although the material covered in this section is not absolutely necessary for an under-
standing of the finite element method, it is deemed useful. at least for those readers who
have solid and structural mechanics background, to understand the concepts from calculus
of variations. Other readers may skip the section and go directly to Section 2.4.

2.3.2 Variational Operator and First Variation

Consider the function F(x, u, &), For an arbitrarily fixed value of the independent variable
x, F depends on 1 and ', The change ev in u, where ¢ is a constant and v is a function, is
called the variation of 1 and is denoted by éu (see Fig. 2.3.1):

Su=ev (2.3.1)

The operator 8 is called the variational operator. The variation éu of a function u represents
an admissible change in the function u(x) at a fixed value of the independent variable x. If
u s specified at a point (usually on the boundary), the variation of « is zero there because
the specified value cannot be varied. Thus, the variation of a function « should satisfy the
homogeneous form of the boundary conditions for . The variation du represents a virtual
but admissible change in . Associated with this change in u (i.e., when u is changed to
i + ev), there is a change in F,

AF=F(x,u+ev,u +ev)— Flx,u,u')
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w(x)

1 (x) = uix)+ oovix)

uy,

W)

a

Figure 2.3.1 The variations of u(x).

Expanding in powers of € gives (treating u + ev and u’ + ev’ as dependent functions)
OF  (ev)? B°F
du’ 2! du?

i aF
AF = F{x,u,u)+ev— +e€v
dut

(ev)(ev’) OPF (ev)? 0°F ’
e !f‘ X5 U
2 suwaw T 2 aaE Ll
aF dF
= €V + €V — +eRi(E) (2.3.2)
u du’
where lim,_.o R () = 0. The first variation of F is defined by
. o FPlxyu+ev.u' +ev')— Flx,u u) . NF
dF =¢|lim =¢€ | lim —
e—() € e} €
L Flu+ev)
=¢€|— t 4 ev
de ' e=0
dr JOF ar aF" 4
=e|lv—+v'— | =—dbu+ —éu (2.3.3)
u du’ du au’

Thus, the first variation of F can be written in terms of the variations of the dependent

variable u and its derivatives. Note that in the special case when F=u, Eq. (2.3.3) gives

the result in Eq. (2.3.1). Further, note the analogy between the first variation, (2.3.3), and
the total differential of /',

dF:(_}—Fd.r + gf—du—f— =

ax du o

du’ (2.3.4)

Since x is not varied during the variation of u to u + éu, dx = 0 and the analogy between § FF
and d F becomes apparent, i.e., § acts as a differential operator with respect to dependent
variables.

The above discussion can be extended to two dimensions and to functions F that de-
pend on more than one dependent variable in two or more dimensions. Let F =
F(x, y, t, 0, e, Uy, Uy, V), Where a =u(x, y) and v=wv(x, y) are dependent variables,
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and u, = du/dx, u, =du/dy, and so on. The first variation of F is given by

ar aF oF aF ar aF
0F = —éu+ —dv+ —4 —dvy + —du, + —dv
B T o T gy T gt 1 g G Wl
It can easily be verified that the laws of variation of sums, products, ratios, powers, and
so forth are completely analogous to the corresponding laws of differentiation. For example,

it Fy = F(«) and F; = F>(u), then
SFEF)=8F+6F

8(F Fy) =68F b+ Fiél; (2.3.5)
5 Fi\ dFF,—FF,
) e

8(F\)" = n(F)" '8 F,
If G = G(u, v, w) is function of several dependent variables u, v, and w (and possibly their
derivatives), the total variation is the sum of the partial variations:
8G=8,G4+8,G+6,G (2.3.6)

Furthermore, the variational operator can commute with differential and integral operators
(as long as the coordinates x and y are the fixed coordinates):

d d dv . oo fdu
E(Su)—d—x(eujzea=ev =&u _s(dx) (2.3.7a)
b b
Sf wix)dxy = f Su(x) dx (2.3.7h)
a i

The first variation of a functional can now be computed readily. Consider the functional
in Eq. (2.2.33). The first variation of 7 (u) is

b b
5!(u)=6f F(x.u,u’)dx:f SF(x,u,u')dx

a

b raF aF
= f (—Su + ,—au’) dx (2.3.8)
W\ du du’ :

More specific functionals are considered in the next example.

S ﬂ'\

Wi

\.. \_.,_ R
Y iy Y AT X ' Arider)
F 2gix s fdx 4 Phulg)
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2.3.3 Fundamental Lemma of Variational Calculus

The fundamental lemma of calculus of variations can be stated as follows:, forany integrable
Sunction G(x), if the statement

j]‘
[ G(x)nx)dx=0 (2.3.10)

o
holds for any arbitrary continuous function n(x), for all x in (a, b), then it follows that
G (x) =0in (a, b). A simple proof of the lemma follows from setting (x), which is arbitrary,
equal to GG. We have

h
f [G(x)]> dx=0
iy

Since an integral of a positive function, G, is positive, the above statement implies that
G(x)=0in the domain Q= (a, b).

A more general statement of the fundamental lemma is as follows: It 5(x) is arbitrary
ina < x < band n(a) is arbitrary, then the statement

b
/ Gndx+ Blayn(a)=0 (2.3.11a)
L)
implies that
G=0in a<x<bh and Bla)=0 (2.3.11%)

because n(x) is independent of n(a).

2.3.4 The Euler Equations

As stated in the introduction, certain problems are formulated as one of seeking the ex-
tremum of functionals (i.e., functions of dependent unknowns of the problem). For exam-
ple, problems of solid mechanics can be formulated as one of minimizing the total potential
energy of the system (Reddy, 2002). Typically, the total potential energy (functional) is
written in terms of the displacement field and applied loads. Then it is useful to derive the
differential equations that govern the displacement field from this minimum principle. Here
we outline the steps in obtaining such equations.
Consider, for example, the problem of finding a function u = u(x) such that

wla)=u,, ulb)=uy (2.3.12a)

and

}f
l(u]:f F(x,u(x), ' (x)) dx (2.3.12b)

(4

is a minimum. In analyzing the problem, we are not interested in all functions « but only
in those functions that satisfy the stated boundary (or end) conditions. The set of all such
functions is called, for obvious reasons, the set of competing functions (or set of admissible
functions). We shall denote the set by C. The problem is to seek an element « from C that
renders / a minimum. If # € C (the symbol € means ‘an element of ), then (u - €v) e C for
every v satisfying the conditions v(a) = v(b) =0. The space of all such elements is called
the space of admissible variations, as already mentioned. Figure 2.3.1 shows a typical
competing function i(x) = u(x) + ev(x) and a typical admissible variation v(x).
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Let I (u) be a differentiable functional in the sense that
diu+ev, u +ev)
de

exists, and let C denote the space of competing functions. Then, an element « in C is said
to yield a relative minimum (maximum) for (i) in C if

(i) — 1) =0 (=0) (2.3.13)

If 7 (i) assumes a relative minimum (maximum) at u € C relative to elements i € C, then it
follows from the definition of the space of admissible variations H and Eq. (2.3.13) that

Hu+ev)—Iu)=0 (=) (2.3.14)

for all veH, ||v|| <&, and € a real number. Since u is the minimizer, any other function
u €C is of the form & = u + ev, and the actual minimizer is determined by setting € = 0.
Once u(x) and v(x) are assigned, [ (i) is a function of € alone, say /(e). Now a necessary
condition for /(i) = [(€) to attain a minimum 1s that

dife)y d

=—|[I(u +ev)]=0 (2.3.15)
de de

On the other hand, /(i) attains its minimum at u, i.e., € = (). These two conditions together
imply (d1(€)/de)|.—y =0, which is nothing but

S1(u)y=0 (2.3.16)

Analogous to the sufficient condition for ordinary functions, the sufficient condition for
a functional to assume a relative minimum (maximum) is that the second variation 871 (1)
is greater (less) than zero. The second variation 82/ (1) of a functional / (i) is given by

u e [ "
a1 =—|—1 - (2317
(1) 5 [a‘e‘z (u+ev)l=U ( )

for all v € C and real number €.

