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Abstract

Richardson extrapolation is a basic numerical technique for improving the order of accuracy of
numerical approximations that involve a discretization size h. The application of this technique
to the numerical solution of hyperbolic partial differential equations is presented in the context
of a node-centered, edge-based unstructured finite volume solver of the incompressible Navier-
Stokes equations. This technique views the original solver as a black box and only requires the
h-refinement of an original mesh, the calculation of the residual on the coarse and refined mesh,
interpolation from the coarse to the fine mesh and the application of Richardson extrapolation to the
residuals on the refined mesh. Thus, the residual form of Richardson extrapolation can be readily
applied to a variety of numerical partial differential equations solvers without much knowledge of
the underlying solver. The details and strengths of this method are presented, especially related
to the implementation cost of other higher order methods for unstructured finite volume solvers.
Rigorous code verification is performed for the original code and the implementation of Richardson
extrapolation once and twice using the method of manufactured solutions, both the inviscid and
viscous components. Starting with a second order code, the order of accuracy after one application
of Richardson extrapolation has increased to third order. The order increased to fourth order
after two applications of Richardson extrapolation. A validation case was presented, involving von
Karman vortex shedding on a relatively coarse mesh. For the original code, the vortices dissipate
quickly but are maintained much further downstream when using Richardson extrapolation.

Keywords: Richardson extrapolation, Finite Volume Method, Hyperbolic Partial Differential
Equations, Incompressible Navier-Stokes solvers, Von Karman Vortex Shedding.

Brief Title: Richardson Extrapolation for 2D Viscous Incompressible Solver.

1 Introduction

For unstructured triangular meshes, the standard node-based finite volume solution algorithm
applicable to hyperbolic dominated systems of partial differential equations is at best second order
accurate on perfect equilateral triangle meshes. In this algorithm, the conserved quantities are
stored at the nodes, and these values are extrapolated to the faces of the finite volume. The
governing equations are integrated over the finite volume and converted to a flux across the faces
via the divergence theorem. These boundaries integrals are integrated using the one-point midpoint
rule, which results in at best second order accuracy. Other numerical approximations complicate
the analysis, including the approximation of the gradient via the least-squares algorithm and the
use of a linear extrapolation from the node to the face. On non-ideal meshes, these approximations
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result in a numerical scheme that is second-order accurate in the average sense, if the mesh quality
does not degrade substantially.

Several methods have been proposed to improve the order of accuracy of the finite volume method
applied to unstructured meshes. These methods include the discontinuous Galerkin method, the
spectral difference method, higher order ENO and WENO schemes, and least squares-based schemes
which create a higher order approximation of the variables within the finite volume. The discon-
tinuous Galerkin method[1] is a combination of the finite volume method and the finite element
method, applicable to hyperbolic dominated flows where shocks and other types of discontinuities
may exist. In this method, the solution is specified as the summation of weighted piecewise discon-
tinuous functions, and the flux across the points of discontinuity are solved via the approximate
Riemann problem. By designing the functions appropriately, higher order approximations can be
obtained per element. The spectral difference method and related methods[2, 4, 3, 5] approximate
the variables at several locations within a element, use this information to form a higher order
approximation within the element and approximate the flux across the boundary of the element at
multiple locations consistent with the degree of the approximation. The calculation of the storage
locations within the element and the flux calculation points on the boundary is mathematically
quite satisfying and is analogous to the calculations required in higher order accurate finite ele-
ment methods. In the essentially non-oscillatory (ENO) and weighted essentially non-oscillatory
(WENO) schemes[6], the values of the variables at neighboring nodes are used to create a higher
order approximation to the variable within the finite volume. The stencils used in these calculations
are chosen in order to minimize oscillations and improve numerical stability, with these calculations
being weighted when there are multiple stencils. By including sufficiently large number of nodes,
higher order representations of the variables can be obtained. The repeated use of least squares
can also be used to create a higher order representation of the variables. In both ENO/WENO
and the least squares methods, multiple flux calculations must be performed at the boundary of
the finite volume in order to maintain higher order accuracy in the numerical quadrature step.

