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SUMMARY

Anisotropic meshes are frequently used in many practical problems in order to provide a good resolution
of the solutions on the structured mesh and thus to assure the accuracy of the discretization. However,
the attributes of anisotropic meshes may have a serious effect on the convergence of linear algebraic
solvers. In this paper, we focus mainly on studying the effect of the anisotropic quadrilateral meshes
in two dimensions and the anisotropic hexahedral meshes in three dimensions on algebraic multigrid
(AMG) solvers. We find that the commonly used AMG methods are less efficient for some locally strong
anisotropic meshes. A modified algorithm of coarse grid selection to obtain a more efficient AMG method
is then proposed based on the geometric grid information as nodal coordinates. The results of various
numerical experiments in linear elasticity are presented. It is shown from the numerical results that the
constructed AMG method is robust and efficient not only for meshes containing thin and stretched elements
but also for other meshes with locally strong anisotropy. Copyright q 2008 John Wiley & Sons, Ltd.

Received 20 May 2007; Revised 10 April 2008; Accepted 11 April 2008

KEY WORDS: algebraic multigrid; linear elasticity; FEM; locally anisotropic mesh; distance matrix

1. INTRODUCTION

A linear elasticity analysis is often required during simulations of multi-physics problems in appli-
cations such as micro-electro-mechanical systems (MEMS) [1]. Typically, these modern devices
involve complicated geometries, extremely high aspect ratios (length-to-height ratio) and disparate
material properties. A particular example of such a case is a cantilever beam with aspect ratios
in the range of 50:1–500:1. Finite element method (FEM) is the most commonly used numerical
method for their analysis [2]. However, the use of FEM discretization often leads to systems of
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equations that are sparse, large and ill-conditioned. In addition, anisotropic meshes are also used
in the solution of some typical practical problems such as crack problems in solid mechanics and
simulation of excavation process in rock mechanics and engineering. The finite element solution
usually involves the mesh generation, the assembly of discrete algebraic systems and the solution
of these systems by some algebraic solvers. Generally speaking, the performance of finite element
computations depends critically on both the geometric meshes and the algebraic solvers. In practice,
however, the attributes of the anisotropic meshes may have a serious effect on the convergence of
linear algebraic solvers [3]. Most of the linear solvers are not concerned with the mesh geometry
and mesh quality, except the multigrid methods with semi-coarsening or line smoothing [4, 5].

Multigrid method is by far known as one of the most efficient methods for solving large-scale
algebraic systems of equations [6–9]. However, it is difficult to construct a sequence of nested
discretizations or meshes needed for geometric multigrid method due to the complexities for
practical application problems and the requirements for efficient ‘plug-in’ solvers in numerical
business softwares. Algebraic multigrid (AMG) [10–13] is a method for solving matrix equations,
which is based on multigrid concepts, but constructs the coarsening process in an algebraic way
that requires no explicit knowledge of the geometry. Such methods have been successfully applied
to many linear systems corresponding to discretizations of a scalar partial differential equation
(PDE). However, the AMG method for systems of PDEs, such as the equations of linear elasticity,
seems to be premature and the naive use of the scalar AMG does not lead to the robust and efficient
solver, rather it deteriorates and often its convergence breaks down. We would like to refer the
readers to [10, 14–19] for the recent efforts to apply AMG methods for systems of PDEs.

There exist many works on the design of efficient AMG methods for anisotropic problems
using ideas such as semi-coarsening [20–22] or line smoothing [23, 24]; still, there are very few
systematic studies on the effect of mesh qualities on these iterative schemes [25]. In a recent
work [26], the relationship between mesh generation and algebraic solver is studied using generic
numerical examples pertaining to the finite element solution of some anisotropic problems and
some techniques are proposed, which are applicable to both the anisotropic triangular mesh on
different domains and the linear solvers in order to obtain both accurate and efficient numerical
solutions simultaneously.

In this paper, we mainly focus on studying the effect of some anisotropic quadrilateral and
hexahedral meshes that contain thin and stretched elements or some other meshes with locally
strong anisotropy on AMG solvers for several typical problems in linear elasticity. A modified
algorithm of coarse grid selection to obtain a more efficient AMG method is proposed based on
the geometric grid information as nodal coordinates. The basic idea is to use both the condensed
point-block stiffness matrix according to References [10, 27] and the distance between neighboring
grid points (stored in a distance matrix) in order to obtain a modified coarsening algorithm and
define appropriate interpolation schemes. The results of various numerical experiments in linear
elasticity are presented. It is shown from the numerical results that the constructed AMG method
is robust and efficient not only for meshes containing thin and stretched elements but also for other
meshes with locally strong anisotropy.

Classical AMG method selects coarse grid points algebraically according to strong couplings. It
has better convergence for both isotropic meshes and stretched meshes, but converges very slowly
for those locally strong anisotropic meshes. Thus, how to define appropriate strong couplings is
important for the selection of coarse grid points and for the improvement of the AMG efficiency. In
our modified algorithm, the role of distance matrix is to define again strong couplings between grid
points and gradually decrease or eliminate the multi-scale property of the coefficient matrix on the
coarse grid level or eliminate the locally strong anisotropy of meshes used in FEM discretization.