It is clear that any candidate for the minimizing functional should satisfy the end condi-
tions in Eq. (2.3.12a) and be sufficiently differentiable (twice in the present case, as we shall
see shortly). The set of all such functions is the set of admissible functions or competing
functions for the present case. Functions from the admissible set can be viewed as smooth
(i.e., differentiable twice) functions passing through points (a. u,) and (b, uy), as shown in
Fig. 2.3.1. Clearly, any element i in C (the set of competing functions) has the form

i=u-+ev (2.3.18)

where € is a small number and v is a sufficiently differentiable function that satisfies
the homogeneous form of the end conditions (because & must satisfy the specified end
conditions) in Eq. (2.3.12a)

via)=v(hb)=0 (2.3.19)

and # is the function that minimizes the functional in Eq. (2.3.125h). The set of all functions
v is the set of admissible variations, H. Now assuming that, for each admissible function
i, F(x, @i, ') exists and is continuously differentiable with respect to its arguments, and
{ (it) takes one and only one real value, we seek the particular function «(x) that makes the
integral a minimum,
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The necessary condition (2.3.15) for / to attain a minimum gives

dl ' d
s M\ - —f F(x, @, i')dx
de e=0 de a e=0

B OETIRS AR b oA a
Fag 8F3d aF  OF

=[ aF o . 9 i)\ dx:f (‘—v—t—i v )dx  (23.20)
Jo \ Ot de  du’ de ) le=0 o \du du'

where it = u + ev. Integrating the second term in the last equation by parts to transfer
differentiation from v to u«, we obtain

B : e
aF d [OF ok h
0= AR L Y ) | 2321
1 ! [ du  dx (Uu’)] e (sm'”) a ( )

The boundary term vanishes because v is zero at x =« and x = b [see Eq. (2.3.19)]. The
fact that v is arbitrary inside the interval (a. b) and yet the equation should hold implies,
by the fundamental lemma of the calculus of variations, that the expression in the square
brackets is zero identically:

g~ = (fiF)=Uina<x<h (2.3.22)
du  dx \ ou
Equation (2.3.22) is called the Euler equation of the functional in Eq. (2.3.126). Of all
the admissible functions, the one that satisfies (i.e., the solution of) Eq. (2.3.22) is the true
minimizer of the functional /.

Next consider the problem of finding (u, v), defined on a two-dimensional region €2,
such that the following functional is to be minimized:

I, v) :f Fx, y,u. v, 0y, Uy, tty, 0y)dxdy (2.3.23)
Q

where u, = du/ox, u, =du/dy, and so on. For the moment we assume that « and v are
specified on the boundary 1" of €2. The vanishing of the first variation of / (i, v) is written as

Sl(u,v)y=38,1(u,v)+ 6,1 (u.v)=0

Here 8, and 8, denote (partial) variations with respect to & and v, respectively. We have

aF aF JF oF F 72
51 =[ ¥ ARl TR il S L TR S e S f—év‘.)d.rd}; (2.3.24)
Jo \ du ity du, v du, dv,

The next step in the development involves the use of integration by parts, or the gradient
theorem on the second, third, fifth, and sixth terms in Eq. (2.3.24). Consider the second
term. We have

Y OF 46 a (oF g [oF"
/ ‘ —“ dxdy = / (— : 6”) e (( ) Su | dxdy
Jo du, ox Jalox \du, ax \ du,

daF d [farF
= jé j—{sﬁ ny ds —f ‘— ({—) Sudxdy (2.3.25)
r duy o ox \ du,

Using a similar procedure on the other terms and collecting the coefficients of éu and dv
separately, we obtain

aF d [oF J foF .
= f e —— = — — du
« du dx \ o, dy \ du,
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aF g (0F d (aF
o ——{—( )—[—( ) Svt dxdy
dv  dx \ du, ay \ du,
oF aF aF aF
-i% —ny + —ny | du+ | —n, 4+ —n, |Sv|ds (2.3.26)
r dit, du,. - dv, du,

Since (u. v) are specified on I', 6u = §v =0 and the boundary expressions vanish. Then,
since du and §v are arbitrary and independent of each other in €2, the fundamental lemma
yields the Euler equations

9F @& (aF\ @ [aF

B B [—) R (i T (2.3.27a)
dit dx \ du, dy \ du,
F 3 [OF\ @ (OF

sv: ——‘—(f—)— _—(r—)zu (2.3.27h)
dv  dx \du, dy \ du,

2.3.5 Natural and Essential Boundary Conditions

First, consider the problem of minimizing the functional in Eq. (2.3.126) subject to no end
conditions [hence, an element v of the set of admissible variation is arbitrary even at the
end points, i.e., v(a) # 0 and v(b) # 0]. Then the functional / (1) has the form

h
f({!}:f Flx,u(x), u'(x)) dx — Qqula) — Oputh) (2.3.28)

where @, and @, are known values. The necessary condition for / to attain a minimum
yields [cf. Eq. (2.3.21)]

5 f” ar  d a;—') il aF
—; )| — = — — X —_—
5 : du  dx \ ou' o du’

Now suppose that % and v are selected such that

1]
— Qqvla)— Qpu(b) (2.3.29)

é

dar oFr
(— — 0, v=0forx=a, (( = Q;,) v=0forx=»h (2.3.30)
o’ du'

Then using the fundamental lemma of the calculus of variations, we obtain the same Euler
equation as in Eq. (2.3.22).
Equations in (2.3.30) are satisfied identically for any of the following combinations:

() via)y=0, vib)=0

. dlr
(2) via)=0, - — 0y =0
ou’
h
aF |
(3) —- —0,=0, v(h)=0
dit’
aF dF
@)~ ==l o—| =Py (2.3.31)
di’ du' ;

The requirement that v = () at an end point is equivalent to the requirement that u is specified
(to be some value) at that point. The end conditions in (2.3.31) are classified into two types:
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essential boundary conditions, which require v (and possibly its derivatives) to vanish at the
boundary, and natural boundary conditions, which require the specification of the coefficient
of v (and possibly its derivatives). Thus, we have

Essential Boundary Conditions:

specify v =0 or « = ii on the boundary (2.3.32a)
Natural Boundary Conditions:
dF
specify % = (Q on the boundary (2.3.32b)
ol

where Q0 =—0Q, at x =a and Q = Qj, at x =5h. In a given problem. only one of the four
combinations given in Eq. (2.3.31) can be specified. Problems in which all of the boundary
conditions are of the essential type are called Dirichilet boundary-value problems, and those
in which all of the boundary conditions are of the natural type are called Neumann boundary-
valie problems. Mixed boundary-value problems are those in which both essential and
natural boundary conditions are specified. Essential boundary conditions are also known
as Dirichlet or geometric boundary conditions, and natural boundary conditions are known
as Newmann or dynamic boundary conditions.

As a general rule, the vanishing of the variation v (or du) at a point implies that u is
specified there (in general, to be nonzero). The specification of i on the boundary constitutes
the essential boundary condition. Vanishing of the coefficient of the variation v in the
boundary expression constitutes the natural boundary condition. This rule applies to any
functional in one, two, and three dimensions, and to integrands that are functions of one or
more dependent variables and their derivatives of any order,

Next consider the functional in Eq. (2.3.23), and suppose that (i, v) are arbitrary on
I" for the moment. It is easy to identify the natural and essential boundary conditions of
the problem from Eq. (2.3.26): In each of the pairings on boundary I". specifying the first
element (which contains no variations of the dependent variables) constitutes the natural
boundary condition, and vanishing of the second element (or, equivalently, specifying the
quantity in front of the variational operator) constitutes the essential boundary condition.
Thus, we have either

u = i (specified) sothat du=0 on I (2:3:38a)
v = i (specified) sothat dv=0 on I (2.3.33h)
or
il o f i
——fpt——hy =0 on | (2.3.34a)
duy ()M_.,. '
o F aF 4 ;
—.+ —n, =0 on | (2.3.34h)
du, duy -

Equations (2.3.33a) and (2.3.33bH) represent the essential boundary conditions and
Egs. (2.3.34a) and (2.3.34b) the natural boundary conditions. The pair of elements (¢, 1)
are called the primary variables and

dF oF aF e

O =—un,+—ny and Qy=—n, + —n,
o, duy, v, duy
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ables constitute

are called the secondary variables. Thus, specification of the primary v.

essential boundary conditions and specification of the secondary v.

ables constitute natural

boundary conditions. In general, one element of each pair (u, Q) and (v, Q) (but not both
elements of the same pair) may be specified at any point of the boundary. Thus, there are
four possible combinations of natural and essential boundary conditions for the problem

under discussion.
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2.3.6 Hamilton’s Principle

The principle of minimum total potential energy is limited to static equilibrium of solids.

Hamilton's principle is a generalization of the principle of virtual displacements (see Reddy,
2002) to dynamics (i.e., ime-dependent response) of solids. The principle assumes that the

K and
., systems that cannot be described by a
the energies can be expressed in terms o

system under consideration is characterized by two energy functions: kinetic energy

potential energy T1. For continuous systems (i.e
finite number of generalized coordinates)

f the

dependent variables (which are functions of position) of the problem.