The discontinuous Galerkin method and the spectral difference/spectral volume method are both
element-based methods; whereas the ENO/WENO and related schemes are node-based finite vol-
ume methods. In order to implement these methods within existing standard second order finite
volume codes, such as Mississippi State University’s U2NCLE[7, 8] and NASA Langley’s FUN3D[9],
the majority of the solution algorithm must be discarded, since these methods are not extensions
of the existing methodologies. Furthermore, the computational cost scales poorly relative to these
second order methods, at least when comparing the second order versions of these methods. The
computational expense grows substantially for higher order implementations, but the overall com-
putational cost may decrease when the goal is to achieve the same level of numerical error in a
solution. The number of solution points and flux points per order for the higher order discontin-
uous Galerkin and spectral difference methods are provided in Table 1. For the standard second
order node-based finite volume scheme on a triangle, there are one solution point and 3 flux points;
whereas for these schemes, there are 3 solutions points and 6 flux points.

For the ENO/WENO schemes and schemes based on repeated application of least squares to re-
construct the solution, the information used to reconstruction the solution locally is more and more
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Order Interior Poly. Soln. Points Boundary Poly. Flux Points

1 A 1 A 1× 3
2 A+Bx+ Cy 3 A+ bξ 2× 3
3 A+Bx+ Cy +Dx2 + Exy + Fy2 6 A+ bξ + cξ2 3× 3
4 Fourth Degree Polynomial 10 A+ bξ + cξ2 + dξ3 4× 3

Table 1: Computational Cost of Discontinuous Galerkin and Spectral Difference Methods

distant, as more nodes are included to build the least squares reconstruction. Thus, this informa-
tion may not be as reliable, especially in regions of higher variation in the variables. Furthermore,
for the ENO/WENO schemes, the level of iteration convergence is often limited as the process used
to determine the non-oscillatory stencils may result in different stencils from one iteration to the
next. This switching from one stencil to another prevents the full convergence of the solution.

In this paper, Richardson extrapolation is presented as an alternative to these other higher order
methods, because it can be built on top of existing node-based finite volume solvers. In particular,
Richardson extrapolation is applied to the numerical solution of the two-dimensional incompress-
ible Navier-Stokes equations on unstructured triangular meshes. Richardson extrapolation[10, 11]
was developed approximately 100 years ago as a means for combining numerical solutions using
different discretization sizes in order to remove the leading order error term, resulting in a higher
order accurate result. Roache[12, 13] demonstrated that this approach could be applied to the
numerical solution of partial differential equations, when he applied the technique to the solution
of the Poisson equation on a sequence of uniform rectangular meshes, obtaining a higher order
result on the coarser mesh. Later, Roache[14] developed the completed Richardson extrapolation
method where he interpolated the solution on the coarse mesh onto the fine mesh and applied
Richardson extrapolation on the fine mesh, obtaining a higher order accurate solution on the fine
mesh, assuming that the interpolation process was also higher order. This process worked well for
the parabolic equation, since the solution was sufficiently smooth. This approach has been applied
to the solution of systems of hyperbolic equations, with mixed results; however, Burg[15] developed
a more robust and widely applicable methodology where Richardson extrapolation was applied to
the discretized governing equations (i.e., the residual) rather than to the solution, at each step of
the process. Richards[16] and Sun and Zhang[17] obtained similar results by applying Richardson
extrapolation to the solution at each time step, rather than to the converged steady-state solution.

The principle advantage that Richardson extrapolation has over other higher order methodologies is
that it can be applied to existing state-of-the-art CFD codes, with little modification to the original
underlying solution algorithm, assuming that the original implementation is properly verified to
agree with the theoretical order of accuracy. This algorithm relies on the discretized equations or
residual produced by the existing CFD code, interpolates the residual from the coarse mesh onto
the fine mesh, applies Richardson extrapolation to the interpolated coarse mesh residual and the
fine mesh residual to achieve a higher order residual on the fine mesh and uses the existing implicit
solver with the higher order residual to update the variables. Thus, the changes to the CFD code
are limited to the creation of the fine mesh via h-refinement of the coarse mesh, the interpolation
operator and the extrapolation operator. This Richardson extrapolation procedure however is
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limited to fourth order accuracy because of the limitations of the fourth order interpolation operator.
Computationally, the cost of the Richardson extrapolation solution involves the same cost of the
solution on the fine mesh, with the additional costs of calculating the coarse mesh residual and
performing the Richardson extrapolation step. For 2D triangular meshes, this additional cost is
less than 25% of the cost of the original solution on the fine mesh.

This paper consists of a section detailing the standard node-based finite volume method, the process
of Richardson extrapolation applied to the residual and a set of verification and validation cases.
The original and the Richardson extrapolation codes are verified via the method of manufactured
solution on a sequence of equilateral triangular meshes and for an exact solution involving circular
flow.

