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Summary

In this paper, the finite element method with new spherical Hankel shape func-
tions is developed for simulating 2-dimensional incompressible viscous fluid
problems. In order to approximate the hydrodynamic variables, the finite ele-
ment method based on new shape functions is reformulated. The governing
equations are the Navier-Stokes equations solved by the finite element method
with the classic Lagrange and spherical Hankel shape functions. The new shape
functions are derived using the first and second kinds of Bessel functions. In
addition, these functions have properties such as piecewise continuity. For the
enrichment of Hankel radial basis functions, polynomial terms are added to
the functional expansion that only employs spherical Hankel radial basis func-
tions in the approximation. In addition, the participation of spherical Bessel
function fields has enhanced the robustness and efficiency of the interpolation.
To demonstrate the efficiency and accuracy of these shape functions, 4 bench-
mark tests in fluid mechanics are considered. Then, the present model results
are compared with the classic finite element results and available analytical and
numerical solutions. The results show that the proposed method, even with less
number of elements, is more accurate than the classic finite element method.
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1 INTRODUCTION

Fluid mechanics is one of the fields of physics related to the statics and dynamics of fluids and also their effect on their
surroundings. If the variation of fluid density is neglected, the fluid is considered incompressible. The governing equations
of incompressible viscous fluids are conservation of mass and momentum (Navier-Stokes equations1). To solve these
equations, the analytical methods and numerical ones can be used. However, many of the problems cannot be solved by
the analytical method or the analytical solution is too complicated. Therefore, various numerical methods are developed
for solving these equations with acceptable accuracy.

In general, there are 2 viewpoints in the fluid mechanics: Lagrangian and Eulerian. In the first one, the compu-
tational domain is divided into some moving particles. In other words, this approach does not need to be meshed.
Moving-particle semi-implicit method, smoothed particle hydrodynamics method, element-free Galerkin method, and
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discrete least-squares meshless method are examples of Lagrangian approaches. In the second approach, the computa-
tional domain is divided into some elements or the so-called meshes. Then, the governing equations are solved on the
grid. This approach includes a finite element method (FEM), a finite difference method, and a finite volume method. This
paper focuses on the FEM based on the mesh.

The FEM is a technique that has a particular ability in handling very complex geometry and applying the
differential-type boundary conditions. Some researchers studied on solving the Navier-Stokes equations using FEM.
Reddy,1 Zienkiewicz,2 Hood,3 Oden,4 and Taylor and Hood5 were the people who attempted to solve these equations by
FEM. In this field, Hughes et al6 presented a review of an incompressible viscous flow analysis by a penalty finite element
approach. Souli and Zolesio7 introduced a numerical method for solving incompressible irrotational and inviscid flow
with a free surface. The linear stability of incompressible flows is investigated based on FEM by Ding and Kawahara.8

Furthermore, the incompressible viscous flows based on meshless methods are studied by some researchers. Basa et al9

investigated the robustness and accuracy of smoothed particle hydrodynamics formulation for viscous incompressible
flows. You et al10 simulated the viscous incompressible flows using an element-free Galerkin method.

In the incompressible viscous flow problems, the unknowns include velocity in the x-direction (vx), velocity in the
y-direction (vy), and pressure (p). In this paper, the mixed finite element approach, in which an element contains variable
degrees of freedom, is used. For example, for the 9-node element, there are 3 degrees of freedom (vx, vy, and p) at the corner
nodes and 2 degrees of freedom (vx and vy) at the midside and interior nodes. This problem complicates the calculation of
element matrices, as well as the assembly of element equations. Therefore, this problem increases CPU time and storage
space.1 In addition, for some complicated problems, it is necessary to use elements with ultrasmall dimensions. This mat-
ter leads to having a higher number of unknowns, and as a result, the computational effort and cost increase. Therefore,
in this research, it is tried to improve the accuracy of modeling incompressible viscous flow problems using a new set of
shape functions. By these functions, the degrees of freedom decrease and, then, the computational cost is also reduced.

In the present model, a new set of shape functions derived from a spherical Hankel radial basis function (RBF) is
proposed and reformulated. In general, RBFs are used for the approximation of multivariable functions by the linear
combination of terms depending on a univariate function, which is called RBF.11 There are 2 types of RBFs called oscilla-
tory and nonoscillatory. The conical functions,12-14 the thin plate spline,15-17 the Gaussian functions,18 multiquadrics,19,20

inverse multiquadrics,21 and compact supported functions22-25 are placed in a nonoscillatory class, whereas real and com-
plex Fourier RBF26-28 and J-Bessel RBF29 are in the oscillatory category. In classical mathematics, Fourier-Bessel series
and J-Bessel RBFs are applied as basis functions. The J-Bessel RBF only includes the features of the Bessel function of
the first kind, whereas in most cases, the first kind of Bessel function cannot express the full properties of a physical phe-
nomenon. In order to have both properties of the first and second kinds of Bessel function, the Hankel shape functions
are applied in the present model. In the field of using these shape functions, Hamzehei Javaran and Shojaee30 improved
the accuracy of the boundary element method in solving elastostatic and elastodynamic problems. They achieved very
good results with a few number of elements.