Newton’s second law of motion for a continuous body can be written in general terms as

(2.3.54)

is the resultant of all forces acting on

—ma=10
and F

F

where mi is the mass, a the acceleration vector,

the body. The actual path u

where du

is the admissible variation (or virtual displacement) of the path. We suppose that the varied

in the body

u(x, t) followed by a material particle in position x i

is varied, consistent with kinematic (essential) boundary conditions,

tou+ du

respectively.

f and Iz,

path differs from the actual path except at initial and final times,

Thus, an admissible variation §u satisfies the conditions

L

forall 1

(2.3.55a)
(2.3.55b)

Su=0onT,

Su(x. )

0 for all x

ty) =

1

du(x
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where I', denotes the portion of the boundary of the body where the displacement vector
u is specified. Note that the scalar product of Eq. (2.3.54) with du gives work done at
point x, because F. a, and u are vector functions of position (whereas the work is a scalar).
Integration of the product over the volume (and surface) of the body gives the total work
done by all points in moving through their respective displacements.

The work done on the body at time t by the resultant force in moving through the virtual
displacement du is given by

ff»audv+[ i-audS—f o088 dV (2.3.56)
v A V

where f is the body force vector, t the specified surface traction vector, and & and ¢ are
the stress and strain tensors. The “double-dot product” has the meaning o : 8¢ =0;;¢;.
The last term in Eq. (2.3.56) represents the virtual work of internal forces stored in the
body. The strains § € are assumed to be compatible in the sense that the strain-displacement
relations (2.3.42) are satisfied. The work done by the inertia force ma in moving through
the virtual displacement du is given by

d°u
f,o'”,, SsudV (2.3.57)
Vv ar=

where p is the mass density (can be a function of position) of the medium. We have the
result

frlf ' swav U (r Su—o a"*)1v+f i.s .-’S”a‘.' 0
p—s -SudV — du—ode)a U ¢ =
i v (')fz V T,

r

' Ju dsu - ) :
j s N e 8 (f-éu—a:he)dV—i— t.sudsS|di=0 (2.3.58)
f V f)f (’r’ Vv ST

In arriving at the expression in Eq. (2.3.58), integration by parts is used on the first term; the
integrated terms vanish because of the initial and final conditions in Eq. (2.3.55b). Equation
(2.3.58) is known as the general form of Hamilton’s principle for a continuous medium
(conservative or not, and elastic or not).

For an ideal elastic body, we recall from the previous discussions that the forces f and t

are conservative,
rSV:—(ff»r?udV—f—[ E-SudS) (2.3.59q)
v Iy

and that there exists a strain energy density function Uy = Uy(g;;) such that

(

U
8Uo(ei;) = %58,-_}- = 0,88 (2.3.59b)
!—,‘,'J:

Substituting Egs. (2.3.59a) and (2.3.595) into Eq. (2.3.58), we obtain
fa
5/ [K—(V+U)ldt=0 (2.3.60)
|

where K and U are the kinetic and strain energies:

du du

k= | £, Zav. v= | wyav (2.3.61)

=
V & df df JV
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Equation (2.3.60) represents Hamilton’s principle for an elastic body. Recall that the
sum of the strain energy and potential energy of external forces. U + V, is called the total

potential energy, I1, of the body.

For badies involving no motion (i.e., forces are applied
motion is independent of time and the inertia forces are

sufficiently slowly such that the

negligible), Hamilton’s principle (2.3.60) reduces to the principle of minimum total potential

energy:

(2.3.62)

=48I1=0

U H+V)
The Euler equations. known as the Euler-Lagrange equations, associated with the

K — T, can be obtained from Eq. (2.3.60):

Lagrangian L

8 f J L, Vu, u) dt
Ul
INIAG
1 v

where integration by parts, gradient theorems

0=

(2.3.63)

a

f (t—1)-duds
P
.3.55a) and (2.3.55h) were used

(2

dudV +

)

+ b
—dive —

BT
at?

and Eqgs.

in arriving at Eq. (2.3.63) from Eq. (2.3.60). Because u is arbitrary for 1

in V., and also on ', it follows that

for x

h<tr<ty,

]

in

(2.3.64)

inV
on [,

0
0

f
t—t

i*u

¥ -—
div

Fitr—

Parr ~

Lagrange equations for an elastic body [cf. Eq. (2.3.46)].

Equations (2.3.64) are the Euler-
Next, we consider a specific ex

(2002)].

s principle [see Reddy

L]

ample of application of Hamilton

T
/s n.. w\
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2.4 INTEGRAL FORMULATIONS
2.4.1 Introduction

Recall from Section 2.1.3 that the motivation for the use of weighted-integral statements
of differential equations comes from the fact that we wish to have a means to determine
the unknown parameters ¢; in the approximate solution Uy = ZI. ¢;j¢;. The variational
methods of approximation, e.g., the Ritz, Galerkin, least-squares, collocation, or, in general,
weighted-residual methods to be discussed in Section 2.5 are based on weighted-integral
statements of the governing equations. Since the finite element method is a technique for
constructing approximation functions required in an elementwise application of a variational
method, it is necessary to study the weighted-integral formulation and the so-called weak
formulation of differential equations. The weak formulations also facilitate, in a natural
way, the classification of boundary conditions into natural and essential types. As we shall
see shortly, this classification plays a crucial role in the derivation of the approximation
functions and the selection of the nodal degrees of freedom of the finite element model.

In this section. our primary objective will be to construct the weak form of a given
differential equation and to classify the boundary conditions associated with the equation.
A weak form is defined to be a weighted-integral statement of a differential equation in
which the differentiation is transferred from the dependent variable to the weight function
such that all natural boundary conditions of the problem are also included in the integral
statement. These ideas will be more clear in the sequel.

2.4.2 Weighted-Integral and Weak Formulations

Consider the problem of solving the differential equation

d du : :
—— lax)— [=fx) for O<x <L (2.4.1a)
dx dx

for 1(x). subject to the boundary conditions

N |
u(0) = uy. (aﬂ) =04 (2.4.1b)

dx./ |

Here a(x) and f(x) are known functions of the coordinate x: ug and Q are known values;
and L is the size of the one-dimensional domain. When the specified values are nonzero
(ttg # 0 or Oy #0), the boundary conditions are said to be nonhomogeneous; when the
specified values are zero, the boundary conditions are said to be homogeneous. The homo-
geneous form of the boundary condition u(0) = ug is #(0) = 0, and the homogeneous form
of the boundary condition (adu/dx)| =y = Qy is (adu/dx)|,~; = 0.

Equations of the type (2.4.1a) arise, for example, in the study of axial heat conduction
in arod (e.g., heat exchanger fin) or radial heat conduction in a long axisymmetric cylinder.
[n the former case, ¢« =k A, with k being the thermal conductivity and the A the cross-
sectional area, the L being the length of the rod. For the axisymmetric case, a =27 Lkx, x
being the radial coordinate r and L the length of the cylinder. In both cases, f denotes the
heat generation term, uy is the specified temperature, and Q is the specified heat. Other
physical problems are also described by the same equation but with different meanings for
the variables. Typical examples of field problems with a description of the variables are
presented in Table 2.4.1.
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Table 2.4.1 Some examples of engineering problems in which the second-order equation (2.4.1a)
and its boundary conditions (2.4.15) arise.

i f d {
: (ag) =f forO=x<L; u(0)=uy (Hﬂ) =0
d"'_ re=l

dx \ dx
Primary Source Secondary
variable Coefficient™® term varitahle
Field i 17 f o
1. Cables Transverse T Distributed Axial foree
deflection vertical force
2. Bars Longitudinal EA Distributed Axial load
displacement axial force
3. Heat transfer Temperature k Internal heat Heat flux
generation
4. Pipe flow Hydrostatic pressure % Flow source Flow rate
5. Viscous flows Velocity mn Pressure gradient Stress
6. Seepage Fluid head 8 Fluid flux Flow
7. Electrostatics Electrical potential s Charge density Electric flux

*E = Young's modulus; A = area of cross section: £} = diameter of the pipe; & = thermal conductivity; p = viscosity; T’ = tension:
&= permeability; and e = dielectric constant,

Residual Function. Suppose that we seek an approximation of #(x) in the form

N

u(x) = Uy(x) =Y cj;(x) + do(x) (2.4.2)

j=1

and determine ¢; such that Uy (x) satisfies the differential equation (2.4.1a). Substitution
of Uy into Eq. (2.4.1a) yields

d {U
——[muii]:ﬂn for O<x<L (2.4.3a)

X

Since the left side of the equality is now an approximate value, we cannot expect it to be
equal, in general, to the right side of the equality. The difference

dU N

dx

Rx,c;)= —% [u().‘) ] — f(x)#£0 for O<x<L (2.4.3b)
is called the residual of approximation in the differential equation. It is a function of x and
¢;. Any approximate method (especially a variational method) seeks a set of N equations
among ¢; by making R equal to zero. Since it cannot be made zero identically at every point
of the domain (as explained in Section 2.1.3), we must find an alternate way to find the
necessary relations among ¢; such that R is zero. If we require R to be zero at N selected
points of the domain, we have

R(xie;) =0 for x=wy; i=1;2, ;N (2.4.4)
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which is known as the collocation method. Another way to make R zero is to minimize the
integral of the square of the residual (R is squared to make it positive) with respect to ¢ ;:

L . +

3 ) 2

8l = 6[ R dx=0 or —f- R dx =0 (2.4.5)
] aci Jo

The method based on (2.4.5) is called the least-squares method. Equations (2.4.4) and

(2.4.5), each, give N equations that can be solved for parameters c ;.

