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Abstract

Let {S,} be an infinite sequence whose limit or antilimit S can be approximated very efficiently by applying a suitable
extrapolation method Eg to {S.}. Assume that the S, and hence also S are differentiable functions of some parameter
&, (d/d&)S being the limit or antilimit of {(d/d&)S,}, and that we need to approximate (d/d¢)S. A direct way of achieving
this would be by applying again a suitable extrapolation method E; to the sequence {(d/d¢)S,}, and this approach has
often been used efficiently in various problems of practical importance. Unfortunately, as has been observed at least in some
important cases, when (d/d&)S,, and S,, have essentially different asymptotic behaviors as m — oo, the approximations to
(d/d&)S produced by this approach, despite the fact that they are good, do not converge as quickly as those obtained for
S, and this is puzzling. In a recent paper (A. Sidi, Extrapolation methods and derivatives of limits of sequences, Math.
Comp., 69 (2000) 305-323) we gave a rigorous mathematical explanation of this phenomenon for the cases in which Ej
is the Richardson extrapolation process and E; is a generalization of it, and we showed that the phenomenon has nothing
to do with numerics. Following that we proposed a very effective procedure to overcome this problem that amounts
to first applying the extrapolation method Eo to {S.} and then differentiating the resulting approximations to S. As a
practical means of implementing this procedure we also proposed the direct differentiation of the recursion relations of the
extrapolation method Ey used in approximating S. We additionally provided a thorough convergence and stability analysis
in conjunction with the Richardson extrapolation process from which we deduced that the new procedure for (d/d¢)S has
practically the same convergence properties as Ey for S. Finally, we presented an application to the computation of integrals
with algebraic/logarithmic endpoint singularities via the Romberg integration. In this paper we continue this research by
treating Sidi’s generalized Richardson extrapolation process GREP" in detail. We then apply the new procedure to various
infinite series of logarithmic type (whether convergent or divergent) in conjunction with the d‘"-transformation of Levin
and Sidi. Both the theory and the numerical results of this paper too indicate that this approach is the preferred one for
computing derivatives of limits of infinite sequences and series. (©) 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction and review of recent developments

Let {S,,} be an infinite sequence whose limit or antilimit S can be approximated very efficiently
by applying a suitable extrapolation method E, to {S,}. Assume that the S, and hence also S are
differentiable functions of some parameter £, (d/d&)S being the limit or antilimit of {(d/d¢)S,,}, and
that we need to approximate (d/d¢)S. A direct way of achieving this would be by applying again
a suitable extrapolation method E; to the sequence {(d/d&)S,}, and this approach has often been
used efficiently in various problems of practical importance. When S,, and (d/d&)S,, have essentially
different asymptotic behaviors as m — oo, the approximations to (d/d¢)S produced by applying
E; to {(d/d&)S,} do not converge to (d/d&)S as quickly as the approximations to S obtained by
applying E, to {S,,} even though they may be good. This is a curious and disturbing phenomenon
that calls for an explanation and a befitting remedy, and both of these issues were addressed by the
author in the recent paper [14] via the Richardson extrapolation. As far as is known to us [14] is
the first work that handles this problem.

The procedure to cope with the problem above that was proposed in [14] amounts to first applying
the extrapolation method E, to {S,,} and then differentiating the resulting approximations to S. As
far as practical implementation of this procedure is concerned, it was proposed in [14] to actually
differentiate the recursion relations satisfied by the method E,.

In the present work we continue this new line of research by extending the approach of [14]
to GREP(") that is the simplest case of the generalized Richardson extrapolation process GREP of
Sidi [7]. Following this, we consider the application of the d‘"-transformation, the simplest of the
d-transformations of Levin and Sidi [6], to computing derivatives of sums of infinite series. Now
GREP is a most powerful extrapolation procedure that can be applied to a very large class of
sequences and the d-transformations are GREPs that can be applied successfully again to a very
large class of infinite series. Indeed, it is known theoretically and has been observed numerically
that GREP in general and the d-transformations in particular have scopes larger than most known
extrapolation methods.

Before we go on to the main theme of this paper, we will give a short review of the motivation
and results of [14]. This will also help establish some of the notation that we will use in the
remainder of this work and set the stage for further developments. As we did in [14], here too we
will keep the treatment general by recalling that infinite sequences are either directly related to or
can be formally associated with a function 4(y), where y may be a continuous or discrete variable.