2 Node-Based Finite Volume Method

The node-based finite volume method applied to triangular meshes is based on Barth’s work from
the early 1990’s[18, 19]. In general, a hyperbolic dominated system of partial differential equations
can be written as

∂ ~Q

∂t
+∇ · ~F ( ~Q) +∇ · ~G( ~Q,∇ ~Q) = S( ~Q) (1)

where ~Q is the vector of dependent variables, ~F ( ~Q) is the flux vector and represents the convective
portion of the equations, ~G( ~Q),∇ ~Q) is the diffusion vector associated with viscosity and S( ~Q) is
the vector of source terms. For hyperbolic dominated flows, the influence of the diffusion vector is
small relative to the flux vector. The incompressible Reynolds-averaged Navier-Stokes equation in
pseudo-compressibility form can be stated as

∂P

∂t
+∇ · (βu, βv) = 0

∂u

∂t
+∇ ·

(
u2 + P, uv

)
=

1
Re
∇ ·
(

2
∂u

∂x
,
∂u

∂y
+
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∂x

)
∂v

∂t
+∇ ·

(
uv, uv2 + P

)
=

1
Re
∇ ·
(
∂u

∂y
+
∂v

∂x
, 2
∂v

∂y

) (2)

where Re is the Reynolds number and β is the Chorin’s artificial compressibility parameter[20],
typically set to 15. At steady-state, the influence of β is negligible. These equations have been
non-dimensionalized and assume that the flow is laminar. Thus, the dependent variables, the flux
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Figure 1: Node-Centered Edge-Based Finite Volume

vector and the diffusion vector can be written as

~Q =

Pu
v


~F ( ~Q) =

 βu, βv
u2 + P, uv
uv, v2 + P


~G( ~Q,∇ ~Q) =

1
Re

 0, 0
2∂u∂x ,

∂u
∂y + ∂v

∂x
∂u
∂y + ∂v

∂x , 2
∂v
∂y


(3)

The finite volume Ω, showing in Figure 1 is the dual of the set of triangular elements, connecting
the midpoints of each edge to the centroid of each element. For each internal edge in the two-
dimensional mesh, there are two edges of the control volume for the two nodes at either end of
the edge. Thus, an edge-based solution algorithm is developed to calculate the contribution to the
discretized equations for each edge for the control volumes associated with the edge.

The governing equations are integrated about the finite volume, or∫∫
Ω

(
∂ ~Q

∂t
+∇ · ~F ( ~Q) +∇ · ~G( ~Q,∇ ~Q)

)
dA =

∫∫
Ω
S( ~Q)dA (4)

The terms containing the flux and diffusion vectors are transformed to surface integrals via the
divergence theorem, so that the governing equations become∫∫

Ω

∂ ~Q

∂t
dA+

∫
∂Ω

~F ( ~Q) · n̂dS +
∫
∂Ω

~G( ~Q,∇ ~Q) · n̂dS =
∫∫

Ω
S( ~Q)dA (5)

At this point, numerical approximations are made via one-point quadrature of the area and bound-
ary integrals. The area integrals are approximated by the value at node i and the boundary integrals
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are approximated via the values at the midpoints of the edges connected to node i, which will be
denoted as eij , so that the standard approximation becomes

∂ ~Qi
∂t

Ai +
ni∑
j=0

~F ( ~Qij) · n̂ijlij +
ni∑
j=0

~G( ~Qij ,∇ ~Qij) · n̂ijlij − S( ~Qi)Ai = 0 (6)

where ~Qi is the value of the dependent variables at node i, Ai is the area of the control volume,
Qij is the value of the dependent variables at the midpoint of edge eij , ni is the number of edges
associated with node i, n̂ij is the normal vector associated with the portion of the control volume
boundary along edge eij and lij is the length of that portion of the control volume boundary.

For an ideal triangular mesh, consisting of equilateral triangles, the use of one-point quadrature
to estimate the area and surface integrals is second order accurate, since the midpoint quadrature
rule is second order. However, for non-ideal meshes, the formal order of accuracy degrades to
first order, although the influence of the first order term is scaled by the quality of the mesh. In
practice, for a typical triangular mesh that is not created in a bias-inducing manner, the observed
order of accuracy is second order, and heuristic arguments have been made that the theoretical
order of accuracy, especially for steady-state flows with no source term, is still second order, due to
cancellations of the first order truncation term over the surface of the control volume. However, for
poor-quality triangular meshes, or for triangular meshes created by splitting quadrilateral meshes
in a biased manner, the observed and theoretical order of accuracy is degraded to first order, due
to the first order error in the one-point quadrature rules.

