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Preface 

Wetenschap is meer dan het object dat zij bestudeert. 
Wetenschap is ook de weg naar de ontdekking, en bovendien, 

wetenschap is ook het verhaaJ van de ontdekkingsreis. 
-Po Thielen Focus research, Nr 10-11, juli 1991. 

The numerical solution of a parabolic partial differential equation is usually calcu­
lated by using a time-stepping method. This precludes the efficient use of parallelism 
and vectorization, unless the problem to be solved at each time-level is very large. This 
monograph investigates the use of an algorithm that overcomes the limitations of the 
standard schemes by calculating the solution at many time-levels, or along a continuous 
time-window simultaneously. The algorithm is based on waveform relazation, a highly 
parallel technique for solving very large systems of ordinary differential equations, and 
multigrid, a very fast method for solving elliptic partial differential equations. The 
resulting multigrid waveform relazation method is applicable to both initial boundary 
value and time-periodic parabolic problems. 

We analyse in this book theoretical and practical aspects of the multigrid waveform 
relaxation algorithm. Its implementation on a distributed memory message-passing 
computer and its computational complexity (arithmetic complexity, communication 
complexity and potential for vectorization) are studied. The method has been im­
plemented and extensively tested on a hypercube multiprocessor with vector nodes. 
Results of numerical experiments are given, which illustrate a severalfold performance 
gain when compared to parallel implementations of a variety of standard initial bound­
ary value and time-periodic solvers. 

This monograph is based on my PhD-thesis, obtained at the Katholieke Universiteit 
Leuven in Belgium. It is a pleasure to express my gratitude to the many people that 
have played vital roles in all stages of this work. 

First of all, I wish to express my gratitude to Prof. R. Piessens for giving me the 
opportunity to do research in the very active field of parallel computing and applied 
mathematics. I wish to thank Prof. D. Roose, Prof. P. Dierckx, Prof. R. Piessens, 
Prof. H. Van de Vel and Prof. W. Hackbusch as members of the reading committee 
and thesis jury for the careful and critical reading of the manuscript. 

This work has greatly benefited from numerous discussions held at conferences, and 
from an intense e-mail correspondence with people working in closely related areas. 
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These discussions have influenced, defined and sometimes altered the course of my 
research. I would like to thank my colleagues in Leuven and abroad for many fruitful 
discussions and for creating the cordial atmosphere in which this work could grow. 

At the beginning of my research I was given the opportunity to be a special graduate 
student at the California Institute of Technology. For this, I sincerely wish to thank 
Prof. G. Fox and dr. Eric Van de Velde. It is with great pleasure that I remember those 
L.A.-days. Part of the computing experiments discussed in this work were obtained 
during a stay at the Gesellschaft fur Mathematik und Datenverarbeitung mbH, Sankt 
Augustin, Germany. I gratefully acknowledge dr. K. Stuben and dr. R. Hempel for 
making this possible. 

I recognize the financial support of the Belgian National Science Foundation (Na­
tionaal Fonds voor Wetenschappelijk Onderzoek). I was on their payroll, initially as a 
research assistant, and later on as a senior research assistant. 

Special thanks go to Nele Geurden, who carefully corrected and anglicized the 
language of the preliminary version of this text. Any errors that remain are certainly 
to blame on myself. Finally, I wish to dedicate this dissertation to my wife, Ann, for 
her great love, her patience and understanding, displayed throughout the duration of 
this work. 

Stefan Vandewalle 
Leuven, November 1992 
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Notations 

He examined the engraved characters ... 
They looked like the footprints of a spider 

that had had one too many of whatever it is 
that spiders have on a night out. 

-D. Adams "The restaurant at the end of the Universe" 
(ISBN 0-671-66494-8, p. 176) 

Below we present lists of symbols and abbreviations used in the text, together with 
a very brief explanation of their meaning. We have added the number of the page on 
which they are first used, and numbers of pages where a more detailed explanation is 
given. The symbol list is restricted to symbols that are used more or less frequently, 
e.g., in different sections and on different pages. Symbols with a generally well-known 
meaning are excluded from the list, e.g.: number spaces (IN,~, JR, ([J), differentia­
tion operators (d/dt, a/ax, a2 / ax2 , ... ), relational operators (E, C,~, ::;, ... ), various 
abbreviations (min, inf, sup, lim, det, mod), etc. 

List of symbols 

* 
* 
\\ 

(.)h 
(. )T 

On 
()m 
() 
(. )(v) 

{·}~=o 
[.]1 

( ...... h 
\.\ 

convolution operator, p.38 

don't care symbol, p. 128 

bit concatenation, p. 129 

function, operator defined on nh (e.g. xh), p.17 

a sequence or vector (e.g. x T ), p.41 

Fourier series coefficient (e.g. xn ), p. 94 

discrete Fourier series coefficient (e.g. ::em), p. 100 

bit complement (e.g. x), p.127 

v'th iterate (e.g. xCV»), p.25 

sequence with N+1 elements (e.g. {Xn}~=o), p.41 

transposition operator, p. 25 

binary representation, p. 127 

modulus of complex number, p. 39 
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11·11 

II· lip 
II . lib 
II· liT 
1I·lIx 

arg z 

A (=D-L-U) 

Ac 

bW 
it' 
C,C[O,T] 

CV,Cp,CR, .. 
e(v) e(v) e(v) 

, T , k 

Ep 

F(t,u,v) 

:F 

G 

h,h;,H 

I 
IH ]H I h.-1 
h' h' h; 

I h Ih- I-h-
H, ~-l' h;_l 

J.k 
K(z) 
K,k 
K.,.,k.,. 
lC, k 
lC.,., k.,. 
L; 
L\LH,Lh• 

Lp, Lp(O, T) 
Ip,lp(O .. N) 

C 

vector- and induced matrix-norm in IRd , (])I, p. 30 

p-norm in Lp, p. 35, and in lp, p. 36 

exponentially scaled norm, p. 31 

maximum-norm, p. 30 

general Banach space norm, p. 30 

CONTENTS 

first characteristic polynomial of linear multistep method, p. 41 

argument of complex number z, p. 72 

matrix (diagonal, lower- and upper-triangular parts), p.37 

accuracy order, p. 33 

second characteristic polynomial of linear multistep method, p. 41 

set of complex numbers with point at infinity, p. 41 

space of continuous functions on [O,T], p. 30 

multigrid cycle and operator cost factors, p. 185 

error of v-th iterate (continuous, discrete), component at tk , p.55 

parallel efficiency, p. 133 

waveform iteration function, p. 28 

waveform relaxation operator, p.28 

static iteration matrix, p. 37 

mesh sizes, p.17, p.59, p. 61 

unit matrix, p. 39 

restriction operators, p. 60, p. 79 

prolongation operators, p. 60, p.61 

k'th column of matrix J, p. 119 

symbol of convolution operator K, p. 39 

continuous-time initial value WR operator, kernel, p. 38 

discrete-time initial value WR operator, kernel, p. 43 

continuous-time time-periodic WR operator, kernel, p. 92 

discrete-time time-periodic WR operator, kernel, p.105 

total message length in one cycle on Oh. , p. 191 

discretized elliptic operator, p.17, p. 50, p. 61 

space of p'th power Lebesgue integrable functions, p.35 

space of p-summable sequences, p. 36 

elliptic PDE operator, p.17, p.49 
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Chapter 1 

Introduction 

The successful solution of a realistic problem in applied mathematics 
requires the fusion of four distinct ingredients: 

1. knowledge of the subject area of the problem 

2. knowledge of the relevant mathematics 

3. knowledge of the relevant computer science 

4. a talent for selecting just what part of all this knowledge will actually 
solve the problem, and ignoring the rest 

-George E. Forsythe, in [36] 

We emphasize the increasing importance of parallel supercomputers for the solution 
of large-scale scientific and engineering problems. A sequential bottleneck which limits 
the obtainable parallelism and performance when simulating time-dependent processes 
with standard time-marching schemes is identified. Some of the approaches that have 
been suggested in the literature for eliminating or alleviating this fundamental problem 
are reviewed. Finally, we present an overview of the book. 

1.1 Numerical simulation and parallel processing 

Over the years the roles of mathematical modelling, numerical simulation and predic­
tion have dramatically increased in both science and engineering. In science, more and 
more, conventional experimental testing is being replaced by simulation on computers. 
Theoretical analysis is being complemented with computer generated data. In the air­
craft and automobile industry complicated fluid flow problems are numerically solved 
in order to optimize the design of wings and engines. The construction of very high 
density integrated circuits has only become possible thanks to availability of simulation 
tools that allow the verification of the circuit before its actual fabrication. Geophysical 
exploration is guided by computer analysis of seismic data combined with extensive oil 

lucianoaraki@yahoo.com.br



16 CHAPTER 1. INTRODUCTION 

reservoir simulation. Numerical simulation allows the study of nuclear power plants 
and weapons in operating conditions which exceed the safety limits for the practical 
experiment. 

More accurate predictions require a more accurate modelling of the physics in­
volved. This necessitates, for instance, the incorporation of more species and interre­
acting chemical substances, and the use of finer discrete meshes with a larger number 
of sampling points. All of this leads to a corresponding explosion in the number of 
equations and unknowns that are to be solved for. As such, the computational com­
plexity often renders the modelling and simulation task very difficult and extremely 
time-consuming. Therefore, many of the recent developments have only become feasible 
thanks to advances in both computer architectures and numerical algorithms. 

The development of faster electronic switching devices has made current-day per­
sonal computers comparable in speed to the large main-frames of a decade ago. The 
introduction of powerful vector processors has led to severalfold increases in speed 
over conventional serial architectures. Yet, a great number of problems remains be­
yond the reach of these so-called mono-processor vector-supercomputers. Furthermore, 
additional orders of magnitude increase in computational power is mandatory for ad­
dressing some of the future "Grand-Challenges"-projects. For instance, unprecedented 
computational problems are faced by the scientists involved in Global Climate Change 
research. Equally formidable are the goals of the so-called Human Genome project, 
which aims at deciphering the nucleotide sequence of human DNA. Because of phys­
ical and engineering limitations the increase in single-processor speed as required by 
these problems is no longer feasible. It is only the use of systems consisting of many 
cooperating processors which is expected to match the computational needs. 

Several architectures of such machines have emerged. Some consist of a small num­
ber of powerful processors cooperating through the use of a vast shared memory (e.g., 
Cray, IBM, Sequent). Others provide a large number of processors each with a local 
memory, communicating and exchanging data over an interconnection network (e.g., 
Intel iPSC, Ncube, Meiko Computing Surface). Still others consist of a massive num­
ber of very simple processing elements operating in a lock-step mode, i.e., executing an 
identical sequence of instructions on their local data (e.g., Distributed Array Processor, 
Connection Machine, Masspar). 

Since about one decade, we have witnessed this evolution towards parallelization. 
Only recently however have massively parallel systems proven to outdo the vectorpro­
cessors on non-academic problems. This delay is to some extent due to the difficulty of 
programming such machines. In particular, sequential algorithms have to be analysed 
and possibly reformulated in such a way that as many operations as possible can be 
executed concurfently. This is to be done with the additional goal of minimizing the 
amount of data that is to be shared by different processors, in order to reduce message 
exchange or common memory access costs. New algorithms have to be devised when 
the parallel execution of standard serial approaches is inefficient. Very often this has 
to be done with the hardware characteristics of the target architecture in mind. All of 
this constitutes an additional burden for the algorithm developer who can no longer 
be solely concerned with the mathematics of the problem. 

It is fair to say that most standard serial algorithms have nowadays been analysed 
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1.2. THE SIMULATION OF TIME-DEPENDENT PROCESSES 17 

for their parallel potential, and implemented on parallel machines. We refer to [31,94] 
for an overview of (some of) the literature. Many standard sequential techniques have 
found efficient parallel counterparts, especially in the fields of linear algebra and partial 
differential equations. More and more, parallel computing research is nowadays spe­
cializing towards the implementation of algorithms for complicated real-life problems. 
Such problems raise important new issues related to adaptivity and load-balancing. 
Considerable effort is also focussed towards the construction of parallel software de­
velopment tools, such as automatic code parallelizers, load-balancing and monitoring 
tools. Finally, a lot of people continue to work on the parallelization of the inherently 
sequential algorithms that have withstood the first wave of parallel computing research. 
One example of such a problem, to be discussed in the next section, is the simulation 
of time-dependent processes, modelled by ordinary or partial differential equations. 

1.2 The simulation of time-dependent processes 

This book deals with the numerical simulation of time-evolving physical processes mod­
elled by parabolic partial differential equations (parabolic PDEs). Such problems are 
frequently encountered in the study of diffusion, convection and reaction phenomena, 
and arise in such diverse fields like thermodynamics, chemistry, hydrodynamics, aero­
dynamics etc. They are generally modelled by one or more equations of the form 

au at = C(u) + f· (1.1) 

The unknown function u is a function of the spatial variable x and of the time­
coordinate t, i.e., u = u(t,x), and is defined on some compact spatial domain, x E G, 
and some interval of time, to ~ t ~ tf. The same holds for the right-hand side forcing 
function f. C( . ) is a general time-dependent uniformly elliptic operator comprising 
diffusion, reaction and convection terms. Equation (1.1) is usually complemented with 
suitable boundary conditions, specifying for instance a given temperature or particle 
flux along the boundary of G. Finally the equations are completed with a "boundary 
condition" in the time-dimension, like a given initial condition on to, or a demand for 
time-periodicity, u( to, x) = u( t" x). 

The solution of the partial differential equation is approximated by constructing a 
discrete counterpart, obtained by finite differences, finite elements or finite volumes. 
The solution is then found by solving a system with a finite number of unknowns, 
which, for instance, approximate the continuous solution in a discrete set of points 
laying on a grid t~at covers the domain. A commonly used approach, which will be 
followed in a large part of this book, is the so-called numerical method of lines. The 
spatial derivatives in C are replaced by discrete analogues obtained by using finite 
differences on a spatial mesh. This transforms (1.1) into a large system of ordinary 
differential equations (ODEs), 

(1.2) 

where uh is a vector of functions which approximate u at the grid points Xi. Standard 
techniques for solving ordinary differential equations can then be applied. 
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1.2.1 The serial bottleneck of time-marching 

Standard numerical methods for solving the equations (1.1) and (1.2) are based on the 
time-stepping or time-marching idea. Starting from a given solution at to the solution is 
advanced time-step per time-step with a time-increment t..t" between successive time­
levels t"-l and t". On each time-level a discrete set of variables which approximate 
u(t", Xi) is solved for. This may be done by ezplicit methods, in which each variable 
can be calculated independently, or by implicit methods, which require the solution of 
a large (non)linear system of equations in each time-step. The time-marching process 
is graphically illustrated for a rectangular two-dimensional domain in figure 1.1. 

x y AI2f <,s~~ii fitt~t~ s > 

&If <,s*~iittt~iit~s"," 

Figure 1.1: Standard time-marching methods calculate the solution variables in a se­
quential manner, time-level after time-level. 

The standard approach to parallelizing the time-marching process consists of ap­
plying a spatial grid partitioning on each time-level. By that, each processor is assigned 
to the grid points in a subset of the computational domain, for which it gets the update 
right. In each time-step each processor has to calculate the new values at its grid points. 
In a distributed memory machine this requires a cooperation with the other proces­
sors through message passing. When the number of spatial grid points per processor 
is sufficiently large, both explicit and implicit methods can be parallelized with high 
efficiency, i.e., the losses due to parallel overheads are negligible. When the number 
of grid points per processor is relatively small, due to the use of coarse computational 
meshes, or, more importantly, due to the availability of a large number of processors, 
only explicit methods retain their parallel efficiency. However, they suffer from a se­
vere stability constraint which forces the use of very small time-steps. This makes them 
unattractive for solving problems on fine meshes. For relatively small problems, the 
performance of the implicit methods is also very unsatisfactory. This is especially so 
when very fast multigrid solvers are applied for solving the system in each time-step. 
The computation at each time-level is then easily dominated by parallel overheads due 
to communication, processor idling or load imbalance. 
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The serial nature of classic time-marching schemes imposes severe restrictions on 
the obtainable parallel performance. The parallelism is limited to the parallelism in­
herent in the relatively small problems defined on the time-levels, even though the total 
number of variables and the corresponding arithmetic complexity may be formidable. 
Furthermore, the comparison of explicit to implicit methods shows that parallel effi­
ciency must usually be traded off against numerical efficiency. 

1.2.2 Accelerating the time-marching process 

Several approaches have been suggested for accelerating the parallel simulation of time­
dependent processes modelled by parabolic partial differential equations. In the fol­
lowing overview we discern basically three classes: methods that start from the PDE 
formulation (1.1), methods that start from the ODE formulation (1.2), and, finally, 
methods that entirely circumvent the mathematical PDE and ODE formulation, but 
directly simulate the underlying physics instead. Note however that this classification 
is to be taken rather loosely as some methods do fit in more than one class. 

Methods based on the PDE formulation 

If one retains the standard time and space discretization principles, two obvious re­
search directions arise. One may start from standard explicit techniques which paral­
lelize well, and try to improve their numerical quality. Alternatively, one may wish to 
keep the numerical quality of the implicit methods, and try to improve their parallel 
performance. 

The number of time-steps required by an explicit technique can be reduced if its 
stability boundary is enlarged. For instance, Rodrigue and Wolitzer have devised fully 
explicit methods which require about the same amount of computational work as the 
explicit Euler method, and yet have a stability interval several times as large. Their 
method, preconditioned time-differencing, also called the predictor corrector iterative 
method, is based on the use of a classical explicit corrector to yield an initial guess, 
and the use of a fixed number of iterations of a standard relaxation scheme applied 
to an implicit corrector, [105]. Evans and coworkers have developed stable explicit 
schemes, the alternating group ezplicit methods, in which the unknowns are explicitly 
computed in groups of two, four or eight, [28]. In [122], Sommeijer shows how to 
increase the stability boundary by combining extrapolation techniques for bridging the 
largest part of a time-step, and simple explicit techniques to perform the remaining 
part. The author illustrates a trade-off between stability and accuracy. This seems to 
be a general characteristic for methods of this type. 

Others aim at improving the parallel performance of implicit methods by applying 
iterative techniques on several time-levels simultaneously, instead of by iterating until 
convergence over each time-step before moving on to the next. In the windowed block 
relazation methods of Saltz and Naik, each processor iterates in its own subdomain over 
a number of time-steps, a so-called window. This is shown to allow an efficient over­
lap of computation with communication, and to lead to a reduction in the number of 
messages, [1101. In Womble's parallel time-stepping method processors that otherwise 
would be idle are used to improve the initial guess at time-levels tk+l, tkH," ., tk+N, 
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while the solution is being computed at time-level tk, [149). He illustrates his algorithm 
with timing results obtained on a 1024-processor Ncube. In 1984 Hackbusch proposed 
the parabolic multigrid method, a multigrid technique with typical multigrid conver­
gence rates, which calculates the unknowns on several time-levels simultaneously, [43). 
A parallel smoothing variant allows most calculations on different time levels to be 
performed independently. The method was first implemented on a parallel processor 
by Bastian, Burmeister and Horton, [5) and later on extensively studied by Horton, 
Burmeister and Knirsch [14, 59, 60, 58]. 

Finally, some techniques were suggested that are based on the domain decomposition 
principle, which is well-known as a parallel method for solving elliptic partial differential 
equations. The computational domain is then split into several possibly overlapping 
subdomains on which computations may proceed independently. Of course, special pre­
cautions are to be taken along sub domain interfaces. In [26], Dawson, Du and Dupont 
present non-overlapping domain decomposition procedures for parabolic problems in 
which the interfacial degrees of freedom are advanced explicitly. The sub domains are 
advanced implicitly and independently. A domain splitting scheme that is locally im­
plicit on slightly overlapping sub domains is analysed by Blum, Lisky and Rannacher in 
[7]. The local sub domain boundary data is propagated by a simple explicit process. In 
[114], Scroggs studies a certain class of convection diffusion equations. An asymptotic 
analysis allows him to identify regions where simplified versions of the equation may 
be solved. In such a way he arrives at a physically motivated domain decomposition 
which allows different regions to be treated simultaneously. 

Methods based on the ODE formulation 

A second class of methods starts from the equations derived by the method of lines. 
They apply parallel ODE techniques such as time-discretization schemes with high 
inherent degree of parallelism, extrapolation methods, or waveform relaxation tech­
niques. Gallopoulos and Saad analyse in [33, 34] the use of rational Chebyshev and 
Pade ezpansions to the matrix exponential which arises in the analytical solution of 
(1.2). (They deal with the constant coefficient case.) They derive formulae of very high 
degree the computations of which can be parallelized through the use of a partial frac­
tion expansion. In [60], Horton and Knirsch combine a parallel time-stepping method 
with eztrapolation techniques in order to solve the Navier-Stokes equations. Solutions 
obtained with different magnitudes of the step-size are calculated concurrently. 

The waveform relazation method is conceptually very similar to the Gauss-Seidel 
and Jacobi relaxation methods for iteratively solving systems of (non)linear equations. 
Instead of successively solving equations in one unknown value, one successively solves 
(non)linear ODEs in one unknown function. The use of this method for solving certain 
semi-discretized parabolic PDEs was first considered by Miekkala and Nevanlinna in 
[84]. A multigrid acceleration was analysed by Lubich and Ostermann, [78]. 

Methods that circumvent the PDE and ODE formulation 

Partial differential equations of reaction-convection-diffusion type often represent a 
mathematical idealization of a large population of particles, cells, organisms, etc., 
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which are interacting locally while diffusing and drifting in space. Whereas the PDE 
formulation is ideally suited for symbolic manipulation and theoretical analysis, sev­
eral researchers have expressed doubts whether it should be kept as the starting point 
for numerical simulation. Instead, they have suggested a direct simulation of simple 
physical models which closely approximate the microscopic dynamics of the studied 
phenomena. Such moving point and particle methods, or cellular automata techniques 
are discussed, e.g., by Hebert [50], and by Rees and Morton [103]. Simulations of this 
type require large numbers of simple local computations and are therefore excellently 
suited for implementation on massively parallel systems. 

1.3 Outline 

We analyse and illustrate in this monograph the use of waveform relaxation methods 
for solving parabolic partial differential equations on parallel computers. The central 
algorithm is the multigrid waveform relaxation method. This technique combines the 
very fast convergence of multigrid, a method originally developed for solving elliptic 
partial differential equations, with the high parallel efficiency of waveform relaxation, 
an algorithm for solving very large systems of ordinary differential equations. 

The multigrid waveform relaxation algorithm 

The multigrid waveform relaxation algorithm for solving linear problems was first pub­
lished by Lubich and Ostermann, in an article which appeared in 1987, [78]. These 
authors pointed out the potential for parallelism, and illustrated their theoretical re­
sults with a sequential implementation for a one-dimensional model problem. 

Independently of the previous authors, the current author arrived at the same 
algorithm which he first documented in [129]. A nonlinear variant based on the multi­
grid full approximation scheme was presented in [140]. The method was implemented 
on a parallel machine, [133, 141], and also vectorized on a vector-multiprocessor [134]. 
From the start substantial interest was focused on comparing waveform relaxation with 
standard parabolic solvers. To this end a careful implementation was made of a large 
number of standard time-stepping techniques, [142, 143, 144]. These implementations 
were mainly based on a program library for solving linear second order elliptic partial 
differential equations on two-dimensional, rectangular domains, [131, 132]. The com­
parisons established the real performance of the waveform relaxation method, as they 
showed a severalfold reduction in computing time over the parallel implementation of 
the standard techniques. The numerical evidence is largely surveyed in [136, 137]. 

