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a b s t r a c t

In this paper, the spectral element approximation and the velocity–pressure decoupling
method implementing the SIMPLE (semi-implicit method for pressure linked equations)
algorithm are first combined to form a high-order segregated scheme for the solution
of the two-dimensional transient incompressible Navier–Stokes equations. In contrast to
previous segregated finite element methods based on the SIMPLE algorithm, the pressure
equation is derived from the continuity equation using the element matrices to ensure
convergence. High-order element basis functions are adopted, which greatly reduces the
number of nodal points used in the calculation. The validation test that has an analytical
solution demonstrates the high accuracy and convergence rate of the method. The flow
in a lid-driven cavity with different inclination angles and the flow over a backward-
facing step are investigated to further illustrate the performance of the scheme. The
computed results are in excellent agreement with the benchmark solutions. The almost
periodic solution for the flow of Re=10000 in a lid-driven square cavity is also captured
by the present scheme.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

The application of the Navier–Stokes equations (NSE) to solve fluid flow has received much attention during the last
decades. Numerous numerical schemes have been used for the solution of the NSE. For incompressible flow, one of the
major difficulties encountered in constructing the numerical schemes arises from the implicit coupling of the velocity
and pressure through the continuity equation, which has a non-evolutionary characteristic preventing the straightforward
integration of the equation in time.

The pressure-correction scheme that belongs to the family of segregated algorithms is one of the most commonly
used techniques for an efficient solution of the NSE. The velocity components and pressure are solved separately and
the computational effort is greatly reduced. The SIMPLE algorithm of Patankar and Spalding [1] is a formulation that has
been widely applied to flow problems. As analysed by Tao [2], the final solution will not be affected by the two major
assumptions in the SIMPLE algorithm if the iterative process converges. However, the convergence rate and stability will
certainly be affected. Many variants have been produced to improve the convergence rate of the scheme. Patankar [3]
proposed the SIMPLER algorithm to overcome the inconsistency between the initial velocity field and the initial pressure
field. Van Doormaal and Raithby [4] presented the SIMPLEC algorithm to partially compensate for the effect of neglecting
the velocities of neighbouring nodes by redefining the coefficients of the velocity correction equation. Qu et al. [5]
provided the CLEAR algorithm to address the two assumptions in the SIMPLE algorithm by re-solving the pressure field
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Nomenclature

Ex Number of elements along x axis
Ey Number of elements along y axis
L Width of the square, m
L0 Characteristic length
Nx Interpolation order along x axis
Ny Interpolation order along y axis
Ne Number of elements
Nd Number of nodal points in standard element
NG Total number of nodal points
p Dimensionless pressure Superscripts
P Projector onto the divergence-free subspace
Re Reynolds number [ = u0L0/µ]
S Height of the backward step
t Dimensionless time
T Computational time
u Velocity vector ( = u, v)
u, v Dimensionless velocity components
u0 Characteristic velocity
x, y Dimensionless Cartesian coordinates

Greek symbols

αp Pressure relaxation factor
αu Velocity relaxation factor
Γ Boundary of computational domain
ξ , η Reference coordinates
θ Cavity inclination angle
µ Kinematic viscosity, m2/s
ν Reciprocal of Reynolds number
Ω Computational domain

Superscripts

D Diagonal elements of a matrix
e Element symbol
k Iterative step
n Time step
O Off-diagonal elements of a matrix
* Intermediate value

Subscripts

, Spatial derivative

based on the intermediate velocity. Sun et al. [6,7] developed the IDEAL algorithm to further enhance the robustness
and convergence rate of the CLEAR algorithm by double inner iterative processes for the pressure equation. Considering
the successful application of the SIMPLE algorithm in the finite difference and finite volume schemes, finite element
methods (FEM) taking advantages of the SIMPLE algorithm or its variant has also been presented. Rice and Schnipke [8]
introduced a SIMPLE-like segregated velocity–pressure method employing the streamline upwind scheme. Van Zijl and
Du Toit [9] implemented the SIMPLEST algorithm to the streamline upwind/Petrov–Galerkin (SUPG) FEM to generate
symmetric coefficient matrices associated with the momentum equations. Du Toit [10] investigated the application of the
SIMPLER and SIMPLEST algorithms to the non-conservative form of the NSE along with consistent and inconsistent SUPG
weightings. Malatip et al. [11] combined the segregated algorithm used by Rice and Schnipke [8] and the SUPG method
for the solution of conjugate heat transfer problems.