Let a function A(y) be known and hence computable for y € (0,5] with some b > 0, the variable
v being continuous or discrete. Assume, furthermore, that 4(y) has an asymptotic expansion of the
form

Ay) ~ A+ oyy™ asy — 0+, (1.1)
k=1

where o, are known scalars satisfying
o, 720, k=1,2,...; Mo <NRop, <---; klim Ro, = +00, (1.2)

and 4 and o, k=1,2,..., are constants independent of y that are not necessarily known.
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From (1.1) and (1.2) it is clear that 4 =1im,_, A(y) when this limit exists. When lim,_,, A(y)
does not exist, 4 is the antilimit of 4(y) for y — 0+, and in this case Ro; <0 necessarily. In any
case, 4 can be approximated very effectively by the Richardson extrapolation process that is defined
via the linear systems of equations

A =AY +> " @y, j<I<j+n, (1.3)
k=1

with the y; picked as
V= yow /=0,1,..., for some y, € (0,b] and w € (0,1). (1.4)

Here 4! are the approximations to 4 and the &, are additional (auxiliary) unknowns. As is well
known, A\ can be computed very efficiently by the following algorithm due to Bulirsch and Stoer

[2]:

_ A(j+1) _ nA(j)
Agj):Hlfz;Hﬁ jZOala--'a n:152""’ (15)

where we have defined
=", n=12,.... (1.6)

Let us now consider the situation in which A(y) and hence 4 depend on some real or complex
parameter ¢ and are continuously differentiable in ¢ for ¢ in some set X of the real line or the
complex plane, and we are interested in computing (d/dé)4 = A. Let us assume in addition to
the above that (d/dé)4(y) = A(y) has an asymptotic expansion for y — 0+ that is obtained by
differentiating that in (1.1) term by term. (This assumption is satisfied at least in some cases of
practical interest as can be shown rigorously.) Finally, let us assume that the «; and oy, as well as
A(y) and A4, depend on ¢ and that they are continuously differentiable for £ € X. As a consequence
of these assumptions we have

A(y) ~ A+ (0 + w6y log y)y™ as y — 0+, (1.7)
=1
where d; = (d/d¢)x and 6, = (d/d¢)oy. Obviously, 4 and the d; and 6, are independent of y. As a
result, the infinite sum on the right-hand side of (1.7) is simply of the form ;2 (oo + o1 log y)y™
with oy and oy, constants independent of y.

Note that when the g; do not depend on &, we have 6, =0 for all k, and, therefore, the asymptotic
expansion in (1.7) becomes of exactly the same form as that given in (1.1). This means that
we can apply the Richardson extrapolation process above directly to A(y) and obtain very good
approximations to 4. This amounts to replacing A( y;) in (1.5) by A( ¥;), keeping everything else
the same. However, when the g, are functions of £, the asymptotic expansion in (1.7) is essentially
different from that in (1.1). This is so since y° log y and y° behave entirely differently as y — 0+.
In this case the application of the Richardson extrapolation process directly to 4(y) does not produce
approximations to A that are of practical value.
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The existence of an asymptotic expansion for A(y) of the form given in (1.7), however, suggests
immediately that a generalized Richardson extrapolation process can be applied to produce approx-
imations to 4 in an efficient manner. In keeping with the convention introduced by the author in
[12], this extrapolation process is defined via the linear systems

L(n+1)/2] [n/2]

By)=BP+ > Gyl + Y Gayltlogy, j<I<j+n, (1.8)
k=1 k=1

where B(y) = A(y), B\ are the approximations to B =4, and & and &, are additional (auxiliary)
unknowns. (This amounts to “eliminating” from (1.7) the functions y“', y°' log y, y**, y°*log y,...,
in this order.) With the y, as in (1.4), the approximations B\/) can be computed very efficiently by
the following algorithm developed in Sidi [12] and denoted the SGRom-algorithm there:

BY =B(y;), j=0,1,...,

- )
Bz(zj—l ) — }'anvj—)l

ij): T , j=0,1,..., n=12,..., (1.9)
where we have now defined
/12/(_1:)@/(:0/{, k:1,2,..., (110)

with the ¢, as defined in (1.6).