The remainder of this paper is organized as follows. In the following section we introduce
the model problem considered in this paper. Some typical anisotropic meshes are then presented
in Section 3. We numerically study the effect of some locally strong anisotropic meshes on the
performance of a commonly used AMG and CG methods in Section 4. In Section 5, an efficient
AMG method is proposed based on the geometric grid information as nodal coordinates. Some
concluding remarks are discussed in the final section.
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2. MODEL PROBLEM AND FINITE ELEMENT DISCRETIZATION

Let �⊂Rd (d=2,3) be a polygonal domain, and the strain tensor �(u) :=(�(u)i j )
d
i, j=1 be defined

as �i j :=(�i u j +� j ui )/2 with i, j =1,2, . . . ,d . We consider the equation for the displacement
vector u as given by

��u+(�+�)∇ divu = f in �

u = 0 on �0

�(u) ·n = g on �1

(1)

with the Lamé constants �>0 and �>0, where f is an external force and g is a surface force on
the boundary �1⊂��. Here, the body is fixed at the boundary �0⊂�� in which mes(�0) �=0, and
n is the unit outward normal vector to boundary ��, where ��=�0+�1 and �0∩�1=�. The
stress tensor �(u) in three dimensions is defined as⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11

�22

�33

�12

�13

�23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= E

(1+�)(1−2�)
·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1−� � � 0 0 0

� 1−� � 0 0 0

� � 1−� 0 0 0

0 0 0 1−2� 0 0

0 0 0 0 1−2� 0

0 0 0 0 0 1−2�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11

�22

�33

�12

�13

�23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2)

with �∈[0,0.5) being Poisson’s ratio and E being Young’s modulus. An analogous problem
formulation, which has the same structure as (2), for the two-dimensional case corresponds to the
well-known plane strain formulation [28].

Let Hm(�) be the usual Sobolev space of functions with L2(�) derivatives up to order m,
see, e.g. [29, 30]. In what follows, we consider discretizations that are obtained from the weak
formulation:

Find u∈H1
�0

:={v∈H1(�)d |v|�0 =0} such that

a(u,v)=〈f̃,v〉 ∀v∈H1
�0

(3)

where

a(u,v) =
∫

�
�(u) :�(v)d�, 〈f̃,v〉=

∫
�
f ·vd�−

∫
��

g ·vd��

�(u) :�(v) =∑
i j

�(u)i j�(v)i j

The variational problem (3) is discretized using standard finite elements and the corresponding
point-block system of linear algebraic equations (the matrix is usually sparse) can be expressed as

AU=F (4)

or ⎡
⎢⎢⎢⎢⎢⎣

A11 A12 · · · A1nh

A21 A22 · · · A2nh

...
...

. . .
...

Anh1 Anh2 · · · Anhnh

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

U1

U2

...

Unh

⎤
⎥⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎣

F1

F2

...

Fnh

⎤
⎥⎥⎥⎥⎥⎦ (5)
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where nh is the total number of nodes (after the Dirichlet boundary conditions have been applied);
Ui , Fi are d×1 vectors, respectively, for i=1,2, . . . ,nh ; and Ai j are d×d matrices with i, j =
1,2, . . . ,nh .

Note that for zero displacements it is easy to prove that the solution of finite element equations
(4) exists and is unique. This follows from the positive definiteness by using Korn’s inequality.
Currently, the system of equations (4) is being solved by iterative methods. However, since the
number of unknowns in a practical application will be extremely large, those commonly used
iterative methods such as conjugate gradient (CG) and Gauss–Seidel methods [31] will converge
very slowly and are inefficient for practically interesting large-scale problems.

In this paper we concentrate on studying the effect of anisotropic meshes including some locally
anisotropic meshes as presented in the following section on the convergence of linear algebraic
solvers such as CG and AMG methods for several typical problems in linear elasticity, and then
present more efficient and robust AMG solver for such problems.

3. FINITE ELEMENT MESH WITH LOCALLY STRONG ANISOTROPY

Let us first consider a typical rectangular element with hx and hy denoting the mesh size in the x-
and y-directions, respectively. If hx/hy =O(1), then we call it an isotropic element; if hx/hy �1,
we call it the so-called x-type anisotropic element; and if hx/hy �1, then we call it a y-type
anisotropic element, as shown in Figure 1(a)–(c), respectively.

In this paper, we mainly discuss several types of representative uniform meshes with different
element sizes for the unit square and for the unit cube, which are shown in Figures 2 and 3,
respectively. Such meshes are often used in many practical applications by engineers. We can easily
generate five uniform meshes as given in Figure 2(a)–(e) by choosing variable element lengths of
the five forms. For instance, we can define the mesh spacing for Figure 2(b) by using the formulas
presented as follows:

(Fb) hixb =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(nx
4

+2−i
)
hmin
xb , 1�i�nx

4

hmin
xb ,

nx
4

<i�3nx
4(

i− 3nx
4

+1

)
hmin
xb ,

3nx
4

<i�nx

and h j
yb =1/ny (1� j�ny)

where hmin
xb =1/(n2x/16+5nx/4), and nx and ny are the numbers of elements in the x- and

y-directions, respectively.
As we all know mesh (a) in Figure 2 and mesh (a) in Figure 3 are two typical finite element

meshes with isotropy in two and three dimensions, respectively. In what follows, we shall discuss

Figure 1. (a) An isotropic element; (b) the y-type anisotropic element; and
(c) the x-type anisotropic element.
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Figure 2. Structured isotropic mesh (a) and different locally anisotropic
meshes (b)–(e) for the unit square.

Figure 3. Structured isotropic mesh (a) and locally anisotropic meshes (b) and (c) for the unit cube.

the special properties of anisotropy only for mesh (b) in Figure 2. From the aforementioned formulas
(Fb), we know that when 1�i�nx/4 or nx/4<i�nx , the maximal mesh ratio can be given as

Ry :=max
i

(
hixb
1/ny

)
= (nx/4+1)hmin

xb

1/ny
= 4nx +16

n2x +5nx
·ny (6)

and when nx/4<i�3nx/4, the corresponding maximal mesh ratio is given as

Rx :=max
i

(
1/ny
hixb

)
= 1/ny

hmin
xb

= n2x +5nx
16ny

(7)

Thus, if nx =O(ny), it is easy to see that Ry =O(1) and Rx =O(nx ). Therefore, if nx �1, any
element whose nodes belong to the local index set {(i, j)|nx/4<i�3nx/4,1� j�ny} is an x-type
anisotropic element, and the rest of the elements are all the so-called isotropic elements. For
convenience, we call this mesh a typical finite element mesh with locally strong anisotropy.
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Analogously, meshes (c)–(e) in Figure 2 and meshes (b) and (c) in Figure 3 are also several typical
finite element meshes with locally strong anisotropy in two and three dimensions, respectively. In
what follows, we shall study the effect of both the locally strong anisotropic meshes presented
in this section and the commonly used stretched meshes on the performance of several basic
iterative solvers including CG and AMG methods by using some typical experiments in linear
elasticity.