Further complicating the order of accuracy analysis for the node-based finite volume implementation
is the calculation of the dependent variables at the edge midpoints. Since the dependent variables
are stored at the nodes, their value at the midpoints are determined via extrapolation, using the
nodal values and the gradient values. Since the gradient is not directly calculated, it is estimated
via a least-squares approximation. Barth’s original second order extrapolation to the midpoint of
edge eij is

~Qij = ~Qi +
1
2
∇ ~Q · ~rij (7)

where ~rij is the vector pointing from node i to node j. Burg[21] developed a third order extrapo-
lation technique analogous to Van Leer’s MUSCL approach[22] which involves the use of the value
at node j, via

~Qij = ~Qi +
χ

2
( ~Qj − ~Qi) +

1− χ
2
∇ ~Q · ~rij (8)

where χ is a parameter from 0 to 1, that mimics Van Leer’s MUSCL parameter. For χ = 0, the
methodology reverts to Barth’s extrapolation. Herein, χ is set to 1

2 . This approximation provides
the value of the dependent variables on one side of the flux boundary. The value on the other side
is determined via an analogous approximation from node j. These values are used to determine
the flux across the boundary via an approximation Riemann solver. For this code, Roe-averaged
variables are used within the flux difference splitting algorithm. This algorithm does not have a
direct impact on the order of accuracy of the scheme.

A least-squares approximation to the gradient at node i is calculated by determining the best
fit linear approximation to the value at node i and the values at the neighboring nodes. This
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approximation is second order accurate on equilateral meshes. The impact of the order of accuracy
of the least-squares gradient approximation on the overall solution order of accuracy is hard to
estimate.

The gradient of the velocity must be calculated at the boundary of each finite volume. This
estimation is performed at the midpoint of each edge using the following formula

∇ ~Qij = ∇̄ ~Q+
[
~Qj − ~Qi − ∇̄ ~Q · ~rij

] ~rij
|~rij |2

(9)

where ∇̄ ~Q = ∇ ~Qi+∇ ~Qj

2 . This formula uses the average value of the gradient at the two nodes
associated with the edge and replaces the component of the gradient in the edge direction with the
directional derivative in the direction of the edge estimated via a finite difference. A thorough and
detailed presentation of this numerical approach can be found in the work of Hyams [23]

3 Residual Form of Richardson Extrapolation

3.1 Introduction to Richardson Extrapolation

Richardson extrapolation is a method that combines two numerical approximations to delete the
leading order error, assuming that the numerical approximation can be expressed in terms of a
discretization size h. In this case, the numerical approximation N(h) can be written as

N(h) = N(0) +Ahp +O(hq) (10)

where N(0) is the exact result and p is the order of accuracy of the numerical approximation.
By calculating both N(h) and N(rh) where r is the refinement ratio between the two different
discretization sizes, the leading order error term Ahp can be removed by combining these approxi-
mations as follows:

rpN(h) = rpN(0) + rpAhp +O(hq)
N(rh) = N(0) +A(rh)p +O(hq)

(11)

By subtracting and dividing by rp − 1, the Richardson extrapolation formula becomes

rpN(h)−N(rh)
rp − 1

= N(0) +O(hq) (12)

increasing the order of accuracy from p to q. Richardson extrapolation is often introduced within
the context of numerical differentiation and forms the basis for the Romberg algorithm within
numerical quadrature. It can be applied within numerical differential equations, but the resulting
formula are not generally as computationally efficient as Runge-Kutta methods.

3.2 Application to Numerical Partial Differential Equations

Roache successfully applied Richardson extrapolation to the numerical solution of the Poisson
equation on a sequence of rectilinear grids, first achieving higher order accuracy on the coarser
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Figure 2: Richardson Extrapolation Applied to Solution

mesh. Later, he achieved higher order accuracy on the finer mesh, by interpolating the coarse mesh
solution onto the fine mesh and applying Richardson extrapolation using these values on the fine
mesh. Several other efforts to apply Richardson extrapolation to the numerical solutions of partial
differential equations have encountered a variety of difficulties, with the general consensus that
Richardson extrapolation does not apply to numerical PDEs.