Weighted-Residual Method. Yet another way to determine the ¢;j is to require R to vanish
in a “weighted-residual” sense:

L
/ wilx) R(x,c;)dx=0 (i=1,2,---, N) (2.4.6)
(1]

where w;(x) are a set of lincarly independent functions, called weight functions, which in
general can be different from the approximation functions ¢i(x). This method is known as
the weighted-residual method. Indeed, the statement in (2.4.6) includes (2.4.4) as well as
(2.4.5) as special cases. When wi =¢;, Eq. (2.4.60) is known as the Galerkin method. Thus,
we have the following special cases of (2.4.6);

Petrov—Galerkin method: Wi = Y £y
Galerkin's method: Wi = ¢
d dep; (2.4.7)
Least squares method: Wi = — a[.r)—-¢—)
dx dx
Collocation method: w; = 8(x —x;)

Here x; is the ith collocation point of the domain of the problem and §(-) is the Dirac delta
function defined such that its value is zero for all nonzero values of its arguments:

o0

(SU‘.’ — X 0 when x 7‘5‘{'”, [ f(l]ﬁ(l’ — Xg) dx = f{).'l}) (2.4.8)
. Do

Due to the different choices of w;,—even when the ¢ used in (2.4.4), (2.4.5) and
(2.4.6) are the same—the system of algebraic equations will have different characteristics
in different method. For linear differential equations of any order, only the least-squares
method yields a system of matrix equations whose coefficient matrix is symmetric. One
other method that has the symmetry property is the Ritz method, which uses the weak form
of even-order (second, fourth, and so on: called self-adjoint) differential equations with
w; = ¢;; the Ritz method is not a special case of the weighted-residual method. As we shall
see shortly, the weak form of a self-adjoint differential equation always contains the same
order derivatives of both the weight function w and the dependent unknown u, and the order
is equal to half that of the original differential equation. In the following paragraphs, we
discuss the weak form development.

Development of Weak Forms. There are three steps in the development of the weak form
of any differential equation. These steps are illustrated by means of the model differential
equation (2.4.1a) and boundary conditions (2.4.1b).

Step 1. (Weighted-integral statement.) This step is the same as in a weighted-residual
method. Move all terms of the differential equation to one side (so that it reads . .. = 0).
multiply the entire equation with a function w (x), and integrate over the domain Q = (0, 1)
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of the problem:

L d 1
{}:f i | =py = | di (2.4.9)
0 z.-‘.'x dx

Recall that the expression in the square brackets is not identically zero since u is replaced
by its approximation, Uy. Mathematically, in (2.4.9) the error in the differential equation
(due to the approximation of the solution) is made zero in the weighted-integral sense. The
integral statement (2.4.9) allows us to choose N linearly independent functions for w and
obtain N equations for ¢y, ¢z, - -+, ¢y of (2.4.2).

Note that the weighted-integral statement of any differential equation can be readily
written. The weighted-integral statement is equivalent only to the differential equation and
does not include any boundary conditions. The weight function w in (2.4.9) can be any
nonzero integrable function and has no differentiability requirements.

Step 2. While the weighted-integral statement (2.4.9) allows us to obtain the necessary
number (N ) of algebraic relations among ¢; for N different choices of the weight function w,
it requires that the approximation functions ¢; be such that Uy [see (2.4.2)] is differentiable
as many times as called for in the original differential equation (2.4.1a) and satisfies the
specified boundary conditions. If this is not a concern, one can proceed with the integral
statement (2.4.9) and obtain the necessary algebraic equations for ¢; (using any one of the
choices listed in Eq. (2.4.7) for w ~w;).

If we plan to use the approximation functions ¢; for w ~ w;, it makes sense to shift
half of the derivatives from # to w so that both are differentiated equally, and we have
fewer (or weaker) continuity requirements on ¢ ;. The resulting integral form is known as
the weak form. Of course, weakening the differentiability of # (and hence ¢;) is purely a
mathematical (and perhaps computational) consideration. As will be seen shortly, the weak
formulation has two desirable characteristics. First, it requires weaker, as already indicated,
continuity of the dependent variable, and for self-adjoint equations (as is the case with
problems studied in this book) it always results in a symmetric coefficient matrix. Second,
the natural boundary conditions of the problem are included in the weak form, and therefore
the approximate solution Uy is required to satisfy only the essential boundary conditions
of the problem. These two features of a weak form play an important role in the development
of finite element models of a problem.

A word of caution is in order. Differentiating the weight function instead of the dependent
variable (in addition to the weakening the continuity requirements on ¢; ) is also dictated by
the need to include physically meaningful boundary terms into the weak form, regardless of
the effect on the continuity requirements. Therefore, this trade-off should not be performed
if it results in boundary terms that are not physically meaningful.

Returning to the integral statement (2.4.9), we integrate the first term of the expression
by parts to obtain

(2.4.10)

I
S~
2
S
| B
= | =
e’-‘-.|"e-‘-.
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where the integration-by-parts formula [see Eq. (2.2.22)]

L L
f wdi=— [ vdw + |w i;]{"',‘
0 0

is used with v = —adu /dx on the first term to arrive at the second line of (2.4.10). Note
that now the weight function w is required to be differentiable at least once.

An important part of Step 2 is to identify the two types of boundary conditions associated
with any differential equation: natural and essential. The classification is important for both
the variational methods of approximation considered in this chapter and the finite element
formulations presented in the subsequent chapters. The following rule is used to identify the
natural boundary conditions and their form. After trading between differentiating the weight
function w and the variable « of the problem, examine all boundary terms of the integral
statement. The boundary terms will involve both the weight function and the dependent
variable. Coefficients of the weight function (and possibly its derivatives for higher-order
equations) in the boundary expression(s) are termed the secondary variables (SV). For
example, for the problem at hand the coefficient of w in the boundary term is a(du /dx),
which is the secondary variable. Specification of a secondary variable on the boundary
constitutes the natural boundary condition (NBC).

The dependent variable of the problem (u), expressed in the same form as the weight
function (w) appearing in the boundary term, is called the primary variable (PV), and
its specification on the boundary constitutes the essential boundary condition (EBC). For
the case under consideration, the weight function appears in the boundary expression [see
(2.4.10)] as w (in higher-order equations, it may appear as w in one boundary term and
as dw /dx in other). Therefore, the primary variable is u (for higher-order equations, the
primary variables may include « as well as du/dx), and the essential boundary condition
involves specifying u at the boundary points.

The secondary variables always have physical meaning and are often quantities of
interest. In the case of heat transfer problems, the secondary variable represents heat, Q.
We shall denote the secondary variable by

0= ({'.'Z:—M)ﬁ_t (2.4.11)

X

where n, denotes the direction cosine, i.e., n, = cosine of the angle between the positive
x axis and the normal to the boundary. For one-dimensional problems, the normal at the
boundary points is always along the length of the domain. Thus. we have n, = —1 at
the left end and n, = 1 at the right end of the domain.

It should be noted that the number and form of the primary and secondary variables
depend on the order of the differential equation. The number of primary and secondary vari-
ables is always the same, and with each primary variable there is an associated secondary
variable, i.e., they always appear in pairs (e.g.. displacement and force, temperature and
heat, and so on). Only one of the pair, either the primary or the secondary variable, may be
specified at a point of the boundary. Thus, a given problem can have its specified bound-
ary conditions in one of three categories: (1) all specified boundary conditions are EBC;
(2) some of the specified boundary conditions are EBC and the remaining are NBC; or
(3) all specified boundary conditions are NBC. For a single second-order equation, as in the
present case, there is one primary variable # and one secondary variable Q. At a boundary
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point, only one of the pair (¢, Q) can be specified. For a fourth-order equation, such as that
for the classical (i.e., Euler-Bernoulli) theory of beams, there are two of each kind (i.e., two
PVs and two SVs), as will be illustrated later (see Example 2.4.2). In general, a 2mth-order
differential equation require m integration by parts to transfer m derivatives from u to w and
therefore there will be m boundary terms involving m primary variables and m secondary
variables, i.e., m pairs of primary and secondary variables.