4. A COMMONLY USED AMG METHOD AND NUMERICAL RESULTS

AMG methods have been successfully applied to many linear systems corresponding to discretiza-
tions of the scalar PDE. However, most of these methods cannot be directly applied to the discrete
equations arising from discretizations of systems of PDEs. In this section, we briefly introduce
AMG01 method, which is referred as one commonly used AMG method for the finite element
equations (4); see [14, 32] for more details. What we propose here is to develop a multigrid solver
that may be called AMG method based on geometric and algebraic information.

First, using the coefficient matrix A=(Ai j ) in the system of equations (5), we can define an
auxiliary grid matrix A=(ai j ) whose entries can be defined as

(ai j ) :=
{
0 if Ai j =0

1 if Ai j �=0
(8)

where the symbol ‘0’ denotes a d×d zero matrix. We consider the graph that corresponds to
A=(ai j ), namely G(A)=(V,E) in which V is the set of vertices and E is the set of edges.
Associated with the graph G(A), a maximal independent set (MIS) (see [16, 33] for more details)
of vertices can be obtained.

We can then construct the following two main ingredients of the multigrid method, namely, for
k=1,2, . . . ,M , we shall discuss coarse grid selections and construction of prolongation operators,
where M is the number of grid levels. Let F1 :=F, U1 :=U and G1=(V 1,E1)=G(A), and assume
that A1 :=A and A1 :=A denote the stiffness matrix and the grid matrix on the finest grid level,
respectively. Algorithm 4.1 describes how to construct the aforementioned two main ingredients.

Algorithm 4.1 (Coarsening and prolongation)
The following procedures are performed starting with Ak and Ak for k=1.

Step 1: Find the MIS of the graph Gk =(V k,Ek) and take it as the set of coarse points for the
(k+1)th grid level.

Step 2: Construct the initial prolongation matrix Ikk+1 by using simple piecewise constant inter-
polation, namely

(Ikk+1v
k+1)i =

⎧⎪⎨
⎪⎩

vk+1
i if i ∈Ck

1

m

∑
j∈Ck

vk+1
j if i ∈Fk (9)

where Ck and Fk are the sets of coarse and fine grid points, respectively, m is the number of
coarse grid points adjacent to fine grid point i .

Step 3: Construct the initial full prolongation matrix Pk
k+1 by the way given in Algorithm 4.2.

Step 4: Construct the full prolongation matrix P̂k
k+1 from the initial full prolongation matrix

Pk
k+1 in the sense of minimal energy using the smoothing technique in [34].
Step 5: Construct the next coarser space matrix by the usual Galerkin approach, namely

Ak+1=(P̂k
k+1)

TAk P̂k
k+1 (10)

Step 6: Get the auxiliary grid matrix Ak+1 and the corresponding graph Gk+1 with the definition
as shown in (8), and set k :=k+1, if k<M , then go to Step 1; otherwise, stop.
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Algorithm 4.2 (Extending algorithm for the full prolongation in three dimensions)
For i=1,2, . . . ,nk

For j =1,2, . . . ,nk+1

(Pk
k+1)3i−2,3 j−2=(Pk

k+1)3i−1,3 j−1=(Pk
k+1)3i,3 j =(Ikk+1)i, j

(Pk
k+1)3i−2,3 j−1=(Pk

k+1)3i−2,3 j =(Pk
k+1)3i−1,3 j−2=(Pk

k+1)3i−1,3 j

=(Pk
k+1)3i,3 j−2=(Pk

k+1)3i,3 j−1=0
End For

End For

Remark 4.1
Construction of the full prolongation matrix P̂k

k+1=( p̂i j ) from the initial full prolongation matrix
Pk
k+1 is made by solving the following optimization problem:

P̂k
k+1=argmin

q
J (q)= 1

2

∑
j
qT∗ jAkq∗ j (11)

where q∗ j is the j th column of matrix q. The constraints on the matrix q are (i) the sparsity
pattern of q is the same as that of Pk

k+1 and (ii)
∑

j qi j =1 for all nodes i , for which i and its
neighbors do not satisfy a Dirichlet boundary condition. The second constraint is the requirement
that the coarse space basis reproduces a constraint function. Note that problem (11) is in general
solved using some iterative methods with the full initial approximation of Pk

k+1. This is a typical
construction of a coarse grid basis function by minimization of its energy [34].

Having constructed all the components for the multigrid algorithm, we can get the AMG V-cycle
iteration as usual for the system of equations (4). Note that the point-block Gauss–Seidel iteration
is used as an effective smoother in our numerical experiments. For convenience, we denote by
AMG01 the AMG V-cycle method with three pre- and three post-smoothing steps.

In what follows, we perform some experiments for studying the effect of anisotropic meshes
on the performance of AMG01 and CG methods. Here, we mainly consider isotropic problems in
linear elasticity on different anisotropic meshes presented in Figures 2 and 3.