In this research, at first, the governing equations of the viscous incompressible flow are expressed. Then, the discretiza-
tion of these equations is developed based on the FEM. In addition, the proposed shape functions for a Hankel element
with 9 nodes have been derived. Finally, for evaluating the results of the proposed method, some tests in fluid mechan-
ics are selected. These tests are simulated by the present model. The results are analyzed by the standard FEM and RBF
based on spherical Hankel shape functions with a few number of elements. In addition, both series of the present model
results are compared with the available analytical and numerical solutions. Then, the efficiency of the proposed shape
functions is examined.

2 GOVERNING EQUATIONS

The behavior of viscous incompressible flow can be represented by the Navier-Stokes equations. These equations include
the conservation of mass and momentum that are described as follows by relations (1) and (2), respectively1:

∇.v = 0 (1)

ρ
(
𝜕v
𝜕t
+ v.∇v

)
= ∇.σ + ρf , (2)

where v denotes the velocity, ∇ is the vector differential operator, ρ represents the fluid density, σ indicates the stress
tensor, and f implies the body force vector.
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FIGURE 1 A schematic of the boundary condition related to velocity and traction

Nodes with u and v

Nodes with u, v, and p

FIGURE 2 The element used for the viscous incompressible flow in the present model

3 BOUNDARY CONDITIONS

The boundary conditions are given by the following relations31:

v = f v on Γv (3a)

τ ≡ σ.n = f τ on Γσ, (3b)

where n is the unit normal vector to the boundary, and Γv and Γσ are the boundaries related to the velocity and traction,
respectively, which are shown in Figure 1.1 Dirichlet or essential boundary conditions are described by Equation (3a), and
Neumann or natural boundary conditions are expressed by Equation (3b).1

4 FEM FORMULATIONS OF INCOMPRESSIBLE VISCOUS FLOW
PROBLEMS

By employing the FEM method in the Navier-Stokes equations, the final relation can be obtained as follows1:

⎡⎢⎢⎣
[M] [0] [0]
[0] [M] [0]
[0] [0] [0]

⎤⎥⎥⎦
{v̇x

v̇𝑦
�̇�

}
+
⎡⎢⎢⎣

2[Sxx] + [S𝑦𝑦] [S𝑦x] −[Sx0]
[Sx𝑦] [Sxx] + 2[S𝑦𝑦] −[S𝑦0]
−[Sx0]T −[S𝑦0]T [0]

⎤⎥⎥⎦
{vx

v𝑦
𝑝

}

+

[ [C(v)] [0] [0]
[0] [C(v)] [0]
[0] [0] [0]

]{vx
v𝑦
𝑝

}
=

{F1

F2

0

}
.

(4)

Relation (4) is called mixed finite element. For more details of how to get the this equation, see the work of Reddy.1

The coefficient matrices are written as follows1:

Mi𝑗 =∫Ωρ0ψiψ𝑗dxdy

Ci𝑗 (v) =∫Ωρ0ψi

(
vx
𝜕ψ𝑗

𝜕x
+ v𝑦

𝜕ψ𝑗

𝜕𝑦

)
dxdy

Si𝑗
ζη =∫Ωμ

(
𝜕ψi

𝜕ζ
𝜕ψ𝑗

𝜕η

)
dxdy; ζ, η = x, 𝑦

Si𝑗
ζ0 =∫Ω

𝜕ψi

𝜕ζ
ϕ𝑗dxdy; ζ = x, 𝑦

F1 =∫Ωρ0ψi𝑓xdxdy + ∮Γψitxds

F2 =∫Ωρ0ψi𝑓𝑦dxdy + ∮Γψit𝑦ds,

(5)
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FIGURE 3 One-dimensional element with 3 nodes [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 1 Comparison of terms in classic Lagrange shape functions and
spherical Hankel shape functions

Classic Lagrange Shape Functions Spherical Hankel Shape Functions
1
2
(−ξ + 1) 1

2

(
−ξ + c + g (ξ)

)
1
2
(ξ + 1) 1

2

(
ξ + c + g (ξ)

)

1

2

3

4

5

6

7

8

9

FIGURE 4 Two-dimensional element with 9 nodes [Colour figure can be viewed at wileyonlinelibrary.com]

where vx and vy are the velocity components in the x-direction and y-direction, respectively, p is the pressure, μ denotes
the viscosity, and fx and fy are the components of the body force vector.