Returning to Eq. (2.4.10), we rewrite it using the notation of (2.4.11):

L Iw o / L
O:f agﬂ—w‘f)dx— wlﬂg
0 dx dx dx |,
Ly dwd 1
:ﬁ (aﬁﬁ—wf)a‘x—(wﬁ%n,)

( du ) ‘
—(wa—n,

a=0 dx y=F
dw du

I
= f (r: — — —w f) dx —(wQ)y — (wQ); (2.4.12)
0 dx

Equation (2.4.12) is called the weak form of the differential equation (2.4.1a). The word
“weak” refers to the reduced (i.e., weakened) continuity of u, which is required to be
twice-differentiable in the weighted-integral statement (2.4.9) but only once-differentiable
in (2.4.12).

Step 3. The third and last step of the weak formulation 1s to impose the actual boundary
conditions of the problem under consideration. It is here that we require the weight function
w to vanish at boundary points where the essential boundary conditions are specified. i.e., w
1 required to satisly the homogeneous form of the specified essential boundary conditions
ot the problem (recall Section 2.3). In weak formulations, the weight function has the
meaning of a virtual change (or variation) of the primary variable w ~ du. It a primary
variable is specified at a point, the virtual change there must be zero. For the problem at
hand, the boundary conditions are given in (2.4.15). By the rules of classification of the
boundary conditions, u = uq is the essential boundary condition and (adu /dx)|,—; = Oy
is the natural boundary condition. Thus, the weight function w is required to satisty w(0) =
0 because u(0) =up. Since w(0) =0 and

du du
WL)=(a—n, =|a— =0
L( ) (”d-‘-”.) A=l (ad"r) sl LL
Eq. (2.4.12) reduces to the expression
Li
iw d
U:f al By Fldr—w(l) 0y (2.4.13)
0 dx dx

which is the weak form equivalent to the original differential equation (2.4.1a) and the
natural boundary condition (2.4.15). This completes the steps involved in the development
of the weak form of a differential equation.

The terms “variational form™ and “weak form™ will be used interchangeably. The weak
form of a differential equation is a weighted-integral statement equivalent to the differential
equation and the specified natural boundary condition of the problem. Note that the weak
form exists for all problems—Iinear or nonlinear—that are described by second- and higher-
order differential equations. When the differential equation is linear and of even order, the
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resulting weak form will have a symmetric bilinear form in the dependent variable « and
weight function w, as we shall see shortly.

In summary, there are three steps in the development of a weak form. In the first step, we
put all expressions of the differential equation on one side (so that the other side is equal to
zero), then multiply the entire equation by a weight function and integrate over the domain of
the problem. The resulting expression is called the weighted-integral form of the equation,
In the second step, we use integration by parts to distribute differentiation evenly between
the dependent variable and the weight function, and use the boundary terms to identify the
form of the primary and secondary variables. In the third step, we modify the boundary terms
by restricting the weight function to satisfy the homogeneous form of the specified essential
boundary conditions and replacing the secondary variables by their specified values,

[t should be recalled that a weighted-integral statement or the weak form of a differential
equation is needed to obtain as many algebraic equations as there are unknown coefficients
in the approximation of the dependent variables of the equation. For different choices of the
weight function, different algebraic equations can be obtained. Because of the restrictions
placed on the weight function in Step 3 (w ~ 8u) of the variational formulation, it must
belong to the same space of functions as the approximation functions (i.e., w ~ ;).

2.4.3 Linear and Bilinear Forms and Quadratic Functionals

It is informative, although not necessary for the use of variational methods or the finite
element method, to see the relation between the weak form and the minimum of a quadratic
functional associated with the differential equation. The weak form (2.4.13) contains two
types of expressions: those involving both the dependent variable u and the weight function
w, and those involving only the latter. We shall denote these two types of expressions by
B(w, u) and {(w), respectively:

fi4 ! d L
B(W.H):f G O !(w):f wfde+wd)Q, (24.14)
4]

dx dx 0
Hence, the weak form (2.4.13) can be expressed in the form
O=B(w,u)—Hw) or B(w,u)=I[(w) (2.4.15)

whichis termed the variational problem associated with Eqs. (2.4.1a) and (2.4. 1 b). Using the
definitions of linear and bilinear forms from Section 2.2.4, it can be verified that B(w,u)is
bilinear and symmetric in w and u and that /(w ) is linear. The variational problem associated
with (2.4.1a) and (2.4.15) can be stated as one of finding the solution u# (from a suitable
veclor space, H) such that

Bw,u)=I[(w) (2.4.16)

holds for any w (in H) that satisfies the homogeneous form of the specified essential
boundary conditions and continuity conditions implied by the weak form. The function w
can be viewed as a variation of the actual solution w = §u, and Eq. (2.4.15) can be written as

0= B(du, u) —1(du) (24.17)
If B(-, -) is bilinear and symmetric and {(-) is linear, we have

]
B(du, u) = Eﬁ[B{a. w)l, (du)=3¥8[l(u)] (2.4.18a)
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so that (2.4.17) can be expressed as
0= B(Su, u) —1(8u) = %5[8(;;. w)] = 8[lu)] =81 (u) (2.4.18b)
where
()= %B(H,H)—“H) (2.4.19)

The result in (2.4.18a) can be verified for the problem at hand:

f"' ddu du f‘—ﬁfta du\* ;
i a T Ta dx= 2\ dx
1 L du du

|
—5/ a—— dx = =3 B(u. u))
2 0 d)( d.lf 2

L
[(6u) :f du fdx +du(L)Q,

0

B(du, i)

L
=4 [f u f dx + u(L)Q;,] =8[l(u)]

0

Now we can restate the variational problem (2.4.16) as one of minimizing the functional
I(u):

81 =0=B(u,u) —I(5u), 61 = B(Su,su)>0forsu#0 (2.4.20)

Thus, the function « that minimizes / (1) is the solution of (2.4.16); conversely, the solution
of (2.4.16) minimizes the functional. Mathematical proof of these assertions can be found
in Reddy (1986, 2002).

Note that the key step in the derivation of the functional / (1) from the weak form is the
bilinearity and symmetry of the bilinear form B(w, u). Thus, whenever B(w, u) is bilinear
and symmetric, and /(w) is linear, the functional associated with the variational problem
(2.4.16) is given by (2.4.19). When B(w, u) is not linear in w and u, but is symmetric, the
functional 7 () can be derived, but not from (2.4.19). The interested reader may consult the
books by Oden and Reddy (1983) and Reddy (1986).

For solid mechanics problems, 7 (u) represents the total potential energy functional,
and 8§/ =0 is the statement of the principle of the minimum total potential energy: Of all
admissible functions u, the one that makes the total potential energy [ (#) a minimum also
satisfies the differential equation(s) and natural boundary condition(s). In other words, the
weak form of a differential equation is the same as the statement of the principle of minimum
total potential energy. For problems outside solid mechanics, the functional / (z), if it exists,
may not have any physical meaning, but it is still useful for mathematical analysis (e.g., in
proving the existence and uniqueness of solutions).

As noted earlier, every differential equation admits a weighted-integral statement, and
a weak form exists provided the equation is of order two or higher. When the bilinear
form is symmetric, we will also have a functional whose first variation set equal to zero
is equivalent to the governing equations. Recall that we can always construct the least-
squares functional associated with any set of governing equations. However, the traditional
variational methods and the finite element method use only an integral statement or a weak
form of the equation(s) to be solved.
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The next example illustrates the variational formulation of a fourth

equation governing bending of elastic beams according to the Euler-

|see Reddy (2002)].
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form development of a pair of second-

order differential equations in one dimension. The approach used for a single equation is

followed for each equation of the pair. However,
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associated functional is a bit tricky.

The next example is concerned with the weak-
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AN INTRODUCTION TO THE FINITE ELEMENT METHOD

Our objective in this section is to study the variational methods of approximation because
they provide a background for the development of finite element model

be discussed include the Ritz and weighted-residual (e.g.
the form of a linear combination of suitable approximation functions ¢; and undetermined

squares, and collocation) methods. In all these methods. we seek an approximate solution in
parameters ¢;: 3, c;¢;. The R

2.5 VARIATIONAL METHODS

2.5.1 Introduction
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and hence,

In the Ritz method, the coefficients ¢;

2.5.2 The Ritz Method
weak form of the problem,
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approximation functions, w =¢; (w ~u). Recall that the weak form contains both the
governing differential equation and the natural boundary conditions of the problem, and
hence it places weaker continuity requirements on the approximate solution than the original
differential equation or its weighted-integral form. The method is described here for a linear
variational problem (which is the same as the weak form).