Apart from initial boundary value problems also time-periodic parabolic partial 
differential equations were considered, for which a new time-periodic multigrid wave­
form relaxation method was developed. To the author's initial surprise an experimental 
comparison with standard time-periodic solvers showed that the new method outdid 
the best standard technique with a factor 2.5 on a sequential machine, [130, 135]. As 
such, the quest for better parallel algorithms had led to a more efficient sequential 
algorithm. Later on, a theoretical framework was developed for the study of the time­
periodic waveform relaxation algorithms, [139], and results were proven similar to the 
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ones for the initial value iteration developed by Miekkala and Nevanlinna, [84, 85] and 
by. Lubich and Ostermann, [78]. Finally, in cooperation with D. Roose a waveform 
relaxation based technique was studied for calculating the time-periodic solutions to 
autonomous, nonlinear systems of parabolic partial differential equations, [106]. 

Overview of the text 

In chapter 2 we present an overview of standard waveform relaxation results and we 
direct the interested reader to further references. A qualitative analysis of convergence 
results, mainly found in the electrical engineering literature, is presented first. A 
quantitative analysis for linear constant coefficient ordinary differential equations is 
given next. We also enumerate a number of techniques that have been suggested for 
accelerating the waveform iteration. 

Chapter 3 deals with waveform relaxation methods for initial boundary value prob­
lems. The convergence behaviour and the deficiencies of standard waveform relaxation 
methods are analysed in detail. The linear and nonlinear multigrid waveform relaxation 
methods are introduced and illustrated by numerical examples. 

In chapter 4 the applicability of the waveform technique is extended to time-periodic 
problems. We theoretically analyse the time-periodic waveform relaxation method 
and prove a number of convergence results for the continuous-time and discrete-time 
iteration. It is shown that the convergence is intimately related to the convergence of 
the initial value iteration, as discussed by Miekkala and Nevanlinna, and by Lubich 
and Ostermann. We also present a modified shooting method for solving autonomous 
time-periodic problems. 

Chapter 5 provides a short introduction to parallel computers and parallel com­
puting. We discuss one architecture and one machine in particular: the Intel iPSC/2 
hypercube multiprocessor, which is the machine used in our experiments. 

The parallel implementation and the parallel performance of standard parabolic 
time-stepping schemes form the subject of chapter 6. We discuss various explicit, im­
plicit and line-implicit time-discretization schemes. In particular, we detail the parallel 
implementation of an explicit update step, the solution of a system of equations by a 
multigrid method, and the parallel solution of tridiagonal linear systems. 

The parallel computational complexity of the waveform relaxation method is dis­
cussed in chapter 7. We analyse the arithmetic complexity and the communication 
complexity, and we discuss the vectorization of waveform relaxation methods. 

A large number of case studies is presented in chapter 8. For each example we 
compare the performance of the best standard method with that of the appropriate 
waveform relaxation variant. It is shown that for many problems multigrid waveform 
relaxation leads to a many-fold reduction in computing time. 

Finally, in chapter 9 some general conclusions are given and some possible directions 
for future research are suggested. 
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Chapter 2 

Waveform Relaxation Methods 

Watson: "You have formed a theory, then ?" 

Holmes: "At least I have got a grip of the essential facts of the case. I shall enu­
merate them to you, for nothing clears up a case so much as stating it to 
another person, and I can hardly expect your cooperation if I do not show 
you the position from which we start." 

-Sir Arthur Conan Doyle, Silver Blaze 
(borrowed from [51, p.740J ) 

We survey standard waveform relaxation results, mainly for future reference. The 
method is introduced and its use for solving ordinary differential equations is illustrated. 
The convergence theorems based on a contraction mapping argument are recalled and 
some alternative proofs are presented. A detailed analysis for linear constant coefficient 
ordinary differential equations is given. Finally, we enumerate techniques which have 
been proposed for accelerating the computational process. 

2.1 Introduction 

Standard numerical solvers for stiff ordinary differential equations usually implement 
a three-stage process that is executed in every consecutive time-step. 

• To start with, the differential equations are discretized with an implicit and stable 
time-discretization scheme. This leads to a nonlinear system of equations in a 
set of variables which approximate the ODE solution at a particular time-level. 

• This nonlinear system is linearized by the Newton-Raphson procedure or by a 
related technique. This results in a large linear system of equations. 

• This linear system is solved by using the well-known direct Gaussian elimination 
algorithm or any of its many variants. 

(Note that the latter two stages may have to be performed a number of times in order 
to ens'ure convergence.) 
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While this procedure has proven to be adequate for solving systems consisting of 
a relatively small number of equations, say of the order of a hundred, it has shown 
to fail for systems consisting of thousands of equations. The reasons are twofold. 
First, the time-stepping nature forces each variable to be discretized on an identical 
set of time points. As such, the time-step is restricted to one which is fine enough 
to resolve the most rapidly changing component. Very often though, large systems of 
differential equations have variables which change at very different rates. The resolution 
of the slowly changing variables is then unnecessarily accurate, and computation time 
is wasted. Secondly, the cost of the Gaussian elimination at each time-level rapidly 
increases with an increasing number of variables. Even if sophisticated sparse matrix 
solvers are used in order to avoid substantial matrix fill-in, this elimination step soon 
becomes prohibitively expensive. 

These shortcomings are strongly felt by researchers and engineers involved in the 
numerical simulation of very large-scale integrated circuits. Such electrical circuits 
often comprise hundreds or thousands of components like transistors and capacitors. 
Their numerical simulation gives rise to very large nonlinear systems of ordinary dif­
ferential or differential-algebraic equations. These systems are characterized by a very 
loose coupling of the variables, which reflects the limited and local coupling between 
the electrical components. Moreover, very often only a small number of the com­
ponents are active, while most other components are latent, i.e., not changing state. 
By consequence, in the electrical engineering community substantial effort has been 
focussed towards the development of numerical techniques that overcome the deficien­
cies of standard time-stepping schemes. Various methods have been proposed which 
effectively exploit the typical latency and multi-rate behaviour of such electrical cir­
cuits. Most of these techniques are iterative techniques, and based on relazation, either 
at the level of the linear systems (linear relazation), or at the level of the nonlinear 
systems (nonlinear relazation), or at the differential equation level (waveform relaz­
ation). We refer to a paper of Newton and Sangiovanni, [92J, and a book by White and 
Sangiovanni, [147J, for an extensive overview of the various relaxation-based electrical 
simulation techniques and for a large number of pointers into the relevant literature. 

The waveform relaxation method as a computational procedure was first proposed 
by Lelarasmee in his PhD-thesis, [74J, which appeared in 1982. Convergence results for 
fairly general nonlinear systems were published in the electrical engineering literature 
in articles by Lelarasmee, Ruehli and Sangiovanni, [75J, and by White et aI., [148J. 
The convergence for linear ordinary differential equations was extensively studied by 
Miekkala and Nevanlinna, [84, 85], and by Nevanlinna, [88, 89, 90, 91J. The latter 
author has pointed out the correspondence of the waveform relaxation method to a 
technique introduced a century ago by Picard and Lindelof in studies to prove the ex­
istence of solutions of differential equations. The waveform method is correspondingly 
called the Picard-Lindelof iteration, see [88J. Miekkala and Nevanlinna also introduced 
the alternative name dynamic iteration. The method is then opposed to standard 
relaxation methods, which they named static iteration methods. 

We explain the basic principles behind the waveform relaxation method and intro­
duce the Gauss-Seidel and Jacobi algorithms in section 2.2. A classification of waveform 
methods is given in section 2.3. We survey a number of general convergence results 
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for waveform relaxation applied to nonlinear systems of ordinary differential equations 
in section 2.4. The theoretical framework for linear systems as developed by Miekkala 
and Nevanlinna is overviewed in some detail in section 2.5. Acceleration techniques 
for improving the convergence and for speeding up the waveform computations are 
reported in section 2.6. We end this chapter in section 2.7 weighing the waveform 
relaxation pros and cons. 

2.2 Waveform relaxation: basic ideas 

Consider a general nonlinear system of d ordinary differential equations with associated 
initial conditions, 

d 
dtY=f(t,y), y(O)=Yo, tE[O,T], (2.1) 

where T > 0, f : [0, T] x lRd ~ lRd, Yo = [Yl.0 Y2.0 ... Yd.O]t E lRd is a vector which 
contains the initial values, and y(t) = [Yl(t) Y2(t) ... Yd(tW E lRd is the solution 
vector. Componentwise, this system is written as follows, 

d 
dtY1 = fl(t,Yl,Y2,Y3,···,Yd) 
d 
dtY2 = h(t,Yl,Y2,Y3, ... ,Yd) with 

Yl(O) = Yl.0 

Y2(0) = Y2.0 

The waveform relaxation method for solving (2.1) is a continuous-time iterative 
method. That is to say, given a function which approximates the solution, it calculates 
a new approximation along the whole time-interval of interest. Obviously it differs 
from most standard iterative techniques in that its iterates are functions in time (i.e., 
waveforms) instead of scalar values. The iteration formula is chosen in such a way 
that one avoids having to solve a large system of differential equations. A particularly 
simple, but often very effective iteration scheme is written below. It maps the "old" 
iterate y(II-l) into the "new" iterate y(II). 

d (II) f (t (II) (II-I) (II-I) (II-I») 
dtY1 = 1 'Yl 'Y2 'Y3 '···'Yd 

d (II) f: ( (II) (II) (II-I) (II-I») 
dtY2 = 2 t, Yl , Y2 , Y3 , ... , Yd with 

d (II) I ( (II) (II) (II) (II») 
dtYd =Jd t 'Yl 'Y2 'Y3 '···,Yd 

y~")(O) = Yl.0 

y~")(O) = Y2.0 
(2.2) 

It is called the Gauss-Seidel waveform relazation scheme because of its obvious resem­
blance to the Gauss-Seidel method for iteratively solving linear and nonlinear systems 
of algebraic equations. It converts the task of solving a differential equation in d vari­
ables into the task of solving a sequence of differential equations in a single variable. 
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In an actual computer implementation these differential equations are solved by using 
a standard numerical ODE integration method. The time-step of the numerical inte­
gration ~cheme may then be chosen to reflect the behaviour of the local variable, as in 
a genuine multi-rate time-integration method. A closely related iteration is the Jacobi 
waveform relazation scheme, the iteration formula of which is given by, 

~ (v) _ f (t (v) (v-I) (v-I) (V-I») 
dtY1 - 1 , Y1 , Y2 , Y3 , ..• , Yd 

~ (v) _ f (t (v-I) (v) (v-I) (V-I») 
dtY2 - 2 , Y1 , Y2 , Y3 , ... , Yd with 

~ (v) _ I (t (v-I) (v-I) (v-I) (v») 
dtYd - Jd 'Y1 'Y2 'Y3 , ... 'Yd 

y~v)(O) = Y1,O 

y~v)(O) = Y2,O 
(2.3) 

Both iterations are started with an initial approximation y(O)(t) defined along the 
whole time-interval. A natural choice is to take this approximation constant and equal 
to the values specified by the initial condition, 

y~O)(t)=y.,O, tE[O,T], i=l, ... ,d. (2.4) 

Alternatively, one could start from the solution of a related problem, for instance, one 
obtained with a slightly different (possibly simplified) right-hand side, or one calculated 
with slightly different initial conditions1 . 

The Gauss-Seidel waveform relaxation algorithm is formulated in alg. 2.1. The 
Jacobi algorithm is very similar. Note that the Gauss-Seidel process is typically se­
quential. The equations are solved the one after the other. The Jacobi algorithm on 
the contrary is fully parallel. The equations can be solved simultaneously. Finally, 
the waveform relaxation methods are not necessarily tied to finite time-intervals [0, T]. 
The principle is equally applicable to ODEs defined on the infinite interval [0,00). 

Algorithm 2.1: Gauss-Seidel Waveform Relaxation 

/1:= 0; choose y~O)(t) for t E [O,T], i = 1, ... ,d 
repeat 

/I := /I + 1 
for i = 1, ... , d 

I d (v) _ f.( (v) (v) (v) (v-I) (V-I») 
so ve dt Y' - ,t'Y1 , ... 'Y'-1,Y' 'Y'+1 , ... 'Yd 

with y~v) (0) = Y"O 
endfor 

until convergence 

1 An example of the latter will be given in section 4.7 where we discuss the use of waveform 
relaxation inside a shooting procedure. 
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Example 2.2.1 We shall apply the Gauss-Seidel waveform relaxation method to the 
following system of two differential equations, which we solve for t 2:: 0, 

(2.5) 

The reader will certainly recognise (2.5) as the equations defining the "sine" and "co­
sine" functions. The iterates y1v), y~v), satisfying y1v)(0) = 0 and y~v) = 1 are calculated 
as below. But first, the iteration is started by choosing an initial approximation. 

{ 
(O)()_ . .... YI t - 0 

• InitIalIzatIon: (0) 
Y2 (t) = 1 

{ .!!y(I) _ yeO) 
• iteration 1: 

dt 1 - 2 
d (1) _ (1) 
diY2 - -YI 

{ .!!y(2) _ y(I) 
• iteration 2: 

dt 1 - 2 
d (2) _ (2) 
diY2 - -YI 

Y(2)(t) - t _ E 
1 - 3! 

y~2)(t) = 1 - t + t 

{ 
d (3) (2) 
diYI = Y2 

• iteration 3: d (3) _ (3) 
diY2 - -YI 

Y(3)(t) - t _ E + E 
1 - 3! 5! 

Y(3)(t) = 1 _ ~ + ~ _ E 
2 2 4! 6! 

• 
{ 

d (v) (v-I) 

• iteration II: diYI = Y2 .!!y(V) _ _ y(v) 
dt 2 - 1 

{ 
(V)(t) = "V-I(_l)i t20+ 1 

YI L.",=O (2i+I)! 

(1')( ) _ "I' ( l)i t2' Y2 t - L."i=O - (2i)! 

The iteration obviously converges to y100 ) = sin(t) and y~oo) = cos(t) as each 
iterate picks up one additional term of the Taylor expansion. Independent of the 
length of the time-interval there is convergence. The successive iterates y1v)(t), y~v)(t) 
for 11=0,1,2,3,4 are graphically displayed in figure 2.1. 

The convergence behaviour observed in the above example is fairly typical. It is 
also found in the case of more complicated problems. We summarize: 

• The error is not uniform along the interval of integration. The approximation is 
usually good at the beginning but deteriorates for increasing values of t. 

• Each iteration lengthens the time interval where the computed waveform is close 
to the exact solution. 

• The difference between the computed waveform and the exact solution is not 
necessarily reduced at every time-point. From one iteration to another the error 
may even increase, especially for large values of t. 

It will be shown further on that this qualitative behaviour is in agreement with the 
general convergence theory. 

lucianoaraki@yahoo.com.br



28 CHAPTER 2. WAVEFORM RELAXATION METHODS 
3-r------------~------_. .----------------------.3 

2 2 

o 

-1 -1 

-2 -2 

r-~._-r_,~~r_~._~~-3 

Figure 2.1: Iterates yiv)(t) (left) and y~v)(t) (right) for t E [0,5] (example 2.2.1). 

2.3 A classification of waveform methods 

The Gauss-Seidel and Jacobi waveform relaxation methods are members of the more 
general class of so-called waveform iteration methods. These methods are character­
ized by the fact that they iterate on functions, that is to say, they can be defined 
without reference to time-discretization. In [118]' Skeel defines a waveform iteration as 
a continuous-time iterative method for solving ordinary differential equations in some 
part of the interval of integration. Analogously, one can define a discretized waveform 
iteration as an iterative method on discrete representations of approximations to the 
ODE solution along part of the integration interval. In the sequel we shall refer to these 
methods also by the names of continuous-time and discrete-time iteration methods. 

Let :F denote the waveform iteration operator which maps an "old" iterate into a 
"new" one, i.e., 

(2.6) 

For our present purposes it suffices to consider operators that are independent of the 
iteration number II. In addition, we only consider "one-step" iterations; that is, y(v) 
depends in an explicit way on y(V-l) only, and not on the previous iterates. An impor­
tant class of waveform iteration methods can be characterized by the following iteration 
formula, 

(2.7) 

The iteration function F(t, u, v) is chosen so that F(t, v, v) = f(t, v). This guaran­
tees the consistence of (2.7) with (2.1). Furthermore, the choice of F(t,u,v) is aimed 
towards achieving the following two (possibly conflicting) goals: the differential equa­
tion ftv = F( t, u, v) should be easy to solve, and the iteration (2.7) should be rapidly 
convergent. Some of the more important waveform iteration methods are given below . 

• The waveform Picard method. The Picard iteration is characterized by the 
simplest of iteration functions, F(t,u,v) = f(t,u) ,or, componentwise, 

F,(t,u,v) = f,(t,ul,u2, ... ,u" ... ,Ud) . 
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This well-known iteration is named after E. Picard, who used the iteration in his exis­
tence proof for solutions of ordinary differential equations. The scheme is particularly 
amenable to parallel computing since each differential equation can be integrated si­
multaneously. In the corresponding discrete-time iteration each equation's right-hand 
side can be evaluated in parallel across the time-steps. 

• The waveform relaxation methods. In the relaxation methods F( t, u, v) is 
chosen so that its Jacobian, aFjav, is block diagonal or block lower triangular. In that 
case, the differential equation (2.7) is effectively decoupled into subsystems that can be 
solved independently or in sequence. The pointwise Jacobi and Gauss-Seidel schemes 
introduced previously are characterized by, 

Fi(t,u,v)=fi(t,Ul,U2, ... ,Ui-l,Vi,Ui+l, ... ,Ud) (Jacobi), (2.8) 

Fi(t, u, v) = J;(t, vl, V2, . .. , Vi-l, Vi, Ui+l, ... , Ud) (Gauss-Seidel). (2.9) 

Blockwise Jacobi and Gauss-Seidel iterations can be defined in a straightforward way. 
For instance, a two by two block Jacobi waveform relaxation method is given by func­
tion F( t, u, v) specified below. (The number of equations is assumed to be even.) 

F2i- l( t, u, v) = hi-l (t, Ul, ... , U2i-2, V2i-l, V2i, U2i+l, ... , Ud) 
F2i( t, u, v) = f2i(t, Ul, ... , U2i-2, V2i-l, V2i, U2i+l, ... , Ud) . 

In the pointwise and blockwise relaxation methods groups of unknowns are relaxed 
in order to make them satisfy groups of equations. This may require the solution of 
nonlinear systems of ordinary differential equations. These nonlinear equations need 
not be solved exactly. A good approximation often satisfies to ensure convergence of 
the waveform iteration. In the waveform relazation Newton methods each equation is 
first linearized by a Newton-Raphson procedure, and only then solved. The iteration 
function for the Gauss-Seidel waveform relaxation Newton method is given by, 

aJ; 
Fi(t,u,v) = J;(t,Vl, ... ,Vi-l,Ui,··· ,Ud) + -a (t,Vl,'" ,Vi-l,Ui,··· ,Ud)(Vi - Ui) . 

V· , 

In the blockwise relaxation methods linearization is applied subsystem per subsystem . 

• The waveform Newton method. The waveform Newton method implements 
a global Newton-Raphson linearization of the original system of ordinary differential 
equations. This leads to the following iteration function, 

af 
F(t,u,v) = f(t,u) + av (t,u)(v - u) . 

It requires analytical differentiation to compute the Jacobian af jav, and it does not 
decouple the system into easily solvable subsystems. Yet, it is rapidly convergent and 
it allows the parallel evaluation of f(t, u) and af jav(t, u) across time-levels. Note that 
analytical differentiation can be avoided by numerically approximating the Jacobian. 
The use of such methods leads to waveform quasi-Newton methods, see e.g. [118]. 
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There are several waveform iteration techniques which do not fit the iteration for­
mula (2.7), or even (2.6). E.g., in [118] Skeel studies the accelerated and shifted wave­
form Picard methods which require dynamic determination of iteration parameters. In 
[90] Nevanlinna analyses linearly accelerated waveform methods, in which a new iterate 
explicitly depends on more than one previous iterate. 

2.4 General convergence results 

A theoretical analysis of waveform relaxation methods is presented in [147, 148]. There, 
convergence is proven for certain nonlinear systems which are more general than (2.1) 
and which are typically encountered in circuit simulation problems. (The left-hand 
side is pre-multiplied by a matrix which depends on the solution y(t).) We do feel 
that a closer look at these convergence proofs is both illuminating and required for 
a good understanding of the waveform relaxation idea. As the mentioned analysis 
immediately applies to the equations that we consider, we could suffice by referring 
to the proofs supplied in the above references. However, the generality technically 
complicates the proofs, and it is not required for our present purposes. Consequently, 
we shall reformulate some of the ideas and present some simplified or alternative proofs. 

2.4.1 The contraction mapping principle 

The waveform relaxation method generates an infinite sequence of functions, {y(")}:'o. 
The convergence of such sequences is generally studied in the context of Banach spaces, 
i.e. complete, normed, linear spaces. The discussion in the current section employs one 
such space, namely the space of continuous vector-valued functions defined on [0, T], 
denoted by C([O, T]j JRd), or C[O, T] for short. It is a Banach space when equipped 
with the maximum norm, 

II Y liT = tTr~111 yet) II , (2.10) 

where II . II denotes any of the usual vector norms in JRd. 
Central to many convergence theorems for sequences in Banach spaces is the con­

traction mapping or fized point principle. The definition of contraction map and the 
contraction mapping theorem are recalled below. They were taken from [24, p. 20]. 

Definition 2.4.1 Let (X , II . IIx) be a normed linear space and the associated norm. 
A n operator U : X -+ X is called a contraction if there ezists a '"Y, with 0 ::; '"Y < I, such 
that 

IIU(x)-U(y)lIx ::; '"Y Ilx-yllx, for all x,yEX. 

Theorem 2.4.1 Let X be a Banach space and U a contraction. Then there is a 
unique x* EX, such that U(x*) = x*. Moreover, if x(O) is any point in X, and we 
define the sequence {x(")}:'o by X(I) = U(x(O», x(2) = U(x(I», ... then x(,,) -+ x* as 
/I -+ 00. 
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2.4.2 Waveform relaxation as a contraction map 
In [147, 148], it is shown that the Jacobi and Gauss-Seidel waveform relaxation methods 
are convergent iterations. The proofs are based on a contraction mapping argument 
applied in 0[0, T], equipped with an exponentially scaled norm, 

II Y lib = max e-bC II yet) II, 
tE[O,T] 

(2.11) 

for some positive value b. In particular, it is demonstrated that the iteration is a 
contraction for the derivative of the iterates, see e.g. [147, eq. 4.18], 

d d d d . II _y(n+1) - _y(lo+l) II < 'Y II _yen) - _y(A:) II WIth 'Y < 1 . 
dt dt b - dt dt b' 

(2.12) 

Below we prove a similar result. We demonstrate that the Gauss-Seidel and Jacobi 
waveform relaxation operators F are contractions. Our proof differs from the one in 
the above references in that it proves contractivity for the iterates directly, without 
passing by (2.12). The proof is very similar to the standard approach for proving 
existence of solutions to ordinary differential equations, see e.g. [24, p.21 and p.120]. 

Theorem 2.4.2 Oonsider (2.1) where f(t,y) is continuous on D = [O,T] X JR:l, and 
satisfies a Lipschitz condition, that is, II f(t,y) - f(t,z) II~ LilY - z II, for all 
(t,y),(t,z) E D and for some positive constant L. Then, the Jacobi and Gauss-Seidel 
waveform relazation methods converge. 

Proof. For notational convenience, we set y to denote the result obtained after apply­
ing one Gauss-Seidel or Jacobi waveform relaxation step to a continuous function 
y, i.e., y := F(y). By the continuity assumption, each differential equation in 
(2.2) or (2.3) can be integrated to yield the following expression for y, 

yet) = Yo + l F(s,y(s),y(s))ds . 