In addition, ψ and ϕ are considered as interpolation functions of velocity and pressure, respectively. tx and ty are the
boundary stress components and are defined by the following relation1:

tx =
(

2μ𝜕vx

𝜕x
− 𝑝

)
nx + μ

(
𝜕vx

𝜕𝑦
+

𝜕v𝑦
𝜕x

)
n𝑦

t𝑦 =
(

2μ
𝜕v𝑦
𝜕𝑦

− 𝑝

)
n𝑦 + μ

(
𝜕vx

𝜕𝑦
+

𝜕v𝑦
𝜕x

)
nx,

(6)

where nx and ny are the unit normal vectors in the x-direction and the y-direction, respectively.
The interpolation function of the pressure is different from the interpolation function of the velocity because there are

the first derivatives of velocity, but there is no derivative of pressure in the weak form; see Equations (7)-(9). In addition, the
essential boundary conditions do not contain the pressure and this variable belongs to the natural boundary conditions.
Therefore, the used interpolation functions for the pressure variable should be 1 order less than those used for the velocity
variables.

5 CHOICE OF ELEMENT

The elements used in incompressible viscous flows should satisfy the Landyzhenskaya-Babuska-Brezzi condition.32,33 By
considering this condition, the quadrilateral elements (with 9 nodes for the velocity and 4 nodes for the pressure) are
selected and shown in Figure 2.

6 PROPOSED SHAPE FUNCTIONS

Radial basis functions are one of the approximation functions formed based on Euclidean norm. The RBFs intro-
duced up to now, based on Bessel functions, just benefit from the first kind of Bessel function (J-Bessel), for example,

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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FIGURE 5 Spherical Hankel shape functions for a 3-node element when ε = 6 and n = 1 [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 6 Spherical Hankel shape functions for a 3-node element when ε = 6 and n = 3 [Colour figure can be viewed at
wileyonlinelibrary.com]

J-Bessel RBFs.29 Generally, the Bessel equation of order z is expressed as follows:

x2𝑦′′ + x𝑦′ +
(

x2 − z2) 𝑦 = 0, (7)

which has a solution in the following form:

𝑦 = 𝐴𝐽 z + 𝐵𝑌 z, (8)

where A and B are constant, and Jz and Yz denote the first and second kind of Bessel of order z, respectively. In most cases,
the first kind of Bessel function cannot express the full properties of a physical phenomenon. For example, in solving
the Bessel differential equation, the Neumann function is connected to the first kind by linear combination for obtaining
a complete solution space. If the solution of the Bessel equation is obtained using the first and second kind of Bessel
function, it is proved that the results can be better. A spherical Hankel function includes both Bessel functions of the first
and second kind simultaneously. Therefore, the idea of using Hankel RBF in complex space is formed in this study, and
its enrichment process is described in the following section.

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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FIGURE 7 Spherical Hankel shape functions for a 3-node element when ε = 6 and n = 6 [Colour figure can be viewed at
wileyonlinelibrary.com]

6.1 Enrichment of spherical Hankel RBF
In this section, the steps for enrichment of Hankel RBF are expressed for a 3-node element, and then, it is extended
for a 9-node element. Therefore, polynomial terms are joined to the functional expansion that only uses RBF in the
approximation functions, ie,

uh (x) =
n∑

i=1
Ri (r) ai +

m∑
𝑗=1

P𝑗 (x) b𝑗 = RT (r) a + PT (x)b, (9)

where uh(x) is the unknown of the problem (for example, velocity or pressure); n and m denote the number of nodes and
basis polynomial terms, respectively; and a, b, and R(r) are defined by the following relations:

aT = [a1 a2 … an] ,bT =
[
b1 b2 … bm

]
RT (r) = [R1 (r) R2 (r) … Rn (r)] , PT (x) = [P1 (x) P2 (x) … Pm (x)] .

(10)

By substituting the nodal points into Equation (9), the matrix equation can be expressed as follows:

û = RQa + Pmb, (11)

in which RQ and Pm are written as follows:

RQ =

⎡⎢⎢⎢⎢⎣
R1 (r1) . . . Rn (r1)

. .

. .

. .
R1 (rn) . . . Rn (rn)

⎤⎥⎥⎥⎥⎦
,Pm =

⎡⎢⎢⎢⎢⎣
P1 (x1) . . . Pm (x1)

. .

. .

. .
P1 (xn) . . . Pm (xn)

⎤⎥⎥⎥⎥⎦
. (12)

By substituting a and b from relation (13) into Equation (9), it can result to the following relation (for more details, see
the works of Hamzehei Javaran and Shojaee30 and Wang and Liu34):

a = Saû , b = Sbû

Sa = R−1
Q − R−1

Q PmSb, Sb =
[
PT

mR−1
Q Pm

]−1
PT

mR−1
Q

(13)

uh (x) =
[
RT (r) Sa + PT (x) Sb

]
û. (14)

By using the aforementioned relation, the nodal values û can be calculated, and the matrix of shape functions is expressed
by the following relation:

𝚽 (x) = RT (r) Sa + PT (x) Sb. (15)

http://wileyonlinelibrary.com
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FIGURE 8 The first test. A, The geometry and the computational domain; B, Boundary conditions [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 9 The mesh of the first test with 2 elements [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 10 The mesh of the first test with 4 elements [Colour figure can be viewed at wileyonlinelibrary.com]