Although the SIMPLE algorithm has been widely used in different numerical methods, the combination of the SIMPLE
algorithm and high-order schemes especially in combination with spectral interpolation functions, has been investigated
in only a few studies. A spectral element method (SEM) proposed by Patera [12] combines the flexibility of FEM and
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the high accuracy of the spectral method. Opposed to the usual FEM approach, infinite-order orthogonal polynomials are
used by the SEM to construct the interpolants instead of using low-order algebraic polynomials in each element. Therefore,
exponential convergence can be obtained for a problem with a solution that is sufficiently smooth. Xu and Lin [13] adopted
the spectral element approximation for the solution of the NSE, employing the classical Uzawa algorithm to decouple the
global discrete saddle point problem. Kim and Beskok [14] combined the SEM and the algebraic factorization method for
incompressible flow and heat transfer problems, which has a great advantage because no artificial boundary condition is
needed for the pressure equation. Ranjan et al. [15] used the stabilized SEM based on the SUPG formulation to solve the
two-dimensional transient NSE, in which two kinds of preconditioners are employed to speed up the solution process.
Hsu et al. [16] investigated the flow patterns past two staggered arrays of cylinders using the SEM and a time-splitting
scheme, which is more efficient than the Uzawa algorithm. Despite the fact that the SEM for incompressible flow has
been studied by many researchers [17–22], there seems to be no attempt presented in the literature to combine the SEM
and the mature SIMPLE algorithm to build an efficient high-order scheme.

The aim of this paper is to combine the high accuracy and flexibility of SEM in spatial discretization and the advantage
of the SIMPLE algorithm in decoupling the velocity and pressure to form an efficient high-order numerical scheme for the
solution of incompressible flow. A problem with an analytical solution is firstly considered. Then the flow in a lid-driven
cavity with different inclination angles is solved and the computed results are compared with benchmark solutions. The
flow over a backward-facing step is also simulated. Numerical experiments show that the segregated SEM is efficient and
accurate, and that the results of the flow in a lid-driven cavity can be used as reference solutions. It is believed that the
proposed method can promote the further application of high-order algorithms for the solution of incompressible flow
and heat transfer problems.

2. Governing equations and mathematical formulation

2.1. Governing equations

Let Ω be a two-dimensional regular and bounded domain with boundary Γ . The non-dimensional NSE used to describe
transient incompressible flow in tensor notation can be written as

ui,i = 0, in Ω × [0, T ] (1)
∂ui

∂t
+ ujui,j + p,i − νui,jj = fi, in Ω × [0, T ] (2)

with i, j = 1, 2. Here [0, T ] represents the temporal domain, and ui, p, fi, t, ν are the velocity components, pressure, external
forces, time and the reciprocal of the Reynolds number, respectively. The subscript ‘,’ denotes the spatial derivative, e.g., ui,j
represents the derivative of ui with respect to j direction.

The boundary conditions for Eqs. (1) and (2) can be expressed as follows

ui = gi, on Γg (3)

(−pδij + νui,j)nj = hi on Γh (4)

where Γg and Γh are two disjoint subsets of Γ , gi is the velocity vector prescribed on Γg , hi is the traction vector prescribed
on Γh, nj is the jth component of the unit vector normal to Γh. The initial conditions for Eqs. (1) and (2) are

ui(0, x) = ui0(x) (5)

2.2. Spectral element discretization of the momentum equation

After multiplying the momentum equation by the velocity test function and integrating over the computational domain
Ω , the Galerkin variational problem is to find (ui, p) ∈ H1

0 (Ω) × L2(Ω) such that∫
Ω

[(
∂ui

∂t
+ ujui,j)δui − pδui,i + νui,jδui,j]dΩ

=

∫
Ω

fiδuidΩ +

∫
Γh

hiδuidΓ ∀δui ∈ H1(Ω)
(6)

where δui is the velocity test function, L2(Ω) denotes the space of square-integrable functions, H1
0 (Ω) denotes the space

of vector functions whose components and their first derivatives are square-integrable and vanish on ∂Ω .
Similar to the usual FEM approach, the computational domain is first discretized into Ne non-overlapping elements

Ω =
∑Ne

i=1 Ωe as illustrated in Fig. 1. Quadrilateral elements will be employed in the simulation. Ex and Ey are the
number of elements in x- and y-directions. Let ϕ be the mapping from the physical coordinate (x, y) to the computational
coordinate (ξ , η), then the actual element Ωe can be transformed into the standard element Ω st

= [−1, 1] × [−1, 1] as
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Fig. 1. Distribution of rectangular elements in the computational domain (a) Ex = Ey = 4 (b) Ex = Ey = 8.

Fig. 2. Transformation from actual element to standard element.

shown in Fig. 2. For the quadrilateral element with parallel walls at different inclinations, the transformation relationship
can be expressed as⎛⎜⎝ξ

η

⎞⎟⎠ =

⎛⎜⎜⎝
2
Lex

−
2
Lex

cos(θ )
sin(θ )

0
2
Ley

⎞⎟⎟⎠
⎛⎜⎝x −

xe3 + xe1
2

y −
ye2 + ye1

2

⎞⎟⎠ (7)

Here Lex = xe2 −xe1 and Ley = ye3 −ye1 in Eq. (7). In the standard element, the LGL (Legendre–Gauss–Lobatto) points of degree
Nx and Ny in x- and y-directions are chosen as interpolation nodes as presented in Fig. 3 and equal-order interpolation is
used for both the velocity and pressure.