Introducing a second continuous function z, and setting z := F(z), we derive, 

II yet) - z(t) II = Ill(F(s,y(s),y(s)) - F(s,z(s),z(s)))ds II 

~ III F(s,y(s),y(s)) - F(s,z(s),z(s)) II ds. (2.13) 

We now use a result, [147, eq. (4.12)], which states that the Lipschitz condition 
on f( t, y) induces a Lipschitz condition on F( t, u, v). More precisely, there exist 
positive constants II and '2 such that for all UI, U2, VI, V2 E JR:l, t E [0, T], 

By using this Lipschitz condition for F, (2.13) can be bounded further, 

II yet) - z(t) II ~ II III yes) - z(s) II ds + 12111 yes) - z(s) II ds. (2.14) 
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We multiply left- and right-hand sides by e-bl , and maximize over [0, T], 

max e-bl II y(t) - z(t) II ~ 11 max e-bl rl eb• max e-b{ II y(o - z(o II ds 
IE[O,T] IE[O,T] Jo {E[O,T] 

+ 12 max e-bl rl eb• max e-b{ II y(O - z(e) II ds . 
IE[O,T] Jo {E[O,T] 

We switch to II . lib-notation and take into account that max e-bl reb. ds ~ lib. 
IE[O,T] Jo 

For a sufficiently large value of b we get, 

ldb II y - z lib ~ '"( II y - z lib with '"( = 1 _ ldb < 1 . (2.15) 

This proves that :F is a contraction. Convergence follows by Th. 2.4.1. 0 

Remark 2.4.1 Note that the continuity and Lipschitz assumptions for f(t,y) are 
sufficient conditions to ensure the existence of a solution of the initial value problem 
(2.1), see e.g. [71, p. 2j. These conditions are not necessary. The global Lipschitz 
condition may e.g. be replaced by a local one, see e.g. [24, p.120j. 

The theorem shows that the error of the approximation gets reduced from iteration 
to iteration, when measured in the b-norm. Indeed, application of equation (2.15) to 
the iterate y(v-1) and the ODE solution y gives, 

II y(v) - y lib ~ '"( II y(V-1) - y lib' for some 0 ~ '"( < 1 and b > 0 . (2.16) 

Note that this does not require the error to decrease in every iteration at every point in 
time. Indeed, because of the exponential weighting the error may significantly increase, 
especially for large values of t, without affecting the decrease of the error in the b-norm. 
Therefore, the theory does not contradict the behaviour observed in example 2.2.1. In 
addition to (2.16), it can be shown that there is always an interval of time where the 
error decreases in the maximum norm (2.10), [147, p.109j. To this end the notion of 
strict contractivity is introduced, [147, p.105j. 

Definition 2.4.2 A differential system is said to have the strict WR contractivity 
property on [0, T], if the waveform relaxation algorithm applied to the system contracts 
in the maximum norm on [0, T], i.e., 

II y(v+1) - y(v) liT ~ '"( II y(v) - y(v-1) liT' '"( < 1, v ~ 1 . (2.17) 

Theorem 2.4.3 For any system (2.1) which satisfies the assumptions of the conver­
gence theorem 2.4.2 there exists aT> 0 such that the system has the strict WR 
contractivity property on [0, Tj. 
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Proof. We start from (2.14) with y = y(v) and Z = y(V-l), 

Taking the maximum over [0, T], we derive, 

Consequently, for a sufficiently small value of T we get the result, 

o 

2.4.3 On the order of accuracy 

An entirely different approach to analysing convergence is developed in the PhD-thesis 
of Juang, [66], and in a paper by Gear and Juang, [37]. Their analysis allows to quantify 
different convergence properties of different iteration methods, and to measure the 
influence of equation ordering within the Gauss-Seidel procedure. To this end, they 
define the order of accuracy of an approximation, [66, p.21]. Let Yi(t) be the i-th 
component of the exact solution y(t) of (2.1), and Zi(t) the i-th component of an 
approximation. 

Definition 2.4.3 If Zi( t) - Yi( t) = O( tMi+l) over a fiud, finite interval [0, TJ, then 
the order of accuracy, Ac(Zi), of Zi(t) is Mi. The order of accuracy of z(t), denoted by 
Ac(z), is defined as minlSiSdAc(Zi). 

Loosely speaking, the accuracy order of an approximation is one less than the 
number of matching terms in the Taylor expansions of the approximation and of the 
solution to the differential equation. Two basic theorems of Juang are summarized 
below, [66, Th. 3.2 and Th. 3.6]. They relate the accuracy order of successive waveform 
iterates. 

Theorem 2.4.4 Let y(v) and y(V-l) be two successive waveform iterates. Under the 
conditions mentioned in [66, Th.3.2 and Th. 3.6]), the following holds: 
in the case of Jacobi or Gauss-Seidel waveform relazation: 

in the case of waveform Newton iteration: 

(2.19) 

As the iteration continues more and more terms of the Taylor expansion of each 
iterate coincide with terms of the Taylor expansion of the exact solution. This accounts 
for the phenomena mentioned at the end of section 2.2. In particular, it explains why 
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the accuracy of the approximation is usually higher at the beginning of the integration 
interval, and why the length of the "converged" interval, where the approximation is 
close to the solution, grows as more iterations are applied. 

Throughout the electrical engineering literature on waveform relaxation methods 
the importance of the equation orderinl within the waveform relaxation Gauss-Seidel 
procedure is stressed. While some update orderings lead to rapidly convergent iter­
ations, others lead to slowly, almost stalling iterative processes. This behaviour is 
adequately explained by the following theorem of Juang, [66, Th.4.1]. 

Theorem 2.4.5 Under the conditions mentioned in [66, Th.4.1} and in the case of 
Gauss-Seidel waveform relaxation, the following property is satisfied, 

A ( (v») > . (A ( (v») A ( (v») A ( (V-I») A (V-I»)) 1 
c Yi _ mill c Yl , ... , c Yi-l, c Yi+l , ... , c Yd +. (2.20) 

The accuracy order of each solution component is at least one larger than the smallest 
accuracy order of any of the "input" variables in the right-hand side of the differential 
equation associated with the particular component. As mentioned in [66] the "~" is 
usually an "=" unless there is a fortuitous cancellation. We illustrate the importance 
of this theorem by an example. 

Example 2.4.1 We consider the following system of four differential equations, 

We assume the initial conditions, the right-hand side functions and the integration 
interval to be such that theorem 2.4.5 can be applied and that (2.20) is an equality. 
The Gauss-Seidel waveform relaxation is started with an initial approximation equal 
to the initial condition. The accuracy order of each component is then equal to zero. 

v II 0 11 I 2 I 3 I 4 I 5 I v II 0 11 I 2 I 3 I 4 I 5 I 
Ac(Y~V») 0 1 3 5 7 9 Ac(Y~V») 0 1 4 7 10 13 

Ac(Y~v») 0 1 3 5 7 9 Ac(Y~v») 0 2 5 8 11 14 

Ac(Y~v») 0 2 4 6 8 10 Ac(y~vJ) 0 2 5 8 11 14 

Ac(yiv») 0 2 4 6 8 10 Ac(yiv») 0 3 6 9 12 15 

Table 2.1: Gauss-Seidel waveform relaxation accuracy increase for example 2.4.1 with 
natural equation ordering (left) and with ord~ring Yl, Y3, Y2, Y4 (right). 

Table 2.1 displays the evolution of the accuracy order of each solution component 
in the first five iterations. The left part of the table shows the results obtained with 
natural equation ordering, i.e., the functions are updated in the order Yl, Y2, Y3, Y4. 
After the iteration has stabilized, the accuracy order of each component is increased 
by two per iteration. In the right-hand side part of the table the results obtained with 

2Different orderings correspond to different numberings of equations and unknowns. 
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an alternative update ordering are reported. We first update Yl, then Y3, then Y2, and, 
finally, y4. The accuracy increase per iteration has now become equal to three. 

Note that this observed behaviour is closely related to certain properties of the de­
pendency graph, which pictures the coupling between the differential equation variables. 
This important topic is discussed at length in [66]. 

2.5 Convergence analysis for linear systems 

The convergence analysis for nonlinear systems as presented in the previous section 
is rather restricted. It provides some insight in the qualitative convergence behaviour 
of waveform relaxation methods. However, it is of little practical use when one is 
interested in predicting actual convergence rates, e.g., in order to compare the per­
formance of different waveform relaxation variants. The theory for linear systems is 
much further developed. It is analysed in the papers of Miekkala and Nevanlinna, 
[84,85,88,89]. We survey some of their results below. But first, we recollect some def­
initions and properties which can be found in standard functional analysis text-books, 
e.g. [24, 39, 67]. 

2.5.1 Functional analysis preliminaries 

Some more Banach spaces 

The convergence of linear waveform relaxation is studied in more general Banach spaces 
than the space of continuous functions. In particular, the spaces of complex-valued 
Lebesgue measurable functions which are p-th power integrable are considered, see e.g. 
[39, p. 269]. These spaces are denoted by Lp((O, T)j (Ol), or Lp(O, T) for short, where T 
may be equal to 00. They are Banach spaces with the following norms, 

(2.21) 

Here, II . II denotes a norm in a;d and the integral is the Lebesgue integral. For the 
sake of completeness, one technicality is to be mentioned. Observe that II x lip = 0 
does not necessarily imply x(t) = 0 everywhere, since x(t) may be different from zero 
in a set of isolated points (more precisely, in a set of measure zero). Consequently, as it 
stands, (2.21) does not satisfy the requirements of a norm. To remedy the situation it 
is customary not to distinguish between functions that differ only on a set of measure 
zero. That is, "x = Y" means x(t) = yet) almost everywhere, and is written as "x(t) = 
yet) a.e.". A member of Lp is then an equivalence class of functions equal a.e. 

Closely related is the space of essentially bounded functions, i.e., the set of Lebesgue 
measurable functions x such that II x(t) II::; M < 00 almost everywhere. This space is 
denoted by Loo((O, T)j (Ol), or Loo(O, T), and its norm is given by, 

II x 1100= ess sup II x(t) 11:= inf{M : II x(t) II::; M a.e. on (0, T)} . 
tE(O,T) 

(2.22) 

The discussion on discretized waveform relaxation methods will involve operations 
on complex-valued, possibly infinite-length sequences x = {Xi}~o, with Xi E a;d. The 
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analysis is then considered in the spaces of p-summable sequences, Ip(O .. Nj (Vi). These 
are Banach spaces with norms given by, 

l~p<oo 

p = 00 

Spectrum and spectral radius of linear operators 

(2.23) 

The convergence of relaxation methods for linear systems in finite-dimensional vector 
spaces is determined by the spectral radius of the iteration operator (a matrix). A 
similar property holds for iteration methods defined in infinite-dimensional Banach 
spaces. Before stating the theorem, we shall recall some useful definitions. 

Definition 2.5.1 A linear operator U in a normed space X is said to be bounded if 
there exists a finite constant K such that II Ux IIx ~ KII xlix , for all x E X 

Definition 2.5.2 The norm of a bounded linear operator U in X is defined by, 

II U IIx = sup {II Ux Ilx III x IIx } = sup II Ux Ilx 
O;>!:rEX 1I:rllx =1 

(2.24) 

Definition 2.5.3 Consider a linear operator U in a normed space X. The spectrum 
of U, denoted by a(U), consists of those scalars A for which the operator A - U does 
not have a bounded inverse of which the domain is a dense subset of X . 

Definition 2.5.4 Suppose the spectrum a(U) to be non-empty and bounded. The spec­
tral radius of U is defined by, 

p(U) = sup IAI. 
).Eu(U) 

(2.25) 

Particular elements of the spectrum are the eigenvalues of U, i.e., the scalars A for 
which there exist a non-trivial x E X such that Ux = AX. However, contrary to 
the case of finite-dimensional vector spaces, the spectrum of U may also contain other 
elements, and the spectral radius may be different from the modulus of the largest 
eigenvalue. The following property further characterizes p(U), see e.g. [67, p. 378]. 

Property 2.5.1 Consider a bounded linear operatorU in a complex Banach space X . 
Then, 

p(U) = J~~ viII un Ilx . (2.26) 

We now state the main theorem of this introduction. It deals with the convergence 
of the successive approximation scheme. It is found e.g. in [70, p.149] or [67, p.382]. 

Theorem 2.5.2 Let U be a bounded linear operator in a Banach space X. 

- Suppose p(U) < 1. Then, for all <p E X the successive approximations 

xlv) = Ux(v-1) + <p, /I = 1,2, ... (2.27) 

with arbitrary x(O) E X converge to the unique solution of x - Ux = <po 
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- Suppose p(U) > 1. Then, (2.27) with z(O) = 0 cannot converge for all!p EX. 

Note that the theorem does not cover the case p(U) = 1. However, in that case the 
following property applies, see e.g. [67, p.382, remark 1]. 

Property 2.5.3 Assume the operatorU is such that all non-zero points of the spectrum 
are eigenvalues. Then, a necessary and sufficient condition for convergence of the 
successive approzimations (2.27) is that all eigenvalues ofU satisfy 1.\1 < 1. 

2.5.2 Waveform relaxation for linear systems 

We consider a system of d linear constant-coefficient ordinary differential equations, 

! z + Az = f, with z(O) = Zo t > 0 , (2.28) 

where A is a complex d x d matrix, and z and fare C'-valued functions of time. A 
splitting is applied to the coefficient matrix, A = P - Q, and the system of differential 
equations is rewritten into an equivalent form, 

! z + pz = Qz + f, with z(O) = Zo t > 0 . 

In a natural way, this equation leads us to consider the following waveform iteration, 

(2.29) 

which is started with an initial approximation z(O)(t) = Zo, for t ~ O. 
The convergence and the computational complexity of the iteration obviously de­

pend on the nature of the splitting matrices. Some of the splittings (P, Q) that have 
been proposed in the literature for use with (2.29) are given below. We assume the 
coefficient matrix A to be decomposed as -L + D - U, where D is a diagonal matrix, 
and L and U are strictly lower respectively strictly upper triangular matrices. Let ] 
denote the identity matrix. 

- Richardson: 

- Jacobi: 

- Gauss-Seidel: 

- JOR: 

- SOR: 

P = 1.], Q = 1.] - A 
'" '" 

P=D, Q=L+U 

P = -L+D, Q = U 

P = ~D, Q = 1:'" D + L + U 

P = ~D - L, Q = 1:'" D + U 

These splittings correspond to the splittings that are typically used when solving linear 
systems of the form Ax = b by standard relaxation methods. For instance, 

(2.30) 
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in which G is called the iteration matriz. In [84] this type of iteration is called static 
iteration, whereas (2.29) is called dynamic iteration. 

It is straightforward to verify that (2.29) with Jacobi or Gauss-Seidel matrix split­
ting corresponds to the Jacobi or Gauss-Seidel waveform relaxation method as defined 
in section 2.2. Note also that with use of each of the above-mentioned splittings the 
iterative procedure consists of solving a sequence of linear constant coefficient ordinary 
differential equations in a single unknown. These equations are of the form, 

(2.31) 

where Pi,i is the i-th diagonal element of P, and 9i is a sum of known functions. 

2.5.3 Continuous-time convergence results 

The continuous-time waveform relaxation operator 

The solution to the linear ordinary differential equation (2.28) is given by the following 
well-known formula, see e.g. [24, p.119], 

(2.32) 

This formula can be applied to (2.29) in order to derive an explicit relation between suc­
cessive waveform relaxation iterates. The following successive approximation scheme 
results, 

(2.33) 

with 

{ 
X:x(t) = l e{·-t)PQx(s)ds 

'1'( t) = e-tP Xo + l e{·-t)P f( s) ds 
(2.34) 

Equation (2.33) defines the continuous-time waveform relazation operator X:. From 
(2.34) it can be seen that this operator is a linear Volterra convolution operator with 
a continuous matrix-valued kernel. More precisely, 

X:x (t) = k * x (t):= l k(t - s) xes) ds with k(t) = e-tPQ (2.35) 

Superlinear convergence on finite time-intervals 

Because of the contraction mapping argument presented in the previous section one 
might suspect the convergence of the waveform relaxation method to be linear. That 
is, the error (or its norm) is multiplied in each iteration by a constant bounded by'Y, 
see (2.16), smaller than one. However, it has been shown that the rate of convergence 
on bounded time intervals is ultimately faster than linear. This superlinear convergence 
result is given in the following theorem, which is proven in [88, p. 333]. 
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Theorem 2.5.4 Let the constant C be such that II Ie liT = C, where Ie is the leer.nel of 
the waveform relazation operator. The conve'Yence of (2.29) is characterized by, 

(2.36) 

This result corresponds to a zero value for the spectral radius of JC, see [84, p.461). 

Theorem 2.5.5 Consider JC as an operator in the space of continuous functions on 
[0, T), equipped with the mazimum norm. Then, p(JC) = 0 . 

Note that the spectral radius corresponds to an asymptotic value of the convergence 
factor. This can be understood from property 2.5.1. For large values of C, and for 
long time intervals [0, T), the multiplier in the right-hand side of formula (2.36) will 
become very large, before starting to decrease. In those cases the observed convergence 
behaviour does more closely correspond to the behaviour predicted by the analysis for 
infinite time-intervals, which is surveyed below. 

Convergence on infinite time-intervals 

In [84, Th.2.2), Miekkala and Nevanlinna relate the spectral radius of the integral 
operator JC to the spectral radius of the Laplace transform of its kernel. It is easily 
verified that the latter is a complex matrix which is a function of the Laplace transform 
variable z, and equal to 

K(z) = (zl + Pt1Q , (2.37) 

where 1 denotes the identity matrix. The matrix K(z) is frequently called the symbol 
of the integral operator. 

Theorem 2.5.6 Consider JC as an operator in Lp(O, 00) with 1 ~ p ~ 00, and assume 
that all eigenvalues of P have positive real parts. Then, 

p(JC) = sup p( K(z)) = maxp( K(i{)), with i = V-I . 
Re( .. )~o eEIl 

(2.38) 

Remark 2.5.1 The second equality follows from the fact that p(K(z)) satisfies the 
mazimum principle (If f( z) is analytic inside and on a simple closed curve r, then 
If(z)1 attains its maximum on r, unless f(z) is a constant). 

Remark 2.5.2 Note that (iU +P)-lQ evaluated at { = 0 corresponds to the iteration 
matrix G of the static iteration (2.30). Consequently, if we assume the conditions of 
the theorem to be satisfied, p(G) ~ p(JC). The spectral radii coincide, p(G) = p(JC), 
when the maximum in (2.38) is found at the origin. 

In order to determine the spectral radius of JC the spectral radius of the matrix K(z) 
is to be calculated for every value of z along the imaginary axis. This is generally a very 
difficult task and defies any further theoretical analysis. However, there are some cases 
where p(JC) can be calculated explicitly. One such case arises when A is a consistently 
ordered matrix with a positive constant diagonal. Since this case is important in view 
of the discussion in the next chapter, we shall mention some corresponding results. 
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We set KJAC , KGS and KSOR to denote the Jacobi, Gauss-Seidel and SOR waveform 
relaxation operators. We assume A to be decomposed in the usual way (A = - L + 
D - U). The following corollary, [84, Cor. 4.1], deals with the Jacobi and Gauss-Seidel 
iterations. It illustrates a case where the maximum in (2.38) is found at the origin. 

Corollary 2.5.7 Let A be a consistently ordered matriz with positive constant diago­
nal. Then, 

(2.39) 

The analysis of the SOR waveform relaxation method centers around the following 
formula which relates the eigenvalues A, of the SOR symbol K(z) to the eigenvalues 1-', 
of the Jacobi static iteration matrix, D-l(L + U), with D = 51, see [85, eq.2.23], 

(1 + ZW/6)A, + w - 1 = j>:.WI-" . (2.40) 

For any complex number z, when given the spectral radius I-' of D-1 (L + U) this 
formula allows to calculate the spectral radius of K(z). In fact, to determine p(K(z)) 
the knowledge of the triple (IL, 6, w) suffices; precise knowledge of the elements of A is 
not required. Alternatively, given I-' the formula allows to determine what values of z 
lead to a particular value of p(K(z)). This allows one to compute contour lines of the 
function p( K(z)). We have plotted such lines in figure 2.2. The two pictures visualize 
the function for 6=10, 1-'=0.95, and for two values of the SOR parameter, w = 1, and 
w = 1.3. Observe that in the case of w=1 (Gauss-Seidel) the maximum of p(K(z)) 
taken over the imaginary axis is found at the origin. This agrees with corollary 2.5.7. 
In the case of overrelaxation with sufficiently large w, the maximum is taken in a point 
away from the origin. The location of this point may be calculated analytically and 
yields an explicit expression for the spectral radius of the SOR waveform relaxation 
operator. We refer to [84, Th.4.2] for the precise formula. 

For future reference we mention one further result, which relates the norm of K to 
the norm of its symbol, see e.g. [91, p.491]. 

Theorem 2.5.8 Denote by II . 112 the 12-norm and by II . II the standard Euclidean 
vector norm. Assume that all eigenvalues of P have positive real parts. Then, 

11K 112 = sup II K(z) 11= max II K(ie) II 
Re(z)~O eER 

(2.41 ) 

2.5.4 Discrete-time convergence results 

Linear multistep methods 

For the reader's convenience we recall the general linear multistep formula for calcu­
lating the solution to the ordinary differential equation (2.1), see e.g. [71, p.ll], 

1 Ie Ie 

- L QiYn+i = L (Jifn+i . 
T i=O i=O 

(2.42) 
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-30 5 

Figure 2.2: Visualization of the function p(K(z)) by contour lines p = 0.4,0.5, .. . ,1.2. 
The matrix A is a consistently ordered matrix with positive constant diagonal, and 
SOR splitting is applied. The pictures correspond to the parameter sets (p., 6, w) = 
(0.95,10,1) (left) and (0.95,10,1.3) (right) . 

Here, " denotes a constant step-size; cxi and f3i are real constants; Yi approximates 
the ODE solution at the time-level ti = j" , and Ii = f(ti, Yi)' We shall further use 
the "subscript ,," notation to denote sequences of values associated with successive 
time-levels, e.g. y.,. = {Yi}f:,o, where N denotes the number of time-steps (possibly 
infinite). 

We also introduce the characteristic polynomials of the linear multistep method, 

k k 

a(e) = Lcxie and b(e) = Lf3ie . (2.43) 
i=o i=o 

We adhere to the usual assumptions: a(O, b(O have no common roots (irreducibility); 
a(l) = 0 and a'(I) = b(l) (consistency); all roots of a(O are inside the closed unit 
disk and every root with modulus one is simple (zero-stability). Finally, we recall the 
definition of the stability region of a multistep method, e.g. [47, p. 257] or [85, p. 576]. 

Definition 2.5 .5 The stability region S consists of those p. E C for which the poly­
nomial a(O - p.b(O (around p. = 00 : p.-1a() - b(O) satisfies the root condition: all 
roots satisfy leil ~ 1 and those of modulus 1 are simple. 

Note that the boundary of the stability region, denoted by as, is a subset of the 
so-called root locus curve, denoted by r, i.e. , 

as e r = {z = a(Ojb(O : lei = I} , (2.44) 

see [47, p. 259] . For most methods used in actual practice, the inclusion "e" becomes 
an equality, see e.g. [47, p. 311] . 
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Example 2.5.1 By way of illustration, we have plotted the boundaries of the stability 
regions of the so-called backward differentiation formulae in figure 2.3, see e.g. [47, p. 
264]. These methods have good stability characteristics, and are especially appropri­
ate for solving stiff systems of differential equations. They will be considered in the 
later chapters for solving semi-discretized parabolic partial differential equations. The 
formulae of the methods of order one to four are given below, [71, p. 242], 

- BDF(l) : 

- BDF(2) : 

- BDF(3) : 

- BDF(4) : 

Another method which will be used frequently further on is the trapezoidal rule, 
also known (mainly in the context of solving partial differential equations) by the 
name of Crank-Nicolson method (CN). The method is a second order accurate time­
discretization. Its stability region boundary equals the imaginary axis. 