The above approach is used for the 3-node element in a natural coordinate system in the FEM.
The proper RBF is presented by the following relation:

R (r) = (ε𝑟)n+1h(1)n (ε𝑟) ε > 0, n = 0, 1, 2, … , (16)

in which ε and n are the shape parameters of the Hankel RBF and h(1)n (ε𝑟) =
√

π
2(ε𝑟)

H(1)
n+ 1

2

(ε𝑟) denotes the spherical Hankel

functions of the first kind of order n.
It should be noted that h(1)n (ε𝑟) = 𝑗n (ε𝑟) + 𝑖𝑦n (ε𝑟) has a strong singularity at its imaginary part. Therefore, the term

(εr)n + 1 is used in the proper RBF to resolve this singularity so that the limiting values of the RBF can be calculated as
follows:

lim
r→0

(ε𝑟)n+1h(1)n (ε𝑟) = 0 +
(−1)n+12n

√
π

Γ
(
−n + 1

2

) i. (17)

For the 1-dimensional element shown in Figure 3, the vector R(r) can be written as follows:

R (r) =

[R1 (r)
R2 (r)
R3 (r)

]
=
⎡⎢⎢⎢⎣
(ε |ξ + 1|)n+1h(1)n (ε |ξ + 1|)

(ε |ξ|)n+1h(1)n (ε |ξ|)
(ε |ξ − 1|)n+1h(1)n (ε |ξ − 1|)

⎤⎥⎥⎥⎦ . (18)

It should be noted that, by considering the natural coordinates [−1,1], |ξ + 1| = 1 + ξ, |ξ − 1| = 1 − ξ and |ξ| = ξ sgn(ξ)
(in which sgn denotes the sign function), and according to the 3-node element shown in Figure 3, the linear field is used
for enrichment.

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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FIGURE 11 The mesh of the first test with 8 elements [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 12 The first test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions, and
the analytical solution of Nadai35 for the horizontal velocity component [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 13 The first test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions, and
the analytical solution of Nadai35 for the horizontal velocity component [Colour figure can be viewed at wileyonlinelibrary.com]

The proper vectors and matrices in the enrichment process of Hankel RBF in natural coordinate ξ are written as follows:

P (ξ) =
[

1
ξ

]
(19)

RQ =

[R1 (r1) R2 (r1) R3 (r1)
R1 (r2) R2 (r2) R3 (r2)
R1 (r3) R2 (r3) R3 (r3)

]
=
⎡⎢⎢⎣
α εn+1h(1)n (ε) (2ε)n+1h(1)n (2ε)

α εn+1h(1)n (ε)
sym. α

⎤⎥⎥⎦ (20)

Pm =

[P1 (ξ1) P2 (ξ1)
P1 (ξ2) P2 (ξ2)
P1 (ξ3) P2 (ξ3)

]
=

[1 −1
1 0
1 1

]
, (21)

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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TABLE 2 The first test. Comparison of the results obtained by classic Lagrange shape
functions, spherical Hankel shape functions, and the analytical solution of Nadai35 for the
horizontal velocity component (cm/s) with 2 elements

Node Classic Lagrange Spherical Hankel Analytical
Shape Function Shape Function Solution35

(Relative Error, %) (Relative Error, %)

2 3.1303 (9.47) 2.8848 (0.89) 2.8594
3 5.2781 (7.7) 5.7834 (1.13) 5.7188
4 9.7253 (13.37) 8.6761 (1.14) 8.5782
5 10.0021 (12.55) 11.4376 (0) 11.4376
6 8.9343 (4.151) 8.5975 (0.22) 8.5782

13 2.0804 (3.0) 2.1381 (0.31) 2.1447
14 4.3994 (2.57) 4.2178 (1.66) 4.2891
15 6.1560 (4.32) 6.2821 (2.36) 6.4338

L2 relative error norm = 10.04% L2 relative error norm = 1.06%

TABLE 3 The first test. Comparison of the results obtained by classic Lagrange shape
functions, spherical Hankel shape functions, and the analytical solution of Nadai35 for
pressure (N/cm2) with 2 elements

Node Classic Lagrange Spherical Hankel Analytical
Shape Function Shape Function Solution35

(Relative Error, %) (Relative Error, %)

1 5.8830 (26.4) 5.5324 (18.87) 4.654125
3 2.4680 (29.40) 3.6333 (3.93) 3.4960
5 2.4895 (---) 1.3333 (---) 0
7 0.0529 (89.77) 0.6363 (23.045) 0.517125
9 4.512 (12.58) 4.2077 (4.994.1) 4.00771875

11 5.8490 (13.11) 5.4515 (5.42) 5.17125
L2 relative error norm = 35.49% L2 relative error norm = 18.73%

where α = lim
r→0

R (r), which is formerly bounded by a smoothing trick that leads to having no singularity in RQ. Finally,
the shape functions for a 3-node element in the natural coordinate are obtained in the following relation:

𝚽 (ξ) =
[
ϕ1 (ξ) ϕ2 (ξ) ϕ3 (ξ)

]
ϕ1 (ξ) =

1
2
(
−ξ + c + g (ξ)

)
ϕ2 (ξ) =

(
1 − c
)
− g (ξ)

ϕ3 (ξ) =
1
2
(
ξ + c + g (ξ)

)
,

(22)

where the complex function g(ξ) is expressed as follows:

g (ξ) = cεn+1
[|ξ + 1|n+1h(1)n (ε |ξ + 1|) − 2|ξ|n+1h(1)n (ε |ξ|) + |ξ − 1|n+1h(1)n (ε |ξ − 1|)] . (23)

If these new shape functions are compared with the classic Lagrange ones, attractive results are obtained; these are
shown in Table 1.

It can be observed that the difference between these 2 shape functions is the function g(ξ). It seems that one of the advan-
tages of proposed shape functions is this additional function because it can be effective in the accuracy and improvement
of the results.

Now, the results of a 3-node element are extended to a 9-node one in a 2-dimensional system. The spherical Hankel
9-node element is shown in Figure 4. Then, the shape functions can be easily written as the following relation:

N1 (ξ, η) = ϕ1 (ξ) ϕ1 (η) , N2 (ξ, η) = ϕ1 (ξ) ϕ2 (η) , N3 (ξ, η) = ϕ1 (ξ) ϕ3 (η)
N4 (ξ, η) = ϕ2 (ξ) ϕ1 (η) , N5 (ξ, η) = ϕ2 (ξ) ϕ2 (η) , N6 (ξ, η) = ϕ2 (ξ) ϕ3 (η)
N7 (ξ, η) = ϕ3 (ξ) ϕ1 (η) , N8 (ξ, η) = ϕ3 (ξ) ϕ2 (η) , N9 (ξ, η) = ϕ3 (ξ) ϕ3 (η) .

(24)
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TABLE 4 The first test. Comparison of the results obtained by classic Lagrange shape
functions, spherical Hankel shape functions, and the analytical solution of Nadai35 for
pressure (N/cm2) with 4 elements

Node Classic Lagrange Spherical Hankel Analytical
Shape Function Shape Function Solution35

(Relative Error, %) (Relative Error, %)

1 5.7330 (23.18) 5.3324 (14.57) 4.654125
3 2.7510 (21.31) 3.6043 (3.097) 3.4960
5 2.2495 (---) 1.2167 (---) 0
9 0.0912 (82.36) 0.6153 (18.98) 0.517125

11 4.495 (12.16) 4.1541 (3.65) 4.00771875
13 5.7916 (11.99) 5.4012 (4.44) 5.17125

L2 relative error norm = 31.39% L2 relative error norm = 16.27%

TABLE 5 The first test. Comparison of the results obtained by classic Lagrange shape
functions, spherical Hankel shape functions, and the analytical solution of Nadai35 for
pressure (N/cm2) with 8 elements

Node Classic Lagrange Spherical Hankel Analytical
Shape Function Shape Function Solution35

(Relative Error, %) (Relative Error, %)

1 5.7125 (22.74) 5.2142 (12.03) 4.654125
5 2.8013 (19.87) 3.5933 (2.78) 3.4960
9 2.2380 (---) 1.2076 (---) 0

13 0.0956 (81.51) 0.6048 (16.95) 0.517125
17 4.4125 (10.10) 4.1031 (2.324) 4.00771875
21 5.71812 (10.57) 5.3186 (2.85) 5.17125

L2 relative error norm = 30.70% L2 relative error norm = 15.38%

7 PROPERTIES OF SPHERICAL HANKEL SHAPE FUNCTIONS

7.1 Kronecker delta property
The Kronecker delta property of the spherical Hankel shape functions can be written in the following form:

ϕm (ξn) = δ𝑚𝑛, (25)

where δmn is the Kronecker symbol. For showing this property, the shape functions are drawn for some cases of shape
parameters and indicated in Figures 5, 6 , and 7. It should be noted that the blue, green, and red graphs express functions
ϕ1(ξ), ϕ2(ξ), and ϕ3(ξ), respectively, in these Figures.

7.2 Partition of unity
For a 9-node spherical Hankel element, this property can be easily expressed as follows:

n∑
𝑗=1
ϕ𝑗 (ξ) = 1. (26)

7.3 Linear independence property
The linear independence property of spherical Hankel shape functions can be shown by the following relation:

n∑
m=1

Cmϕm (ξ; ξ1, ξ2,…, ξn) = 0 ⇒ Ck = 0, k = 1, 2, … ,n. (27)
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FIGURE 14 The geometry and boundary conditions for the second test
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FIGURE 15 The mesh of the second test with 4 elements [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 16 The mesh of the second test with 2 elements [Colour figure can be viewed at wileyonlinelibrary.com]

By substituting ξ = ξk into the aforementioned relation and the Kronecker delta property, the linear independence can be
written as follows:

0 =
n∑

m=1
Cmϕm (ξk) =

n∑
m=1

Cmδmk = Ck → Ck = 0, k = 1, 2, … ,n. (28)

7.4 Infinite piecewise continuity
For a 3-node Hankel element, the nth-order derivative of the proposed shape functions can be expressed as follows.