Thus according to the spectral approximation theory, ui and p along with the test functions δui and δp can be written
as

ui =

Nd∑
J=1

uiJΦJ , δui =

Nd∑
I=1

ΦI (8)

p =

Nd∑
J=1

pJΦJ , δp =

Nd∑
I=1

ΦI (9)

where Nd is the number of nodes in the standard element, ΦI , ΦJ are the nodal basis functions at node I and J, and uiJ , pJ
are the values of ui and p at node J.

The nodal basis function has the form

ΦI =

Nx∑
j=0

Ny∑
k=0

φj(ξ )φk(η) (10)
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Fig. 3. Distribution of LGL nodes in the standard element (a) Nx = Ny = 4 (b) Nx = Ny = 8.

φj(ξ ) =

Nx∑
m=0

1
γm

Lm(ξj)Lm(ξ )ωj (11)

φk(η) =

Ny∑
n=0

1
γn

Ln(ηk)Ln(η)ωk (12)

where Lm, Ln are the Legendre polynomials. The functions φj(ξ ), φk(η) are equal to zero outside the standard element. And
γm, ωj are expressed as

γm =

⎧⎪⎪⎨⎪⎪⎩
1

m + 0.5
m < Nx

2
Nx

m = Nx

(13)

ωj =
2

Nx(Nx + 1)
1

[LNx (xj)]2
j = 0, . . . ,Nx (14)

In each element, substitute the interpolants of the different variables into Eq. (6). We note here that the equations are
not discretized over the whole computational domain, only the interpolants involve the discrete values associated with
the nodal points. The resulting element formulation of the momentum equation yields

Me
IJ

due
iJ

dt
+ Ce

IJu
e
iJ + νDe

IJu
e
iJ − Ge

iIJp
e
J = Me

IJ f
e
iJ + FeIJh

e
iJ (15)

where Me
IJ , C

e
IJ , D

e
IJ , G

e
iIJ and FeIJ are defined as

Me
IJ =

∫
Ωe

ΦJΦIdΩ (16)

Ce
IJ =

∫
Ωe

un+1,k
iK ΦKΦJ,iΦIdΩ (17)

Ge
iIJ =

∫
Ωe

ΦJΦI,idΩ (18)

De
IJ =

∫
Ωe

ΦJ,iΦI,idΩ (19)

FeIJ =

∫
Γ

ΦJΦIdΓ (20)

where subscripts ‘I ’, ‘J ’, ‘K ’ are the node indices, ‘i’ is the spatial index, un+1,k
i is the kth iterative velocity of the (n +

1)th time step. For the sake of simplicity, the time step superscript of intermediate values in the iterative process will be
omitted in the following part of the paper. It can be seen that only the element matrix of the convective term Ce

IJ needs
to be updated repeatedly during the iteration of each time step.
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2.3. Segregated method based on the SIMPLE algorithm

2.3.1. Momentum equation
As in the SIMPLE algorithm, the equation coefficients and source terms of the (k + 1)th iterative step are based

on the velocity uk
i . The non-diagonal contributions of the element coefficient matrix of the convective term are treated

explicitly in order to keep the left matrix symmetric. This method is the so-called SIMPLEST formulation that has been
employed in [9,10]. Eq. (15) is integrated using an implicit backward difference scheme with time step ∆t. Accordingly,
the momentum equation for the intermediate velocity u∗

i corresponding to the pressure pk in the element matrix form is
expressed as

Me
IJ

β0u
e,∗
iJ −

∑m
j=1 βju

e,n+1−j
iJ

∆t
+ Ce,D

IJ ue,∗
iJ + νDe

IJu
e,∗
iJ − Ge

iIJp
e,k
J

= Me
IJ f

e,n+1
iJ − Ce,O

IJ ue,k
iJ + FeIJh

e,n+1
iJ

(21)

where Ce,D and Ce,O are the diagonal and non-diagonal matrices of Ce, respectively. For a second-order backward difference
scheme the formulation is given as

3
2∆t

Me
IJu

e,∗
iJ + Ce,D

IJ ue,∗
iJ + νDe

IJu
e,∗
iJ = Ge

iIJp
e,k
J − Ce,O

IJ ue,k
iJ

+Me
IJ (

2
∆t

ue,n
iJ −

1
2∆t

ue,n−1
iJ + f e,n+1

iJ ) + FeIJh
e,n+1
iJ

(22)

To address large velocity changes between successive iterations, velocity under-relaxation is incorporated into the solution
of the equation with αu the relaxation factor. Then Eq. (22) can be rewritten as

(Se,DIJ + αuSe,OIJ )ue,∗
iJ = αuGe

iIJp
e,k
J + ceiI (23)

where

Se,DIJ =
3

2∆t
Me,D

IJ + Ce,D
IJ + νDe,D

IJ

Se,OIJ =
3

2∆t
Me,O

IJ + νDe,O
IJ

(24)

ceiI = αu[−Ce,O
IJ ue,k

iJ + Me
IJ (

2
∆t

ue,n
iJ −

1
2∆t

ue,n−1
iJ + f e,n+1

iJ )

+FeIJh
e,n+1
iJ ] + (1 − αu)Se,DIJ ue,k

iJ

(25)

Se,D and Se,O are the diagonal and non-diagonal matrices of Se, respectively. Assembling the element matrices in the
conventional manner, the global matrix form of Eq. (23) is formulated as

(SDIJ + αuSOIJ )u
∗

iJ = αuGiIJpkJ + ciI (26)

where SD, SO, Gi and ci are the global matrices and the global vector, respectively.