Burg[15] identified the principle challenge for the application of Richardson extrapolation to partial
differential equations, which is the impact of dispersion or phase error within the solution. The
location of certain features within the solution will be dependent on the spatial resolution of the
underlying mesh. As the mesh is refined, the location of the features will shift. Thus, at a particular
location within the physical domain, the value of the solution on a sequence of meshes may vary
due to the phase error rather than just the numerical resolution, and the application of Richardson
extrapolation to the solution near these locations results in poorer numerical approximations. An
example of these behavior is shown in Figure 2, which shows the solution to the 1D first-order
wave equation with the solution moving from left to right. The equation is solved via the implicit
backward-time central space finite difference scheme. The figure shows the solution using 100 and
200 intervals, with significant dispersion behind and to the left of the main wave. By applying
Richardson extrapolation to the solution, the solution at the peak of the main wave is improved
and retains the original wave height of 1 much better, but behind the main wave, the influence
of the dispersion in the original solutions caused a worsening of the solution in the refined mesh.
However, by applying Richardson extrapolation to the residual (i.e., the discretization governing
equations) at each time step, the impact of dispersion is dramatically reduced, as is shown in Figure
3.

The key to the successful implementation of Richardson extrapolation to the numerical solution of
partial differential equations is its application to the residual at each time step, rather than to the
final solution. The methods developed by Richards[16] and Sun and Zhang[17] were quite similar
except that their methods applied Richardson extrapolation to the solution at each time step. Their
methods required the solution to be determined on both the coarse and the fine mesh; whereas,
this method only requires the solution on the fine mesh. The process of applying Richardson
Extrapolation to the residual is detailed in the next subsection.
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Figure 3: Richardson Extrapolation Applied to Residual

3.3 Numerical Approach

Finite difference, finite volume and finite element discretization methods for partial differential
equations, in implicit form, result in a nonlinear system of coupled algebraic equations that must
be solved either at each time step or for the steady-state solution. This system can be written as

~R( ~Qn+1, ~Qn, · · ·, ~Qn−k, χ,~t) = 0 (13)

where ~R is referred to as the residual vector, ~Qn+1 is the solution to be determined for time level
tn+1, ~Qn, · · ·, ~Qn−k are the known solutions at previous time levels, χ are the spatial locations, and
~t are the temporal locations. This formulation assumes a fixed mesh. The solution to this system
of equations can be obtained via iterative methods, such as the Newton-Raphson method.

The residual vector generated via the finite volume or the finite element approach will typically
include an extra factor of the area of the control volume or control element due to the integration
involved in generating the discretized equation. The finite difference scheme typically involves a
division using the appropriate length scales. Typically, the residual for finite difference approxi-
mation directly corresponds to the differential operator, while the residual for the finite volume
and finite element approximations include an extra factor of the area over which the integration
occurs. On a uniform mesh, the resulting residuals vary smoothly for any of these approaches
since the area is constant; however, on a nonuniform mesh, the residuals for the finite difference
approximation will vary smoothly, while the residuals divided by the area for the finite volume or
finite element approximations will vary smoothly. This observation is critical for the effectiveness
of the Richardson extrapolation algorithm for nonuniform meshes.

Richardson extrapolation applied to the residual for the solution of partial differential equations
involves the communication of certain information between a coarse mesh and a refined mesh.
Consider two meshes, χc and χr where χr is a refined mesh consisting of all of the points in the
coarse mesh χc with spacing that is half of the spacing in χc. General χr will be obtained via
h-refinement of χc as shown in Figure 4. A solution to the partial differential equation at the
required time level is determined on both meshes, with Qc and Qr representing the solutions on
χc and χr, respectively. From these solutions, the value of the discretized equations is obtained
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for both meshes, or the coarse mesh residual ~R( ~Qc, χc, t) and the fine mesh residual ~R( ~Qr, χr, t).
As stated above, these residuals must be scaled by the local areas, in order to obtain averaged
values over the control volumes. At this point, the residual information on the coarse mesh only
corresponds to the residual information on the refined mesh at the points in common between the
two meshes. Hence, the residual information on the coarse mesh must be interpolated to the new
points created in the fine mesh. This interpolation operator has the form

~Rχr

i = Iα(~R( ~Qc, χc, t), χc, χr) (14)

The operator Iα(~R( ~Qc, χc, t), χc, χr) is an interpolation operator of order α of the residual ~R( ~Qc, χc, t)
on the coarse mesh to the refined mesh, and ~Rχr

i is the interpolated residual on the fine mesh. Using
this interpolated residual, a higher order residual on the refined mesh can be determined via

~Rχr

RE = RE(~R( ~Qr, χr, t), ~R
χr

i , p) (15)

For this approach to work, the interpolation must be sufficiently accurate so that the error intro-
duced into the interpolated residual is of higher degree than the order of accuracy of the numerical
method.

