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1. Introduction

Usually Richardson’s extrapolation process is used to improve the order of a formula which approximate a given quantity
[1,2]. In this paper we observe that the Richardson’s extrapolation process can be used in a first phase to find a numerical
differentiation formula of low order, and in a second phase to improve this order as usual.

Let us consider an expression

L
T(hy=Y ah'+ 0", (1)
=0

where T (h) is a given formula. Let 0 <n < L, our goal is to extract from (1) a formula for a, as

an = An(h) + O(R"+1T). (2)
This formula will be obtained in two phases. At the end of a first phase we get a formula of low order, and during the
second phase we improve the order using the usual extrapolation process.

2. The process

We initialize the process by setting T (h) = To(h), and

L
To(h) = ag h' + O(h**1)
=0

where ap;=gq for 1=0,---, L.
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2.1. First phase: finding a formula

The goal of the first phase is to eliminate ap; =q; for [=0,...,n —1 as follows. Suppose we have already eliminated
agy=a for1=0,---,i—1, and have the formula
L

Ti(h) =) _aih' +0(h"*)
I=i
where a; , = ap.
Let g; # 1, and let us consider T;(h) and T;(q;h). To eliminate g;; leaving a; , = a;, unchanged, we consider

L
qiTi(h) — Ti(qih) = ) aii(qf —aph' + 0™+,
I=i+1
and
iTi(h) — Ti(gih L
q;Ti( 3 ;(ql ) Z o (q: q; )hm Lo,
qi - qi ( i )
Let us set
qiTi(h) — Ti(qih)
Tii(h) = ~——— =
qi - qi
and
. (q, ab)
+1,
’ @i
forI=i,---, L. Let us observe that a;+1; =0 as expected, and a;11, =a; , = an. At the end of this phase we have
L
Tn(h) =agh" + Y aq h' + O™,
I=n+1
Since

L
Z an,lh’ + O(hL+]) — O(hn+])’
I=n+1

we have the approximation
anh" = Ty (h) + O(W™*1),
or for a, the formula

Tn(h)
an=—q

+O0(h).
2.2. Second phase: improving the formula

Now we can use the standard extrapolation process to improve the order of the formula. Since we skip the elimination

of ay, let us set Tpi1(h) =Ty(h), and apyq1=ay; forl=n+1,..., L. So we have
L
Toer () =anh" + ) anpq b + 0,
I=n+1
and we would like to eliminate apy1; for I=n+1,..., L.
Suppose we have already eliminated a,41; for[=n+1,...,n+m — 1. So we have
L

Tnem() =aph" + Y apymh! + O(HY).
I=n+m
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We consider
L
Totm(@nemh) = Ga@nem)" + Y Gnimi(@nemh) + 0.
I=n+m
To eliminate ap4m n+m wWe perform
L
QZIaner (h) = Taym(@nymh) = (QZim - QZ+m) aph" + Z Anm,l (‘#im - qz+m) h'+ O(hL+1)'
I=n+m+1

Let us set

. y — dnem Tnem (1) = Tt @nrm)
n4m+1(h) = nrm _ _n
( n+m qn+m)

)

and
n+m 1
_ (qn+m — qn+m)
Onm+1,0 = 0ntml 7 vm —n
( n+m qn+m)
forI=n+m,...,L. So we have to obtain dn4+m+1,n+m =0, and

L

Tnimi1(h) =agh"+ Y tnymersh! + 0.
I=n+m+1

Then we have

L
D tpymerdh + 0 =0,
I=n+m+1

and we repeat the process to get at the end of this phase

Ti41(h) = azh" + O(h**)

It follows that

T h
p= 0 optrion
Tre1(h
and Ap(h) = %() is the formula we look for in (2) to estimate a,.

3. Towards examples

The process to find derivation formulae with the Richardson’s process is based on the Taylor's expansion of f(x) given
by

Lofhw
oy =3 LW hi 1 o, 3)
o I

In the examples we will present, we have chosen gq; = 2 for all indices i. Other choices are possible leading to other formulae.
Moreover to simplify we have done only one elimination in the second phase of the process.

4. One sided numerical differentiation formulae

We will present some one-sided formulae which use the value of the function at the point we look for the derivative,
that is to say f(x), and others that don’t use this value f(x).
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4.1. Formulae with the point value of the function

For a formula which use f(x), we rewrite (3) as follows

Loy .
fm+m—fw=§jiﬁlw+mw“x
° j!
j=1
and then use the two phases to find f™(x), which correspond to eliminating the derivatives f(x) for j=1,...,n—1,n+

1,...,L

4.1.1. Formulae for the first derivative
In the first phase we have directly

flx)= w 1 0(h).