2.3.2. Pressure equation
The discrete momentum equation (23) can be rearranged to give

ue,k+1
iI = ûe

iI + qe,∗iI (27)

where

ûe
iI = (Se,DIK )−1(−αuSe,OKJ u

e,∗
iJ + ceiI ) (28)

qe,∗iI = Re
iIJp

e,∗
J = αu(Se,DIK )−1Ge

iKJp
e,∗
J (29)

Due to the diagonal nature of Se,D, its inverse form (Se,D)−1 is very simple to calculate. The weak formulation of the
continuity equation is obtained by multiplying the pressure test function δp and applying the divergence theorem, and it
is written as∫

Ω

uk+1
i δp,idΩ =

∫
Γ

gn+1
i δpnidΓ (30)

It can be seen that the velocity flux on the boundary is employed as the pressure boundary condition, hence no artificial
pressure boundary condition needs to be constructed. Substituting Eq. (27) into the weak formulation of the continuity
equation and using the interpolants of the variables, the continuity equation in element matrix form can be expressed as

Ge
iIJq

e,∗
iJ = −Ge

iIJ û
e
iJ + FeIJg

e,n+1
iJ ni (31)
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Assembling the element matrices in Eqs. (29) and (31) into global ones, they have the form

GiIJq∗

iJ = −GiIJ ûiJ + FIJgn+1
iJ ni (32)

q∗

i = RiIJp∗

J (33)

where Gi, Ri and F are the global matrices. Then the pressure equation is obtained from Eqs. (32) and (33), and can be
written as

HIJp∗

J = −GiIJ ûiJ + FIJgn+1
iJ ni (34)

where

HIJ = GiIKRiKJ = αuGiIK (SDKL)
−1GiLJ (35)

Compared to the usual FEM, the pressure equation is derived from the element matrices, which involves no pressure
assumption. It was found that the pressure gradient assumption adopted in the FEM [8] introduces deviations into the
initial iterative process of the pressure equation. For the low-order FEM, the initial perturbations will gradually decrease
with the iterative process until it completely disappears. However, the high-order SEM is very sensitive to the initial
perturbations, which will be continuously amplified so that no converged pressure solution can be obtained. Therefore,
the method to derive the pressure equation adopted in this paper ensures the advancement of the iterative process. The
global matrix Gi can be preprocessed once before the iterative procedure and the matrix SD have been calculated whilst
solving the momentum equation, therefore the computational effort for the pressure equation is greatly reduced.

To restrict the pressure change between two successive iterations, the pressure should also be relaxed to get converged
solutions, the under-relaxation form is expressed as

pk+1
= αpp∗

+ (1 − αp)pk (36)

where αp is the pressure relaxation factor. Once the pressure is calculated, the velocity components are updated by the
newly obtained values to ensure continuity during each iteration, the velocity correction is given as

uk+1
iI = ûiI + αu(SDIK )

−1GiKJpk+1
J (37)

From the above process, it can be seen that the decoupling of the velocity and pressure for each iteration in a time
step of the SIMPLE algorithm is very similar to that in the projection method [23]. Taking advantage of the analytical
techniques in [24], we briefly illustrate that the decoupling scheme adopted in this paper is stable (see Appendix).

3. Computational procedure

The iterative process is repeated until the converged numerical solutions of the (n + 1)th time step are obtained. The
steps of the segregated algorithm in a single time step are illustrated as follows

1. Guess the initial velocity field and the initial pressure field
2. Calculate the coefficients and source terms for the intermediate velocity u∗

i
3. Solve the momentum equation (26) to obtain u∗

i and rearrange Eq. (23) to get ûe
i and qe,∗i .

4. Take advantage of the element matrices to construct the pressure equation and get the new pressure value pk+1.
5. Use Eq. (37) to update the velocity uk+1

i , and ensure continuity by the newly obtained pressure.
6. Go to step 2 and repeat the calculation until the converged solutions of a time step are obtained

4. Numerical results and discussions

4.1. Scheme validation with analytical solution

A test problem with an analytical solution is simulated in order to validate the SEM code and illustrate its performance,
numerical accuracy and convergence rate. The analytical solution has the form

u = sin(πx) sin(πy) arctan(2π2t)

v = cos(πx) cos(πy) arctan(2π2t)

p = sin(x − y) arctan(2π2t)

(38)

on the computational domain of Ω = {(x, y): 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}. The initial conditions, boundary conditions and
source terms can be deduced from Eq. (38). The L2 and L∞ norms of the error are employed to evaluate the numerical
accuracy, and they are depicted as

∥ζ∥ = [
1
NG

NG∑
j=1

(ζ num
j − ζ ana

j )2]1/2 (39)
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Fig. 4. The p-convergence and h-convergence rates of (a) u-velocity, (b) v-velocity and (c) pressure in L2 and L∞ norms.