- CN: 

Figure 2.3: Boundary of the stability region for the BDF methods of order 1 up to 4. 
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The discrete-time waveform relaxation operator 

In the analysis presented in [85, 89] it is assumed that a constant time-step is used for all 
of the differential equations. (Consequently, the theory does not cover the case where 
the multi-rate property of the waveform relaxation method is exploited.) Application 
of the linear multistep formula to the basic waveform iteration (2.29) leads to, 

1 1: 1: 1: 1: 

- E Ct;X~~; + E {3;Px~~; = E (3;Qx~;;l) + E (3;!n+; , n ~ 0 . 
r ;=0 ;=0 ;=0 ;=0 

(2.45) 

For simrlicity's sake, we assume that there are k fixed starting values supplied, i.e., 
x~.,) = X~"-l = x;, for j < k - we do not iterate on the starting values-. Observe that 
upon convergence, i.e., when xr) = xr-1 ) = x,., formula (2.45) becomes, 

1 1: 1: 1: 1: 

- E Ct;Xn +; + E {3;Pxn +; = E {3;Qxn+; + E {3;!n+; , n ~ 0 , 
r ;=0 ;=0 ;=0 ;=0 

(2.46) 

or, 
1 1: 1: 1: 

- E Ct;Xn+; + E ,B;Axn +; = E (3;!n+; , n ~ 0 . (2.47) 
r ;=0 ;=0 ;=0 

The solution of the discretized waveform relaxation method is identical to the solu­
tion obtained by the corresponding time-stepping method applied to the "non-split" 
ordinary differential equation (2.28). 

Equation (2.45) implicitly relates the discrete waveforms xr-1 ) and xr). As in the 
previous section, this relationship may be written in an explicit way, 

xr) = K:,.xr- 1 ) + cP,. . (2.48) 

In [85, 89] the nature of K:,. and of the right-hand side sequence cP,. is fully described. In 
particular it turns out that K:,. is a linear discrete convolution operator. More precisely, 
there exists a matrix-valued kernel k.. = {A;}~o with A; E ([)'Xd, such that, 

; 
(K:,.x,.); = (k,. * X,.); := E k;_iXi • 

i=O 

(2.49) 

In [89, eq. (4.13) and eq. (4.16)] it is shown that k.. is related to the symbol of the 
integral operator K: by the so-called Z-transform (or discrete Laplace transform), 

00 0 1 a E A;z-' = K( --(z» . 
i=O or b 

(2.50) 

Convergence on finite time-intervals 

The properties of K:,. as an operator in the space Ip(O .. N) are characterized by the 
theorem given below, which is proven in [89, Th.4.1]. It basically states that the 
spectral radius of K:,. is equal to the spectral radius of the symbol K(z) evaluated in a 
point located on the real axis. The precise location of this point depends on the linear 
multistep method. 

lucianoaraki@yahoo.com.br



44 CHAPTER 2. WAVEFORM RELAXATION METHODS 

Theorem 2.5.9 Assume that o.k/(3k rf. a( -T P), and let the number of time-steps, N, 
be finite. Then, Kr has the spectral radius, 

lOok 
p(Kr) = p( K( --(3 )) . 

T k 
(2.51) 

Remark 2.5.3 The spectral radius is independent of the number of time-steps! 

Since the space in which Kr operates is finite-dimensional, the above result may also 
be derived by standard linear algebra techniques. We outline such a proof below. 

Proof. Let Xi denote the value of the discrete-time solution at time-step i. Let e~v) 
be the error of the v-th approximation, i.e., e~v) = Xi - x~v). It follows that, 

1 k k k 
~ (v) ~(3 P (v) ~(3 Q (V-I) 

- L..J o.jen+j + L..J ; en +; = L..J ; en +; , 
T ;=0 j=O ;=0 

with e;v) = 0 , j < k , 

for n = 0, ... ,N - k. This is rewritten as, 

k k 
~ C. (v) - ~ D. (V-I) 
L..J ,en+j - L..J ,en +; , 
;=0 ;=0 

with C· - 10.1 + (3.p and D· - (3.Q We set E(v) - [e(v) e(v) e(v)jt and 
, - r " 1 - , . - k k+l· .. N , 

define the following (N-k+l) X (N-k+l) block matrices C and D, 

Ch Dh 
C._1 C. Dh-1 D. 

Ch-1 C. Dh- 1 Dh 
c= and D = 

Co Do 

Co Ch-1 Ch Do 

Consequently, 

C E(v) = D E(v-l) , or E(v) = C-1 D E(v-l) . 

Convergence of the iteration is therefore determined by the spectral radius of 
C- 1 D. It can easily be verified that this matrix is a block lower triangular 
matrix with a constant diagonal the blocks of which are equal to Ck 1 D k • By 
consequence, 

which is identical to (2.51). o 
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Convergence on infinite time-intervals 

As said before, the spectral radius determines the asymptotic convergence factor. It 
may be of little use when the convergence factor is to be determined in the early stages 
of the iteration. Numerical experience shows that this is indeed so, especially when 
large time-intervals are considered. It turns out that an infinite time-interval analysis 
is then more appropriate. The theorem below can be found in [85, Th.3.1). 

Theorem 2.5.10 Suppose 0'( -T P) C int S, and consider K:.,. as an operator in Ip(JN) 
with 1 ~ p ~ 00. Then, 

p(K:.,.) = sup{p( K(z» TZ E C\ intS} , (2.52) 

or (by the mazimum principle), 

1a 
p(K:.,.) = max p( K( --b(O» = max p( K(z) ) . 

lel=1 T "'&E8S 
(2.53) 

In order to determine the spectral radius of K:.,. by formula (2.53), the spectral 
radius of the symbol K(z) is to be determined for all values z = ~~(e), lei = 1. These 
complex values are located on the root locus curve scaled by the constant ~. The second 
equality in (2.53) shows that it suffices to take the maximum over the boundary of the 
(scaled) stability region of the linear multistep method. 

The following corollary, [85, Th. 3.4], can be readily verified by the reader. 

Corollary 2.5.11 If the multistep method is A-stable then p(K:.,.) ~ p(K:), where K: is 
the waveform relazation operator on (0,00). 

Finally, for future reference, we recall a formula for the norm of K:.,., see [91, p.491). 

Theorem 2.5.12 Suppose 0'( -T P) E int S. Let II . 112 denote the 12-norm and II . II 
the Euclidean matriz norm. Then, 

(2.54) 

2.6 Waveform relaxation acceleration techniques 

The multi-rate integration properties of waveform relaxation are central to its success 
as an integration method for solving very large systems of ordinary differential equa­
tions. Throughout the years many implementations of the method have been made, 
especially tailored towards specialized circuit simulation problems, see e.g. Lelarasmee 
[74), Mattison [80), Dumlugol [27], Odent [93), Raman et al. [102), and there are many 
others. These programs do not naively implement the algorithms as they were pre­
sented in the previous sections. Instead, they are extended with various sophisticated 
acceleration techniques. The more important ones are briefly discussed below. 
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Ordering of the equations 

It has already been mentioned that the ordering of the equations strongly affects the 
number of iterations required to achieve convergence. The determination of an optimal 
ordering for arbitrary systems is in general very difficult, or impossible. There are some 
guidelines though, which very often lead to good orderings. In particular one should 
number the equations in such a way that the Jacobian matrix of the right-hand side 
I( t, y) is "as lower triangular as possible", and large off-diagonal elements in the upper 
triangular part should be avoided, [147]. This rule is based on the following observation. 
If the Jacobian is truly lower triangular, the Gauss-Seidel waveform relaxation method 
solves the system in one iteration only. 

In the VLSI-simulation programs the update ordering is usually aimed at following 
the signal flow through the electronic circuit. To this end various optimization tech­
niques based on circuit dependency graph and circuit component characteristics are 
employed. This has led to further waveform relaxation variants. E.g., in the hierarchi­
cal GatlSs-Seidel method certain variables (in tightly coupled loops of the dependency 
graph) are updated more frequently than others, see e.g. Juang [66]. 

Partitioning and blockwise iteration 

Experience has demonstrated the advantage of merging tightly coupled variables into 
subsystems of differential equations which are solved as a whole (with standard ODE 
integration techniques). This leads to more rapidly converging blockwise Gauss-Seidel 
techniques with blocks of varying size. The blocks need not necessarily be disjoint. An 
overlapping block waveform relaxation method is analysed by Pohl and Jeltsch in [61]. 

In the electrical engineering applications the partitioning is naturally associated to 
the physical system. It is then based on topological circuit properties and quantita­
tive information about circuit components. This "grouping" of unknowns may either 
be done manually, or automatically. A survey and analysis of various partitioning 
strategies is presented by Peterson and Mattison in [99], and the references therein. 

Windowing 

In an implementation it is necessary to store discrete representations of the waveforms. 
Such a representation may for instance consist of a linked list of (time,value) pairs 
(one for every function), combined with an interpolation routine to provide intermedi­
ate function values. Obviously, the memory requirements of the waveform relaxation 
methods are very high, especially for large systems and long time-intervals. These 
requirements can be reduced if the time-interval of interest is divided into several 
subintervals, so-called windows, on which the differential equations are solved in se­
quence. It is important to choose these windows as long as possible, in order to fully 
profit from the multi-rate characteristics of the waveform method, and in order to avoid 
algorithmic startup costs, which are inevitably associated with every new window. 

Besides affecting considerable savings in memory requirements, windowing also af­
fects the computational costs. As was illustrated before, the error of the waveform 
relaxation iterates is far from uniform. Large errors are found at the end of long 
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time-intervals, and these errors do not necessarily get reduced in magnitude from one 
iteration to the next. If so, the calculations on these parts of the interval are wasted. 
The use of a windowing strategy should avoid these superfluous computations. Various 
dynamic windowing strategies have been proposed for automatically selecting appropri­
ate window lengths, e.g. by monitoring the convergence and, based on this information, 
deciding whether to shorten or lengthen a current window-size, see e.g. [147, 152]. 

Partial waveform convergence 

The computed waveforms are often very accurate near the beginning of a time-window, 
see e.g. the discussion on the accuracy order. In such a subwindow additional waveform 
iterations will not reduce the approximation error any further. Recomputation of these 
"converged parts" may be avoided by implementing a strategy for locating the starting 
point of re-integration. Such strategies are usually based on monitoring the input 
functions in the right-hand side f( t, y). The computation on a particular differential 
equation is then skipped, as long as the input functions have not changed significantly 
from their values in previous iterates. 

Inaccurate iteration 

The waveform relaxation method is an iterative procedure. As in many iterative meth­
ods, it is not necessary to compute all iterates to a similar precision in order to ensure 
convergence. Inaccurate iteration may lead to great computational savings, especially 
when computing the initial iterates which are far from the converged solution anyway. 

In the waveform relaxation method, one could think of calculating the initial iterates 
with large error tolerance, e.g. by using large step sizes, and gradually reducing the 
error tolerance, e.g. by refining the step size, as the computation proceeds. Such non­
stationary iterations have been theoretically studied by Nevanlinna in [89, 91], who 
suggests a "tolerance game" based on balancing discretization and iteration errors. 
Related results are also found in the electrical engineering literature, [147, Ch. 6.3]. 

Parallel implementation 

The subsystems that are to be solved in the waveform relaxation method are often 
decoupled, and therefore, solvable in parallel. This is trivially so in the Jacobi method. 
Parallelism is also possible with Gauss-Seidel relaxation, at least when adequate order­
ing schemes are used, e.g: based on the concept of dependency graph colouring. One 
may also consider the use of block-Jacobi point-Gauss-Seidel relaxation schemes, in 
which large subsystems (often called chains in the electrical engineering literature) are 
treated in parallel. The solution to the equations of each subsystem are approximated 
by a sequential waveform relaxation Gauss-Seidel iteration. 

Implementations have been made on a variety of both shared memory and dis­
tributed memory parallel computers, see e.g. Peterson and Mattison ([99], Intel hy­
percube, Symult), Odent ([93], Sequent), Xia ([152]' Alliant), Raman et al. ([102], 
hypercube). In these references various further optimizations have been suggested for 
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increasing the parallelism inherent in the basic waveform relaxation method (like time­
segment pipelining, parallel mode evaluation, dynamic decoupling, etc.). We refer to 
the PhD thesis of Odent, [93], for a very detailed overview. 

2.7 Some concluding remarks 

The waveform relaxation method has proven to be very successful for solving certain 
systems of ordinary differential equations that arise in the simulation of very large scale 
integrated circuits. With a good partitioning and ordering of the equations only very 
few iterations are required to obtain convergence (typically 5 to 10, [147]). The compu­
tation cost is further reduced by taking particular waveform convergence characteristics 
into account. When compared with standard time-integration software currently used 
by circuit simulation practitioners, waveform relaxation (often) offers an improvement 
of one up to two orders of magnitude in speed, [147]. Implementation on a parallel 
machine is conceptually straightforward -although many technical details complicate 
the matter-, and reduces the simulation time even further. All of this is obtained at 
the cost of having to provide a substantial amount of memory. 

However, the favourable convergence characteristics strongly depend on the exis­
tence of good orderings and partitionings, and our ability of finding them. This has 
shown to be feasible for circuit simulation problems only by taking the electronic circuit 
parameters and signal flow properties into account. The method has also been success­
fully applied for simulating certain chemical distillation processes, see the PhD-thesis of 
Skjellum, [119]. The differential equations that arise there have similar characteristics 
to those found in circuits simulation problems, and again, the performance crucially 
depends on the knowledge of the underlying physical system. The use of waveform 
relaxation for solving semi-discretized parabolic partial differential equations is the 
subject of the following chapter. It will be shown that the method is very effective. 
Yet, again, the very special characteristics of these systems are to be taken into account. 
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Chapter 3 

Waveform Relaxation Methods for 
Initial Boundary Value Problems 

In VLSI-simulation this type of approach, called waveform relaxation method, 
seems to result in considerable savings in computing time. 

It would not be surprising if an efficient implementation of the idea 
appeared also to applications outside circuit equations. 

-U. Miekkala and O. Nevanlinna, in [84, 1987}. 

We comment on the use of waveform relaxation techniques for solving parabolic 
initial boundary value problems. It is illustrated that the Jacobi, Gauss-Seidel and 
SOR methods do not lead to satisfactory, rapidly convergent algorithms. A linear 
multigrid acceleration is presented, and illustrated by a numerical example. An analysis 
of the continuous-time and discrete-time variants is given. The method is extended to 
nonlinear problems and related to a multigrid method on a space-time grid. 

3.1 Introduction and notations 

A parabolic initial boundary value problem is generally characterized by a parabolic 
partial differential equation (or a system of differential equations), a set of boundary 
conditions, and given initial values, 

{ 
~;(t,x) = C(u(t,x)) + f(t,x) t > 0, x E n 
B(u(t,x))=g(t,x) t>O, xEan 
u(O,x)=uo(x) xEn 

(3.1) 

Here, C(.) is a linear or nonlinear, uniformly elliptic operator; B(.) is a linear or nonlin­
ear boundary operator; f and 9 are known functions of the time and space coordinates, 
and Uo is a given function of x. n denotes the compact spatial domain. We assume 
that the solution u exists and that it is unique. 

The numerical method of lines replaces any spatial derivatives in the above equa­
tions by finite differences. After elimination of the boundary conditions, one gets a 
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large set of ordinary differential equations (see e.g. appendix A), 

d 
dt uh(t) = Lh(uh(t)) + fh(t) , uh(O) = u~, t > 0 . (3.2) 

We use the superscript-h notation to denote quantities defined on a discrete mesh or 
grid nh , which covers the domain n. The value h is a measure of the mesh size, 
e.g., the distance between grid lines or grid points. As before we set d to denote the 
number of differential equations. Thus, the semi-discrete solution uh is of the form, 

The system of differential equations (3.2) is known to be stiff for a sufficiently 
small h. The eigenvalues of the Jacobian of Lh (.) lie close to the real axis and have 
negative real parts. The computation of the solution normally proceeds by discretizing 
(3.2) with an appropriate time-integration method which takes the characteristics of 
the problem into account. In this chapter we shall consider the use of the backward 
differentiation formulae and the trapezoidal rule (Crank-Nicolson method). This leads 
to a fully discrete solution, which we denote by u~, with 

u~ = { ut }f=o, with ut = [ ut,1 ut,2 ... ut,d 1t . 
N denotes the number of time-steps. In the case of problems defined on two-dimensional 
rectangular domains we shall often use a more intuitive notation, e.g. u~;(t) and Ui,i,; , 
to refer to functions and scalars defined at (Xi, y;) , a coordinate in a discrete mesh. 

The disadvantages associated with the above time-stepping approach, in partic­
ular w.r.t. parallelism and the exploitation of multi-rate behaviour, have led us to 
investigate the use of waveform relaxation techniques. The use of "simple" waveform 
relaxation methods (Jacobi, Gauss-Seidel and SOR) for solving the equations derived 
by the numerical method of lines is considered in section 3.2. The convergence prop­
erties are illustrated with extensive experimental results. Multigrid acceleration of 
the waveform relaxation method is the subject of section 3.3, where we discuss linear 
parabolic problems. The convergence properties of both the continuous-time and the 
discrete-time iteration are studied in section 3.4. Section 3.5 includes a selection of 
experimental results, which allow to verify the theory. The linear algorithm easily ex­
tends to nonlinear parabolic partial differential equations, as we showed in [136, 1401. 
The nonlinear multigrid method is given in section 3.6. In section 3.7, we argue that a 
particular version of multigrid waveform relaxation corresponds to standard multigrid 
on a so-called space-time grid. We end the chapter with some concluding remarks. 

3.2 Standard waveform relaxation 

In this section, we concentrate on a linear model problem: the two-dimensional' heat 
equation defined on the unit square. The treatment of a model problem allows the 
derivation of analytical expressions which would be difficult to obtain when dealing with 
more complicated, e.g. variable-coefficient or nonlinear differential equations. More­
over, the case studies in chapter 8 provide ample evidence that the behaviour of the 
algorithms in more complicated situations is qualitatively very similar. 
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3.2.1 A model problem: the two-dimensional heat equation 

Consider the following model problem, 

au a 2u lJ2u 
at = ax2 + ay2' (x,y) E n = [0,1] x [0,1], t > 0, 

completed with Dirichlet boundary conditions and an initial condition chosen in such a 
way that the analytical solution is given by u(t, x, y) = 1 + sin( 'n/2) sin( 1Ty /2)e-w't/2 . 
The equation is discretized with standard central differences on an equidistant rectan­
gular mesh, with equal mesh size h in x-direction and y-direction, 

nh={(Xi,Yj): xi=ih, yj=jh, with O~i,j~l/h}, 

This leads to an equation of the following type defined at each interior grid point, 

d h 1 h h h h h h 
dt Ui,j = h 2 (Ui_l,j + Ui,j_l - 4Ui,j + Ui,j+1 + Ui+l,j), Ui)O) = UO(Xi, yj) , 

Note that the right-hand side corresponds to the well-known five-point star discretiza­
tion of the Laplace operator. After elimination of the Dirichlet boundaries, this can be 
rewritten as a large linear system of d = (l/h - 1)2 equations, 

(3.3) 

When the equations are numbered lexicographically, the matrix Lh is a well-studied 
block-tridiagonal matrix. fh contains the contribution of the boundary functions. 

3.2.2 Standard waveform relaxation methods 

Following the notation and the ideas expressed in chapter 2, section 2.5.2, a splitting 
is applied to the coefficient matrix, _Lh = ph - Qh, and (3.3) is solved iteratively, 

d _uh,(v) + phuh,(v) = Qhu h,(v-l) + fh . 
dt 

As before, we shall use uh,(O)(t) = uh(O) as the initial iterate. In order not to overload 
the notation we shall omit the superscript h when dealing with waveform relaxation 
iterates, e.g., we write u(v) instead of uh,(v). 

The use of the Jacobi, Gauss-Seidel and SOR splittings leads one to solve the 
following equations. In the case of the Jacobi splitting, 

d (v) _ 1 (V-I) (v-I) . (v) (v-I) (V-I») 
dt Ui,j - h2 Ui_l,j + Ui,j_l - 4Ui,j + Ui,j+1 + ui+1,j . 

Note that the equations at the different grid points can be solved simultaneously. 
There are two standard ways of defining a Gauss-Seidel relaxation for partial dif­

ferential equations. They correspond to different orderings of the equations. In the 
lexicographic Gauss-Seidel waveform relaxation method the iteration is as follows, 

d (v) _ 1 ( (v) (v) (v) (v-I) (V-I») 
dt Ui,j - h 2 Ui_l,j + Ui,j_l - 4Ui,j + ui,;+1 + ui+l,; . 
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The grid points are visited in a sequential way from the left to the right, and from the 
bottom to the top. The red/black Gauss-Seidel waveform relaxation method on the 
contrary is a two-stage procedure. First, the equations are updated for which i + j is 
even (the so-called "red" grid points). This is followed by the update of the equations 
for which i + j is odd (the "black" grid points), 

i + j even: d (v) _ 1 (V-l) (v-l) (v) (v-l) (V-l)) 
dt Ui,j - h2 Ui_l,j + Ui,j_l - 4Ui,j + Ui,j+1 + ui+1,j , 

i + j odd: d (v) _ 1 ( (v) (v) 4 (v) (v) (v)) 
dt Ui,j - h2 ui_l,; + Ui,j_l - Ui,j + Ui,j+1 + ui+l,j . 

Observe that the equations in each stage can be solved simultaneously. 
The successive overrelaxation method allows the same two variants. We mention 

the lexicographic SOR waveform relaxation equations, and leave the definition of the 
red/black SOR waveform method to the reader. 

3.2.3 Some convergence results 

The continuous-time iteration 

The linear theory of section 2.5 is immediately applicable. We consider the continuous­
time iteration first. The superlinear convergence of waveform relaxation on finite time­
intervals is based on taking the limit II --t 00 in equation (2.36). In this formula a 
constant C appears. The magnitude of this constant in the case of the above model 
problem and the use of Jacobi iteration can be calculated as follows (e.g. with the 
II . 1100 matrix norm). First, we recall the format of the Jacobi splitting matrices 
(P\ Qh) (which satisfy _Lh = ph _ Qh), 

C:= II k II = max II e-tPhQh 1100 = max II e-4t/h2 Qh 1100 =11 Qh 1100= 4/h2 • 
T tE[O,Tj tE[O,Tj 

(The final step requires the knowledge of the precise format of Q\ which has four non­
zero (off-) diagonals of which the elements take the values zero or 1/ h2 .) Thus C is 
inversely proportional to the square of spatial mesh size. Consequently, when T is not 
too small, it takes a large number of waveform relaxation steps before the multiplier 
(CT)V / II! in (2.36) starts going to zero. A finite-interval analysis may therefore not 
be appropriate to describe the convergence behaviour in the initial iterates. 

The matrix - Lh satisfies the conditions for applicability of corollary 2.5.7. As such, 
the spectral radius of the infinite-interval operator is equal to that of the static iteration 
operator. The latter has a value which is well-known from the theory of relaxation 
methods for elliptic equations. The result is formulated below, [84, p. 473]. Note that 
the formulae are valid for the one-, two- and three-dimensional model problem. 
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Property 3.2.1 The spectral radii of the (infinite-interval) Jacobi and Gauss-Seidel 
waveform relazation operators in the case of the model problem are given by the follow­
ing formulae, valid for small h, 

(3.4) 

The SOR waveform relaxation method applied to the model problem is studied by 
Miekkala and Nevanlinna in [84, Th. 4.2 and p. 473]. In particular, they derive the 
following property, based on an analysis of equation (2.40). 