Consider the variational problem resulting from the weak form: Find the solution u
such that

Biw,u)=1(w) (2.5.1)

for all sufficiently differentiable functions w that satisfy the homogeneous form of specified
essential boundary conditions on u. In general, B(-, ) can be unsymmetric in w and &,
and it can be even nonlinear in u [ B(-, -) is always linear in w]. When B(-, +) is bilinear and
symmetric in w and u and [ is linear, the problem in (2.5.1) is equivalent to minimization
of the quadratic functional [see Eq. (2.4.19)]

1
!(H]:EB(L{,.%)—!(H) (2.5:2)
In the Ritz method, we seek an approximate solution to (2.5.1) in the form of a finite series
[see Eq. (2.4.2)]

N

Un(x)=)_ci$;(x) + ¢o(x) (

J=

2
in
2

where the constants ¢, called the Ritz coefficients, are determined such that (2.5.1) holds
foreach w=¢; (i =1,2...., N), i.e.. (2.5.1) holds for N different choices of w, so that
N independent algebraic relations among ¢; are obtained. The functions ¢; and ¢y, called
approximation functions, are chosen such that Uy satisfies the specified essential boundary
conditions [recall that the specified natural boundary conditions are already included in the
variational problem (2.5.1) and hence in the functional [ (x)]. More details on this will be
discussed shortly. The ith algebraic equation is obtained from Eq. (2.5.1) by substituting
w =¢; and Uy from (2.5.2) for u:

N
B (fi’f- Zt-'_fﬁf)j +¢’:})=f'(¢‘;) (i=1,2,---/N)
j=I

Since B(-. -) is linear in u. we have

N
> B(gi, pj)e; =) — B, o)

i=l

N
or Y Ryey=F; i=12:0N (2.5.4a)
J=l

Kij= Blgi. ¢;), Fi=1¢)— Bldi. o) (2.5.4b)

The algebraic equations in (2.5.4a) can be expressed in matrix form as

|[Kle}={F} or Ke=F (

=)
n
n
=
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As stated earlier, for symmetric bilinear forms the Ritz method can also be viewed as
seeking a solution of the form in (2.5.3) in which the parameters ¢, are determined by mini-
mizing the quadratic functional / (u) in (2.5.2). After substituting Uy from (2.5.3) for i into
(2.5.2) and integrating, the functional 7 (1) becomes an ordinary function of the parameters

€1, 2. ... cy. Then the necessary condition for the minimization of / (¢y, ¢2, ..., ¢y ) is that
its partial derivatives with respect to each of the parameters be zero:
al dal : af _
—=0, —=0 .., —=0 (2.5.6)
rl(‘| ()('2 (]:"..\,-'

Thus, there are N linear algebraic equations in N unknowns, ¢; (j =1,2,---, N). These
equations are exactly the same as those in (2.5.4) for all problems for which the variational
problem (2.5.1) is equivalent to §/ =0, Of course, when B(-, -) is not symmetric, we do
not have a quadratic functional. In other words, (2.5.4a) is more general than (2.5.6). and
they are the same when B(:, -) is bilinear and symmetric. In all problems of interest in the
present study, we shall have a symmetric bilinear form.

2.5.3 Approximation Functions

Returning to the approximation Uy in (2.5.3), we wish to discuss the selection of the
approximation functions ¢; and ¢y for the Ritz method. First, we note that /5 must satisfy
only the specified essential boundary conditions of the problem, since the specified natural
boundary conditions are included in the variational problem (2.5.1). The particular form of
Uy in (2.5.3) facilitates satisfaction of specified boundary conditions. To see this, suppose
that the approximate solution is sought in the form
N
Un(x) =) c;p;(x)
i=
and suppose that the specified essential boundary condition is u(xy) =uy. Then Uy must
also satisty the condition Uy (xg) = up at a boundary point x = x:
N
z Cithi(xp) =y

Since ¢; are unknown parameters to be determined, it is not easy to choose ¢;(x) such that
the above relation holds. If «y = 0, then we can select all ¢p; such that ¢; (xo) = 0 and satisfy
the condition Uy (xp) =0. By writing the approximate solution Uy in the form (2.5.3),
a sum ol a homogeneous part Z ¢;¢;(x) and a nonhomogeneous part ¢(x). we require
$olx) to satisfy the specified essential boundary conditions while the homogeneous part
vanishes at the same boundary point where the essential boundary condition is specified.
This follows from

N

Uy (xp) = Z ciilxg) + ¢olxp)
i=1
N N
iy = Z cipilxg) + uy — Z('}-(}'}_;u.‘n) =0
f=1 J=1

which is satisfied, for arbitrary c;, by choosing ¢, (x) = 0.
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If all specified essential boundary conditions are homogeneous (i.e., the specified value

g is zero), then ¢y is taken to be zero and ¢; must still satisfy the same conditions,
$i(x0) =0, j=1,2,..., N. Note that the requirement that w be zero at the boundary
points where the essential boundary conditions are specified is satisfied by the choice
w=a¢ ' (.r)

In summary, the approximation functions ¢; (x) and ¢n(x) are required to satisfy the

following conditions:

1.

(a) ¢; must be such that B(¢;, ¢;) is defined and nonzero, i.e., ¢; are sufficiently differ-
entiable and integrable as required in the evaluation of B(¢;, ¢;).

(b) ¢; must satisfy the homogeneous form of the specified essential boundary conditions
of the problem.

. For any N, the set -{qb;}?':] along with the columns (and rows) of B(¢;. ¢;) must be

linearly independent.

. The set {¢;} must be complete. For example, when ¢; are algebraic polynomials, com-

pleteness requires that the set {¢; } contains all terms of the lowest order admissible, up
to the highest order desired.

. The only requirement on ¢ is that it satisly the specified essential boundary conditions.

When the specified essential boundary conditions are zero, then ¢y is identically zero.
Also, for completeness reasons, ¢y must be the lowest-order function that satisfies the
specified essential boundary conditions.

2.5.4 Examples

Here, we consider a few examples of the application of the Ritz method to equilibrium,
eigenvalue, and time-dependent problems.
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2.5.5 The Method of Weighted Residuals

As noted in Section 2.4.2, one can always write the weighted-integral form of a differential
equation, whether the equation is linear or nonlinear (in the dependent variables). The weak
form can be developed if the equations are second-order or higher, even if they are nonlinear.
However, it is not always possible to construct a functional /(1) whose first variation is
equal to the variational form, 61 = B(8u, u) — {(8u) = 0. The Ritz method can be applied
to all problems, including nonlinear problems, that have weak forms.

The weighted-residual method is a generalization of the Ritz method in that the weight
functions can be chosen from an independent set of functions, and it requires only the
weighted-integral form to determine the parameters. Since the latter form does not in-
clude any of the specified boundary conditions of the problem, the approximation functions
must be selected such that the approximate solution satisfies both the natural and essential
boundary conditions. In addition, the weight functions can be selected independently of the
approximation functions, but are required to be linearly independent (so that the resulting
algebraic equations are linearly independent).

We discuss the general method of weighted residuals first, and then consider certain
special cases that are known by specific names (e.g., the Galerkin method, the collocation
method, the least-squares method, and so on). Although a limited use of the weighted-
residual method is made in this book (see Chapter 14), it is informative to have a knowledge
of this class of methods for use in the formulation of certain nonlinear problems and
non-self-adjoint problems (i.e., which do not admit a functional formulation).

The method of weighted residuals can be described in its generality by considering the
operator equation

Aw)=f in Q (2.5.52)

where A is an operator (linear or nonlinear), often a differential operator, acting on the de-
pendent variable u, and f is a known function of the independent variables. Some examples
of such operators are given below.

o du
(1 Au)=—— (a—) + cu

dx dx
d: dzu-
B ==
2) Adw) dx? (b dv’fg)
4 Au d du
3 el k‘,_ A L ESS?

4) Aw) :—;—f (“f{ﬂ)

X dx

5) A( ) du r du & 9 u & a [ ou N v
; nou)=u—F— i e
ax T dy  dxz gy \dy  odx

For an operator A to be linear in its arguments, it must satisfy the relation

Al + o) =wA(u) + BA(V) (2.5.54)
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for any scalars « and f and dependent variables « and v. It can be easily verified that all
operators in (2.5.53), except for 4 and 5, are linear. When an operator does not satisfy the
condition (2.5.54), it is said to be nonlinear.