Fig. 5. Schematic and boundary conditions for the flow in a lid-driven cavity.

∥ζ∥∞ = max
j=1,...,NG

⏐⏐ζ num
j − ζ ana

j

⏐⏐ (40)

where superscript ‘‘num’’ and ‘‘ana’’ represent the numerical and analytical results, ζ denotes the variables ui and p, j is
the node number and NG is the total number of nodal points.

The studies of p-convergence and h-convergence are performed for the analytical problem. In the p-convergence study,
the spatial discretization is fixed (Ex = Ey = 3) and the polynomial orders of the element basis function (Nx = Ny)
are systematically increased. Whilst in the h-convergence study, the polynomial orders are fixed (Nx = Ny = 3) and
the element numbers in x- and y-directions (Ex = Ey) are gradually increased. For ν = 1.0, the time step is set to be
∆t = 0.0001, which is very small to avoid any temporal error. The under-relaxation factors for the velocity and pressure
are αu = αp = 1.0. The test problem is simulated until T = 1.0 and the results are presented in Fig. 4. Both the L2
and L∞ norms of the error verify the validity of our method, and that a high accuracy can be obtained by increasing the
polynomial orders or element numbers. Meanwhile, the p-convergence shows higher accuracy and faster convergence
relative to the h-convergence, which illustrates the advantages of the high-order element basis functions adopted in the
segregated SEM.

4.2. Flow in a lid-driven cavity

In this section, the segregated SEM is applied to the flow in a lid-driven cavity with different inclination angles to
further evaluate its validity and numerical accuracy. The geometry and boundary conditions of this problem are presented
in Fig. 5. Although the physical model is uncomplicated, it contains rich fluid flow phenomena and multiple counter-
rotating recirculating regions. Therefore this problem has been presented by many researchers [25–30] in the literature
as a benchmark problem for the evaluation of numerical schemes.

The Reynolds number is defined as Re = UL/µ, where the characteristic velocity u0 is equal to U, the characteristic length
L0 is equal L and µ is the kinematic viscosity. The time step for all the computations of the flow in a lid-driven cavity
is set to be ∆t = 0.01, the under-relaxation factors are αu = 0.7 and αp = 0.2. In order to test the grid independence,
three different element divisions (6×6, 8×8 and 10× 10) with an eighth-order polynomial in each element are adopted.
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Table 1
Grid independence test of u-velocity on centreline CL1 in a square cavity.
y 49 × 49 65 × 65 81 × 81

0.9688 0.5731 0.5800 0.5802
0.9531 0.4624 0.4711 0.4712
0.7344 0.1716 0.1877 0.1878
0.5000 −0.0551 −0.0618 −0.0618
0.2813 −0.2883 −0.2792 −0.2792
0.1016 −0.3025 −0.2993 −0.2995
0.0625 −0.1926 −0.2015 −0.2016

Fig. 6. Nonuniform grid used for the flow in a lid-driven inclined cavity with θ = π /4.

Fig. 7. Streamline contours and additional corner vortices in a square cavity for Re = 1000.

Numerical experiments using the three nonuniform grids of 49 × 49, 65 × 65 and 81 × 81 are performed for the flow of
Re = 1000 in a square cavity. The u-velocities on the centre-line CL1 are tabulated in Table 1, which show that the grid
of 65 × 65 is sufficient to compute the flow. The nonuniform grid of 65 × 65 for the inclined cavity with θ = π /4 is
presented in Fig. 6.

4.2.1. Results for the flow in a square cavity
Figs. 7 and 8 show the steady streamline contours in a square cavity for Re = 1000 and 7500, respectively. The counter-

rotating secondary vortices that develop with the increase of the Reynolds number in the corners are depicted by the
streamline patterns. It can also be seen from Fig. 7 that there is a tertiary vortex in the lower right corner for Re = 1000,
which is usually not captured by the low-order algorithms on such a coarse grid. This demonstrates the advantage of
SEM as a high-order scheme to efficiently resolve the details of the flow. For the flow of Re = 7500, a counter-rotating
secondary vortex appears in the upper left corner. Local magnifications of the corners are also included in Figs. 7 and 8 to
better illustrate the secondary and tertiary vortices of the flow. The abbreviations BL, BR and TL represent the bottom left,
bottom right and top left corners of the square cavity, respectively. Table 2 compares the location data of the primary,
secondary and tertiary vortices for Re = 1000 and 7500 with the benchmark results [25,27]. It can be seen that the present
vortex locations are in excellent agreement with the corresponding reference locations.