ϕ1 (ξ) =
1
2
(
−ξ + c + g (ξ)

)
ϕ2 (ξ) =

(
1 − c
)
− g (ξ) ϕ3 (ξ) =

1
2
(
ξ + c + g (ξ)

)
ϕ′1 (ξ) =

1
2
(
−1 + g′ (ξ)

)
ϕ′2 (ξ) = −g′ (ξ) ϕ′3 (ξ) =

1
2
(
1 + g′ (ξ)

)
ϕ′′1 (ξ) =

g′′ (ξ)
2

ϕ′′2 (ξ) = −g′′ (ξ) ϕ′′3 (ξ) =
g′′ (ξ)

2

ϕ′′′1 (ξ) =
g′′′ (ξ)

2
ϕ′′′2 (ξ) = −g′′′ (ξ) ϕ′′′3 (ξ) =

g′′′ (ξ)
2

. . .

. . .

. . .

(29)
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FIGURE 17 The second test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions,
and the analytical solution of Reddy36 for the horizontal velocity component [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 18 The second test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions,
and the analytical solution of Reddy36 for the horizontal velocity component [Colour figure can be viewed at wileyonlinelibrary.com]

According to the feature of spherical Hankel shape functions, a recurrence relation is established between the
derivatives of these functions by the following equation:(

d
xdx

)𝑝 [
xn+1h(1)n (x)

]
= xn−𝑝+1h(1)n−𝑝 (x) . (30)

For instance, up to the third derivative of g(ξ) are given by the following relations:

g (ξ) =cεn+1
[
(1 + ξ)n+1h(1)n (ε (1 + ξ)) − 2|ξ|n+1h(1)n (ε |ξ|) + (1 − ξ)n+1h(1)n (ε (1 − ξ))

]
g′ (ξ) =cεn+2

[
(1 + ξ)n+1h(1)n−1 (ε (1 + ξ)) − 2 (H (ξ) −H (−ξ)) |ξ|n+1h(1)n−1 (ε |ξ|) − (1 − ξ)n+1h(1)n−1 (ε (1 − ξ))

]
g′′ (ξ) =c

{
εn+3
[
(1 + ξ)n+1h(1)n−2 (ε (1 + ξ)) − 2 (H (ξ) +H (−ξ)) |ξ|n+1h(1)n−2 (ε |ξ|) + (1 − ξ)n+1h(1)n−2 (ε (1 − ξ))

]
+εn+2

[
(1 + ξ)nh(1)n−1 (ε (1 + ξ)) − 2 (H (ξ) +H (−ξ)) |ξ|nh(1)n−1 (ε |ξ|) + (1 − ξ)nh(1)n−1 (ε (1 − ξ))

]}
g′′′ (ξ) =c

{
εn+4
[
(1 + ξ)n+1h(1)n−3 (ε (1 + ξ)) − 2 (H (ξ) −H (−ξ)) |ξ|n+1h(1)n−3 (ε |ξ|) − (1 − ξ)n+1h(1)n−3 (ε (1 − ξ))

]
+3εn+3

[
(1 + ξ)nh(1)n−2 (ε (1 + ξ)) − 2 (H (ξ) −H (−ξ)) |ξ|nh(1)n−2 (ε |ξ|) − (1 − ξ)nh(1)n−2 (ε (1 − ξ))

]}
,

(31)

where H denotes the famous Heaviside step function. Note that Equation (31) can be extended for a 9-node element.
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FIGURE 19 The geometry and boundary conditions for the third test
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FIGURE 20 The mesh of the third test with 4 elements [Colour figure can be viewed at wileyonlinelibrary.com]

8 BENCHMARKS TESTS

In this part, to show the efficiency and accuracy of the proposed method, 4 numerical tests are studied for the incompress-
ible viscous flow problems, and at the end of each example, the results of the proposed method are compared with the
classic finite element and the analytical and/or numerical solutions. In addition, for the values of each table, the relative
error and also the L2 relative error norm are calculated. These errors are computed by relations (32) and (33).

Relative error = |ue − uc||ue| (32)

L2 Relative error norm =

√√√√√√√√√
n∑

i=1
(ue (i) − uc (i))2

n∑
i=1

ue(i)2
. (33)

It should be noted that, for these examples, the 9-node Hankel element is used.