We first describe our notation convention to be used to present the results of numerical experi-
ments. In all the tables throughout this paper, Neqs denotes the total number of unknowns; ‘Cond’
denotes the condition number of the stiffness matrix; NCG denotes the number of iterations for
the CG convergence, defined by ‖rk‖/‖r0‖�10−6 in which rk=F−AUk is the residual vector at
the kth iteration and the same iterative tolerance on the residual is used for AMG method; and �
denotes the average convergence factor defined as

� :=
(‖riter‖L2

‖r0‖L2

)1/iter

(12)

where ‘iter’ denotes the number of iterations needed to achieve the desired stopping criteria. We
choose U0=0 as our initial guess. All the experiments throughout this paper have been performed
on the computer with Interl(R) Xeon(TM) CPU 3.20GHz and 1.00GB RAM.

Example 1
In this example, we study the effect of those locally strong anisotropic meshes presented in Section 3
on the performance of AMG01 and CG methods for a discretization of (3) both on the unit square
and on the unit cube with Young’s modulus E=1.0×106MPa and Poisson’s ratio �=0.25 and
with zero boundary conditions on all boundaries, where a constant body force f=2.78×106MPa.
The corresponding numerical results are given in Tables I and II, respectively. Since the condition
number of stiffness matrix becomes very large when the size of problems increases, CG method
converges very slowly and is inefficient for large-scale problems.

From these results above, it can be seen that the AMG01 method is efficient only for those
isotropic meshes, e.g. Figures 2(a) and 3(a), but this is not the case for those locally strong
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Table I. Numerical results of AMG01 method for the two-dimensional problem of Example 1, where the
symbol ‘*’ denotes convergence for more than 1000 iterations.

64×64, Neqs=7936 128×128, Neqs=32258

Mesh Cond NCG � Iter Cond NCG � Iter

Figure 2(a) 1320 143 0.247 10 5276 291 0.351 14
Figure 2(b) 14061 532 0.805 64 108559 1511 0.930 191
Figure 2(c) 72385 634 0.965 386 733453 2045 0.994 *
Figure 2(d) 4950 387 0.580 26 34071 1076 0.808 65
Figure 2(e) 14138 438 0.867 87 125067 1363 0.966 404

Table II. Numerical results of AMG01 method for the three-dimensional problem of Example 1.

16×16×16, Neqs=10125 32×32×32, Neqs=89373

Mesh Cond NCG � Iter Cond NCG � Iter

Figure 3(a) 53 30 0.068 6 214 62 0.105 7
Figure 3(b) 1046 93 0.544 23 18421 390 0.899 131
Figure 3(c) 230 60 0.290 12 2606 223 0.790 59

anisotropic meshes, that is to say, the convergence rate of AMG01 method often deteriorates with
increasing problem size.

In general, there are two ways that can improve AMG performance for such anisotropic problems.
One way is to use semi-coarsening technique. The failure of a standard multigrid is that the errors
in the direction of weak anisotropy are not smoothed. Thus, they cannot be solved on the coarse
grid. In the case of structured grids, one can apply semi-coarsening, which selects coarse grid
points geometrically according to the direction of anisotropy. The drawback, however, is that the
overall cost of the multigrid will increase. Another way is to use block/line relaxation methods.
However, for those locally anisotropic meshes, since the direction of anisotropy changes frequently,
the determination of the lines or planes of anisotropy is usually complicated. In the following
section, we hope to use the geometric grid information as nodal coordinates to construct a highly
efficient AMG method for such anisotropic problems.

5. A MODIFIED AMG METHOD AND NUMERICAL RESULTS

The failure of the aforementioned AMG01 method is that it cannot deal with strong couplings
between different physical unknowns only by using the auxiliary grid matrix A=(ai j ) with the
definition as shown in (8). We need to define again strong couplings between the blocks of
the resulting stiffness matrix A=(Ai j ), which correspond to a geometric grid point rather than
couplings between single scalar (unknown) coefficients. An effective way is to use a condensation
approach that can handle such coupling very efficiently. The basic idea is to use both the condensed
point-block stiffness matrix according to References [10, 27] and the distance between neighboring
grid points (stored in a distance matrix) in order to obtain a modified coarsening algorithm and
define appropriate interpolation schemes. The details of this construction are given in the following.

We first define the auxiliary grid matrix A :=(ai j ) by a condensation approach as the following
form:

(ai j ) :=
{
0 if Ai j =0

|||Ai j ||| if Ai j �=0
(13)

where |||Ai j ||| is certain associated matrix-norm of matrix Ai j . Note that there are several types
of matrix-norms such as the L2-norm, Frobenius-norm |||·|||F , the column-sum norm |||·|||1 and
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the row-sum norm |||·|||∞. From [27], we know that the row-sum norm |||·|||∞ can provide the
most favorable coarse grid results. Therefore, we also use this matrix-norm, i.e. āi j :=|||Ai j |||∞
if Ai j �=0, for the condensation of the point blocks throughout this paper.

With the definition as shown in (13), we can then introduce the notion of strong couplings
between grid points analogous to the scalar PDE case. Given a threshold of 	,0�	�1, we say the
grid point i is strongly coupled to the grid point j if

|āi j |�	·max
k∈Ni

|āik | (14)

with 	 typically set to be 0.25, where Ni :={ j |āi j �=0}. Note that one can uniquely map the index i
to the geometric grid point xi , where the i th basis function of the discretization is nonzero on the
grid point xi .