Figs. 9 and 10 show the velocity profiles on the centrelines CL1 and CL2 for Re = 1000 and 7500, respectively. These
profiles show that the results compare very well with the reference solutions, especially those that Erturk et al. [27]
produced on a high quality grid of 601 × 601. Tables 3 and 4 tabulate the percentage deviations of the results for Re
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Fig. 8. Streamline contours and additional corner vortices in a square cavity for Re = 7500.

Fig. 9. (a) u-velocity profile on centreline CL1 and (b) v-velocity profile on centreline CL2 in a square cavity for Re = 1000.

Fig. 10. (a) u-velocity profile on centreline CL1 and (b) v-velocity profile on centreline CL2 in a square cavity for Re = 7500.
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Table 2
Comparison of vortex locations in a square cavity for Re = 1000 and 7500.

Present Ref. [25] Ref. [27]

x y x y x y

1000

Primary 0.5300 0.5650 0.5313 0.5625 0.5300 0.5650
BL1 0.0825 0.0775 0.0859 0.0781 0.0833 0.0783
BR1 0.8650 0.1125 0.8594 0.1094 0.8633 0.1117
BL2 — — — — 0.0050 0.0050
BR2 0.9915 0.0060 0.9922 0.0078 0.9917 0.0067

7500

Primary 0.5125 0.5325 0.5117 0.5322 0.5133 0.5317
BL1 0.0650 0.1525 0.0645 0.1504 0.0650 0.1517
BR1 0.7900 0.0650 0.7813 0.0625 0.7900 0.0650
TL1 0.0665 0.9125 0.0664 0.9141 0.0667 0.9133
BL2 0.0115 0.0115 0.0117 0.0117 0.0117 0.0117
BR2 0.9500 0.0420 0.9492 0.0430 0.9517 0.0417

Table 3
Percentage difference of u-velocity on centreline CL1 with benchmark solution.
y Present Ref. [29] Deviation (%)

65 × 65 1024 × 1024
0.9688 0.5800 0.5803 −0.0456
0.9531 0.4711 0.4724 −0.2770
0.7344 0.1877 0.1886 −0.4820
0.5000 −0.0618 −0.0621 −0.4691
0.2813 −0.2792 −0.2804 −0.4141
0.1016 −0.2993 −0.3003 −0.3401
0.0625 −0.2015 −0.2023 −0.4151

Table 4
Percentage difference of v-velocity on centreline CL2 with benchmark solution.
x Present Ref. [29] Deviation (%)

65 × 65 1024 × 1024
0.9609 −0.2927 −0.2933 −0.1976
0.9453 −0.4090 −0.4102 −0.2912
0.8594 −0.4257 −0.4263 −0.1436
0.5000 0.0257 0.0258 −0.3660
0.2266 0.3329 0.3340 −0.3404
0.0938 0.3319 0.3329 −0.2894
0.0703 0.2953 0.2962 −0.2873

= 1000 from the velocity data of Bruneau and Saad [29] using a high resolution grid of 1024 × 1024 to quantitatively
verify the accuracy of the segregated SEM. It can be seen that there is a remarkable agreement between the present and
the reference values with a maximum difference of less than 0.5%, even if only 65 × 65 nodes are used in the current
calculation.

For flow of Re ≥ 7500, a linear stability analysis [29,30] shows that the steady-state solution will gradually lose its
stability to transform into a periodic solution, which corresponds to the first Hopf bifurcation. However, steady-state
solutions are claimed in some publications [27,31,32] to exist for Re = 10000 or even higher Reynolds numbers. Therefore
the segregated SEM is applied to the flow of Re = 10000 to explore the flow phenomena. The time evolution of the u-
velocity at the monitoring point (0.8643, 0.1357) is plotted in Fig. 11(a) and a Fourier analysis is performed for this signal.
The power spectrum, as well as the phase trajectory, in Fig. 11(b) and (c) demonstrates that the solution is not a purely
periodic one, but has a dominant harmonic and a subharmonic. A sequence of six streamline contours at discrete time
intervals for a cycle of T = 2.0 is illustrated in Fig. 12. It is seen that the streamline pattern is repeated after a period. The
main structure in the cavity is invariant in addition to the periodic changes of small eddies in the corner, which verify
the result of the power spectrum. From the above results, it can be deduced that there is a critical Reynolds number and
that the steady-state flow will be replaced by an almost periodic one when Re is beyond the threshold value.

4.2.2. Results for the flow in an inclined cavity
Two different inclination angles of θ = π /3 and θ = π /4 are considered in this context. Figs. 13 and 14 show the

steady-state streamline contours in the inclined cavities for the two angles, respectively, for the cases of Re = 1000 and
5000. With the increase of the Reynolds number, the primary vortex moves towards the downstream end of the lid and
it becomes smaller and smaller while the secondary vortex gradually expands. When the inclination angle θ is reduced
from π /3 to π /4, the primary vortex reaches the right side of the cavity for Re = 5000, which demonstrates that the
change in geometry makes the flow inside the cavity more intense.
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Fig. 11. (a) Horizontal velocity history, (b) Power spectrum and (c) Phase trajectory at monitoring point (0.8643, 0.1357) in a square cavity for Re
= 10000.