Property 3.2.2 The spectral radius of the (infinite-interval) SOR waveform relazation 
operator with optimal overrelazation factor Wupt in the case of the model problem is 
given by the following formula, valid for small h, 

(3.5) 

Recall that the spectral radius of the static SOR matrix with optimal W is given by 
1 - 27rh (for small h), which is much smaller than (3.5). Consequently, we may not 
expect SOR to be as successful for parabolic problems as it was for elliptic ones. 

The discrete-time iteration 

The discrete-time iteration remains to be considered. When the time-step is sufficiently 
small the finite-interval iteration converges. Indeed, taking the limit in (2.51), 

Analogously, when the time-step is sufficiently large the spectral radius of the finite­
interval operator approaches that of the static iteration operator, and (3.4) applies. 

Qualitative information about the infinite-interval iteration can be derived by con­
sidering contour-line figures like fig. 2.2, and plots of the scaled stability region bound­
aries as in fig. 2.3. By way of illustration we consider the trapezoidal rule and the 
backward differentiation formulae. 

In the case of the trapezoidal rule, the boundary of the stability region is pre­
cisely the imaginary axis. Consequently, by a comparison of formulae (2.38) and 
(2.53): p(JC) = p(JC.,.). As such, the formulae in the above properties also apply to 
the discrete-time iteration. Following corollary 2.5.11, we find that p(JC.,.) ~ p(JC) for 
the A-stable BDF(1) and BDF(2) methods, with equality for the Gauss-Seidel and 
Jacobi methods. Furthermore, when T ---t 0, then p(JC.,.) ---t p(JC) (e.g. for the SOR 
method) as the complement of the scaled stability region expands to fill up the entire 
complex right half-plane. The stability region boundary of the higher order backward 
differentiation methods runs into the complex left half-plane. As such, the convergence 
properties cannot be related to those of the continuous-time operators in a similarly 
straightforward way. 
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3.2.4 Numerical experiments 

Successive waveform relaxation iterates 

Figure 3.1 depicts waveform relaxation iterates obtained with the red/black Gauss­
Seidel method. Of each iterate u{v) the component associated with the grid point at 
the center of the domain is plotted. The upper picture displays the successive iterates 
for a coarse spatial discretization with h = 1/6. The lower picture shows every 20-th 
iterate obtained with the discretization h = 1/32. In both cases the trapezoidal rule is 
used with T = 1/100 and 100 time-steps. The fine-grid iteration obviously converges a 
lot more slowly than the coarse-grid one does. 

Gauss-Seidel waveform relaxation, heat equation, h=1I6 (25 ODEs) 

1.6....---------------------------, 

v-() 

1.5 ~=======::::::;;;;;:;:=============1 
v=2 

1.4 
v=3 

IJ v=4 

1.2 v=S 
V=6 

1.1 

v=lS 

0 0.1 0.2 OJ 0.4 0.5 0.6 0.7 0.8 0.9 

Gauss-Seidel waveform relaxation, heat equation, h=1I32 (961 ODEs) 
1.6....-------------------------, 

v=360 

o 0.1 0.2 OJ 0.4 0.5 0 .6 0.7 0.8 0.9 

Figure 3.1: Successive Gauss-Seidel waveform relaxation iterates u{v)(t), t E [0,11 for 
different mesh sizes h. Only the component at the center of the domain is shown. 
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Measured convergence factors 

In table 3.1 we report averaged convergence factors, p, for the Jacobi and Gauss-Seidel 
waveform relaxation methods applied to the discretized heat equation with different 
mesh sizes h. In each waveform iteration we have determined the 12-norm of the 
algebraic error, i.e., er) = 'U~-'Ur), and calculated the iteration convergence factor /v) 
as the following ratio, 

(3.6) 

After a sufficiently large number of iterations this factor takes a nearly constant value. 
An average taken over a large number of iterations in the region of nearly constant 
behaviour defines the averaged convergence factor, which is the value specified in the 
table. Observe that the measured values closely correspond to the theoretically deter­
mined spectral radii of the infinite-interval waveform relaxation operator. 

Table 3.1: Jacobi and Gauss-Seidel waveform relaxation convergence factors. 

h II 1/5 11/10 I 1/15 I 1/20 I 1/30 I 1/40 11/50 I 
PJAC 0.803 0.949 0.977 0.986 0.993 0.997 0.998 

1-7r2h2/2 0.803 0.951 0.978 0.988 0.995 0.997 0.998 

PGS 0.644 0.900 0.955 0.974 0.988 0.993 0.996 

1-7r2h2 0.605 0.901 0.956 0.975 0.989 0.994 0.996 

Similar convergence factors for the SOR waveform relaxation method are plotted in 
figure 3.2. They depict the measured value of P as a function of w, for three different 
mesh sizes. The observed minima are in close agreement with formula (3.5). Contrary 
to the case of using SOR for elliptic problems, waveform SOR does not converge for 
all w E (0,2). The range of allowable w is clearly more restricted. 

2 2 
1.8 1.8 
1.6 b= 115 b=lIlO b=1120 1.6 
1.4 1.4 
1.2 1.2 

P 1 1 P 
0.8 0.8 
0.6 0.6 
0.4 0.4 
0.2 0.2 

0 0 

0 0 .5 1.5 2 0 0.5 1.5 2 0 0.5 1.5 2 
CD CD CD 

Figure 3.2: SOR waveform relaxation convergence factors as a function w and h. 
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Finite-interval versus infinite-interval convergence 

In any computer implementation of the waveform relaxation method the number of 
time-steps is of necessity finite. As such, convergence is determined by the finite­
interval convergence analysis. Yet, it has been illustrated above that the numerical 
results seem to correspond to those predicted by the infinite-interval analysis. 

This problem is resolved by considering the time-level convergence factors, which 
correspond to formula (3.6) evaluated for each time-level separately, e.g., 

( .... ) _II ( .... ) II / II ( .... -1) II Pie - ele 2 ele 2· (3.7) 

In figure 3.3, we have plotted such convergence factors, geometrically averaged over a 
suitable number of iterations (in casu, over iterations v=21 to v=28), for different time­
increments. The problem solved is the semi-discretized model problem with h = 1/16 
and t E [0,1], and the red/black Gauss-Seidel waveform method is used. 

The stable plateau corresponds to the spectral radius value derived in the infinite­
time analysis, eq. (3.4). Observe that its height does not depend on T. The factor 
measured at the first time-level obviously corresponds to the value specified by the 
finite-interval analysis. Observe that its magnitude decreases with decreasing T. In­
between the two extremes (convergence factor at the first time-level and the plateau) 
there is a region with intermediate convergence factors. It can be shown that this region 
gradually extends, and that the stable plateau recedes backwards as more and more 
iterations are applied. That is, asymptotically, after a very large number of iterations, 
the time-level convergence factor at each time-level will correspond to that of the first 
time-step. This will be illustrated in the next example. 

Divergent behaviour 

It may happen that the infinite-interval analysis conflicts with the finite-interval anal­
ysis. For instance, the former may predict divergence while the latter ensures conver­
gence. Such a case is illustrated in figure 3.4. We consider the SOR waveform relaxation 
method with parameters w=4/3 and h=I/20, and with BDF( 4) time-discretization. It 
can be shown that the spectral radius of the corresponding continuous-time infinite­
interval waveform operator is smaller than one. The spectral radius of the finite interval 
operator K.,. is also below one, as it is equal to p(K(z)) evaluated for a z on the posi­
tive real axis, and, therefore, smaller than p(K). The infinite-interval discrete iteration 
however diverges. It can be shown that the scaled stability boundary intersects the 
"p( K(z) )=I"-contour-line. 

The figure displays the time-level convergence factors for different waveform iterates. 
The "o"'s in the lower left-hand corner of each picture correspond to "converged" time­
levels, i.e., their solution values remain constant (in the finite-precision arithmetic of the 
implementation). The pictures illustrate the occurrence of oscillations which rapidly 
explode. However, as more and more iterations are applied, the region of divergent 
behaviour moves to the right, and, eventually, it is forced out of the finite-length 
time-window! Afterwards, the iteration converges rapidly. Note that when the same 
problem is solved with BDF(2) or trapezoidal discretization no such (initially) divergent 
behaviour occurs. 
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Figure 3.3: Averaged time-level convergence factors plotted for each time-level in the 
time-window [0, IJ, for different values of the time-increment. (red/black Gauss-Seidel 
waveform relaxation, h = 1/16, trapezoidal rule) 
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Figure 3.4: Time-level convergence factors, pr), plotted for each time-level in the time­
window [0,0.6]' for different iterates ur). (red/black SOR waveform relaxation, w=4/3, 
h=1/16, T=0.015, and BDF(4) discretization.) 
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3.2.5 Further remarks 

The Jacobi, Gauss-Seidel and SOR waveform relaxation algorithms are slowly conver­
gent, especially for small spatial mesh sizes. In addition, the trivial selection of the 
starting approximation leads to large initial errors, except perhaps at the beginning of 
the time-interval. The reduction of this error requires a very large number of iterations. 

The standard acceleration techniques discussed in section 2.6 offer little hope for 
turning waveform relaxation into a computationally effective procedure. Because of 
the homogeneous coupling between the unknowns, there is no preferential ordering or 
partitioning of the differential equations. The use of windowing and partial waveform 
convergence, in order to restrict the computations to the time-interval where the itera­
tion is doing "useful" work, would lead to the use of small time-windows. As such, this 
would reintroduce the problems related to parallelism and the exploitation of multi-rate 
behaviour encountered when using time-stepping methods. Inaccurate iteration and 
parallel implementation may reduce the cost of each iteration, but they will usually 
not alter the number of iterations. 

3.3 Linear multigrid acceleration 

The convergence of the waveform relaxation method can be accelerated following the 
multigrid idea. The resulting linear multigrid waveform relazation method was first 
published by Lubich and Ostermann in [78], and independently developed in [129,140]. 

We refer to the book by Hackbusch, [44], and the paper by Stiiben and Trotten­
berg, [125], for a detailed analysis of the multigrid method for solving elliptic partial 
differential equations. A quick overview of the basic idea is presented below. 

3.3.1 The multigrid principle 

The multigrid method for solving elliptic partial differential equations differs from other 
iterative techniques in that it uses a set of nested discrete meshes (grids). The grid 
with smallest mesh spacing (the fine grid) is the grid on which one wants to obtain the 
solution, and corresponds to the grid normally considered by single grid methods. The 
efficiency of the method is based on the interplay of fine grid smoothing and coarse grid 
correction. That is, certain error components are attenuated on the fine grid, while 
other components are attenuated on the coarser grids. 

The two-grid method 

Consider a linear elliptic partial differential equation, Cu = f . Discretization on grid 
nh leads to a linear system of equations, 

(3.8) 

Let v h be an arbitrary approximation to the solution uh , and let eh denote the corre­
sponding error, i.e., eh = v h - u h . This error will usually consist of a combination of 
smooth error components (low-frequency Fourier modes) and oscillatory components 
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(high-frequency Fourier modes). Note that the error satisfies the so-called defect equa­
tion given below, where dh is called the defect, 

(3.9) 

Application of a standard relaxation method to update approximation v h usually 
shows a rapid decrease of the error during the early iterations. Soon after, convergence 
slows down and the iteration appears to stall. A Fourier analysis shows that the 
initial phase corresponds to the elimination of the oscillatory error components. Once 
they have been removed eh is a smooth function on nh, and the iteration becomes 
much less effective. Relaxation methods which show such a behaviour are often called 
smoothers. Effective smoot hers are, for instance, the Gauss-Seidel relaxation method 
and the Jacobi overrelaxation method with suitable overrelaxation parameter. 

The smooth error components cannot be removed efficiently by applying further 
relaxation steps. A different technique is called for. If we were able to calculate an 
approximation to eh , this could be used to improve v h . The computation of such an 
approximation is possible based on using the defect equation. Observe that eh , being 
a smooth function on nh, can be represented fairly accurately on a coarser grid nH 
(c nh). This allows the calculation of a coarse grid approzimation eH to the fine grid 
error eh by solving the following equation on nH, 

(3.10) 

Here, LH is a coarse grid discretization of the elliptic operator £, and dH is a coarse 
grid approximation of the defect dh . dH is calculated by applying a restriction operator 
to dh . This is an inter-grid transfer operator which transfers information from a fine 
grid to a coarse grid. It is often denoted by the symbol If!, as e.g. in dH = If! dh , and 
it corresponds to an averaging operator. 

As the number of grid points on nH is usually much smaller than the number of 
grid points on nh, equation (3.10) can be solved much more rapidly than (3.8). For 
instance, with the use of standard coarsening, i.e., H = 2h, the number of grid points 
is divided by four in going from nh to nH (for two-dimensional problems on regular 
grids). The computed coarse grid function eH may then be used to correct the current 
approximation v h , 

v h := vh _ Ij{eH . 

The operator Ij{ is called the prolongation operator. It is an interpolation operator from 
the coarse grid to the fine grid. A Fourier analysis shows that the above procedure 
(defect calculation, coarse grid problem solution, and correction) is very efficient at 
reducing smooth error components, but hardly changes the oscillatory ones. 

The two-grid cycle combines the advantages of the smoothing and coarse grid tech­
niques. It start by applying a number of smoothing steps in order to reduce the high­
frequency error components, and continues by doing a coarse grid correction in order 
to eliminate the low-frequency components. Often, this is followed by some additional 
smoothing in order to further dampen the high frequency errors (possibly reintroduced 
by the coarse grid correction step). 

lucianoaraki@yahoo.com.br



3.3. LINEAR MULTIGRID ACCELERATION 61 

The multigrid method 

The coarse grid problem (3.10) is of similar nature as the original problem, (3.8), 
defined on the fine grid. It can be solved in a similar way, i.e., by introducing a third 
grid, coarser than nH, and by executing a number of two-grid cycles. Extension of this 
idea in a recursive way leads to the multigrid algorithm. This algorithm is defined on 
a nested sequence of grids 

where nhk is the fine grid. The coarsest grid n"" usually consists of very few grid 
points, often only one. Such a grid hierarchy is displayed in figure 3.5. 

In the multigrid method a starting approximation is selected for the fine grid solu­
tion, v,hk, and a procedure like "procedure mgrid" given in algorithm 3.1 is iteratively 
called "mgrid( k, fh k , v,hk )"1, until convergence of the approximation. This procedure is 
completely defined by specifying the grid sequence n"", ... , nhk , the discretized oper­
ators L"', the operators 1:::-1 and 1k:_" the nature of the smoothing relaxations, and 
by assigning values to Ill, 112 and 'Yi. The latter defines the nature of the multigrid 
cycle and the number of times each grid level is visited. A choice of 'Y;=1 leads to 
the V-cycle. 'Yi=2 gives the W-cycle. (When the n""-problem is solved exactly, then 
one can take 'Y1 equal to one instead of equal to two, without any change in numerical 
results.) A third cycle, the F -cycle, does not fit so easily into to above format. Instead, 
an F-cycle on n hi is defined recursively as follows: its coarse grid part consists of an 
F -cycle on n hi- 1 followed by a V -cycle on nhi-l. An F -cycle on n h, is just a V -cycle. 
The three standard cycles are illustrated in figure 3.6. Note that with proper choice 
of parameters the multigrid iteration is rapidly convergent, with a convergence rate 
bounded by a small constant which does not depend on the spatial mesh size. 

Nested iteration or full multigrid 

In order to provide a good approximation for starting the iteration one often implements 
the so-called nested iteration idea. The initial approximation to the fine grid solution 
is then obtained by interpolation of (an approximation of) the solution obtained on the 
next coarser grid. A recursive extension of this idea leads to the full multigrid method, 
see algorithm 3.2 

Remark that the operator ik:_, used in the full multigrid method may be different 

from the operator Ik:_, used in the multigrid procedure. The former is often biquadratic 
or bicubic, while bilinear interpolation mostly satisfies for the latter. The constant 6; is 
a small integer, usually one or two. The full multigrid scheme is illustrated in figure 3.7. 
There we show schemes that apply one V-cycle or one F-cycle per grid level (6i = 1). 

Finally, we recall the following important property. Let N be the number of un­
knowns on the fine grid. With proper choice of parameters the full multigrid method 
calculates an approximation to the solution of an elliptic problem with algebraic error 
smaller than the discretization error in O(N) operations. 

'The variables are considered in the computer science sense, i.e., their value may change during 
the computation. 
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Figure 3.5: A set of nested grids (standard coarsening). 

Figure 3.6: Standard multigrid cycles: V, Wand F. 

Figure 3.7: Full multi grid with 1 V-cycle (left) or 1 F-cycle (right) per grid level. 
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Algorithm 3.1: Multigrid method. 

PROCEDURE mgrid (i,fh;,Uhi ) 

if i=O then solve Lhouho = fho 

else 
- perform Vl smoothing steps. 

- compute the defect: d hi := LhiUh; - fh;. 

- project the defect on nh;-1: fh;-1:= 1:::-1 dh;. 

_ solve on n hi- 1: Lh;-1 Uhi-1 = f hi - 1 : 

repeat 'Yi times mgrid (i_l,fh;-1,uhi- 1), starting with Uh;-1 = 0 . 

- interpolate the correction to nh; and correct: Uh; := uh; - 1~ Uh;-1. 
, .. -1 

- perform V2 smoothing steps. 

endif 

Algorithm 3.2: Full multigrid method. 

solve the coarse grid problem: Lhouho = fho 

for i = 1 to k 
- interpolate the solution on nh;-1 to nhi: 

Uhi .= jhi u hi- 1 . h;-1 . 

- solve the problem on nhi: 

repeat 8, times mgrid(i,fhi,uhi ) . 

endfor 

63 
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3.3.2 Linear multigrid waveform relaxation 

The multigrid principle can be extended to time-dependent problems in essentially 
the same way as the classical relaxation methods are extended. Each of the elliptic 
multigrid operators is replaced by a similar operation defined to operate on functions. 
In this section, we consider the linear equivalent of (3.2), 

~ uh(t) = Lhuh(t) + fh(t) , uh(O) = u~, t> 0 . (3.11) 

The multigrid waveform relaxation operators 

• Smoothing. Pre-smoothing and post-smoothing are performed by applying one or 
more standard waveform relaxation steps. Particularly straightforward is the use of 
Gauss-Seidel relaxation (lexicographic or red/black), or the use of a suitably damped 
Jacobi method (JOR-method). One could also think of using waveform relaxation 
equivalents of the standard line-relaxation methods. 

• Defect calculation. The defect of an approximation i],h to the solution of the 
differential equation is defined as, 

dh := ~ i],h _ Lhi],h - fh . 

This can be elaborated further to get rid of the derivative operator when i],h is an 
iterate of a waveform relaxation process, i.e., when i],h = u(v) for some v > o. Indeed, 
with use of the splitting matrices ph and Qh (_Lh = ph _ Qh), 

dh := ~ u(v) _ Lhu(v) _ fh = ~ u(v) + phu(v) _ fh _ Qhu(v) = Qh(u(V-l) - u(v)) . 

As an example we consider the model problem and the use of the red/black Gauss-Seidel 
smoother. Let vh be equal to U(v-l) _u(v). The defect calculation then corresponds to, 

{ 
i + j even : d~j(t) = I;. (vL,j(t) + Vf.j_l(t) + Vf.j+l(t) + vf+1,j(t)) 

i+j odd: d~j(t)=O 
(3.12) 

Note that in complete analogy to (3.9) the error eh (= i],h - u h ) satisfies a defect 
equation, 

• Restriction. Assume the coarse grid is derived from the fine grid by standard 
coarsening (H = 2h). Let (1, J) and (i,j) be coarse grid and fine grid indices of the 
same physical grid point on a two-dimensional domain. The full-weighting waveform 
restriction operator is defined by the following formula, which we write componentwise 
in stencil notation (see e.g. appendix A), 

[ 
1 2 1 1 H 1 h 

ur,At) = 16 2 4 2 Ui,;(t) , 

1 2 1 

t 2: 0 . (3.13) 
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The injection waveform operator is the simplest of restriction operators, 

(3.14) 

Inbetween is the hal/-weighting restriction, specified below. The formula becomes very 
simple when used to restrict the defect after a red/black smoothing step since the defect 
at the black points vanishes. The resulting formula is given between the brackets. 

(3.15) 

Prolongation. The prolongation formulae are similar to those used in the multigrid 
method for solving elliptic problems, yet the arguments are functions instead of scalar 
values. We do not repeat the bilinear, biquadratic and bicubic interpolation formulae 
here, but refer to [44, Ch. 3.4]. 

A two-grid and multi-grid cycle 

A two-grid waveform relcnation cycle for solving equation (3.11) is stated below. It 
starts with a fine grid approximation, u(v-1), and determines the next iterate, u(v), in 
three steps: pre-smoothing, coarse grid correction, and post-smoothing. 

• Pre-smoothing. Set x(O) = U(v-1). Perform 111 standard waveform relaxation steps, 

• Coarse grid correction. Compute the defect, 

Solve the coarse grid equivalent of the defect equation, 

Interpolate the correction vH to nh , and correct the current approximation, 

xh = x(v,.) - IIivH • 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

• Post-smoothing. Perform 112 more smoothing relaxations of type (3.16), starting 
with x(O) = xh, and set u(v) = X(II2). 

This two-grid cycle can be applied in recursive way to solve the coarse grid problem 
(3.18). This leads to the multigrid waveform relcnation algorithm. This algorithm 
consists of a repeated application of a procedure like procedure "mgm" displayed in 
algorithm 3.3 to an initial approximation of the solution on the fine grid. 
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Algorithm 3.3: Waveform relaxation multigrid. 

PROCEDURE mgm (i,f"',u"') 

if i=O then 
d 

- solve dt uho = Lhouho + fho , e.g., by a standard ODE method. 

else 
- perform Vl smoothing steps. 

_ compute the defect: d"'·- d u'" L'" '" f'" .- dt - u - . 

- project the defect on nh'- 1 : f "'-l .- /"'-ld'" .- '" . 

- solve on n"'-l: :t U"'-l = L "'-1 U"'-l + f"'-l , U"'-l (0) = 0 : 

repeat 'Yi times mgm (i-1,fh'-1 ,uh'-1), starting with U"'-l(t) == 0 . 

- interpolate the correction to nh• and correct: 

- perform V2 smoothing steps. 

endif 

Full multigrid waveform relaxation 

It will be shown later on that the multigrid acceleration solves the problem of the slow 
convergence of the standard waveform relaxation methods. As with solving elliptic 
equations, the problem of selecting a satisfactory starting approximation is addressed 
by considering the nested iteration of full multigrid idea, see Alg. 3.4. 

Note a slight difference in the full multigrid algorithms 3.2 and 3.4. The second 
term in the coarse to fine grid interpolation formula in Alg.3.4 is needed in order to 
satisfy the initial condition, uh·(O) = u~. This "correction" is, of course, not present 
in the full multigrid algorithm for solving elliptic problems. 