We define Si :={ j ||āi j |�	·maxk∈Ni |āik |} as the set of all points j to which i is strongly coupled
and STi :={ j |i ∈ S j } as the set of all points, which are strongly coupled to i . With these definitions
we can apply the classical coarse grid selection procedure to the condensed matrix A :=(ai j ).
Details on the coarsening algorithm can be found in [10, 11, 35]. The initial prolongation matrix
IFC is then defined by using the following simple interpolation formula, namely

(IFCvC )i =

⎧⎪⎨
⎪⎩

vi if i ∈C

1

m

∑
j∈C∩Si

v j if i ∈F
(15)

where C and F are the sets of coarse and fine grid points, and m=|C∩Si |, which denotes the
total number of elements in the set C∩Si . Finally, we can obtain the full prolongation matrix P
as the way given in Algorithm 4.2 and the final prolongation matrix P̂ in the sense of minimal
energy by using the smoothing technique in [34]. Furthermore, we can get all the components of
multigrid iteration in a recursive manner. Here, we denote by AMG02 the corresponding AMG
V-cycle method with three pre- and three post-smoothing steps. This method is applied to the
system of equations (4) for the aforementioned Examples 1 and 2, respectively. Numerical results
given in Tables III and V and Figure 6 have shown that AMG02 method is highly efficient for
those thin and stretched meshes. This resembles the semi-coarsening of the method that can also
be noticed for scalar problems. However, the convergence rate of AMG02 method gets worse with
the increasing problem size for those locally strong anisotropic meshes. Therefore, it is necessary
to develop some new techniques to improve the AMG convergence for such anisotropic problems.

AMG02 method selects coarse grid points algebraically according to strong couplings. It has
better convergence for both isotropic meshes and stretched meshes, but converges very slowly for
those locally strong anisotropic meshes as shown in Figures 2(b)–(e) and 3(b) and (c). Thus, how
to define appropriate strong couplings is important for the selection of coarse grid points and for
the improvement of the AMG efficiency. In what follows, we propose a modified algorithm of
coarse grid selection. The basic idea of the algorithm is as follows. In the first step we divide all
grid points into two classes. One consists of all isotropic grid points and another consists of all

Table III. Numerical results of AMG02 and AMG03 methods for the two-dimensional problem of
Example 1, where ‘**’ denotes convergence for more than 1000 iterations.

AMG02 AMG03

64×64 128×128 256×256 64×64 128×128 256×256

Mesh � Iter � Iter � Iter � Iter � Iter � Iter

Figure 2(a) 0.149 8 0.210 9 0.284 11 0.149 8 0.210 9 0.284 11
Figure 2(b) 0.723 43 0.865 96 0.947 255 0.188 9 0.304 12 0.608 28
Figure 2(c) 0.870 100 0.967 415 ** ** 0.240 10 0.337 13 0.513 21
Figure 2(d) 0.695 38 0.853 88 0.940 225 0.248 10 0.269 11 0.395 15
Figure 2(e) 0.703 40 0.891 120 0.968 319 0.300 12 0.358 14 0.394 15
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anisotropic grid points. Here, an anisotropic point is a point belonging to at least an anisotropic
mesh element.

Then, in the second step we define an appropriate coarse grid selection, namely all isotropic grid
points are automatically selected as coarse grid points and the rest coarse grid points are selected
algebraically according to strong couplings for those anisotropic grid points. The above two steps
are done recursively until all grid points are almost isotropic grid points in some measure. Finally,
we take the MIS as the sets of coarser grid points and construct the corresponding prolongation
operators and coarse grid matrices for the remainder grid levels.

For the convenience of discussion here, we introduce some definitions and notations. We begin
by defining the distance matrix corresponding to the auxiliary grid matrix A by using nodal
coordinates.

Definition 5.1
The auxiliary matrix D=(di j ) is defined as the distance matrix corresponding to the auxiliary grid
matrix A, whose entries are given by

di j =
⎧⎨
⎩
√

(x1(i)−x1( j))2+(x2(i)−x2( j))2+(x3(i)−x3( j))2 if j ∈Ni

0 otherwise
(16)

where (x1(i), x2(i), x3(i)) is the nodal coordinate of the i th grid point, i=1,2, . . . ,nh .
Let

dmin
i =min

j∈Ni
di j , dmin= min

1�i�nh
dmin
i and dmax= max

1�i�nh , j∈Ni

di j

We then define the set Si :={ j |dmin
i �di j�c ·dmin

i ,∀ j ∈Ni } as the set of all grid points j to which i
is strongly coupled.

Definition 5.2
The auxiliary matrix S=(si j ) is defined as the relation matrix corresponding to the auxiliary grid
matrix A if its entries si j satisfy

si j =
{
1 if j ∈ Si

0 otherwise
(17)

for any given index i ∈Nh , where Nh ={1,2, . . . ,nh}.
Assume that �1 is the index set of all geometric grid points, A1 :=A is the auxiliary grid

matrix and D1 :=D is the corresponding distance matrix on the finest grid level, respectively. Let
d(1)
max=dmax, d

(1)
min=dmin, (dmin

i )(1) =dmin
i and N 1

i =Ni (i ∈Nh). In this manner, we can present
the modified algorithm for coarse grid selection as given in Algorithm 5.3.

Algorithm 5.3 (Modified coarse grid selection procedure)
Step 1: Set k=1.
Step 2: If the condition d(1)

max�ck−1 ·d(1)
min is satisfied, then go to Step 9; otherwise, go to Step 3.

Step 3: Find the index set Tk ={i |d(k)
min�(dmin

i )(k)�c ·d(k)
min, i=1,2, . . . ,nk} by the distance matrix

Dk . Using the depth first search (DFS) algorithm, see [36, 37], we then divide the index set Tk into
nb connected subsets, which are denoted by �k,l , l=1,2, . . . ,nb, respectively. For each connected
subset �k,l , l=1,2, . . . ,nb, perform the following two steps:

3.1. Generate the local distance matrix Dk,l and the corresponding relation matrix Sk,l .
3.2. Apply the classical coarse grid selection procedure to the connected subset �k,l . Then denote

by Ck
l and Fk

l the sets of coarse and fine grid points, respectively.