The function u is not only required to satisfy the operator equation (2.5.52), it is also
required to satisfy the boundary conditions associated with the operator equation. From the
examples considered so far, the boundary conditions associated with the operators defined
in 1, 2, and 3 of (2.5.53) are obvious (see Examples 2.4.1-2.4.3),

In the weighted-residual method, the solution u is approximated, in much the same way
as in the Ritz method, by the expression

IN"
Upn(x) = Zt';qﬁ.;(x) + ¢ (x) (2.5.55)

Jj=l1

except that the requirements on ¢ and ¢; for the weighted-residual method are more
stringent than those for the Ritz method. Substitution of the approximate solution U/, into
the left-hand side of (2.5.52) gives a function A(Uy) that, in general, is not equal to the
specified function f. The difference A(Uy) — f, called the residual of the approximation,
15 nonzero:

N
R=AUy)—f=A (Z cip; + @,) — f#£0 (2.5.56a)

=

Note that the residual R is a function of position as well as of the parameters ¢;. In the
weighted-residual method, as the name suggests, the parameters ¢; are determined by
requiring the residual R to vanish in the weighted-integral sense:

f ViX)R(X,¢c;)dxdy=0 (i=1,2,---,N) (2.5.56b)
Q

where Q is a two-dimensional domain and v; are weight functions, which, in general, are
not the same as the approximation functions ¢;. The set {1 } must be a linearly independent
set; otherwise, the equations provided by (2.5.56b) will not be linearly independent and
hence will not be solvable.

The requirements on ¢y and ¢; for the weighted-residual method are different from
those for the Ritz method, which is based on the weak (integral) form of the differential
equation. The differentiability requirement on ¢; in the weighted-residual method is dic-
tated by the integral statement (2.5.56b), as opposed to the weak form in the Ritz method.
Thus, ¢; must have nonzero derivatives up to the order appearing in the operator equation
(2.5.52). Since the weighted-integral form (2.5.56b) does not include any of the speci-
fied (either essential or natural) boundary conditions, we must also require Uy in (2.5.55)
to satisfy all specified boundary conditions of the problem. Consequently, ¢y is required
to satisfy the homogeneous form of all specified boundary conditions of the problem.
These requirements on ¢ and ¢; will increase the order of the polynomial expressions
used for the weighted-residual method. In general, the ¢; used in this method are higher-
order functions than those used in the Ritz method, and the functions used in the latter
may not satisfy the continuity (i.e., differentiability) requirements of the weighted-residual
method. Various special cases of the weighted-residual method are discussed in the following
paragraphs.
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The Petrov-Galerkin Method. The weighted-residual method is referred to as the Petrov—
Galerkin method when 1;  ¢;. When the operator A is linear, (2.5.565) can be simplified
to the form

N
Z[l ':"fr'A(‘i’j)dxi|fj:/"'Ilfr'l.f_A(‘f)[J)ldx
=i La Ja

or
N
Y Aijej=F; (Ac=F) (2.5.57)
j=l

Note that the coefficient matrix [A] is not symmetric:
Ajj :f YiA(P;) dx # A (2.5.58)
Q

The Galerkin Method. If the weight function y; is chosen to be equal to the approximation
function ¢;, the weighted-residual method is better known as the Galerkin method. The
algebraic equations of the Galerkin approximation are

Ac=F (2.5.59a)

where
Ayj= f piA) dx F = f $ilf — Ado)l dx (2.5.59)
Q Q

Once again, we note that A;; is not symmetric.

In general, the Galerkin method is not the same as the Ritz method. This should be clear
from the fact that the former uses the weighted-integral form whereas the latter uses the
weak (or variational) form to determine the coefficients ¢;. Consequently, the approximation
functions used in the Galerkin method are required to be of higher order than those in the
Ritz method.

If the equation permits, and one wishes, differentiation from the dependent variable(s)
can be transferred to the weight function w = ¢;, thereby obtainhing the weak form. Then
there is no difference between the Galerkin method and the Ritz method. Thus, Ritz and
Galerkin methods yield the same solutions in two cases: (@) when the specified boundary
conditions of the problem are all of the essential type, and therefore the requirements on ¢;
in the two methods become the same and the weighted-integral form reduces to the weak
form; and (b) when the approximation functions of the Galerkin method are used in the
Ritz method.,

The Least-Squares Method. In least-squares method, we determine the parameters ¢; by
minimizing the integral of the square of the residual (2.5.56a):

d 2
= | Rx,c;) dx=0
d{.‘r' 0 ;
or

R
—Rdx=0 (2.5.60a)
2

ac;
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Comparison of (2.5.60a) with (2.5.56b) shows that y; = 9 R /dc;. If A is a linear operator,
Y = A(¢h;), and (2.5.60a) becomes

N

;[L A(ﬁf’f)A(tP.;)dx] Ci:/;z‘q‘(‘t’f’)[f"A(%)]dx
or

Ac=F (2.5.60b)

where
e f AGIAG) dx. F=A@)Lf —A@oldx  (25.600)
Q

Note that the coefficient matrix A,; is symmetric, but it involves the same order of differ-
entiation as in the governing differential equation A(u) — [ =0.

The Collocation Method. In the collocation method, we seek an approximate solution
Uy 10 (2.5.52) in the form of (2.5.55) by requiring the residual to vanish identically at N
selected points x' = (x', v, z') (i =1,2,.... N) in the domain &

R(¥,¢)=0 =1,2i...:N) (2.5.61)

The selection of the points x' is crucial in obtaining a well-conditioned system of equations
and ultimately in obtaining an accurate solution. The collocation method can be shown to
be a special case of (2.5.56b) with ; = 8(x — x'), where §(x) is the Dirac delta function,
which is defined by

j; JX)8(x— &) dx= [(§) (2.5.62)
With this choice of weight functions, the weighted-residual statement (2.5.56h) becomes
f S(x —x)R(x,¢;) dx=0
. 0

R(x',c;)=0 (2.5.63)

We consider an example to illustrate the use of various types of weighted-residual methods.

Y
=
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2.6 SUMMARY

In this chapter, we have studied two major topics that are of immediate interest in the study
of finite element method in the forthcoming chapters:

|. Weighted-integral and weak formulations of differential equations
2. Solution of boundary value problems by the Ritz and weighted-residual (e.g., the
Galerkin, least-squares, and collocation) methods

The weighted-integral statements are required in order to generate the necessary and
sufficient number of algebraic equations to solve for the parameters ¢; in the approximate
solution. Thus, the algebraic equations are equivalent to minimizing, in a weighted-integral
sense, the error introduced in the approximation of the differential equation.

In studying the two topics, a three-step procedure for developing the weak form of
differential equations is presented, and methods for obtaining algebraic equations in terms
of the unknown parameters in the approximate solution are developed. These topics are
immediately applicable in the finite element method, which is an elementwise application
of a variational method. Thus, the material covered in this chapter forms the core of the finite
element method. A few remarks are in order on the classical variational methods studied here.

« The traditional variational methods (e.g.. Ritz, Galerkin, and least-squares) presented in
Section 2.5 provide a simple means of finding spatially continuous approximate solu-
tions to physical problems. The approximate solutions obtained via these methods are
continuous functions of position in the domain.

» The main limitation of classical variational methods that prevents them from being com-
petitive with traditional finite difference methods is the difficulty encountered in con-
structing the approximation functions. The construction process becomes more difficult
when the domain is geometrically complex. The so-called “meshless methods™ are areturn
to the classical variational methods but with a procedure to construct the approximation
functions.

« From the preceding discussion, it is apparent that the variational methods can provide
a powerful means of finding approximate solutions, provided one can find a way to
systematically construct approximation functions, for almost any geometry, that depend
only on the differential equation being solved and not on the boundary conditions of
the problem. This property enables one to develop a computer program for a particular
class of problem (each problem in the class differs from the others only in the data),
i.e.. a general-purpose computer program. Since the functions must be constructed for
a geometrically complex domain, it seems that (recall the discussion of the method of
composites for the determination of the center of mass of an irregular shape from Chapter
) the region must be represented (or approximated if required) as an assemblage of
simple geometric shapes for which the construction of approximation functions becomes
simpler. The finite element method to be discussed in the forthcoming chapters is based
on these ideas.

« In the finite element method, a given domain is represented (discretized) by a collec-
tion of geometrically simple shapes (elements), and on each element of the collection,
the governing equation is formulated using any one of the variational methods. The ap-
proximation functions are systematically generated for each (typical) element using the
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essential boundary conditions. The elements are connected together by imposing the
continuity of the dependent variables across the interelement boundaries.

The remaining chapters of this book are devoted to the introduction of the finite element
method and its use in the analysis of several model differential equations representing
mathematical models for many physical processes.

PROBLEMS

In Problems 2.1-2.5, construct the weak forms and, whenever possible, quadratic functionals.