A numerical example 

We reconsider the model problem, with a spatial discretization h = 1/32. In figure 3.8 
successive multigrid waveform relaxation iterates are plotted obtained with a multigrid 
V-cycle, one red/black Gauss-Seidel waveform pre-smoothing step, one similar post­
smoothing step, full weighting restriction, bilinear interpolation and a grid sequence 
obtained by standard coarsening down to a coarse grid with mesh size 1/2. The up­
per picture shows the result obtained with multigrid cycling, starting from a constant 
initial profile. The cost of each iterate is about the same as the cost of 8/3 wave­
form Gauss-Seidel steps. The lower picture shows the starting fine grid approximation 
obtained with full multigrid, i.e., before the V-cycle on the fine grid is performed. 
This approximation is computed at the cost of about 8/9 waveform Gauss-Seidel steps. 
Graphically, the subsequent iterates cannot be distinguished from the initial one. 
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Algorithm 3.4: Full multigrid waveform relaxation. 

solve the coarse grid problem: 

d 
dt uho = Lhouho + fho, uho(O) = u:;O . 

for i = 1 to k 
- interpolate the solution on n"'-l to n"': 

u"'(t):= I'" U"'-l(t) + (u'" _I'" U"'-'). 
h._1 0 "'-1 0 

- solve the problem on n"': 
repeat 0, times mgm(i,f"',u"') 

endfor 

Multigrid waveform relaxation, h=1/32 (961 ODEs) 
1.6.------------------.., 
1.5 +-______ v=<l'---'-___________ -I 

1.4 

1.3 

1.2 

1.1 

1 

0.9+--,.-_,-,--r--.--r-~_,r__,-~ 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Full multigrid waveform relaxation, h=1I32 (961 ODEs) 
1.6.------------------.., 

1.5 

1.4 

1.3 

1.2 

1.1 

0.9+--.--.-.--,--,--.-.---.--.--1 
0.1 0.2 0.3 0.4 0.5 0 .6 0 .7 0.8 0.9 

67 

Figure 3.8: Successive multigrid and full multigrid waveform relaxation iterates U(II)(t), 
t E [0,1] for h = 1/32. Only the component at the center of the domain is shown. 
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3.4 Convergence analysis 

The analysis of linear multigrid waveform relaxation is qualitatively very similar to the 
analysis of section 2.5. The only change in most formulae is the replacement of the 
matrix K(z) by a different matrix M(z). 

3.4.1 Continuous-time convergence analysis 

The continuous-time two-grid waveform relaxation operator 

Let e("') be the error of the II-th waveform relaxation iterate, i.e., eH =u("'Luh • Denote 
by e("')(z) its Laplace-transform, where z is the complex Laplace-transform variable. 
Laplace-transforming the equations of the two-grid cycle2 , (3.16) to (3.19), one can 
derive the relation: 

with { 
M(z) = 

S(z) = 

e("')(z) = M(z) e( ... -l)(z) , 

SI'2(z) (I - I:HzI - LHt1 If!(zI - Lh)) S"'(z) 

(zI + p h)-lQh 

(3.20) 

(3.21 ) 

By considering the inverse Laplace-transform it follows that there is a linear convolution 
operator M, such that e("') 0:= Me( ... -l) ([78, eq. (2.6)]), with 

Mx(t) = m*x(t):= l m(t - s)x(s)ds, t > O. (3.22) 

Its kernel m is defined via its Laplace-transform, which equals M(z). 

Remark 3.4.1 When (p\Qh) is a Gauss-Seidel splitting, then M(z) corresponds 
to the two-grid operator for solving the following (complex) elliptic partial differential 
equation: zvh - Lhvh = gh ([78, p. 220]). 

Remark 3-4_2 As in [78, eq. (2.9)] we require that the entries of the matrix M(z) are 
rational functions of z vanishing at infinity, with poles having a negative real part. 

Note that the remark ensures the continuity of m(t), t ~ 0, and the boundedness of 
M in any Lp(JR+)-space. The condition is easily satisfied when Lh and LH are derived 
by spatial discretization from an elliptic operator, and 111 + 112 ~ 1. 

Finite-interval analysis 

The next theorem is the multigrid equivalent of theorem 2.5.5. Its validity follows from 
a general functional analysis result, which states that the spectrum of a linear Volterra 
convolution operator with continuous kernel equals the singleton {O}, see e.g. [70, p. 
33]. For the reader's convenience we outline an elementary proof. 

Theorem 3-4.1 Consider M as an operator in the space of continuous functions 
equipped with the mazimum norm. Then p(M) = O. 

2Throughout this section we assume a linear con!tant-coefficient parabolic problem, i.e, Lh and 
LH are time-independent matrices. 
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Proof. Since M is a bounded operator, we may apply property 2.5.1 to calculate its 
spectral radius. Let :z: be in C([O, Tjj (Vi). Note that M:z:(t) is continuous. Since 
the vector-norm of a continuous vector-valued function is continuous, it follows 
that II :z:(t) II and II M:z:(t) II are continuous. 

Consider the following bounds, 

II M:z:(t)II=lIlm(t-s):z:(s)ds 11:5 II m liT l1ds 1I:z:IIT=lImIiTt 1I:z:IIT· 

II M 2:z:(t) 11=11 rt m(t-s)M:z:(s)ds 11:5 II m II~ rt sds 1I:z: liT = II m II~; 1I:z: liT Jo Jo 2. 
By induction one can prove that 

Maximizing over [0, Tj in left- and right-hand side we get, 

Thus, by definition of the operatornorm, Def. 2.5.2, 

Taking the limit n -+ 00 in the equation of property 2.5.1 proves the claim. 0 

Infinite-interval analysis 

The multigrid waveform analogues of theorems 2.5.6 and 2.5.8 are given below. The 
first equality of each theorem is proven in [78, p. 220j. The second equality follows from 
the fact that p(M(z» and II M(z) II are analytic in a set containing the complex right 
half-plane, and by application of the maximum principle. 

Theorem 3.4.2 Assume the condition in remark 3.4.2 satisfied, and consider M as 
an operator on Lp(IR+j evI) with 1 :5 p :5 00. Then, 

p(M) = sup p( M(z» = max p( M(ie}), with i = v'-I . (3.23) 
Re(z)~O tEll 

Theorem 3.4.3 Assume the condition in remark 3.4.2 satisfied, and consider M as 
operator on L 2(IR+j evI). Then, 

II M 112= sup II M(z) 11= max II M(ie) II . 
Re(z)~O tEll 

(3.24) 

Corollary 3.4.4 The spectral radius and the norm of the continuous-time two-grid 
waveform rela:z:ation operator are bounded by the spectral radius resp. norm of the cor­
responding elliptic two-grid operator, 

p(M) ~ p(M(O» and II M 112 ~ II M(O) II . (3.25) 
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Table 3.2: Model problem bounds for the spectral radius and the norm of M. 

11 II 1 2 3 4 5 

p{M) 0.25 0.162 0.129 0.111 0.098 

11M 112 - 0.437 0.378 0.345 0.322 

The above theorems show that the spectral radius and the norm of M are determined 
by maximizing the spectral radius and the norm of M{z) over the imaginary axis. This 
is a calculation that is amenable to a model problem analysis, as was demonstrated by 
Lubich and Ostermann in [78, p. 224]. There, the two-grid waveform relaxation cycle 
for the one-dimensional heat equation is analysed, with central differencing on a mesh 
with spacing h, standard coarsening, red/black smoothing, full-weighting and linear 
interpolation. The authors derive a bound for p{M{z)) (Re{z) ~ 0), 

p{M{z)) ~ ~1{1:S)2 ... 1 with s=zh2/2 and 1I=1I1+112~1. (3.26) 

They find that the maximum in (3.23) is attained in a point ie with e "V 1/h2. 
The model problem analysis leads to two properties, [78, p.223, p.225], which 

bound the spectral radius and norm of the two-grid operator. Table 3.2 displays the 
values of these bounds for different 11. It is conjectured in [78] that these bounds also 
hold in the case of the two-dimensional heat equation. 

Property 3.4.5 The spectral radius of the infinite-interval two-grid iteration operator 
for the one-dimensional heat equation with red/black Gauss-Seidel smoothing satisfies, 

p{M) ~ ~VT/{211 - 1) (3.27) 

with 11 = 111 + 112 ~ 1. This is the best possible bound independent of h. 

Property 3.4.6 The norm of the infinite-interval two-grid iteration operator for the 
one-dimensional heat equation with red/black Gauss-Seidel smoothing satisfies, 

(3.28) 

3.4.2 Discrete-time convergence analysis 

The discrete-time two-grid waveform relaxation operator 

Let each of the equations (3.16) to (3.19) be discretized with the same k-step linear 
multistep method using the same constant step-size, T. Assume k starting values 
supplied. Let erl denote the error of the II-th discrete two-grid waveform iterate. A 
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Z-transform analysis then proves the existence of a discrete convolution operator M .. , 
such that er) = M .. er-1), with, 

n 

(M .. x .. )n = (m .. * X .. )n := Lmn-;x;, n;::: 0 . 
;=0 

The kernel m .. is defined via its Z-transform, [78, eq. (6.8d)], 

00 • 1 a 
Lm;z-' = M(--(z)). 
;=0 T b 

Finite-interval analysis 

(3.29) 

The following theorem can be proven in a similar way as theorem 2.5.9 by using linear 
algebra arguments. Instead, we choose to follow the lines of a proof (for theorem 2.5.9) 
given by Nevanlinna in [89, p. 539]. As in section 2.5.4, QA: and (3A: denote the coefficients 
of the highest order term in the characteristic polynomials a(e) and bee). 
Theorem 3.4.7 Assume none of the poles of M(z) is equal to ~~, and let the number 
of time-steps, N, be finite. Then, 

(3.30) 

Proof. Since M .. is a linear operator in a finite-dimensional space, its spectrum con­
sists of eigenvalues only. We prove that its spectrum is equal to the spectrum of 
the matrix M(~~). To this end, we first prove that u(M .. ) c u(M(~~)). 
Let (>.,x .. ) satisfy M .. x .. = >,x .. , with x .. = {xd~o not identically zero, 

n 

(M .. x .. )n := Lmn-;x; = >'xn , n = 0, ... , N . 
;=0 

Let Xn be the first non-zero element of the sequence x... Then, 
n 

L mn-;x; = mOXn = >,xn . 
;=0 

Thus>. is an eigenvalue of mo, which we calculate by taking the limit in (3.29), 
00 

mo = lim" m;z-; = lim M( l~(z)) = M( l~) . 
.1--+00 L.J .1-+00'" U T ,.,11 

;=0 

Conversely, we prove that any eigenvalue of M( ~ ~) is also eigenvalue of M ... 
Let (>.,x) satisfy M(~~)x = >.x with x =F 0, and consider the 'N+l'-element 
vector x .. = [0 0 ... 0 xlt. Then, it follows that M.,.x .. = >,x .. , since, 

( ) ~ {o n = 0, ... , N - 1 
M'Tx'T n = L.J mn-iXi = 

;=0 >.x n = N 

Therefore, u(M .. ) = u(M(~~)) , and the claim (3.30) follows. o 

Remark 3.4.3 The spectral radius is independent of the number of time-steps. 
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Infinite-interval analysis 

The first part of the following theorem is proven in [78, p.229]. The second part, eq. 
(3.32), follows by the maximum principle. 

Theorem 3.4.8 Suppose all of the poles of M(z) are in the interior of the scaled 
stability region ~S, and consider M.,. as an operator in l,,(IN) with 1 ::; p ::; 00. Then, 

or, 

p(M.,.) = sup{p(M(z)) : rz E (1;'\ intS} , 

p(M.,.) = maxp(M(l~CO)) = maxp(M(z)). 
lel=1'" nEBS 

(3.31) 

(3.32) 

Corollary 3.4.9 The spectral radius of the discrete-time two-grid waveform relazation 
operator is bounded by the spectral radius of the corresponding elliptic two-grid operator, 

p(M.,.) ~ p(M(O)) (3.33) 

Bounds on the spectral radius of the infinite-interval operator may be derived by 
taking properties of the stability region into account. An important case is considered 
in the next theorem, [78, p.229]. 

Theorem 3.4.10 If the linear multistep method is A(o:}-stable, then, 

p(M.,.)::; sup p( M(z)) = max p( M(z)) , 
zEEw_ a zE8Ey_ a 

(3.34) 

with the sector E,..-a = {z : Jarg zJ ::; 7r - o:} U {O} . This is an optimal bound which 
holds without restriction on the ratio r / h2 • 

Corollary 3.4.11 If the multistep method is A-stable then p(M.,.)::; p(M), where M 
is the waveform operator on (0,00). 

Note that similar relations hold for the operator norm. 
The corollary can be used for completing the model problem analysis in the case 

of the trapezoidal rule and the BDF(I) and BDF(2) time-discretizations. Indeed, it 
follows that the bounds (3.27) and (3.28) also hold for the discrete-time iteration. In 
the case of a discretization with an A( 0: )-stable method, the right-hand side of formula 
(3.34) is to be determined. This requires finding the maximum of p(M(z)) over two 
half-lines in the complex plane. From the inequality in theorem 3.4.10 it follows that 
the bound is an increasing function for decreasing 0:. Consequently we may expect 
convergence to be slower with increasing order of the BDF-method. 
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3.5 Experimental results 

To start with, we reconsider the model problem, i.e., the two-dimensional heat equation 
defined on the unit square with initial values and Dirichlet boundary conditions chosen 
in such a way that the solution is equal to, 

u(t, x, y) = 1 + sin(7rX/2) sin(7ry/2)e-""1/2 . 

We shall apply the multigrid waveform relaxation method to this problem for different 
values of the spatial mesh size h and with different time-integration formulae using 
a constant, global time-step 7 . The parameters are as follows: red/black smoothing, 
full-weighting restriction, bilinear interpolation, standard coarsening down to a coarse 
grid with mesh size h=0.5 (i .e., the coarse grid problem consists of a single ODE). 

Figure 3.9 displays the evolution of the maximum norm (II . 11(0) of the algebraic 
error as a function of the iteration index. The lines correspond to different multigrid 
cycles. For instance, "W(2,1)" denotes the use of W-cycles with 2 pre-smoothing 
steps and 1 post-smoothing step. The very constant decrease allows the calculation 
of precise convergence factor values, see table 3.3. Similar factors for other linear 
multistep methods are given in table 3.4. Note that p increases, indicating slower 
convergence, when the order of the BDF method increases. This was to be expected 
from theorem 3.4.10, and the knowledge that the BDF methods are A(o:)-stable with 
0:=90° (BDF(l), BDF(2)), 0:=88° (BDF(3)), 0:=73° (BDF(4)), and 0:=51° (BDF(5)). 

error 
100 

10- 1 

10-1 

10-3 

10--< 

IO-s 

10-" 

10- 1 

10-'1 

10-9 

10- 1• 

10-" 
0 

discrelizalion: h = 1/64 

2 3 4 

A : WR Ve1.l ) 

B: WR V(2.1) 

C: WR wel.l) 

D: WR W(2.1) 

5 6 7 8 
i leralion index 

Figure 3.9: Maximum algebraic error of successive multigrid waveform relaxation iter­
ates (h=1/64, 7=1/100,100 time-steps, trapezoidal time-discretization) . 
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Table 3.3: Averaged convergence factor (h == 1/64, T == 1/100, trapezoidal rule). 

I II V(l,l) V(2,1) W(l,l) W(2,1) I 
I p II 0.115 0.079 0.060 0.043 I 

Table 3.4: Multigrid waveform V(l,l)-cycle averaged convergence factors for different 
linear multistep methods (h == 1/32, T == 1/200, 200 time-steps). 

I II C.-N. BDF(l) BDF(2) BDF(3) BDF(4) BDF(5) I 
I p II 0.11 0.10 0.10 0.11 0.23 0.83 I 

Averaged time-level convergence factors, fJk, are depicted in figure 3.10 (V(l,l)­
cycle, h == 1/32, Pic averaged over 5 iterations). They are qualitatively similar to the 
ones observed in figure 3.3. Quantitatively, they are, of course, much smaller. The 
iteration at the first time-level converges the fastest; there is a plateau, extending to 
infinity, with constant convergence factors, and there is a region of intermediate values 
inbetween. When the time-window is sufficiently large, the measured convergence 
factor p corresponds to the value that is dictated by the infinite-interval analysis. 

The experiment with 500 time-steps clearly shows that the numerical characteristics 
of the multigrid waveform relaxation method do not deteriorate as the length of the 
integration window or the number of time-steps increases. 

Below we consider the model problem with an oscillatory function f( t, x, y) added 
to the right-hand side of the partial differential equation. This function is chosen in 
such a way that the analytical PDE solution equals, 

u(t,x,y) == x(l- x)y(l- y) sin(75t) . 

For this problem the convergence behaviour of the algorithm is not as "straight-lined" 
as the behaviour shown in figure 3.9. This is illustrated in table 3.5. The iteration 
convergence factor, (3.6), starts off low, and gradually increases before stabilizing. 

From the discrete-time finite-interval analysis in section 3.4.2 we know that eventu­
ally p(v) should decrease again towards its finite-interval asymptotic value, (3.30). The 
latter is equal to the time-level convergence factor of the first time-level. However, this 
behaviour is usually not observed in the experiments. The number of iterations before 
convergence in finite-precision arithmetic (in casu, error ~ 10-16 ) is usually too low 
to attain this asymptotic convergence rate, especially when the time-window is large. 
The decrease is visible though when the interval of integration is very small. Most 
time-levels are then in the region of intermediate time-level convergence factors. 

Tables 3.6 and 3.7 report averaged convergence factors obtained with different values 
of hand T, a constant number of time-steps equal to 100, and the use of the trapezoidal 
and BDF(2) time-discretization. It can be seen that for a constant h, a constant number 
of time-steps and for decreasing T, the convergence factor starts off relatively low; it 
then increases and attains a maximum (plateau), before decreasing again. The value 
of T for which this maximum is first attained decreases with decreasing h. 
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Figure 3.10: Averaged time-level convergence factors plotted for each time-level in the 
time-window [0,5], for different values of the time-increment . (multigrid V(l,l)-cycles, 
h = 1/32, trapezoidal rule) 
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Table 3.5: Iteration convergence factors p(v), (3.6), of successive multigrid waveform 
W(l,l)-cycle iterates (trapezoidal rule, h = 1/16, T = 1/100, 100 time-steps). 

1 3.72e-2 4 8.34e-2 7 1.38e-1 10 1.42e-1 

2 4.44e-2 5 1.14e-1 8 1.3ge-1 11 1.43e-1 

3 5.90e-2 6 1.32e-1 9 1.41e-1 12 1.41e-1 

Table 3.6: Averaged convergence factors for multigrid waveform relaxation W(l,l)­
cycle as a function of hand T (trapezoidal rule, 100 time-steps). 

I h, T II 0.04 I 0.02 I 0.01 I 0.005 I 0.0025 I 0.001 I 0.0005 I 0.00025 I 
1/8 0.11 0.11 0.10 0.10 0.10 0.07 0.05 0.04 

1/16 0.12 0.13 0.14 0.14 0.14 0.14 0.14 0.11 

1/32 0.08 0.08 0.14 0.15 0.15 0.15 0.15 0.15 

1/64 0.06 0.06 0.09 0.12 0.14 0.15 0.15 0.15 

Table 3.7: Averaged convergence factors for multigrid waveform relaxation W(l,l)­
cycle as a function of hand T (BDF(2), 100 time-steps). 

I h, T II 0.04 I 0.02 I 0.01 I 0.005 I 0.0025 I 0.001 I 0.0005 I 0.00025 I 
1/8 0.06 0.06 0.09 0.10 0.10 0.07 0.04 0.02 

1/16 0.06 0.06 0.06 0.07 0.11 0.13 0.14 0.11 

1/32 0.06 0.06 0.06 0.06 0.06 0.10 0.12 0.14 

1/64 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.10 

An explanation of this behaviour is given below. But first, recall the relation 
between the Laplace-transforms of successive errors, (3.20). Asymptotically, any "fre­
quency" component of the initial error (i.e., any e(O)(z)) converges with the corre­
sponding convergence factor p(M(z)). The maximum of this factor is found for a 
"high-frequency" z on the imaginary axis. Consider a constant value of h . 

• When T is sufficiently large, we can apply the property lirn.,.-<oo p(M ... ) = p(M(O)), 
see e.g. also section 3.2.3. That is, the convergence is essentially similar to that of the 
elliptic multigrid iteration. Intuitively, we could argue that the high frequency compo­
nents where the maximum of p(M(z)) is found, cannot be represented adequately on 
the discrete mesh. The convergence factor more closely corresponds to the convergence 
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factor of the low-frequency components. It is as if the maximum in (3.23) is found at 
the origin instead of at a point ie further away on the imaginary axis . 

• For smaller T-values higher frequency components can be represented; p increases, 
and finally reaches a maximum which is not further changed with decreasing T (at least, 
if time-windows are assumed that are much longer than the region of intermediate time­
level convergence factors). The measured value of the convergence factor corresponds 
to the value predicted by the continuous-time infinite-interval analysis . 

• When T decreases further while the number of time-levels remains constant (as 
is the case for the results in the tables), p will start to decrease. As the time-window 
gets shorter and shorter, every time-level will eventually be located in the region of 
intermediate time-level convergence factors. 

In the model problem analysis it was shown that the maximum in (3.23) is found 
for a value of z = ie '" i/h2. That is to say, the smaller the spatial mesh size, the 
higher the frequency of the error component which dictates the asymptotic convergence 
rate. Consequently, with decreasing h it will take a smaller T to represent the slowest 
converging error component. 

Observe that for a given hand T the waveform method with BDF(2) discretization is 
more rapidly converging than the one with the trapezoidal rule. This can be understood 
from the size and the shape of the stability regions together with theorem 3.4.8. 

The model anisotropic problem 

We consider the model anisotropic problem, with given initial value and with constant 
Dirichlet boundary conditions, 

8u 82u 8 2u 
8t = E 8x2 + 8y2' with u(O, x, y) = 1 + sin( 7rX/2) sin( 'Try /2) . (3.35) 

It is known that standard multigrid with pointwise red/black Gauss-Seidel relaxation 
does not perform satisfactorily for the model elliptic anisotropic problem when E ~ 1 
or E ~ 1. Since the spectral radius of the waveform multigrid operator is bounded by 
the spectral radius of the elliptic multigrid operator, i.e., p(M) ~ p(M(O)), we may 
expect a similar performance degradation. This is confirmed by the numerical results 
given in table 3.8. 

Table 3.8: Multigrid waveform V(1,l)-cycle convergence factors for the model 
anisotropic problem (h = 1/32, T = 0.01, trapezoidal rule, 100 time-steps). 

1 E 11 10- 4 10-3 10-2 0.1 0.5 1 2 10 102 103 104 

1 P II 0.978 0.974 0.934 0.660 0.213 0.116 0.213 0.661 0.935 0.974 0.978 
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A model convection-diffusion problem 

Finally, consider the following model convection-diffusion problem, 

(3.36) 

defined on the unit square n = [0,1] X [0,1], with Dirichlet boundary conditions, 

u(z,l,t)=u(O,y,t)=u(l,y,t)=O and u(z,O,t)= 5sin(n)sin(t) . 

The problem is discretized by using central differences for the diffusion terms and stable 
upwind differences for the convective part, i.e., 

(au) . . '" Ui,i(t) - Ui-1,i(t) d (au) .. '" Ui.;(t) - UiJ-1(t) 
oz"'- h an oy'''- h 

It is well-known that the standard multigrid method with pointwise red/black 
smoothing performs badly as a solver for the corresponding elliptic problem if ~ <:: I, 
see, e.g., [44, p. 220]. The situation is remedied in the elliptic case by using a pointwise 
lezicographic Gauss-Seidel smoother in which the update ordering of the grid points 
depends on the coefficients of the first order derivatives ~ and :;. In this particular 
case a good smoother would update the grid points from left to right and bottom to 
top. Numerical results displayed in table 3.9 show that the convergence behaviour of 
the waveform algorithm is similar. Note that the lexicographic smoother becomes a 
direct solver in the limiting case of ~ equal to zero. 

Table 3.9: Multigrid waveform V(l,l)-cycle convergence factors for the model 
convection-diffusion problem with pointwise red/black and lexicographic smoothing 
(h = 1/32, T = 0.025, trapezoidal rule, 40 time-steps,). 