Before going on, we would like to mention that the problem we have described above arises nat-
urally in the numerical evaluation of integrals of the form B = fol(logx)xég(x)dx, where RE > — 1
and g € C*[0,1]. It is easy to see that B = (d/d{)4, where 4 = fol x°g(x)dx. Furthermore, the
trapezoidal rule approximation B(/#) to B with stepsize & has an Euler—Maclaurin (E-M) expan-
sion that is obtained by differentiating with respect to ¢ the E-M expansion of the trapezoidal
rule approximation A(h#) to A. With this knowledge available, B can be approximated by apply-
ing a generalized Richardson extrapolation process to B(/). Traditionally, this approach has been
adopted in multidimensional integration of singular functions as well. For a detailed discussion see
[3.9].

If we arrange the A} and B\ in two-dimensional arrays of the form

(0)

0
o 0"

¢ o o (1.11)
o o o o

then the diagonal sequences {Q'/)} -, with fixed j have much better convergence properties than
the column sequences {Q,(/)}joio with fixed n. In particular, the following convergence results are
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known:
1. The column sequences satisfy
AP = A=0(c,) as j— oo,
BY). —B=0(""|cusil) asj— 00, s=0,1. (1.12)
2. Under the additional condition that
Rowy — Rowy=d >0, k=1,2,..., for some fixed d (1.13)

and assuming that oy, oy, and o6, grow with k& at most like exp(fk") for some >0 and
n < 2, the diagonal sequences satisfy, for all practical purposes,

A;j)—AiO<H|ci> as n — oo,

i=1
Bff)—BiO<H/1,-|> as n — oo. (1.14)
i=1

The results pertaining to 4% in (1.12) and (1.14), with real o, are due to Bulirsch and Stoer
[2]. The case of complex oy is contained in [12], and so are the results on B{). Actually, [12] gives
a complete treatment of the general case in which

9k

> ockz-(logy)"] y*oasy — 0+, (1.15)

i=0

Ay)~ A+

k=1

where ¢, are known arbitrary nonnegative integers, and oy; are constants independent of y, and the
oy satisfy the condition

or 20, k=1,2,..., Ro <Ro,<---, klim Ro, =40 (1.16)

that is much weaker than that in (1.2). Thus, the asymptotic expansions in (1.1) and (1.7) are special
cases of that in (1.15) with ¢, =0, k=1,2,...,and ¢, =1, k =1,2,..., respectively.

Comparison of the diagonal sequences {4("}™ and {B{’}™ (with j fixed) with the help of
(1.14) reveals that the latter has inferior convergence properties, even though the computational
costs of 4/ and B\ are almost identical. (They involve the computation of A(y;), j<I<j-+n, and
B(y)), j<I<j+ n, respectively). As a matter of fact, from (1.6), (1.10), and (1.13) it follows that
the bound on |4Y) — 4| is smaller than that of |BY) — B| by a factor of O(I[", |cms:/ci]) = O(w?™)
as m — oo. This theoretical observation is also supported by numerical experiments. Judging from
(1.14) again, we see that, when Ro;,; — Ro, =d for all k£ in (1.13), B(L]\}i ] will have an accuracy

comparable to that of 4. This, however, increases the cost of the extrapolation substantially, as the
cost of computing 4(y;) and B(y,) increases drastically with increasing / in most cases of interest.
This quantitative discussion makes it clear that the inferiority of B{’ relative to A\ is actually
mathematical and has nothing to do with numerics.
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From what we have so far it is easy to identify the Richardson extrapolation of (1.3) as method
E, and the generalized Richardson extrapolation of (1.8) as method E£,. We now turn to the new
procedure “(d/d&)E,”.

Let us now approximate 4 by (d/dé)4) =4,”". This can be achieved computationally by differ-
entiating the recursion relation in (1.5), the result being the following recursive algorithm:

; HE)) ; .
AP =A(y) and A] =A(), j=0.1,...,

U+ @)
AP = At Gl 11 — i and
S(j+1) (/) .
(J A — G Cy i i .
AV = "*II_C’A" L AP — 4D, j=0,1,..., n=1,2,... . (1.17)

Here ¢, = (d/d¢)c,, n=1,2,... . This shows that we need two tables of the form given in (1.11),

one for 4 and another for A . We also see that the computation of the A " involves both A(y)
and A(y).

