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SUMMARY

Nine finite difference schemes using primitive variables on various grid arrangements were systematically
tested on a benchmark problem of two-dimensional incompressible Navier-Stokes flows. The chosen
problem is similar to the classical lid-driven cavity flow, but has a known exact solution. Also, it offers the
reader an opportunity to thoroughly evaluate accuracies of various conceptual grid arrangements.

Compared to the exact solution, the non-staggered grid scheme with higher-order accuracy was found to
yield an accuracy significantly better than others. In terms of ‘overall performance’, the so-called 4/1
staggered grid scheme proved to be the best. The simplicity of this scheme is the primary benefit.
Furthermore, the scheme can be changed into a non-staggered grid if the pressure is replaced by the pressure
gradient as a field variable.

Finally, the conventional staggered grid scheme developed by Harlow and Welch also yields relatively high
accuracy and demonstrates satisfactory overall performance.
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1. INTRODUCTION

Two types of grid layout can be applied to the primitive variable finite difference method that
solves incompressible Navier-Stokes flows—staggered grids' ~* and non-staggered grids.**® In
finite element terminology, staggered grids are similar to mixed-order interpolation functions;”®
non-staggered grids resemble same-order interpolation functions.’

While a non-staggered grid appears simple and natural, it leads to algebraic systems with
singular coefficient matrices that contain too many zero eigenvalues. Consequently, the resulting
pressure solution is contaminated with pressure modes and is grossly erroneous. To avoid this
problem, researchers began adopting staggered grids in which the nodal velocity components and
the pressure are placed in different locations. For flows with small convection, the staggered grid
solution also appears to be more accurate than the non-staggered grid result.

The computer programming for staggered grids appears to be more complex than for non-
staggered grids because each velocity component requires different indexing. Furthermore, the
computation of the convection terms, d(uv)/dx or d(uv)/dy, may become inaccurate for large
Reynolds numbers because the velocity components are staggered. It may be worthwhile to
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reconsider the use of non-staggered grids, unless the accuracy and convergence rate of numerical
schemes using staggered grids prove to be significantly better, or unless the pressure solution is of
primary interest.

The objectives of this paper arc: (1) to use nine numerical schemes (five staggered grids and four
non-staggered grids) to solve a benchmark problem, and to compare the computed and exact
solutions; (2) to identify the shortcomings and merits of each scheme; and (3) to recommend 2
scheme, based on the accuracy and the overall performance.

A well known benchmark problem is the lid-driven cavity flow originated by Burggral.'® Some
researchers, including the authors of this paper, are unsurc of the singularity at the two corners
where the moving lid remains in contact with the stationary walls. They have found that
specification of the velocity of either unity or zero at the two corners alters the numerical result.

Furthermore, it is difficult to compare the details of nodal values precisely, because the
benchmark solution generally is presented in graphic form. Even if a tabulated benchmark
solution is available, transferring it into the computer program to compute the global errors
would prove laborious.

Therefore we propose a benchmark problem similar to the classical lid-driven cavity flow. The
flow velocity at the two corners is now zero; the flow is driven by a specified body force (as
described in the next section) in addition to 2 non-uniform shear. Most importantly, the exact

solution to this problem exists and is known.

2. _CONTINUUM EQUATIONS GOVERNING THE BENCHMARK PROBLEM

Ilustrated in Figure 1, the recirculating cavity flow driven by combined shear and body forces is
governed by

V-u=0, (1)

o B o (2)

Re dx

u = f(x)
e

x

Figure 1. System schematic of the benchmark problem

EFFECTS OF GRID STAGGERING 195

and
u-Vo= —l-—- Viv— ..a_‘?. B
Re ay 4 (xl Y, Re)- (3)

The boundary conditions for the v iti
elocities : -
o i tah shellice sl u and v are of Dirichlet type: zero everywhere except

u(x, 1)=16(x*—2x>+x3). (4)
Equation (4) also indicates that u(0, 1)

atic , 1)=0 and u(l, 1)= i imi igui
specifying the top corner velocities as in the classif:al li)d-:r'i\:::lilz\:rh;:jntfltei: st e

A body force is present in the y-direction and is prescribed as

8
B ! R i [} " "r
(x,.y, Re) g [24F (x)+ 21 '(x)g"(y)+ "' (x)g(y)] =64 [ F1(x)G,(y)—g(») g’ (Y) F,(x)], (5)
where |

f(x)=x*—2x3+x?%,

a(y)=y* -y )= 4yd - .

Fx)={ f(x)dx=(}2x’-—0-5x3‘+j;:;3, - = 1ay-2 3= 24y
Fi)=f()f“(x)=[f(x)]* = —4x°+ 12x° — 14x* + 8x> — 2x?
Fy(x)= [ f(x) ['(x)dx=05[f(x)]? ‘
G, (M) =9(Ng"(N—g'(Ng"(y)=—24y" + 8y’ —dy - é;

The exact solution to this combi
mb . .
R 1o he ined shear- and body-force-driven cavity flow exists and is

u(x, y)=8/(x)g'(y)=8(x* —2x> + x?)(4y’ - 2y),

o(x, )= —8/"()g(y)= —8(dx> — 6x? + 2x)(y* - ? s

¥ )Y —=y%) (6b)
p(x, y, Re)= & [F(x)g"™ ‘(x)g’ 64

: & g (N +S()g' ()] +64F,(x){g(»)g"(»—L[g'(M]*}. (6¢)

For convenience, the exact i
) solution of u(x, y), v(x, -
Scetiia . : B 08 0%y y) and dp/dy for Re=1 is displayed i
i Figt?;nz'ﬁgi:z;}:r?;?::ﬂliﬁt in tlhe fll:w field. The corresponding stre;iflli::: al:c :?ot:l;;
. iv ise ci TR TR
driven recirculating Sow. ely, the clockwise circulation is similar to the classical lid-
An addo - . .
lengthy sol:lrz:atlc:nm;vcmcpcc .of the present benchmark problem is the need to include the
pression in the v-momentum equation. Readers who intend to solve the

benchmark problem m
. ay ensure the correct i 2
ensuring that B(0'S, 0-5, 1)= —3-356250. ness of the expression in their computer programs by

3. NUMERICAL SCHEMES EXAMINED
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