10-1 10-2 10-3 10-4 10-5 

PRB 9.4 10-2 1.4 10-1 2.0 10-1 2.4 10-1 4.210-1 5.010-1 5.210-1 

hEX 1.4 10-1 1.6 10-1 2.0 10-1 1.0 10-1 8.110-2 1.110-4 1.310-6 

3.6 Nonlinear multigrid waveform relaxation 

A multigrid waveform relaxation algorithm for solving nonlinear parabolic problems can 
be derived from the well-known multigrid full approzimation scheme (FAS), which is a 
standard multigrid method for solving nonlinear elliptic partial differential equations 
introduced by Brandt, [9]. The basic equations of the FAS-method for solving elliptic 
problems are briefly recalled below. The waveform extension was first described in our 
paper [140], and more elaborated numerical results were reported in [135, 136]. 

lucianoaraki@yahoo.com.br



3.6. NONLINEAR MULTIGRID WAVEFORM RELAXATION 79 

The FAS method for elliptic problems 

Consider a nonlinear elliptic problem C( u) = f. Discretization leads to a nonlinear 
system of equations, 

(3.37) 

Let v h be an approximation to the solution, and let eh be the corresponding error, 
eh = vh - uh . This error satisfies a nonlinear defect equation, 

(3.38) 

The FAS two-grid cycle is composed of similar steps as the two-grid cycle for solving 
linear problems. First, a few relaxation steps are executed with a standard nonlinear 
relaxation method (e.g. nonlinear Gauss-Seidel). Their effect is to dampen the high 
frequency components of the error. Secondly, a coarse grid approximation to eh is 
calculated by solving a coarse grid equivalent of the defect equation. In [9], it is 
suggested to use the following equation, 

LH(vH) _ LH(vH _ eH) = dH , with vH = If!vh and dH = If!dh . 

The operators If! and If! are two possibly different restriction operators. The coarse 
grid equation may be rewritten into the usual format of equation (3.37), 

(3.39) 

Having solved this equation for uH , one can correct approximation vh as follows, 

(3.40) 

This coarse grid step, which dampens the smooth error components, is usually 
followed by some more post-smoothing nonlinear relaxation steps. 

The convergence behaviour of the FAS two-grid cycle, and of the corresponding FAS 
multigrid and FAS full multigrid methods is very similar to that of the linear multigrid 
method. Convergence is usually very fast, and the convergence factor is bounded by a 
value which is independent of the spatial mesh size. 

The waveform relaxation FAS method 

The waveform FAS method uses the same building blocks, e.g., restriction and inter­
polation operators, as the linear multigrid waveform relaxation method. The two-grid 
FAS waveform rela:cation cycle for solving the nonlinear ODE system (3.2) derived 
by the numerical method of lines is stated below. It can easily be derived from the 
corresponding FAS method for solving elliptic problems. The algorithm starts with 
a fine-grid approximation, vh , which is updated to provide the next iterate in the 
standard three steps: pre-smoothing, coarse-grid correction, and post-smoothing. 

• Pre-smoothing. Perform VI nonlinear Gauss-Seidel waveform relaxation steps 
(lexicographic or red/black). Note that the ordinary differential equations need not 
be solved exactly. The use of a waveform relaxation Newton method (section 2.3) with 
a single Newton linearization will usually be sufficient. 
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• Coarse grid correction. Project the current approximation, v\ onto the coarse 
grid nH by using a restriction operator If!, 

vH = If!vh . (3.41) 

Calculate the right-hand side fH of the coarse grid problem, 

fH = .!!:..-vH _LH(vH) - If!('!!:"-vh-Lh(vh)-fh). 
dt dt 

(3.42) 

The restriction operator If! may be different from operator If!. However, in order 
to avoid the derivative calculation in (3.42) the use of the same operator may be 
advantageous. Indeed, in that case the two derivatives cancel out. 

Solve the following coarse grid initial value problem defined on nH , 

(3.43) 

Calculate the correction. Interpolate the correction to the fine grid by using a waveform 
prolongation formula, and correct the current fine grid approximation, 

(3.44) 

• Post-smoothing. Perform 112 more smoothing relaxations, e.g., again by nonlinear 
Gauss-Seidel waveform relaxation. 

This FAS two-grid cycle may be applied recursively to solve the coarse grid initial 
value problem. This eventually leads to the multigrid full approzimation scheme wave­
form relazation method. The algorithm is a straightforward adaptation of algorithm 
3.3 and therefore not repeated here. Note that the algorithm gives identical results as 
the linear multigrid waveform relaxation method when applied to a linear parabolic 
problem. 

Numerical examples are given in chapter 8. The convergence factors reported there 
are very similar in magnitude to the ones given in the previous section. 

3.7 A multigrid method on a space-time grid 

Multigrid waveform relaxation is a continuous-time iterative method. It can be defined 
without mention of a time-discretization technique. Actual time-levels and discretiza­
tion formulae are to be selected only when one starts implementing the method. In 
the discrete-time analysis of section 3.4.2 we considered the case of using global and 
constant time-steps. Each function is discretized on the same set of time-levels, be it 
a function on the fine grid, or on the coarse grid. Although the method is certainly 
not limited to such an approach, we shall argument in the present section that such a 
discretization arises in a very natural way. 

Consider the following anisotropic elliptic partial differential equation defined on a 
two-dimensional domain in (x, y)-space, 

cPu 82u 8u 
- 8x2 - € 8y2 + 8y = f, with € ~ 1 . (3.45) 
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In the limiting case, i.e., for f = 0, this equation becomes the one-dimensional parabolic 
heat equation. Let the problem be discretized on a regular spatial grid nh •• ,." with mesh 
size h", in the x-direction and hy in the y-direction. Multigrid operators for solving this 
anisotropic elliptic problem are selected as follows. 

A factor f which is either very small f ~ 1 or very large f ~ 1 in an operator 
like - ~:~ - f~;; disturbs the smoothing characteristics of the pointwise relaxation 
smoothers. For instance, when f is very small highly oscillatory error components in 
the y-direction are hardly changed by a pointwise smoothing method; only errors in 
the x-direction are smoothed. The standard remedy is to use either x-line smoothing, 
or semi-coarsening, [44, p. 202, p.226]. The former approach is a blockwise relaxation 
method, in which the equations corresponding to a grid line extending in the x-direction 
are grouped during relaxation. In the latter approach a standard pointwise smoother 
can be used, yet the mesh is only coarsened in the x-direction. The mesh spacing in 
the y-direction is kept unchanged. The coarse grid is then given by n2h •• h y. Semi­
coarsening is illustrated in figure 3.11. When semi-coarsening is used the restriction 
and prolongation operators should be altered correspondingly. In particular, one can 
use operators of which the stencils extend in the x-direction only. These are standard 
inter-grid operators for one-dimensional elliptic problems. 

fine grid 
~-4jl--l,l---<,}-Ij)--Q--<,}-Ij)-1i> 
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0-Ql--GJ--<9--Ql--GJ--<il--Ql-{I) 
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~ - 'i'- <;>- -? -'i'- <;>- -? -'i' - ~ 
~ - ~- -9- -4- -~- -9- -4- -~ - Q 
I I I I I I I I I 

@-Iil--GJ--<9--Iil--GJ--<il--Iil-{I) 
I I I I I I I I I 

~-~- ~-? -~- ~ -?-~-~ 

+3
~-~--9--4--~-4--4--~-Q 
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~ -0- -0- -0- -0- -0- -<!). -0- 0 

x 

coarse grid 
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I I I I I I I I I 

CD- - + - -0- -I- -Q)- ~- -<&- - ... --4D 
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(i).-+- -0--1- -Ei}- .... - -G- - t--€) 
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Figure 3.11: Semi-coarsening: fine grid nh •• hy and coarse grid n 2h •• hy . 

The first order derivative term ~~ is handled by backward differencing, i.e., only 
information from smaller y-values is used. Central differencing is avoided for reasons 
of stability. For adequate damping of errors a smoothing scheme is followed which pro­
ceeds from low y-values to high y-values. Possible smoot hers are, e.g., x-line smoothing 
from bottom to top, or lexicographic pointwise Gauss-Seidel smoothing from the left 
to the right and from bottom to top. Also y-line smoothing may be used. 

For the above anisotropic problem a suitable combination of a coarsening strategy 
and a smoother is to be found. It should take the effect of both the factor f and the 
term ~~ into account. Two natural selections are as follows: 

• standard coarsening combined with x-line smoothing from bottom to top, 
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• semi-coarsening combined with a smoothing process from bottom to top. 

In the limiting case of f = 0, the anisotropic problem becomes the model parabolic 
problem. The variable y acts as the time-coordinate t, and hl/ becomes the time­
increment T. The discrete mesh is then called a space-time grid. The x-line smoother 
in the first variant becomes a direct solver. In fact, the first variant is then a standard 
time-stepping scheme corresponding to the backward difference approximation used 
for the first order derivative term. Consider the second variant with y-line smoothing. 
In this case the multigrid procedure is i~entica.l to the discretized multigrid waveform 
relaxation method! The calculation of the discrete solution to the ordinary differentia.l 
equation at a grid point corresponds to the calculation of a "line" of y-va.lues. In addi­
tion, the waveform restriction and prolongation operators, which operate in the spatial 
direction only, are identical to the restriction and prolongation operators used with 
semi-coarsened meshes. Semi-coarsening combined with a smoothing process which 
proceeds time-level per time-level from low y-values to high y-va.lues corresponds to 
the so-called parabolic multigrid method with sequential smoothing developed by Hack­
busch in [43] and theoretically analysed for a model problem by Burmeister in [13]. In 
many cases their sequential smoothing procedure is identica.l to the y-line relaxation 
smoother. Then, the parabolic multigrid method becomes identical to the discretized 
multigrid waveform relaxation method, at least when the latter uses constant and globa.l 
time-steps. The theory surveyed in the current chapter is then immediately applicable 
to parabolic multigrid. 

3.8 Concluding remarks 

The multigrid acceleration of the standard waveform relaxation methods has proven to 
be rapidly convergent with typical multigrid convergence factors. An accurate starting 
approximation on the fine grid is obtained by using the nested iteration idea. The 
resulting full multigrid method finds an accurate approximation to the solution of the 
parabolic partial differential equation with minimal effort. In the case studies of chapter 
8 it will be shown that one V -cycle at each spatial grid level is often satisfactory. 

Note that we have not yet discussed the arithmetic complexity of the method, 
nor any parallel implementation issues. In addition, in order to assess the real com­
putational effectiveness of the method we have to compare the multigrid waveform 
algorithms with standard time-stepping methods. This discussion is postponed until 
chapter 7, with many examples following in chapter 8. First, we shall consider the 
extension of the waveform relaxation idea to time-periodic problems (chapter 4), and 
present a detailed discussion of parallel computing issues (chapters 5 and 6). 
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Chapter 4 

Waveform Relaxation for Solving 
Time-Periodic Problems 

Nothing is as practical as a good theory. 

- G. Dahlquist 

If we were to wait for convergence proofs and error estimates for the new methods, 
most of the computers now in use in technology and industry would come grinding to a halt. 

-R. Richtmyer 

We extend the applicability of waveform relaxation and discuss its use for solv­
ing time-periodic non-autonomous ordinary and partial differential equations. The 
convergence characteristics of both the continuous-time and the discrete-time time­
periodic iteration are analysed. It is shown that the convergence of the method is 
intimately related to the convergence of the corresponding initial value waveform re­
laxation method. The multigrid acceleration is discussed. Finally, an algorithm based 
on a modified shooting method is given for solving autonomous periodic problems. 

4.1 Introduction 

In this chapter, we consider parabolic partial differential equations, 

{
au 
at (t, x) = ,C( u( t, x)) + f( t, x) (t, x) E [0, T] x 11 

B(u(t,x))=g(t,x) (t,x)E[O,T]xa11 
( 4.1) 

where the standard initial value condition is replaced by a T-periodicity condition, 

u(O,x) = u(T,x), x E 11. ( 4.2) 

The constant T is called the period of the solution. We shall usually assume that T is 
the smallest strictly positive number for which (4.2) is satisfied (unless u is function 
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constant in time in which case (4.2) is satisfied for any T). As before, .c(.) denotes a 
possibly nonlinear and time-dependent uniformly elliptic operator; 8(.) is a boundary 
operator, and n is the compact spatial domain. It is often convenient and, actually, 
common practice to extend the domain of the operators .c(.) and 8(.), and of the 
functions u, f and g, by T-periodicity from [0, T] to the whole of JR, for instance, 
f(t) = f(t + T), t E JR. The T-periodicity condition (4.2) is then replaced by an 
equivalent condition, 

u(t,x) = u(t + T.x), (t,x) E JR x n . (4.3) 

The above problem is called a time-periodic or T-periodic parabolic partial dif­
ferential equation. If .c(.), 8(.), f and 9 are independent of the time-variable t, the 
problem is called autonomous. In that case the value of T is unknown and has to 
be calculated in addition to the periodic solution u. Most of this chapter will deal 
with non-autonomous problems, for which T is known a-priori. Furthermore, we shall 
usually assume that a solution exists and that it is locally unique. Explicit conditions 
that guarantee existence and uniqueness are studied elsewhere, e.g. in [107, 124]. 

Time-periodic differential equations govern the evolution of many systems arising 
in the physical, biological and social sciences. Consider the oscillations of electrons, 
heartbeats, vibrations of aircraft wings, the dynamics of economic crises, pulsation of 
stars, and even certain models of the universe [107, p.86]. The diverse nature and 
importance of these problems explain the great number of papers and works devoted 
to this subject. We present a number of examples. The (harmonic) steady-state 
solution of the one-dimensional heat equation with time-periodic boundary conditions 
is calculated in [126] by Tee and in [95, 96] by Osborne. In [112, 113], Schippers 
studies the rotating flow due to an infinite disk performing torsional oscillations at a 
given angular velocity. This problem is described by the Navier-Stokes equations. By 
means of the von Karman similarity transformation these equations are reduced to a 
time-periodic system of parabolic PDEs. In [124], Steuerwalt considers the temperature 
distribution in a long wire which is stretched across the face of a periodically pulsating 
meson beam. The same problem is also studied by Hackbusch in [41]. 

Various techniques for solving time-periodic problems have appeared throughout the 
literature. We briefly recall these methods in section 4.2 as they will later be compared 
to a new time-periodic waveform relaxation algorithm. The latter was introduced in 
the papers [130, 137] for linear problems, and in [136] for nonlinear problems. We 
briefly review the algorithm in section 4.3. A rigorous convergence analysis of the 
continuous-time algorithm is presented in section 4.4. The analysis is based on [139]. 
We show that the convergence of the algorithm is intimately related to the convergence 
of the corresponding initial value problem, as studied by Miekkala and Nevanlinna in 
[84]. The discrete-time analogue is considered in section 4.5. As with initial boundary 
value problems, a multigrid acceleration turns out to be possible. In section 4.6, we 
take up the analysis of Lubich and Ostermann, [78], and extend their results to the 
time-periodic case. Finally, we consider the case of autonomous problems. In these 
problems the periodic solution as well as the unknown period T have to be determined. 
In section 4.7 we report on the use of a modified shooting method which was developed 
in cooperation with D. Roose, and published in [106]. 
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4.2 Standard time-periodic PDE solvers 

Dynamic simulation 

A straightforward solution method is based on a dynamic simulation of the studied 
system. Starting form an arbitrary initial condition - or, better, starting from a 
physically motivated initial condition such as the fluid state of rest, steady-state tem­
perature distribution, etc. - the system is integrated over a sufficiently large time­
interval until the transient effects are eliminated. This approach is taken in [112, 1241. 
Mathematically, it can be interpreted as Picard's method for computing a fixed point 
of an operator. 

Let u( t, Xj uo( x)) denote the solution at time t of (4.1) with the initial condition 
u(O,x) = uo(x). Denote by S the operator which maps any uo(:z:) to u(T,xjuo(x)), i.e., 

S(uo(:Z:)) := u(T,:Z:juo(x)). 

Note that S corresponds to the so-called Poincare map. It can easily be seen that the 
solution of the periodic problem restricted to time-level t = ° corresponds to a fixed 
point of S, i.e., the solution satisfies u(O,:z:) = S(u(O, x)). If S is a contraction in a 
suitable Banach space X , the existence of a unique fixed point is guaranteed. The 
latter may be calculated by successive approximation, i.e., by constructing the Picard 
sequence, 

for uCO)(O, x) EX: calculate uC")(O, x) = S( UC"-l)(O, x)), /I = 1,2,.. . (4.4) 

It is well-known that the computation of a good approximation of a fixed point by 
successive approximation may be very expensive. In particular, integration over a very 
large number of periods may be required in the case of slowly decaying transients. 

Global discretization 

After selection of a space-time grid, finite differences or finite elements may be used 
to discretize the time-periodic problem. This leads to a system of equations, which 
may be solved by iterative or direct sparse solvers. The dimension of the system is 
usually very large. E.g., in the case of a problem on a rectangular two-dimensional 
domain with, say, 100 grid lines in each coordinate direction and a similar number 
along the time-axis, the number of equations is of the order 106 . An iterative method 
for solving this system is used in reference [126]. There, Tee analyses the structure 
of the coefficient matrix which is obtained when the one-dimensional heat equation 
with time-periodic boundary conditions is discretized using central finite differences in 
space and explicit or implicit Euler in time. It is shown that a p-cyclic matrix results, 
to which a p-cyclic SOR theory applies. The same problem is studied by Osborne in 
[95, 96], where a specialized direct solver is developed. The use of a direct solver that 
takes the almost banded structure of the coefficient matrix into account is, for instance, 
also reported by Holodniok et al. in [57]. 
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Reformulation as a two-point boundary value problem and shooting 

After semi-discretization a system of two-point boundary value ordinary differential 
equations with non-separated boundary conditions results, 

(4.5) 

The vast literature on two-point boundary value problems is applicable to the above 
problem. For an overview of this literature see e.g. the recent text-book of Asher, 
Mattheij and Russell, [3], and the references therein. A particularly popular approach 
for solving problems like (4.5) is the shooting method and also the multiple shoot­
ing method, which has better stability characteristics. We shall explain the shooting 
method in some detail in section 4.7, where it is used for solving autonomous periodic 
problems. The method is basically a Newton-Raphson procedure for calculating the 
solution, uh(O), of the residual equation, 

Evaluation of the residual requires the solution of an initial value problem correspond­
ing to (4.5). In addition, the calculation of a numerical approximation to the Jacobian 
matrix needed in the Newton steps requires as many initial value ODE-integrations 
as there are equations. In the case of a semi-discretized parabolic PDE, the ODE 
system has a very large number of equations, and, consequently, prohibitively many 
time-integrations of the corresponding initial value problem are needed. 

Multigrid method of the second kind 

A very fast algorithm for solving time-periodic PDEs was presented by Hackbusch, 
[41], and by Hemker and Schippers, [52, 113]. They reformulate the periodic problem 
into an integral equation and apply the multigrid method of the second kind. This is 
no doubt the fastest standard periodic solver; hence we shall discuss it in some more 
detail. It will further be used to evaluate the performance of our waveform relaxation 
algorithm. For an in depth analysis we refer to the above papers, and to [44, Ch. 16]. 

For simplicity, we describe the algorithm for linear problems. Consider (4.1) with 
the initial condition, u(O, x) = uo(x). Its solution, restricted to the time-level T, can 
be written as the outcome of an affine mapping applied to Uo, 

UT(X) = T uo(x) + k(x). 

T is a linear integral operator, so that Tuo(x) equals the solution at time T of the 
initial boundary value problem with homogeneous right-hand sides, (f = 0 and g = 0). 
The function k( x) equals the solution at time T of the initial boundary value problem 
with zero initial condition, (uo( x) = 0). With this notation, the periodicity condition 
(4.2) can be rewritten into the form uo( x) = T uo( x) + k( x) . The latter defines a linear 
Fredholm integral equation of the second kind, 

y(x) = T y(x) + k(x) , (4.6) 

lucianoaraki@yahoo.com.br



4.2. STANDARD TIME-PERIODIC PDE SOLVERS 87 

where y( z) is an unknown function defined on the spatial domain {l. The determination 
of y satisfying (4.6) is equivalent to the original problem of finding a u which satisfies 
the time-periodic equation. Indeed, if y satisfies (4.6), then the solution u of the initial 
boundary value problem with Uo = y, is the solution of the time-periodic problem. 

The integral equation may be solved by the multigrid method of the second kind. 
In a similar way as in the multigrid method for elliptic equations, (4.6) is discretized 
on a nested set of grids, {lh;, i = 0, ... ,k, which results in a set of discrete equations, 

(4.7) 

The problem on the fine grid {lh. is solved by chosing an initial approximation for 
yh. and iteratively calling a procedure like the one outlined in algorithm 4.1. The 
algorithm has the structure of a multigrid W-cycle. It requires the calculation of 
products like Th;yhi in the smoothing and defect calculation steps. Note, however, 
that no explicit representation of the discretized integral operator Th;, a dense matrix, 
is required. Indeed, application of Th; to a function yh; is equivalent to calculating the 
solution of one discrete initial boundary value problem defined on {lh;. The outcome 
of Th;yh; may be computed by using standard parabolic solvers, e.g. time-stepping. 

In [41], the convergence factor of the algorithm is shown to be of the order O( (hk)2), 
where hk is the fine grid mesh size. The finer the mesh the more rapidly the algorithm 
converges. (This result requires some mild restrictions on the size of time-increment in 
order to guarantee a sufficient smoothing behaviour of the time-discretization formula.) 
As such, one iteration applied to some suitably chosen starting approximation is often 
sufficient to solve the fine grid problem with small iteration error. It can be shown that 
the arithmetic complexity of one iteration of the algorithm is similar to that of solving 
only a few initial boundary value problems on the fine grid. 

Algorithm 4.1: Multigrid of the Second Kind 

PROCEDURE mgm2nd (i,Kh;,yh;) 

if i=O then 
_ solve yho = Tho yho + Kho . 

else 
_ smoothing: yh;:= Thiyhi + Kh; . 

- compute the defect: Dhi:= yhi - Th;yh; - Kh; . 

- project the defect on {lh;-,: Kh;-,:= 1:;:-' Dh; . 
_ solve on {lh;-,: yh;-, = Th;-, yh;-, + Kh;-, . 

repeat 2 times mgm2nd (i-1,Kh;-"yh;-,), starting with yh;-, == 0 . 

- interpolate the correction to {lhi and correct: yhi:= yh; - 11::_, yh;-, 

endif 
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4.3 Time-periodic waveform relaxation 

A straightforward extension of standard waveform relaxation leads to a waveform al­
gorithm for solving time-periodic problems. Consider the following system of d first 
order time-periodic ordinary differential equations, 

d 
dtY1 = !1(t,Y1,Y2,Y3,.·.,Yd) 

d 
dtY2 = h( t, Yl, Y2, Y3, ... , Yd) 

d 
dtYd = !d(t,Y1,Y2,Y3,'" ,Yd) 

with 

Y1(O) = Y1(T) 

Y2(O) = Y2(T) 
( 4.8) 

As before, the basic waveform idea is to apply a simple iteration on functions. This is 
performed in such a way that one avoids having to solve the system as a whole. E.g., 
in the case of the Gauss-Seidel algorithm, the functional iteration reads as follows, 

!!.- (v) _ ! (t (v) (1'-1) (1'-1) (1'-1») 
dtY1 - 1 'Y1 'Y2 'Y3 '''',Yd 

d (v) f ( (v) (v) (1'-1) (1'-1») 
dtY2 = 2 t, Y1 , Y2 , Y3 , ... , Yd with 

d (v) f ( (v) (v) (v) (v») 
dtYd = Jd t, Y1 , Y2 , Y3 , ... , Yd 

y~v)(O) = y~v\T) 
y~v)(O) = y~v)(T) 

( 4.9) 

This iteration is started with an approximation which is chosen arbitrarily or which is 
chosen based on experience obtained with related problems. Note that no "natural" 
initial choice is available here, as it was when solving initial value problems. There 
the initial approximates were chosen constant and equal to the value of the initial 
condition. 