Step 4: Set �k,0=�k−⋃nb
l=1�k,l , then Ck =(

⋃nb
l=1C

k
l )∪�k,0 and Fk =�k−Ck . Here Ck and

Fk denote the sets of coarse and fine grid points, respectively.
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Step 5: Find the initial prolongation matrix Ikk+1 and the full prolongation matrix Pk
k+1 by using

Algorithm 5.4.
Step 6: Let �k+1=Ck and take it as the set of all grid points at the (k+1)th level.
Step 7: Obtain the next coarse grid matrix Ak+1 by the usual Galerkin approach (10) and then

define the corresponding auxiliary grid matrix Ak+1.
Step 8: Save the nodal coordinates of the (k+1)th grid level and then generate the corresponding

distance matrix Dk+1. Let d
(k+1)
min =min1�i�nk+1(d

min
i )(k+1), where (dmin

i )(k+1) =min j∈Nk+1
i

d(k+1)
i j .

Set k :=k+1 and go to Step 2.
Step 9: Using Algorithm 4.1, construct the corresponding prolongation operators and coarse

grid matrices for the remainder of grid levels, namely from the kth grid level to the M th grid level,
where level M is the coarsest grid level.

Remark 5.1
We assume that d(1)

max=cJ ·d(1)
min for the finest grid level in Algorithm 5.3, and thus we have that

1�k�J , where c is certain constant between 1.5 and 2.5 in general. For instance, c can be set to√
2 for uniform quadrilateral mesh. In addition, the role of the distance matrix is to define again

strong couplings between grid points and gradually decrease or eliminate the multi-scale property
of the coefficient matrix on the coarse grid level or eliminate the locally strong anisotropy of
meshes used in FEM discretization.

Remark 5.2
For certain grid level k, if the condition d(1)

max�ck−1 ·d(1)
min is satisfied, it will imply that all grid

points are almost isotropic ones. Thus, we can take the MIS of �k as the set of coarse grid points.

Remark 5.3
The DFS algorithm is used here to solve the problem of testing whether certain graph is connected.
The running time of DSF algorithm is O(V +E), where V is a set whose elements are called
vertices, and E is a set of unordered pairs of distinct elements of set V .

Figures 4 and 5 show two examples of the choice of coarse grid points by using the modified
coarse grid selection procedure based on distance matrix. The result in Figure 4 for the usual thin
and stretched meshes is essentially identical to that of semi-coarsening. For the locally anisotropic
mesh as shown in Figure 5, it needs to perform only twice recursively in order to make all grid
points almost isotropic ones, and thus the MIS can be taken as the sets of coarser grid points for
the remainder grid levels.

The following algorithm will present the construction of the modified prolongation operator,
which is used in Step 5 of Algorithm 5.3.

Algorithm 5.4 (Modified prolongation)
Step 1: Define the initial prolongation matrix Ikk+1 by using the modified simple piecewise

constant interpolation, namely

(Ikk+1v
k+1)i =

⎧⎪⎨
⎪⎩

vk+1
i if i ∈Ck

1

m

∑
j∈Si

vk+1
j if i ∈Fk (18)

Figure 4. An illustration for the usual thin and stretched mesh, where the coarse nodes are denoted by
‘c’ and the rest are fine nodes.
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Figure 5. Sequence of the modified coarse grid selection process on a locally anisotropic mesh. Left:
Result of coarse grid selection for the finest mesh, where the coarse nodes are denoted by ‘c’ and the rest
are fine nodes. Right: Result of coarse grid selection for the next coarser mesh, where the coarse nodes

are denoted by ‘�’ and the rest are fine nodes.

Table IV. Numerical results of AMG02 and AMG03 methods for the
three-dimensional problem of Example 1.

AMG02 AMG03

16×16×16 32×32×32 48×36×36 16×16×16 32×32×32 48×36×36

Mesh � Iter � Iter � Iter � Iter � Iter � Iter

Figure 3(a) 0.025 4 0.040 5 0.043 5 0.025 4 0.041 5 0.043 5
Figure 3(b) 0.518 21 0.844 82 0.924 115 0.092 6 0.150 8 0.15 9
Figure 3(c) 0.426 17 0.795 76 0.876 94 0.098 6 0.152 8 0.160 9

where Ck and Fk are the sets of coarse and fine grid points, respectively, and Si denotes the set
of all grid points j to which i is strongly coupled. Here m=|Si |, which denotes the total number
of elements in set Si .

Step 2: Construct the initial full prolongation matrix Pk
k+1 by the way given in Algorithm 4.2.

Step 3: Obtain the full prolongation matrix P̂k
k+1 from the initial full prolongation matrix Pk

k+1
in the sense of minimal energy using the smoothing technique given in [34].

So far, we can obtain all the components for AMG V-cycle iteration for the system of
equations (4). Here, we also denote this method by AMG03 with three pre- and three post-
smoothing steps as usual. In what follows, we perform some numerical experiments to test the
effectiveness and robustness of our constructed AMG method.

We first use our constructed AMG03 method to solve the aforementioned problems presented
in Example 1. Note that we always set c=1.6 throughout this paper. The corresponding numerical
results are given in Tables III and IV, respectively.

Example 2
This example is mainly used to illustrate the robustness of our constructed AMG method with
respect to small aspect ratios of the elements. It is also used in Reference [10] as an example.
We discretize the two-dimensional problem on a rectangular domain with the mesh size hy in the
y-direction and hx = l ·hy in the x-direction, where l>0 is the stretching factor of the mesh as
shown in Figure 6. In three-space dimensions we distinguish the two cases

� = [0, l]×[0,1]2 and hx = l ·hy(=hz) (C1)

� = [0, l]2×[0,1] and hx =hy = l ·hz (C2)
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Figure 6. Sketch of the mesh structure used in Example 2 in two dimensions.

Figure 7. Two different domains for the three-dimensional problem of Example 2.