Fig. 12. Evolution of streamlines during one time period in a square cavity for Re = 10000 (a) t = 0T, (b) t = 0.4T, (c) t = 0.8T, (d) t = 1.2T, (e)
t = 1.6T and (f) t = 2.0T .

In Fig. 15, the velocity profiles on the centrelines CL1 and CL2 in the cavity with θ = π /4 for Re = 1000 are compared
with the benchmark solutions of Demirdžić et al. [26] obtained on a grid of 320 × 320. It is clear that the numerical
results are in agreement with the reference ones.

4.3. Flow over a backward-facing step

The segregated SEM is next applied to the well-known problem of flow over a backward-facing step in a channel. This
example has been extensively studied by many researchers [33–35] both numerically and experimentally, and it is an
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Fig. 13. Streamline contours in an inclined cavity with θ = π /3 for (a) Re = 1000 and (b) Re = 5000.

Fig. 14. Streamline contours in an inclined cavity with θ = π /4 for (a) Re = 1000 and (b) Re = 5000.

Fig. 15. (a) u-velocity profile on centreline CL1 and (b) v-velocity profile on centreline CL2 in an inclined cavity with θ = π /4 for Re = 1000.

excellent test case for the validity and accuracy of the present numerical scheme. The problem configuration is presented
in Fig. 16. The geometry is set to be the same as that used by Armaly et al. [33]. A Poiseuille parabolic profile u = 6y−6y2,
v = 0 is prescribed at the inflow with a mean velocity of 1.0, the no-slip boundary condition is employed for the solid
walls at the top and bottom sides. At the outlet, the velocity boundary is derived from the assumption of full development
and the law of mass conservation, which can be expressed as

u =
6

(1 + S)3
[S + (1 − S)y − y2], v = 0 (41)

where S is the height of the step and S = 0.9403. The Reynolds number is defined with the characteristic velocity u0 equal
to the mean value of the inflow velocity and with the characteristic length L0 equal to the upstream channel height. Three
different element divisions (10×4, 14×4 and 16 × 6) with an eighth-order polynomial in each element are employed to
test the grid independence for the expansion section of the channel. Numerical experiments using the three nonuniform
grids of 81× 33, 113× 33 and 129 × 49 are performed for the flow of Re = 100, and the u-velocities on the vertical line
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Fig. 16. Schematic and boundary conditions for the flow over a backward-facing step in a channel.

Fig. 17. Nonuniform grid used for the flow over a backward-facing step in a channel.

Table 5
Grid independence test of u-velocity on vertical line at x = 7.76 in a channel.
y 81 × 33 113 × 33 129 × 49

−0.8449 0.1732 0.1476 0.1475
−0.7656 0.2941 0.2569 0.2563
−0.6093 0.4764 0.4439 0.4432
0.0000 0.8326 0.7847 0.7841
0.6429 0.4748 0.4437 0.4432
0.7857 0.3417 0.2875 0.2871
0.8571 0.2134 0.1990 0.1988

at x = 7.76 are presented in Table 5. It can be seen that the grid of 113 × 33 shown in Fig. 17 is sufficient to compute the
flow. The time step ∆t = 0.01 and the under-relaxation factors αu = 0.7 and αp = 0.2 are also adopted in the simulation.

The steady-state streamline contours for Re = 100, 200, 500 and 600 are presented in Fig. 18. It is observed that a vortex
exists in the re-circulation zone behind the step and the reattachment length xr continually increases when Re becomes
larger. It can also be noticed that a secondary vortex appears on the upper wall for Re = 500. The reattachment length
versus the Reynolds number is compared with the experimental and numerical results of Armaly et al. [33] as shown in
Fig. 19. The present computed results are in better agreement with the experimental data than with the numerical results
for the flow of Re ≤ 600. Meanwhile, the present value apparently deviates from the experimental one for Re = 800. It
is mainly because the three-dimensional nature of the flow is already obvious as the Reynolds number reaches 800 and
the assumption of full development used for the outlet boundary condition no longer holds. The velocity profiles on the
vertical lines at different x-positions for Re = 100 and 389 are shown in Fig. 20. It can be seen that the present velocity
values are consistent with the experimental data of Armaly et al. [33].

5. Conclusions

In this paper an efficient high-order velocity–pressure formulation that combines the SEM and the SIMPLEST algorithm
is presented for the two-dimensional transient Navier–Stokes equations.