2.1 A nonlinear equation:

l d
_ifr (Md—:)—i-fz(] for O=x<L

(%)
—
dx

2.2 The Euler-Bernoulli-von Kirmin nonlinear theory of beams:
d 4 du 3 | (dn-‘ )1 f for 0 i
— s <t yd e e
dx dx * 2vdn ' $ R
d? ( d’w ) d | dw|du |1 (dw ¥
— | El— |- —{a— | —+= [ — =g
dx? dx? dx dx |dx 2\ dx

I 12w
u=w=0 at x=0, L; (ﬂ) —0; (E:‘-‘%)‘ =M,
dx /|,y dx* J |y

== [) u(l}:ﬁ

x=l)

where EA, El, f, and ¢ are functions of x, and M is a constant. Here # denotes the axial
displacement and w the transverse deflection of the beam.

2.3 A second-order equation:

il ] du d du it . .
= (a“f——I—m;—) : (ﬂ]|'_ +¢:12r—)-+ f=0 in £
ax

ax ] ay ) oy \ax dy
" du du du it e
t=uny on I, ain—tap— nc+|a—+anp— |n,=1t on [’
X dy ix iy

where a;; =aj, (i, j=1,2) and f are given functions of position (x, ¥) in a two-dimensional
domain £2, and uy and #y are known functions on portions 'y and Iy of the boundary I':
r| f— I‘) = I‘.

2.4 Navier-Stokes equations for two-dimensional flow of viscous, incompressible fluids:

du du | ap D u

U T U= p v s T
dx dy P oox ox=  dy*
v B v 1 apP 2% % 3111)

H—+v—=———4p| — + —
ix ay o dy axr = gy?
du oo B

—+ —=0
dx  dy
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w=uy, v=uvy on I (2)

du du ) 1 o

vl —n,+—n; | ——Pn.=t
dx dy ]

i du 1 -

v lnl + T—lnu — —Pn, =1,
X dy - I

2.5 Two-dimensional flow of viscous, incompressible fluids (stream function-vorticity
formulation )

on I (3

—Vip—¢=0
Ay ac awac_U in €

Assume that all essential boundary conditions are specified to be zero.
2.6 Compute the coefficient matrix and the right-hand side of the N-parameter Ritz approximation
of the equation

/ _
= {(1 +x]d—“}=[l fir D <]
dx

T dx

w(M=0, wu(l)y=1I

Use algebraic polynomials for the approximation functions. Specialize your result for N =2
20

and compute the Ritz coefficients. Answer: ¢ = % and ¢; = — 37+

2.7 Use trigonometric functions for the two-parameter approximation of the equation in Problem
2.6 and obtain the Ritz coefficients.

2.8 Asteel rod of diameterd = 2 cm, length L = 25 cm, and thermal conductivity £ = S0 W/(m - “C)
is exposed to ambient air T, = 20°C with a heat-transfer coefficient # = 64 W/(m? - °C). Given
that the left end of the rod is maintained at a temperature of T = 120°C and the other end is
exposed to the ambient temperature, determine the temperature distribution in the rod using
a two-parameter Ritz approximation with polynomial approximation functions. The equation
governing the problem is given by

d*0
—— +cf#=0 for O<x<25cm
dx?

where § =T — T, T'is the temperature, and ¢ is given by

_BP D 4p o
~ Ak lmD% kD

c

P being the perimeter and A the cross-sectional area of the rod. The boundary conditions
are

=)

&=L

10
6(0) = T(0) — T = 100°C, (A‘T +ﬂ(—l)
ax

Answer: For L =0.25 m, ¢y = 100, ¢; = x', the Ritz coefficients are ¢; = —1,033.385 and
=2, 667.261.
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2.10
2.11

2.12

213

2.14

218

2.16

AN INTRODUCTION TO THE FINITE ELEMENT METHOD
Set up the equations for the N-parameter Ritz approximation of the following equations asso-
ciated with a simply supported beam and subjected to a uniform transverse load g = g

1 d*w
g (EJ’ H):qn for O<x<L

1w
w=EIS 2 —0 at x=0, L
dx?

() Use algebraic polynomials.

(h) Use trigonometric functions.

Compare the two-parameter Ritz solutions with the exact solution. Answer: (@) ¢ = qol.”/
(24E 7y and ¢; =0.

Repeat Problem 2.9 for g = g sin(mx/L). Answer: N=2: ¢, =L = Zq',Ll,’(BEIIr"),
Repeat Problem 2.9 for ¢ = Qud(x — %L), where & () is the Dirac delta function (i.e., a point
load Qy is applied at the center of the beam).

Develop the N-parameter Ritz solution for a simply supported beam under uniform transverse
load using Timoshenko beam theory. The governing equations are given in Eqgs. (2.4.32a) and
(2.4.32b). Use Trigonometric functions to approximate w and .

Solve the Poisson equation governing heat conduction in a square region:

—kVAT = go
T=0 onsides x=1 and y=1I
T : ;
Fm =( (insulated) on sides x=0 and y=0
on

using a one-parameter Ritz approximation of the form

)

Ti(x, y)=c; (1 —xH)(1 —y?)

wer: ¢ — 240
Answer: ¢| = e
Determine ¢ for a two-parameter Galerkin approximation with algebraic approximation func-
tions for Problem 2.8.

Consider the (Neumann) boundary value problem

dZ
. T )
dx*

du - dit -0
dx bl Adw) oo™

Find a two-parameter Galerkin approximation of the problem using trigonometric approxima-
tion functions, when (a) f = fycos(mx/Lyand (b) [ = fu. Answer: (a) g, =cos(imx /L), ¢) =
fol2/m?, e, =0fori+1.

Find a one-parameter approximate solution of the nonlinear equation

du\’
4(‘—”) =l b gt

dx

subject to the boundary conditions «(0) = 1 and «(1) = (), and compare it with the exact solution
g = | — x*. Use (a) the Galerkin method, () the least-squares method, and (¢) the Petrov—
Galerkin method with weight function w = L. Answer: (a) (¢;); = 1, and (¢} )y = —3.
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Give a one-parameter Galerkin solution of the equation

V=1 in £ (=unit square)

u=0 on I

Use (a) algebraic and (b) trigonometric approximation functions.
Answer: (b) e = .‘I,‘t} ﬁflﬁ‘—'i (i, odd), ¢ =sinimxsinjmwy
Repeat Problem 2.17(a) for an equilateral triangular domain. Hint: Use the product of equations
of the lines representing the sides of the triangle for the approximation function.
Answer: ¢ = —%.
Consider the differential equation
d’u )
———=cosax for OD<x<1

dx?
subject to the following three sets of boundary conditions:
(1) wu(0y=0, w(l)=0
2) u(0)=0, (%)

=]

=0. (%)

r={}

=10

x=1

® (%)

Determine a three-parameter solution, with trigonometric functions, using (a) the Ritz method,
(b) the least-squares method, and (¢) collocation at x = 41 %, and 7, and compare with the exact
solutions:

() wp=m"Ycosmx +2x = 1)
(2) up=m *(cosmx — 1)
(3) wp=m *cosmx

Answer: (la) ¢; = _'—‘H—f-—”

Consider a cantilever beam of variable flexural rigidity, £7 =ag|2 — (x/L)*] and carrying a
distributed load, g = go[1 — (x/L)]. Find a three-parameter solution using ¢, = X“*! and the

" 2
collocation method. Answer: ¢; = — % = T’f;—f“ and ¢3 =0,

Consider the problem of finding the fundamental frequency of a circular membrane of radius
a, fixed at its edge. The governing equation for axisymmeltric vibration is

1 d du .
r— | —iu=0, OD<r<a

rdr dr

where A is the frequency parameter and u is the deflection of the membrane. (a) Determine
the trigonometric approximation functions for the Galerkin method, (b) use one-parameter
Galerkin approximation to determine A, and (c) use two-parameter Galerkin approximation to
determine . Answer: 3 =5.832/a’.

Find the first two eigenvalues associated with the ditferential equation

2

_d*u
dx?
w(0) =0, u(l)y+u'(1)=0

=R aEl
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Use the least-squares method with algebraic polynomials. Use the operator definition to be
A = —(d*/dx?) to avoid increasin g the degree of the characteristic polynomial for J..
Answer: 3y =4.212 and 2, =34.188.

2.23 Repeat Problem 2.22 using the Ritz method with algebraic polynomials. Answer: L, =4.1545
and A, =38.512,

2.24 Consider the Poisson equation

V=0, O<x<l, O<y<oo
w0, y)=u(l,y)=0 for y>0

u(x, 0)=x(1 —x), wx,00)=0, O0=<x<]
Assuming an approximation of the form
ulx, yy=c;{(yx(l —x)

find the differential equation for ¢, (y) and solve it exactly. Answer: Uj(x, v) = (x — ¥y,
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