8.1 Fluid squeezed between parallel plates
In this problem, an incompressible viscous fluid between 2 parallel plates, which move toward each other with the velocity
of 2.5417 cm/s, with the steady slow flow is considered. The length and distance of the 2 plates are considered 30.5 cm and
10 cm, respectively. Owning to the symmetry, just a quadrant of the domain is considered. Figure 8 shows the geometry,
the computational domain, and the boundary conditions of the first test. The viscosity is considered 0.6895 N·s/cm2 and,
due to the slow flow between the parallel plates, the convective terms in the Navier-Stokes equations are neglected. For
the analysis of this problem, 2, 4, and 8 quadratic 9-node elements are used in the present model and shown in Figure 9,
Figure 10, and Figure 11, respectively. The comparison of the results of the proposed method, the classic finite element,
and the analytical solution of Nadai35 is shown in Figures 12 and 13 and Tables 2 to 5 for the velocity and pressure field.
It should be noted that the results for 4- and 8-element meshes are compared with the 24-element meshes in addition to
the analytical solution (Figures 12 and 13).
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FIGURE 21 The third test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions, and
the numerical solution of Marchi et al37 for the horizontal velocity component (Re = 1). FVM, finite volume method [Colour figure can be
viewed at wileyonlinelibrary.com]

FIGURE 22 The third test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions, and
the numerical solution of Marchi et al37 for the vertical velocity component (Re = 1). FVM, finite volume method [Colour figure can be
viewed at wileyonlinelibrary.com]

FIGURE 23 The third test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions, and
the numerical solution of Marchi et al37 for the vertical velocity component (Re = 10). FVM, finite volume method [Colour figure can be
viewed at wileyonlinelibrary.com]

According to the Figures and Tables, it is clear that, using the proposed method (eg, employing spherical Hankel shape
functions) with a few number of elements, the results become closer to the analytical solution of Nadai35 in comparison
with the classic FEM (classic Lagrange shape functions). In other words, the computational error of the proposed method
is less than the classic FEM. In addition, by considering the Figures and the calculated errors (relative error and L2 relative
error norm) in the Tables, it can be found that, by refined meshes (4- and 8-element meshes), the accuracy of the results
is increased.
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FIGURE 24 The third test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions, and
the numerical solution of Marchi et al37 for the vertical velocity component (Re = 10). FVM, finite volume method [Colour figure can be
viewed at wileyonlinelibrary.com]

FIGURE 25 The third test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions, and
the numerical solution of Marchi et al37 for the horizontal velocity component (Re = 1000). FVM, finite volume method [Colour figure can be
viewed at wileyonlinelibrary.com]

FIGURE 26 The third test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions, and
the numerical solution of Marchi et al37 for the vertical velocity component (Re = 1000). FVM, finite volume method [Colour figure can be
viewed at wileyonlinelibrary.com]

8.2 Couette flow
This test is a channel with 2 parallel flat walls where a viscous incompressible fluid flows between them. If the top wall
has a velocity in the x-direction, the flow is called Couette flow, and if it is fixed, the flow is named the Poiseuille flow.36
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FIGURE 27 The geometry and boundary conditions for the fourth test
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FIGURE 28 The mesh of the fourth test with 1 element [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 29 The mesh of the fourth test with 4 elements [Colour figure can be viewed at wileyonlinelibrary.com]

In this test, the top wall moves with a velocity of 1 m/s in the x-direction (Couette flow) and the viscosity is considered 1
Pa·s. The geometry and boundary conditions of the test are shown in Figure 14.

The governing equation is obtained of Navier-Stokes equations as follows:

μd2vx

dy2 =
dp
dx

. (34)

First, the computational domain is divided into 4 elements and, then, into 2 elements. The mesh geometries are shown
in Figures 15 and 16. Then, the velocity field is plotted at x = 0.5 m using the classic finite element and the new method
with proposed shape functions and is compared with the analytical solution of Reddy36 in Figures 17 and 18.

It is observed that the results of the proposed method (with just 4 and 2 elements) have a good adaptation with the
analytical solution of Reddy,36 compared with the results of the classic FEM.

8.3 Lid-driven cavity flow
The third test is a viscous and incompressible fluid with laminar flow in a square cavity (classical cavity flow problem).
The bottom, left, and right walls are fixed, and the top wall moves toward the right with vx = 1 m/s. The geometry and
boundary conditions are shown in Figure 19.

In this test, the results are obtained with the grid with 64 and 4 elements using the classic finite element and the proposed
method. The mesh with 4 elements is shown in Figure 20. The Reynolds number (Re) is defined by relation (35), and the
results are presented for the velocity in the x-direction at x = 0.5 m and the velocity in the y-direction at y = 0.5 m for the
different Reynolds number.

Re = ρ𝑈 a
μ
. (35)
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FIGURE 30 The mesh of the fourth test with 12 elements [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 31 The fourth test. Comparison of the results obtained by classic Lagrange shape functions, spherical Hankel shape functions,
and the analytical solution of Reddy36 for the horizontal velocity component [Colour figure can be viewed at wileyonlinelibrary.com]

In relation (35), U is the velocity of the top wall in the x-direction and a indicates the dimension of cavity that is equal
to unit. By putting the values of Reynolds numbers in the aforementioned relation, the viscosity is obtained and the
Navier-Stokes equations can be solved.