Figure 8. Left: Average convergence factor � of AMG02 and AMG03 methods for Example 2 for different l
in two dimensions with h= 1

64 . Right: Average convergence factor � of AMG03 for Example 2 for
different l in three dimensions with h= 1

16 for problem types (C1) and (C2).

as shown in Figure 7. The same material parameters and Dirichlet boundary conditions and the
body force as given in Example 1 are used in this experiment. The corresponding numerical results
are presented in Figure 8.

Example 3
In this example, we consider again the same problems as Example 1. However, they are now
discretized on non-uniform and unstructured meshes for further testing the effectiveness and
robustness of our constructed AMG method.

Case 1: We discretize the two-dimensional problem on non-uniform meshes of quadrilateral
elements (that are uniformly refined), one of which is shown in Figure 9, which contains some
elements with small aspect ratios. The corresponding iteration counts for different mesh sizes are
presented in Table V.

Case 2: We discretize the problems on unstructured meshes with different sizes. The main point
here is that the constructed AMG method can deal effectively with unstructured meshes without
too much degradation in convergence over the uniform case. Several isotropic meshes with 2288,
8832 and 13 376 quadrilateral elements and some locally strong anisotropic meshes with 960, 3840
and 15 360 quadrilateral elements in two dimensions are used in this numerical test. Two typical
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Figure 9. A typical non-uniform mesh used in Case 1 of Example 3.

Table V. Results of AMG02 and AMG03 on non-uniform
meshes of quadrilateral elements.

16×16 32×32 64×64 128×128

� Iter � Iter � Iter � Iter

AMG02 0.695 38 0.780 56 0.855 89 0.844 82
AMG03 0.118 7 0.213 9 0.244 10 0.326 12

Figure 10. Two typical unstructured meshes (left: isotropic mesh; right: anisotropic mesh) in two
dimensions used in Case 2 of Example 3.

examples are shown in Figure 10, respectively. The corresponding results of AMG02 and AMG03
methods are presented in Tables VI and VII, respectively.

Example 4
In many situations, we need to use a discretization on adaptive meshes, where the mesh width
can vary substantially over the domain. In this example, we consider the same two-dimensional
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Table VI. Results of AMG02 and AMG03 on different
isotropic unstructured meshes.

2288 8832 13 376

No. of elements � Iter � Iter � Iter

AMG02 0.342 13 0.470 19 0.498 20
AMG03 0.365 14 0.461 18 0.511 21

Table VII. Results of AMG02 and AMG03 on different locally strong
anisotropic unstructured meshes.

960 3840 15 360

No. of elements � Iter � Iter � Iter

AMG02 0.740 46 0.768 53 0.850 86
AMG03 0.419 16 0.438 17 0.537 23

Figure 11. A locally refined mesh with 964 elements used in Example 4.

Table VIII. Results of AMG02 and AMG03 methods on different adaptive meshes.

1348 8160 12 672

No. of elements � Iter � Iter � Iter

AMG02 0.352 14 0.528 22 0.500 20
AMG03 0.387 15 0.494 20 0.511 21

problems as Example 1 once more, which are now discretized on some adaptive meshes (an
example of such a mesh is given in Figure 11) to show that our constructed AMG method can also
provide fast convergence for such discretizations. The results of AMG02 and AMG03 methods,
presented in Table VIII, are similar to those obtained for the previous two-dimensional problems
discretized on different isotropic unstructured meshes of quadrilateral elements.
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From these results we can draw some conclusions as follows:

(1) AMG03 and AMG02 methods nearly have the same convergence rate for isotropic meshes
including both structured and unstructured meshes.

(2) The constructed AMG03 method has faster convergence than AMG02 method for those
locally strong anisotropic meshes including both structured and unstructured meshes. For
example, the average convergence factor obtained with AMG02 method is �=0.967 for
h= 1

128 , whereas we find �=0.337 for AMG03 method for the two-dimensional problems
discretized as depicted in Figure 2(c). In three dimensions, for the mesh as shown in
Figure 3(b) our modified AMG method converges with an average convergence factor
�=0.150 for h= 1

32 , whereas the AMG02 method provides approximately one-tenth of
the speed of convergence, compared with �=0.844. From Table IV one can see that the
number of iterations is reduced from 82 to 8 in this case. For the two-dimensional problems
discretized on unstructured anisotropic meshes as depicted in Figure 10 (right), the average
convergence factor of AMG02 method is �=0.850 for the mesh with 15 360 elements,
whereas �=0.537 for AMG03 method.

(3) For those problems discretized on the usual thin and stretched meshes, both methods have
the same convergence rate when the parameter l�16 in two dimensions, but AMG03 has
better convergence than AMG02 method for 1�l<16. In three dimensions, AMG03 gives
better results with �<0.20 for the two different problem types (C1) and (C2).

In conclusion, the modified AMG method is often robust and efficient not only for the usual
thin and stretched meshes but also for those locally anisotropic meshes including structured and
unstructured meshes. Although the convergence rate of the resulting AMG method is perhaps
weakly dependent on the mesh size in some situations, the numerical results obtained here are still
quite encouraging.

In what follows, we shall make further numerical tests for the solution of some important
problems that occur in many practical applications.

Example 5 (Jumps in Young’s modulus, see, e.g. Griebel et al. [10] and Brezina et al. [38])
In practice, we often encounter elastic structures that are made of many different materials with
different properties. However, this leads to jumps in the coefficients of the elasticity operator and
makes the solution of the respective linear system even harder. In this example, we examine such
problems in two- and three-space dimensions, respectively.

Consider the decomposition of the domain into four subdomains for the two-dimensional case
and into eight subdomains for the three-dimensional case as shown in Figure 12, respectively. We
set Poisson’s ratio �=0.25 and Young’s modulus E to E2=1.0×106MPa on the light subdomains
and to E=E1�E2 on the dark subdomains. The body force f=2.78×106MPa is also used in
this example.