The accuracy of the scheme is demonstrated by the test problem with an analytical solution. Higher accuracy and faster
convergence can be obtained when high-order polynomials in each element are employed. Additionally, the scheme is
applied to flow in a lid-driven cavity and flow over a backward-facing step. The steady-state solution of the flow in a
lid-driven square cavity for Re = 7500 and the steady-state solution of the flow in a lid-driven inclined cavity for Re
= 5000 are obtained, respectively. Despite the fact that fewer nodal points are used in the simulation, the computed
results are in excellent agreement with the benchmark solutions obtained on high resolution grids. For the flow over a
backward-facing step for Re ≤ 600, the present results also compare very well with the experimental results. The ability
of the scheme is further highlighted by capturing the almost periodic solution for the flow for Re = 10000 in a lid-driven
square cavity.

Based on the numerical experiments, we believe that the separation of velocity and pressure and the spectral accuracy
make the segregated SEM an efficient and accurate approach and have the potential to be further applied to more
complicated incompressible flow problems in the future.
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Fig. 18. Streamline contours of the flow over a backward-facing step for (a) Re = 100, (b) Re = 200, (c) Re = 500 and (d) Re = 600.

Fig. 19. Reattachment length plotted as a function versus the Reynolds number.
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Appendix

For each iteration in a time step of the SIMPLE algorithm, the decoupling of velocity and pressure is equivalent to the
process expressed by the following equations⎧⎪⎨⎪⎩

uk+1,∗
− un

∆t
+ B(

uk+1,∗
+ un

2
,
uk+1,∗

+ un

2
) − ν∆(

uk+1,∗
+ un

2
) + ∇pk = f n+

1
2

uk+1,∗
+ un

= 0, on Γ

(A.1)

uk+1
= uk+1,∗

−
1
2
∆t(pk+1

− pk) (A.2)
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Fig. 20. Streamwise velocity profiles at various streamwise locations for (a) Re = 100 and (b) Re = 389.

{
∇ · uk+1

= 0
uk+1

· n = 0, on Γ
(A.3)

where ∆t is the time step, B(u, v) = u · ∇v. As in the mainbody, the time step superscript n + 1 of intermediate values
in the iterative process is omitted, and uk+1,∗ is the intermediate velocity for the (k + 1)th iterative step of the (n +

1)th time step. The velocity field and source term of the (n +
1
2 )th time step are adopted to discretize (A.1), which can

be considered as looking for the numerical solution of this time step. Although there are small differences between the
above discrete form and the one adopted in the mainbody, the decoupling method of velocity and pressure employed by
the two is exactly the same.

Let P be the projector in L2(Ω) onto the divergence-free subspace uk+1
= Puk+1,∗. Adding (A.1) of the (k + 1)th iterative

step and (A.2) of the kth iterative step, (A.1) can be rewritten as⎧⎪⎨⎪⎩
uk+1,∗

− un,∗

∆t
+ B(

uk+1,∗
+ Pun,∗

2
,
uk+1,∗

+ Pun,∗

2
) − ν∆(

uk+1,∗
+ Pun,∗

2
) +

1
2
∇(3pk − pk−1) = f n+

1
2

uk+1,∗
+ Pun

= 0, on Γ

(A.4)

(·, · ) is used to represent the scalar product in L2(Ω). The dual space of H1
0 (Ω) is denoted by H−1(Ω) and the duality

between them is denoted by ⟨·, ·⟩. The operator for the nonlinear term is defined as b(u, v, w) = (B(u, v), w), we note
that b(u, v, v) = 0, ∀u ∈ H, ∀v ∈ H1

0 (Ω). Taking the inner product of (A.4) with ∆t(uk+1,∗
+ Pun,∗) and of (A.2) with

∆t
2 (3pk − pk−1), add the two formulae together, since ∇ · (Pun,∗) = 0, it can be obtained that

(uk+1,∗
− un,∗, uk+1,∗

+ Pun,∗) +
ν∆t
2

∇(uk+1,∗
+ Pun,∗)

2
+

∆t2

4
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⟩ ≤
ν∆t
4

∇(uk+1,∗
+ Pun,∗)

2
+ C∆t

f n+1/2
2

−1

(A.5)

where C is a genetic positive constant. We note that a Neumann pressure boundary condition is introduced into the
continuity equation in the derivation of (A.5) to avoid the boundary influence on the analysis process. Making use of the
analytical techniques in [24], we can infer that

(uk+1,∗
− un,∗, uk+1,∗

+ Pun,∗) =
uk+1,∗

2
−
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2

−
∆t2

8
(
∇(pk+1

− pk)
2

−
∇(pk − pk−1)

2
) +

∆t2

8
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(A.6)
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From (A.2), it can be obtained

∆t2

4

∇(pm+1
− pm)

2
≤

um+1,∗
2

(A.8)

Taking the sum of (A.5) for k = 1 to m, and utilizing the above inequalities, it is derived

ν∆t
4

m∑
k=1

∇(uk+1,∗
+ Pun,∗)

2
+

∆t2

8

∇pm+1
2

≤
u1

2
+

∆t2

8

∇p1
2

+ ∥f ∥2
C([0,T ];H−1) (A.9)

Therefore, it can be seen that the decoupling scheme of velocity and pressure used in this paper is stable.
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