Finally, the update to the solution on the fine mesh is obtained using the higher order accurate
residual, using the same subroutines using by the original code. These updates are applied to the
fine mesh solution ~Qr. The coarse mesh solution is obtained from the fine mesh solution by direct
injection or copying of the values at the common points to the coarse mesh.

Since it views the numerical solver as a black box, this Richardson extrapolation-based algorithm
reuses the residual calculations within a computational tool, the existing data structures are un-
changed, and the same matrix solution algorithm is used. Hence, to achieve the higher order result,
only the residual on the coarse and refined meshes must be calculated.

In summary, the Richardson extrapolation based algorithm applied to the residual involves the
following components:

1. Calculate the residual for the coarse mesh ~R( ~Qc, χc, t)

2. Calculate the residual for the refined mesh ~R( ~Qr, χr, t)

3. Divide through by length scale factor, if necessary.

4. Interpolate the coarse residual onto the refined mesh.

5. Apply Richardson extrapolation on the interpolated coarse mesh residual and the refined
mesh residual.

6. Multiply through by length scale factor, if necessary.

7. Solve for the update to the solution, either explicitly or implicitly.

8. Add these updates to the current approximation to the new solution on the refined mesh.

9. Restrict the new refined mesh solution to the coarse mesh via direct copying for the common
nodes.
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(a) Original mesh (b) New nodes inserted (c) Refined mesh

Figure 4: h-refinement of an Unstructured Triangular Mesh.

4 Test Cases

4.1 Verification Case

The order of accuracy of the original finite volume solver is calculated via the use of the method of
manufactured solutions[24, 25, 26]. Since exact solutions do not exist, in general, for the viscous
incompressible Navier-Stokes equations, except under simplifying assumptions, another process is
needed in order to compare the numerical solution with an exact solution. In the method of
manufactured solutions, a known exact solution, such as a exponential or a trigonometric function,
is selected to be the solution of a modified system of governing equations. The exact solution is
processed through the original governing equations to yield a source term that is added to the
governing equations and implemented within the flow solver using the same numerical approach
(i.e., the finite volume method). Thus, the numerical solution obtained by the altered code should
converge to the non-trivial manufactured solution.

For this system of equations, exponential functions are used for the pressure and velocity compo-
nents. Since these are manufactured solutions, they have no basis in physical reality. They are
defined as

P (x, y) = eAx+By

u(x, y) = CeDx+Ey

v(x, y) = FeGx+Hy

(16)

The coefficients were set as A = 0.4, B = 0.33, C = 2.0, D = 0.5, E = 1.0, F = 3.0, G = 0.4 and
H = 0.6. The
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Grid Level Nodes Triangles Edge Length

0 3 1 1
1 6 4 0.5
2 15 16 0.25
3 45 64 0.125
4 153 256 0.0625
5 561 1024 0.03125
6 2145 4096 0.015625
7 8385 16384 0.0078125
8 33153 65536 0.00390625
9 131841 262144 0.001953125

Table 2: Sequence of H-Refined Equilateral Triangular Meshes

Thus, the source terms added to the governing equations at steady state are

Mass Equation = CDeDx+Ey + FHeGx+Hy

x-Momentum Equation = C2D2e2Dx+2Ey +AeAx+By + CF (E +H)e(D+G)x+(E+H)y

− 1
Re

(
C(2D2 +DE)eDx+Ey + FGHeGx+Hy

)
y-Momentum Equation = CF (D +G)e(D+G)x+(E+H)y + F 2H2e2Gx+2Hy +BeAx+By

− 1
Re

(
CDEeDx+Ey + F (GH + 2H)eGx+Hy

)
(17)

The source terms associated with the manufactured solution were evaluated via the application
of the divergence theorem and integrated as integrals over the boundary of each control volume,
consisting of components from the edge midpoint to the centroid as well as the boundary edges. The
results were calculated via Mathematica and copied into the code, after outputting the equations
using Mathematica’s built-in function ’CFORM’, which converts a mathematical expression into
appropriate C code. A Dirichlet boundary condition was imposed, where the nodes on the boundary
of the domain were specified to the value of the manufactured solution at each boundary nodal
location.