Figure 12. Jumps in Young’s modulus, namely E=E1 on dark subdomains and
E=E2=1.0×106<E1 on light subdomains.
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Table IX. Numerical results of AMG02 and AMG03 methods for the
two-dimensional problem of Example 5.

AMG02 AMG03

64×64 128×128 64×64 128×128

E1/E2 � Iter � Iter � Iter � Iter

10 0.914 154 0.977 583 0.546 23 0.630 30
100 0.915 157 0.977 595 0.557 24 0.627 30
1000 0.905 139 0.974 530 0.483 19 0.566 25

Table X. Numerical results of AMG02 and AMG03 methods for
the three-dimensional problem of Example 5.

AMG02 AMG03

8×8×8 16×16×16 32×32×32 8×8×8 16×16×16 32×32×32

E1/E2 � Iter � Iter � Iter � Iter � Iter � Iter

10 0.176 8 0.573 25 0.893 123 0.086 6 0.133 7 0.387 15
100 0.208 9 0.620 29 0.912 150 0.111 7 0.203 9 0.453 18
1000 0.213 9 0.648 32 0.915 156 0.098 6 0.193 9 0.427 17

Linear elasticity problem (3) has been discretized using bilinear and trilinear finite element and
zero Dirichlet boundary conditions are used on all boundaries. The corresponding meshes needed
are shown in Figures 2(c) and 3(b), respectively, where the locally refined meshes are used near
the interface between different materials. Results of experiments are summed up in Tables IX
and X. It is shown from these results that the constructed AMG03 method has substantially faster
convergence than AMG02 method and it achieves the desired robustness with respect to the jumps
of Young’s modulus. However, it would be nice to have some numerical results included (which
show the number of iterations) for different coefficient jumps, e.g. for E1/E2=1, 10, 100, 1000.

Remark 5.4
The constructed algorithm is still somewhat dependent on the problem size for linear elasticity
problems with jumps in coefficients. In general, such PDEs are difficult to solve by current
(algebraic) multigrid methods and it is a challenging task to come up with a method that works
robustly in all practical situations. The performance of the resulting AMG method can be partially
improved, for instance, by using the interface preserving coarsening procedure, which is proposed
in the recent work [19].

Note that in the previous examples, we consider only homogeneous Dirichlet conditions on
all boundaries. In practice, there are also Neumann boundary conditions or simply without any
conditions on some parts of the boundary. In the final example, we take an elasticity problem
with some free boundaries in two dimensions as an illustration to numerically demonstrate the
robustness and efficiency of our constructed AMG method.

Example 6 (Beam problem with free boundaries, see Graham and Forsyth [39])
This problem consists of a rectangular beam of variable thickness attached at each end to a wall,
hanging under gravity as shown in Figure 13. The beam is held in tension. Its dimensions are
0.6m×0.15
m in the x- and y-directions, respectively, and it is modelled on a 64×64 mesh. The
material parameters E=100MPa and �=0.4. In our numerical experiment, 
=1, 1

2 ,
1
4 ,

1
8 and 1

16
are used to demonstrate the effects of small element aspect ratio on the convergence of AMG
methods. A depiction of such a mesh is shown in Figure 6.

The boundary conditions are designed to simulate the effects of the weight of the beam. A
downward force is prescribed at the center of the underside of the beam (the center of gravity)
and the nodes adjacent to the left-hand side wall and to the right-hand side wall are fixed.
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Figure 13. Beam hanging under its own weight [39].

Figure 14. Average convergence factor � of AMG02 and AMG03 methods for different aspect ratios 
.

We find that the convergence of AMG03 method deteriorates with 
 decreasing (the corresponding
results are not presented here). One reason is that the selection of points on two free boundaries
for the coarse grids and the constructed interpolation does not reproduce the rigid body modes at
such points exactly [10]. One way to overcome this problem is to develop a coarsening algorithm,
which provides a standard coarsening also for free boundary points. Since the modified coarsening
Algorithm 5.3 can produce good results for interior points in the previous examples, it is natural to
use a standard coarsening in the first step to coarsen all free boundary points separately and then,
in the second step, to coarsen the interior points using the modified coarsening Algorithm 5.3.

From [10], we know that a point i belongs to the boundary, if it satisfies

|Ni |<
∑

j∈Ni
|N j |

|Ni | (19)

Thus, we can also get AMG03 method based on the coarsening processes as given above. The
corresponding numerical results for different aspect ratios 
 are presented in Figure 14. It is shown
that the AMG03 method has the same convergence rates nearly as the AMG02 method when 

is decreasing. Therefore, the constructed AMG method in this paper is also robust and efficient
for elasticity problems with free boundaries. Note that in AMG02 method, semi-coarsening was
performed until there is at least one interior point.

6. CONCLUDING REMARKS

The aim of this paper has been to construct a more efficient and robust AMG solver for the
solution of linear elasticity problems on several types of anisotropic meshes. In particular, a
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modified algorithm of coarse grid selection is proposed by using geometric information and analytic
properties of the underlying systems of elasticity PDEs. We have presented various numerical
results of the constructed AMG method for some typical problems in two- and three-dimensional
linear elasticity. It has been shown that the resulting AMG method is often robust and efficient
not only for the usual thin and stretched meshes but also for those locally anisotropic meshes
including structured and unstructured meshes.

Our method is less algebraic or generic than the classical AMG in the sense that we need to
know a priori geometric grid information as nodal coordinates on the finest grid level. Although
only limited numerical experiments have been performed, the numerical results are still quite
encouraging. More extensive numerical experiments for general problems and developing other
techniques to obtain better AMG convergence rate are also expected. Such areas will be a subject
of our future research.
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