Figures 21 to 26 indicate the results of the classic and present method comparing with the numerical solution of
Marchi et al.37

As it can be observed from the Figures, for different Reynolds numbers, the results of the spherical Hankel shape
functions with 4 elements are close to the numerical solution of Marchi et al37 comparing with the classic finite element
with 64 and 4 elements.

8.4 Viscous lubricant flow in a slider bearing
The last test case is a slider bearing that includes 2 pads. The bottom pad moves with vx = 9.15 m/s with respect to the
top pad. In this test, the top plate has a small angle with respect to the horizontal axis and it is fixed. The space between 2
pads is filled with a lubricant. The beginning and end of the bearing are open, and therefore, the pressure is atmospheric
p0. The geometry and the boundary conditions are shown in Figure 27.

The viscosity is assumed μ = 0.0383 N·s/m2. In addition, h1 = 2.44 × 10−4 m, h2 = 1.22 × 10−4 m, and L = 0.1098 m.
It should be noted that the distance of 2 pads is small, and then, it is assumed that vy = 0. The flow has a 2-dimensional
state, and the governing equation can be written as follows36:

μd2vx

𝑑𝑦2 = 𝑑𝑝

𝑑𝑥
. (36)

The results are obtained for a grid with 1, 4, and 12 elements and are compared with the results of the classic finite
element and the analytical solution of Reddy.36 The mesh with 1, 4, and 12 elements for this test is shown in Figures 28
to 30. In addition, the results of velocity and pressure are presented in Figure 31 and Tables 6 to 8 .

According to Figure 31 and Table 6 and by comparing the results with the analytical solution, it can be found that the
new method presents very accurate results with 4 and 12 elements with respect to the classic method for the velocity field.
In addition, the results of the proposed method with 1 spherical Hankel element are presented in Tables 7 and 8.

The analysis of the results of Tables 7 and 8 shows the high accuracy and robustness of the proposed method.
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TABLE 6 The fourth test. Comparison of the results obtained by classic Lagrange shape
functions, spherical Hankel shape functions, and the analytical solution of Reddy36 for
pressure (Pa) with 4 elements

Node Classic Lagrange Spherical Hankel Analytical
Shape Function Shape Function Solution36

(Relative Error, %) (Relative Error, %)

3 6081.014 × 102 (5.83) 5976.68 × 102 (4.01) 5745.84 × 102

11 5999.6625 × 102 (4.42) 5971.843 × 102 (3.93) 5745.84 × 102

21 5976.6791 × 102 (4) 5953.734 × 102 (3.62) 5745.84 × 102

L2 relative error norm = 4.82% L2 relative error norm = 3.86%

TABLE 7 The fourth test. Comparison of the results obtained by classic Lagrange shape
functions, spherical Hankel shape functions, and the analytical solution of Reddy36 for the
horizontal velocity component (m/s) with 1 element

Node Classic Lagrange Spherical Hankel Analytical
Shape Function Shape Function Solution36

(Relative Error, %) (Relative Error, %)

4 6.7923 (1.02) 6.81 (0.76) 6.8625
8 2.138 (6.53) 2.2658 (0.95) 2.2875
9 2.5315 (17) 3.0256 (0.8) 3.05

L2 relative error norm = 6.93% L2 relative error norm = 0.7876%

TABLE 8 The fourth test. Comparison of the results obtained by classic Lagrange shape
functions, spherical Hankel shape functions, and the analytical solution of Reddy36 for
pressure (Pa) with 1 element

Node Classic Lagrange Spherical Hankel Analytical
Shape Function Shape Function Solution36

(Relative Error, %) (Relative Error, %)

2 6172.001 × 102 (7.42) 5990.35 × 102 (4.25) 5745.84 × 102

6 6004.6615 × 102 (4.5) 5989.941 × 102 (4.25) 5745.84 × 102

9 5996.9841 × 102 (4.38) 5966.416 × 102 (3.84) 5745.84 × 102

L2 relative error norm = 5.61% L2 relative error norm = 4.12%

9 CONCLUSION

In this research, new spherical Hankel shape functions for the FEM in solving 2-dimensional viscous incompressible
flow problems have been developed. To approximate the hydrodynamic variables (such as velocity and pressure), the
FEM with the classic Lagrange and spherical Hankel shape functions was used. The new shape functions were derived
using the first and second kind of Bessel functions. For the enrichment of Hankel RBFs, polynomial terms were joined
to the functional expansion that only uses spherical Hankel RBF in the approximation. Therefore, the accuracy in the
interpolation to approximate the variables was increased. This new formulation was examined by 4 benchmark tests.
Then, the results were compared with the available analytical solution. With the analysis of the present model results, it
was found that the new spherical Hankel shape functions with fewer number of elements have the capability to improve
the accuracy of the results in comparison with the classic finite element results.
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