In the second phase we eliminate f”(x) to get

—f(x+2h)+4f(x+h) —3f(x)

'(x) = 0(h?).
&) T +0(h?)
4.1.2. Formulae for the second derivative
In the first phase we eliminate f’(x) to get
, x+4h) —2f(x+2h)+ f(x
[ = JEEA 2 k2 fR o

h2
In the second phase we eliminate f®(x) to get

_ —f(x+4h) +10f (x+2h) — 16f (x +h) + 7 (x)

pT™; +0(h?).

f"(x)

4.2. Formulae without the point value of the function

For a formula which does not use f(x) as such we consider directly (3), and then use the two phases to find FO(x),
which correspond to eliminating the derivatives f(x) for j=0,....,n—1,n+1,...,L.

4.2.1. Formulae for the first derivative
In the first phase we eliminate f(x) and get

fx+2h)— f(x+h)
h

f'x) = +0(h).

In the second phase we eliminate f”(x) to get

—f(x+4h) +5f(x+2h) —Af (x+h)

2
T + O(h%).

') =

4.2.2. Formulae for the second derivative
In the first phase we eliminate f(x) and f’(x) to get

F(x+4h) —3f(x+2h) +2f(x+h)
3h2

'@ = + 0(h).

In the second phase we eliminate f®(x) to get

_ —f(x+80) +11f(x+4h) — 26 f (x+ 2h) + 16f (x+ )

12h2 +Olh).

f"x)
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5. Symmetric numerical differentiation formulae
5.1. 0dd order derivatives

In this case we use (3), with L=2(n+m+ 1), for f(x+h) and f(x — h), and substract the two series. As a consequence
only odd order derivatives remain. We have

P (x)

flx+h)— f(x—h)—zz 1) o hT 0 (R

Then use the two phases to find f2"‘”>(x), which correspond to eliminating the derivatives fZi+V(x) for j=0,...,n —
I,n+1,...,n+m.

5.1.1. Formulae for the first derivative
In the first phase there is nothing to do, we get directly
fx+h—fx—h
flx) =
2h
In the second phase, we eliminate f®)(x) to get

—f(x+2h)+8f(x+h) —8f(x—h)+ f(x—2h)

+0(h?).

ix) — o(h%).
@ oh +0h™)
5.1.2. Formulae for the third derivative
In the first phase we eliminate f’(x) and get
2h) — 2 h) +2 —h) — —2h
f(s)(x):f(x-i- )—2f(x+h)+2f(x—h)— f(x )+O(h2).

2h3
In the second phase, we eliminate f ®)(x) to get
f(3)(x) _ —f(x+4h)+34f(x+2h) —64f(x+h) +64f(x —h) —34f(x — 2h) + f(x — 4h)

48h3 0.

5.2. Even order derivatives

In this case we use (3), with L=2(n+m) + 1, for f(x+h) and f(x —h), and add the two series. As a consequence only
even order derivatives remain. We have

n+m 2
(%) 2 2
x+h)—2f(x x—h)=2 h*  o(p2n+2m+2
Fx+m) =2fC0+ f(x—h) Z(z), +0( ).
Then we use the two phases to find f2"+1(x), in other words to eliminate the derivatives f@+D(x) for j=0,...,n—1,n+

1,....,n+m.

5.2.1. Formulae for the second derivative
In the first phase there is nothing to do, we get directly

fx+h —=2fx)+ f(x—h

'@ = % +0(h?).
In the second phase we eliminate f® (x) to get
—f(x+2h)+16f(x+h)—30f(x) +16f(x—h) — f(x —2h
£ = f(x+2h)+16f(x+h) f2()+ f( )= f( )+O(h4).
12h
5.2.2. Formulae for the fourth derivative
In the first phase we eliminate f”(x) and get
F® )= fx+2h)—4f(x+h)+6fXx)—4f(x—h)+ f(x—2h) Lomd),.

ha
In the second phase, we eliminate f©® (x) to get
00y SO A 68 (x4 2h) — 256 (x-+ ) + 378/ (9) ~ 256 (x —h) + 68 (x = 2h) — [ (x+4h)
B 48h*

+0o(h%).
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6. Conclusion

In this short paper we have pointed out that Richardson’s extrapolation process can be used not only to improve the
order of a given numerical differentiation formula but also to find in fact the given basic numerical differentiation formula
of low order. This process could be included in any computer code which already use the Richardson process.
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