A sequence of meshes were generated from an equilateral triangle, via h-refinement. The sides of
equilateral triangle were length 1 with the base from x = 0 to x = 1. Grid 0 consisted of three nodes
and one triangle. Grid 1 was an h-refinement of Grid 0 and consisted of 6 nodes and 4 triangles.
The details for the other meshes are provided in Table 2
The converged solution was calculated for Grids 3-9, and the error was calculated via an L2-norm
defined as the following

L2norm(q) =

(
N∑
i=0

(qi − qexact)2Areai

)1/2

(18)

where N is the number of nodes in the mesh, Areai is the area of the control volume associated
with node i and q is the variable being measured.
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Grid Level Pressures Order u-Velocity Order v-Velocity Order

3 7.439123e-05 NA 2.849665e-05 NA 2.061198e-05 NA
4 2.398805e-05 1.633 9.530386e-06 1.580 6.882741e-06 1.582
5 6.588238e-06 1.864 2.749354e-06 1.793 2.023570e-06 1.766
6 1.737056e-06 1.923 7.403680e-07 1.893 5.610281e-07 1.851
7 4.471277e-07 1.958 1.929088e-07 1.940 1.480183e-07 1.922

Table 3: Error for Original Euler Code

Grid Levels Pressures Order u-Velocity Order v-Velocity Order

3-4 2.251627e-06 NA 1.799794e-06 NA 9.228971e-07 NA
4-5 2.572796e-07 3.130 2.251402e-07 2.999 1.155476e-07 2.998
5-6 3.273409e-08 2.974 2.839377e-08 2.987 1.483388e-08 2.962
6-7 4.223826e-09 2.954 3.590015e-09 2.984 1.911313e-09 2.956

Table 4: Error for Euler Code Richardson Extrapolation Applied Once

Richardson extrapolation was applied once to a pair of meshes and was applied multiple times to
a triplet of meshes, increasing the order of accuracy either one or two orders. The results for the
inviscid Euler equations for the original code, the application of Richardson Extrapolation once
and the application of Richardson extrapolation twice are shown in Tables 3,4, and 5. The original
code converges slowly towards second order, while the Richardson extrapolation code converges at
a third order rate and the twice applied Richardson extrapolation code converges at a fourth order
rate, which is the limit of this approach due to the limitation of the interpolation operator.
The viscous component was also verified using the method of manufactured solutions, using the
same application of the divergence theorem and integration along the boundary of the control
volume. For this verification, the Reynolds number was set to 1, so that the influence of the viscous
component would be measurable. However, since this changed the strongly hyperbolic nature of
the solver, into a mixed hyperbolic/parabolic nature, the stability of the algorithm degraded, so
that the CFL number was limited to 1. The results shown in Tables 6, 7, and 8 include both the
convective and diffusive portions of the solver, at steady-state.

4.2 Von Karman Vortex Shedding

In order to demonstrate the strength of this higher order methodology, the vortices arising from
laminar viscous flow around a circular cylinder in two-dimensions was calculated, at a Reynolds

Grid Levels Pressures Order u-Velocity Order v-Velocity Order

3-4-5 1.308142e-07 NA 3.059629e-08 NA 2.751116e-08 NA
4-5-6 6.584450e-09 4.312 1.596662e-09 4.260 1.430188e-09 4.266
5-6-7 3.737264e-10 4.139 7.788319e-11 4.358 8.538590e-11 4.066

Table 5: Error for Euler Code Richardson Extrapolation Applied Twice
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Grid Level Pressures Order u-Velocity Order v-Velocity Order

3 2.218107e-04 NA 8.392735e-05 NA 5.464449e-05 NA
4 6.792442e-05 1.707 2.581843e-05 1.701 1.753163e-05 1.640
5 1.825461e-05 1.896 7.194747e-06 1.843 5.104589e-06 1.780
6 4.757064e-06 1.940 1.906519e-06 1.916 1.400368e-06 1.866
7 1.217187e-06 1.966 4.931299e-07 1.951 3.677573e-07 1.929

Table 6: Error for Original Viscous Navier-Stokes Code

Grid Levels Pressures Order u-Velocity Order v-Velocity Order

3-4 3.504839e-06 NA 2.346378e-06 NA 1.257590e-06 NA
4-5 2.947265e-07 3.572 2.524236e-07 3.217 1.336017e-07 3.235
5-6 3.346730e-08 3.139 2.974191e-08 3.085 1.574648e-08 2.998