The complete Gauss-Seidel algorithm is given in Alg. 4.2. The construction of the 
Jacobi variant is straightforward. An example of a linear time-periodic problem solved 
with the Gauss-Seidel technique is presented below. 

Example 4.3.1 Consider the following 27r-periodic ordinary differential equation: 

One iteration step of the 27r-periodic Gauss-Seidel waveform relaxation can be for­
mulated as below. (We did not explicitly rewrite the periodicity condition.) 
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Algorithm 4.2: Time-Periodic Gauss-Seidel Waveform Relaxation 

1/ := 0 j choose y~O)(t) for t E [0, T], i = 1, ... , d . 

repeat 
1/ := 1/ + 1 . 
for i = 1, ... ,d 

I d (v) _ J, «v) (v) (v) (v-I) (V-I» 
sove dt Yi - i t'Yl ""'Yi-l'Yi ,Yi+1 "",Yd , 

with y~v) (0) = y~v)(T) . 
endfor 

until convergence 

The successive iterates are written in the form, 

( 
U(V») (u~V) sin( t) + u~v) cos( t) ) 
v(v) = viI') sin(t) + viI') cos(t) 
w(V) w~v) sin(t) + w~v) cos(t) 

1/=0,1,2, ... 

The coefficients can be determined analytically. Their values are given below. 

1/ u(v) 
• 

u(v) 
c 

v(v) 
• 

v(v) 
c 

w(v) 
• 

w(v) 
c 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

1 0.4000 -0.2000 0.1000 -0.1000 -0.1000 0.1000 

2 0.4400 -0.3200 0.1000 -0.1400 -0.1000 0.1400 

3 0.4240 -0.3520 0.0920 -0.1480 -0.0920 0.1480 

4 0.4144 -0.3552 0.0888 -0.1480 -0.0888 0.1480 

5 0.4118 -0.3539 0.0882 -0.1474 -0.0882 0.1474 

6 0.4116 -0.3532 0.0882 -0.1471 -0.0882 0.1471 

7 0.4117 -0.3529 0.0882 -0.1471 -0.0882 0.1471 

8 0.4117 -0.3529 0.0882 -0.1471 -0.0882 0.1471 
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Note that the direct calculation of the analytical solution would require solving a 
linear system of dimension six. This is entirely avoided in the waveform relaxation 
process in which a sequence of smaller systems of size two by two have to be solved. 
(In each of the three steps of each iteration two coefficients are updated.) 
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At any stage of the algorithm the computational task consists of solving a single 
first-order two-point boundary-value problem of the form, 

~y = J(t,y) with y(O) = y(T). ( 4.10) 

This equation may be solved for instance by dynamic simulation, by shooting or by 
discretization. The latter is particularly efficient, here. Since we deal with a single 
equation, the dimension of the resulting algebraic system is small. In the general 
nonlinear case, discretization leads to a nonlinear system of equations, which may be 
solved by a Newton-Raphson procedure. Alternatively, (4.10) may be linearized first 
around an approximation, fj, of the solution - e.g. the previous iterate -, 

1tY = J( t, fj) + JIJ(fj)(y - fj) with y(O) = y(T) , (4.11) 

and solved next, by discretization and the use of a linear system solver. This lin­
earization process may be applied iteratively, until the solution of (4.11) has converged 
to the solution of (4.10). Or, linearization may be applied only once, which results 
in a waveform relaxation Newton type iteration. Numerical experiments suggest no 
performance degradation in the latter case. 

In each of the Newton-Raphson approaches it is imperative for convergence to start 
with a good initial approximation. The latter may be obtained from the solution of a 
related problem through a continuation procedure, or, in the case of a semi-discretized 
parabolic partial differential equation, by interpolation of a coarse grid solution. 

Finally, we mention the possibility of several further variants, such as blockwise 
iterations, overlapping-block iterations, successive overrelaxation, etc. The precise al­
gorithmic formulation of the variants is straightforward, and therefore omitted. 

4.4 Analysis of the continuous-time iteration 

4.4.1 The linear model problem 

We consider a linear constant-coefficient time-periodic ordinary differential equation, 

~x + Ax = J, with x(O) = x(T) t E [0, Tl , ( 4.12) 

or, after extension of the domain by T-periodicity, 

1tx+Ax=J, with x(t)=x(t+T), tElR. ( 4.13) 

A is a complex d x d-matrix. J belongs to a Banach space of functions defined on 
[0, TJ, e.g., the space of continuous functions C([O, Tlj (Cd), or the space of Lesbesgue 
measurable functions Lp([O, Tlj <Vl). A solution x is defined as an absolutely continuous 
function which satisfies the T-periodicity condition and which satisfies the differential 
equation a.e., see e.g. [24, p.122l. 
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The solution to the differential equation in (4.12) can be written in function of the 
unknown value of the solution at t = 0, as follows, 

:c(t) = e-tA:c(O) + fa' e<a-t)A f(s)ds . 

Using the periodicity condition, :c(0) = :c(T), we get 

:c(0) = e-TA:c(O) + loT e<a-T)Af(s)ds , 

(I - e-TA ) :c(0) = loT e<·-T)A f(s) ds , 

from which we may formally derive the value of :c(0), 

:c(0) = (I - e-TAt l loT e<·-T)Af(s)ds. 

This is used to eliminate :c(0) from (4.14) so that we obtain, 

:c(t) = e-tA(I - e-TAt l loT e<·-T)Af(s)ds + fa' e<·-t)Af(s)ds . 

( 4.14) 

(4.15) 

(4.16) 

Note that the same result is found when the derivation is based on the alternative 
periodicity condition, :c(t) = :c(t + T). 

The questions of existence and uniqueness of problems like (4.12) are studied in 
great generality in references like [79, Ch. 11]. There, A is assumed to be a general 
time-periodic operator belonging to a Banach algebra of linear bounded operators. Our 
lemmata given below may be derived from theorem 112.b in [79]. However, we do not 
need all of the technical machinery of [79] for our present purposes. Consequently, 
we give some elementary proofs of the basic properties that we shall need further on. 
First, we introduce a concept which plays a fundamental role in the analysis. 

Definition 4.4.1 ([107]) A complez matriz A is called non-critical w.r.t. T if the 
differential equation 1t:c + A:c = 0 admits no T -periodic solution ezcept the zero 
solution. The matm is called critical w.r.t. T otherwise. 

In the remainder of this chapter we shall often tacitly assume that we deal with 
T-periodic functions and equations, and therefore omit the "w.r.t. T". The following 
lemma characterizes non-critical matrices. Let u(A) denote the spectrum of matrix A. 

Lemma 4.4.1 A complez matriz A is non-critical w.r.t. T if and only if 

VnE~:inwf/.u(A), with w=27f/T i=H. 

Proof. Consider (4.12) with zero right-hand side, f == O. By (4.15), its solution 
restricted to t = 0 satisfies the homogeneous equation, (I - e-T A) :c( 0) = 0 . 
This equation has a unique solution, :c(0) = 0 if and only if det(I - e-TA ) =f O. 
Consequently, 1t:c + A:c = 0 has the trivial T-periodic solution only, iff 1 f/. 
u(e-TA). The latter is equivalent to the condition V>' E u(A) : 1 =f e-n , from 
which the condition in the lemma results. 0 
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Lemma 4.4.2 For any f E Ll(O, T) I, the solution to the T-periodic differential equa­
tion l,z + Az = f ezists and is unique if and only if A is non-critical w.r.t. T. 

Proof. The necessity of the condition is, of course, obvious. If for any n E 7l : inw E 
u(A), the homogeneous equation has an infinite number of T-periodic solutions. 
Therefore, a solution of l,z + Az = f cannot be unique. 

The sufficiency part follows from the observation that det( I - e-T A) =I- 0 if and 
only if A is non-critical. In that case, the solution is given by (4.16), which is 
well-defined and unique for any f. 0 

4.4.2 The time-periodic waveform iteration 

In the time-periodic waveform iteration method a splitting (P, Q) is applied to A, i.e., 
A = P - Q. This splitting defines the iteration scheme, 

( 4.17) 

where z(O) is an arbitrary starting iterate. The solution to (4.17) can be constructed 
in a similar way as we constructed the solution to the problem in the previous section. 
This immediately leads to the following relation between successive iterates2 , 

(4.18) 

( 4.20) 

Formula (4.18) formally defines the solution ofthe time-periodic problem. However, 
the formula is mainly of theoretical interest and will generally not be used in actual 
computations. Indeed, as before, the splitting matrices are chosen in such a way that 
they lead to simplified calculations. Examples are the familiar Jacobi and SOR split­
tings, which reduce the problem of solving a time-periodic system of d equations into 
a problem of solving d separate time-periodic equations in one unknown (repeatedly, 
until convergence). Each of these equations is of the type, 

( 4.21) 

where z~"") is the i-th component of :z;(")j Pi,i is the i-th diagonal element of P, and 9i 

is a linear combination of known functions, which are either a given component of f, 
solution components of Z(,,-I) or solution components of z(,,) already computed in the 
current iteration. As with the initial value iteration, the time-periodic SOR iteration 
is again a sequential process, whereas the JOR is fully parallel. 

lRemark that C[O, T] C Lp(O, T) C L1(O, T) ,I < p ~ co. 
2We use the U-H-notation to denote T-periodic operators (IC, M, ... ) 
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Contrary to the case of solving initial value problems, in the time-periodic case not 
every splitting defines a sequence of iterates. The theorem below sets the condition for 
acceptable splittings. For this, the following definition comes in handy. 

Definition 4.4.2 A splitting (P, Q) of a complez matriz is called non-critical w.r.t. T 
if P is a non-critical matriz w.r.t. T. 

Theorem 4.4.3 The time-periodic waveform iteration defined by the splitting (P, Q) 
and the functions x(O),f E Ll(O,T) is well-defined, i.e., the iterates x("),/I = 1,2, ... , 
ezist and are unique if and only if the splitting is non-critical. 

Proof. The proof is an immediate consequence of lemma 4.4.2. Since x(O), f E 
Ll(O, T) and since P is non-critical, existence and uniqueness of X(I) follow. More­
over, since X(I) is continuous on [O,T], it is integrable and belongs to Ll(O,l). The 
existence and uniqueness of the other iterates follow by induction. 0 

4.4.3 The time-periodic integral operator 

By construction, K; is the linear operator which maps the function v to the function w, 
where v and ware related by the equation few + Pw = Qv, w(O) = w(T). Some other 
ways of representing and characterizing K; are formulated below. They are helpful for a 
better understanding of the nature of K; and they will come in useful in the remainder of 
the analysis. They may be proven either directly, starting from the differential equation 
that defines K;, or by applying some algebra to formula (4.19). We have opted for the 
latter. The proofs make use of some elementary matrix properties which are stated 
and proven below. 

Property 4.4.4 Let A denote a complez matriz and 0, (3 E tV; assume that the inverses 
in the formulae below ezist, then 

a. e(a+.B)A = eaA e.BA 

b. e.BA(I - eaA )-1 = (I - eaAt 1e.BA 

c. eA(I - eAt 1 + 1 = (I - eAt 1 

d. f; e-tAdt = A-1(I - e-TA ) 

Proof. 

a. The result is an immediate consequence of the more general property proven 
in [145, p. 255]: "eA+B = eAeB if AB = BAli. 

h. e.BA(I - eaA )-1 = «(1 - eaA )e-.BAtl = (e-.BA(I - eaA ))-1 = (I _ eaA )-Ie.BA 

c. l.h.s. = eA(1 - eAt 1 + (I - eA)(I - eAt 1 = (eA + 1 - eA)(1 - eA)-1 = r.h.s. 

d. f; e-tA dt = A-l( -e-tA )15 = A-l(1 _ e-TA ) 

o 
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Theorem 4.4.5 iC is a periodic convolution operator, 

iCx(t) = k*x(t):= ~ loT k(t - s)x(s)ds (tEJR) ( 4.22) 

with a T-periodic matrix-valued kernel, k, of which the restriction to [0, T) is given by 

( 4.23) 

Proof. Assume first that 0 ~ t < T. 

We recall formula (4.19), which defines the operator iC 

With application of prop. 4.4.4.a and 4.4.4.b the right-hand side can be rewritten, 

By splitting the first integral into two parts, 0 ~ s ~ t and t < s ~ T, and adding 
the first term to the second integral we get, 

The left-hand term can be rewritten by application of property 4.4.4.c, 

l e-(t-')P(I - e-TPt1Qx(s) ds + iT e-(T+t-')P(I - e-TPt1Qx(s) ds . 

As 0 ~ t - s ~ t < T (first integral) and 0 ~ t ~ T + t - s ~ T (second integral), 

- 1t- 11T -Kx(t)= rlo kIlO,T)(t-s)x(s)ds+ r t kllO,T)(T+t-s)x(s)ds, 

1 rT 
=rlo k(t-s)x(s)ds. 

This proves the equivalence of iCx(t) and k * x(t) on [0, T). Taking into account 
that iCx(t) and k * x(t) are T-periodic proves their equivalence for t E JR. 0 

Note that k(t) is a bounded function which is continuous except at integer multiples of 
T. Note further that the theorem may also be proven by showing that k*x (0) = k*x (T) 
and verifying that the convolution satisfies the defining differential equation of iC. 

Theorem 4.4.6 The Fourier series coefficients of the kernel k, {kn}:=_oo' satisfy 

kn=(inwI+Pt1Q, w=27r/T, nE~. (4.24) 
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Proof • Following the definition of the Fourier series coefficients, we get 

kn:=.!.. IT k(t) e-· ..... t dt, w = 2?r/T, n E ~ 
TJo 

= faT e-tP(I - e-TP)-lQ e-· ..... t dt 

= faT e-(· ..... 1+P)t dt (I - e-TPt1Q 
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Since P is non-critical, the matrix (inwI + P) is invertible, and we may invoke 
property 4.4.4.d to arrive at, 

kn = (inwI + Pt1(I - e-(· ..... 1+P)T)(I - e-TPt1Q 

= (inwI + Pt1(I - e-PT)(I - e-TPt1Q 

= (inwI + P)-lQ . 

Remark 4.4.1 With use of K(z), defined in (2.37), we get, 

kn = K(inw). 

Theorem 4.4.7 K, is a linear Fredholm integral operator, 

K,x(t) = faT G(t,s)x(s)ds 

with 

o 

(4.25) 

(4.26) 

(4.27) 

Proof. By definition of G( t, s) it follows that J; G( t, s )x( s) ds can be expanded as, 

l e(·-t)P(I - e-TPtlQx(s)ds + iT e(·-t-T)P(I - e-TPtlQx(s)ds . 

This is equivalent to an expression found at the end of the proof of Th. 4.4.5. 0 

Note that G( t, s) is bounded on [0, T] x [0, T] and continuous everywhere except for 
the line s = t. This is a particular case of a so-called potential kernel. 

4.4.4 Convergence of the time-periodic waveform relaxation 

The error to the solution of (4.17), e(II) = X(II) - x, solves the time-periodic problem, 

d dt e(II) + Pe(lI) = Qe(lI-l), with e(II)(O) = e(II)(T) . 

This leads to a linear relation between the errors of successive iterates, e(lI) = K,e(lI-l). 
By theorem 2.5.2, the error in the time-periodic waveform iteration will go to zero 
when the spectral radius of K, is smaller than one. Note that the boundedness of K, is 
immediately verified by considering a standard result on the boundedness of convolution 
operators. The theorem below is given for convolution operators in Lp-spaces, but a 
similar theorem holds for the space of continuous functions. 
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Theorem 4.4.8 ([153], p.235) Let the functions f(x) and k(x) have the period 1; 
let k(x) E L1(0,1) and f(x) E Lp(O, 1) (1 ~ p ~ 00). Then the periodic convolution 
h(x) = f~ k(x - y)f(y) dy belongs to Lp(O, 1) and II h lip ~ II kill II flip· 

Corollary 4.4.9 The time-periodic operator is bounded in Lp(O, T) and C[O, T]. 

The spectral radius of }( may now be calculated in a similar way as the spectral 
radius of the corresponding initial value waveform relaxation operator is calculated in 
[84]. However, the special nature of }( as a convolution operator allows a substantial 
simplification. The latter is based on the property of compactness, see e.g. [39, p. 237]. 

Definition 4.4.3 A linear operator U in a Banach space X is called compact if for 
every sequence {x n } in X with II Xn Ilx = 1, the sequence {Uxn } has a convergent 
subsequence. 

The compactness of }( is established by the following theorem. 

Theorem 4.4.10 ([154], p.320) Consider the linear convolution operator U , de­
fined by U f(x) = fJ k(x - y)f(y)dy, ° < x < T < 00. If the kernel is integrable on 
(-T, T) then U is compact on any of the spaces Lp(O, T) (1 ~ p ~ 00) and C[O, T]. 

Corollary 4.4.11 The time-periodic operator is compact in Lp(O, T) and C[O, T]. 

The compactness result may also be derived by considering }( as a Fredholm integral 
operator with bounded potential kernel, and by considering theorems that discuss the 
compactness of such operators, see e.g. [67, p. 328 and p. 397]. Compact operators 
may in some sense be regarded as infinite-dimensional extensions of the familiar finite­
dimensional linear operators. Indeed, some of their characteristics are very similar. An 
important example is given by the theorem below, which discusses the nature of the 
spectrum of a linear compact operator. 

Theorem 4.4.12 ([154], Th. 3.1) LetU be a compact operator acting in an infinite­
dimensional space. Then, 

a. The spectrum ofU consists of zero, and a denumerable set >'1,>'2, ... , with zero as 
its only accumulation-point 

h. every non-zero point>. of the spectrum is an eigenvalue of finite multiplicity. 

We may now state our main result, which relates the spectral radius of iC , an 
operator in an infinite-dimensional space, to the spectral radii of the Fourier series 
coefficients of its T-periodic kernel. It is the time-periodic equivalent of the initial 
value result in theorem 2.5.6, which related the spectral radius of K, to the spectral 
radius of the Laplace transform of its kernel. 

Theorem 4.4.13 Consider}( as an operator in Lp(O,T), 1 ~ p ~ 00, or C[O,T]. 
Assume (P, Q) is a non-critical splitting. Then, 

p(iC ) = max p( K(inw» with w = 27r IT . 
nEZ? 

( 4.28) 
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Proof. Since K is a compact operator, its spectrum, u(K), consists of zero and eigen­
values only. The latter can be calculated explicitly as follows. 

Let A be an eigenvalue of K and let x be a non-trivial function which satisfies 
Kx = AX. By calculating the Fourier series coefficients of left- and right-hand 
sides, and taking formula (4.25) into account, we come to the following identity, 

K(inw)xn = AXn , "In E ~ , ( 4.29) 

where xn is the n'th Fourier coefficient of x. (Note that the Fourier coefficients are 
well-defined for any integrable function.) The left-hand side is derived by applying 

the Fourier series convolution property (if f,g E L1(0,T) : (i;;)n = jn9n)' 
By (4.29), any eigenvalue of K is also an eigenvalue of a matrix K(inw), when a 
non-zero vector xn exists. The latter must be the case for at least one value of n. 
Otherwise, x would be equal a.e. to the zero-function. 

Conversely, any eigenvalue-eigenvector pair (An, Xn) of the matrix K(inw) defines 
an eigenfunction of K with eigenvalue An. Indeed, consider the function, 

This is an eigenfunction since KXn (t) = AnXn( t). This is readily checked by 
Fourier transforming the left- and right-hand sides. 

By consequence, the spectrum of K may be written explicitly as 

u(R:) = U u(K(inw)) U {O} , (4.30) 
nEZ 

from which the conclusion follows. (Note the use of "max" instead of "sup", since 
u(K) is bounded with zero as the only point of accumulation.) 0 

Remark 4.4.2 peR:) is the decay factor of the most slowly decaying harmonic in the 
Fourier expansion of the error. (This follows from erl = K(inw)er-1l .) 

Remark 4.4.3 When (P, Q) defines a Jacobi- or Gauss-Seidel splitting, it follows that 
p((inwI + P)-lQ) is equal to the spectral radius of the static iteration for solving a 
linear system of equations with coefficient matrix "inwI + A" . 

The splitting A = P - Q defines a classical (static) iterative method for solving 
the linear system of equations Ax = b, see eq. (2.30). Its convergence properties are 
related to those of the time-periodic waveform iteration in the following corollary. 

Corollary 4.4.14 Let (P, Q) be a non-critical splitting. It then follows that the spectral 
radius of the time-periodic operator is bounded from below by the spectral radius of the 
corresponding static iteration operator. 

Proof. Since P is non-critical, peR:) exists and P is invertible. Since the spectral 
radius of the static iteration operator is given by p(P-1Q), the conclusion follows. 

o 
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By comparing the result of theorem 4.4.13 to the formula (2.38) we can state an 
important corollary which links the convergence properties of the standard waveform 
relaxation method to those of the newly defined time-periodic method. 

Corollary 4.4.15 Let the splitting be such that all of the eigenvalues of P have positive 
real parts. It then follows that p(lC) :5 p(IC), that is, the spectral radius of the waveform 
relazation operator for solving the T-periodic ordinary differential equation is bounded 
by the spectral radius of the infinite-interval waveform relazation operator for solving 
the corresponding initial value problem. 

Proof • The condition on the eigenvalues of P is necessary (and sufficient) to guarantee 
the validity of theorem 2.5.6. It also ensures that the splitting is non-critical, so 
that p(lC) exists. The validity of corollary then follows immediately by comparison 
of formula (4.28) with the formula (2.38). 0 

A necessary condition for convergence of the time-periodic iteration is the con­
vergence of the corresponding static iteration. A sufficient condition is given by the 
convergence of the corresponding initial value waveform relaxation. As an immediate 
consequence several of the convergence related results of the reference [84) may be 
transposed to the time-periodic case. We shall not repeat these convergence results 
but refer the reader to the above reference. Note that the spectral radii of IC and IC 
coincide when the maximum in the formula for p(IC) is found in a value e = nw. The 
case n = 0 is not uncommon. An example of this will be given next. Let A be a 
consistently ordered matrix with positive constant diagonal D = cI. We decompose A 
as - L + D - U where L and U are strictly lower and upper triangular matrices. We set 
ICGS and ICGS to denote the time-periodic and initial value operators corresponding to 
the Gauss-Seidel splitting of A. Analogously, we define ICJAC and ICJAC corresponding 
to the Jacobi splitting. 

Corollary 4.4.16 

(4.31) 

Proof. In the case of a Jacobi splitting or a Gauss-Seidel splitting, the maximum of 
p((ieI + P)-lQ) is found at the origin, [84, Corollary 4.1). Therefore, p(ICGs ) = 
p(ICGs ) and p(ICJAC ) = p(ICJAC ). The remainder follows from corollary 2.5.7. 0 

In the case of an SOR-splitting with sufficiently large overrelaxation parameter the 
maximum is taken for some value e away from zero. In that case p(ICSOR):5 p(ICSOR ) 

where the unequality is strict unless the maximum is attained at an integer multiple 
of w. 

Finally, we derive a formula for the norm of IC . As with the spectral radius, also 
the norm is bounded from below and from above by the norms of the corresponding 
static iteration and initial value waveform operators. 

Theorem 4.4.17 Denote by II . 112 the L2-norm, and by II . II the standard Euclidean 
norm. Oonsider IC as an integral operator in L2(0, T). Assume P is non-critical. Then, 

IIIC 112= max II K(inw) II . 
nEZ 

(4.32) 

lucianoaraki@yahoo.com.br