Table 7: Error for Viscous Code Richardson Extrapolation Applied Once

number of 75. A coarse unstructured mesh was built for a rectangular domain with dimensions
[−20, 40] by [0, 30]. A circle of radius 0.5 was placed at (−10, 15) with the flow moving from left to
right. Hence, there was sufficient computational domain downstream of the circle for the vortices
to form and to oscillate. The mesh was refined once, and a second-order accurate solution on
the refined mesh using the original algorithm was calculated, along with the higher order accurate
solution using Richardson extrapolation. Hence, both solutions were on the same mesh, which
consisted of 20,856 nodes and 41,224 triangles and is shown in Figure 5. The mesh is relatively
coarse downstream of the circle.

The solution using the original second order code is shown in Figure 6 and the solution using
Richardson extrapolation on the same mesh is shown in Figure 7. The background color is based
the x-velocity component and the contour plots are based on the pressure variable. Near the
circle, the results are similar for the two approaches; however, the vortices quickly dissipate for the
original code but dissipate much less quickly for the Richardson extrapolation code, indicating that
the numerical diffusion is significantly decreased when using Richardson extrapolation.

5 Conclusion

In this paper, the method of Richardson extrapolation was applied to the incompressible Navier-
Stokes equations, solved on triangular unstructured meshes in two-dimensions. The underlying

Grid Levels Pressures Order u-Velocity Order v-Velocity Order

3-4-5 3.427979e-07 NA 9.488700e-08 NA 8.127911e-08 NA
4-5-6 1.589901e-08 4.430 4.605625e-09 4.365 4.023801e-09 4.336
5-6-7 7.309113e-10 4.443 2.162624e-10 4.413 1.987895e-10 4.339

Table 8: Error for Viscous Code Richardson Extrapolation Applied Twice
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Figure 5: Mesh For VonKarman Vortex Shedding

Figure 6: VonKarman Vortex Shedding using Original Code
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Figure 7: VonKarman Vortex Shedding using Richardson Extrapolation

black-box partial differential equations solver was a node-centered, edge-based finite volume solver,
using Roe-averaged variables and the flux differencing method for solving the approximate Riemann
problem. Unlike most higher order methods for solving compressible and incompressible Navier-
Stokes equations, this methodology reuses existing codes in the construction of the discretized
equations and views the residual calculation as a ”black-box” only needing to know the order
of accuracy of the underlying solver. Other methods typically involve sufficiently different data
structures and calculations than existing codes, so that the majority of the subroutines developed
for the existing codes must be discarded when going to third order accuracy and above.

There is a common erroneous belief that Richardson extrapolation can not be applied to the solution
of hyperbolic systems of equations. Burg, Richards, and Sun and Zhang have demonstrated via
similar techniques that this belief is incorrect, as long as Richardson extrapolation is applied at
each time level, rather than at the end of the simulation. A brief discussion about the principle
cause for the failure of Richardson extrapolation when applied at the end of the simulation was
provided. The algorithm for applying Richardson extrapolation to the residual (i.e., the numerical
results from the discretized equations) was presented, showing that the algorithm is only slightly
more expensive than the solution on the refined mesh. In this algorithm, the mesh must be refined
via h-refinement, and subroutines dealing with interpolation from the coarse mesh onto the fine
mesh and for performing Richardson extrapolation on the fine mesh are presented.

One detailed verification case was presented, involving the method of manufactured solutions. In
this example, the governing equations were altered via a source term so that the steady-state
solution would be a non-trivial known function. Both the inviscid and viscous portions of the
Navier-Stokes equations were tested via this manufactured solution. Results for the original code,
showing its second order nature, along with results from one and two applications of Richardson
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extrapolation, showing third and fourth order accuracy, respectively, were presented.

Results from simulations of von Karman vortex shedding behind a circular cylinder is two-dimensions
clearly showed that the Richardson extrapolation approach significantly decreased the numerical
diffusion, since the vortices remained much stronger further downstream of the circle than for the
original code.

Because this methodology treats the underlying solution algorithm as a black-box, Richardson
extrapolation can be applied quickly and easily to a wide variety of solvers, to increase the order of
accuracy of the numerical results. This application can be performed without altering the majority
of the well-tested algorithms developed for these types of codes.
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