The column sequences {A'ij)};io converge to A almost in the same way the corresponding
sequences {4{)},", converge to 4, cf. (1.12). We have

A —4=0(eni V) asj— . (1.18)

The diagonal sequences {A;j)}zo converge to 4 also practically the same way the corresponding
{40} converge to A, subject to the mild conditions that :°, |¢;| < oo and Y0, |é:/ci| = O(n?)
as n — oo for some a>0, in addition to (1.13). We have for all practical purposes, cf. (1.14),

Afzj)—A'£O<H \ci\> as 1 — oo. (1.19)
i=1

The stability properties of the column and diagonal sequences of the Aij) are likewise analyzed in
[14] and are shown to be very similar to those of the A\). We refer the reader to [14] for details.

This completes our review of the motivation and results of [14]. In the next section we present the
extension of the procedure of [14] to GREP!). We derive the recursive algorithm for computing the
approximations and for assessing their numerical stability. In Section 3 we discuss the stability and
convergence properties of the new procedure subject to a set of appropriate sufficient conditions that
are met in many cases of interest. The main results of this section are Theorem 3.3 on stability and
Theorem 3.4 on convergence and both are optimal asymptotically. In Section 4 we show how the
method and theory of Sections 2 and 3 apply to the summation of some infinite series of logarithmic
type via the dV-transformation. Finally, in Section 5 we give two numerical examples that illustrate
the theory and show the superiority of the new approach to derivatives of limits over the direct
one. In the first example we apply the new approach to the computation of the derivative of the

Riemann zeta function. In the second example we compute (d/d&)F(E, 1 35 2, 1), where F(a,b;c;z) is
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the Gauss hypergeometric function. This example shows clearly that our approach is very effective
for computing derivatives of special functions such as the hypergeometric functions with respect to
their parameters.

2. GREP®Y and its derivative
2.1. General preliminaries on GREP"

As GREP(") applies to functions A4(y) that are in the class F(!), we start by describing FD.

Definition 2.1. We shall say that a function A(y), defined for 0 < y<b, for some b > 0, where y
can be a discrete or continuous variable, belongs to the set F(), if there exist functions ¢(y) and
p(y) and a constant 4, such that

A(y) =4+ ¢(»)B(y), (2.1)

where f(x), as a function of the continuous variable x and for some #<b, is continuous for 0 <x <7,
and, for some constant » > 0, has a Poincaré-type asymptotic expansion of the form

B(x) ~ i Bix" asx — 0. (2.2)
i=0

If, in addition, the function B(¢) = f(¢'"), as a function of the continuous variable ¢, is infinitely
differentiable for 0<z<#", we shall say that 4(y) belongs to the set F. Note that F{) C F(1),

Remark. 4=1im,_, A(y) whenever this limit exists. If lim,_,,4(y) does not exist, then A4 is said
to be the antilimit of A(y). In this case lim, .o, ¢(») does not exist as is obvious from (2.1) and
(2.2).

It is assumed that the functions A(y) and ¢(y) are computable for 0 < y<b (keeping in mind
that y may be discrete or continuous depending on the situation) and that the constant » is known.
The constants 4 and f; are not assumed to be known. The problem is to find (or approximate) A
whether it is the limit or the antilimit of 4(y) as y — 0+, and GREP'"”, the extrapolation procedure
that corresponds to F(!) is designed to tackle precisely this problem.

Definition 2.2. Let A(y) € F, with ¢(»), B(y), 4, and r being exactly as in Definition 2.1.
Pick y; € (0,b], I =0,1,2,..., such that yy > y; > y, > ---, and lim; .., y; = 0. Then A\, the
approximation to 4, and the parameters Bi, i=0,1,...,n— 1, are defined to be the solution of the
system of n+ 1 linear equations

n—1

AD =A) + ¢ D> Bt j<I<j+n, (2.3)
i=0

provided the matrix of this system is nonsingular. It is this process that generates the approximations
AY) that we call GREP".
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As is seen, GREP'" produces a two-dimensional table of approximations of the form given in
(L.1).

Before going on we let t=)" and ¢, =)}, [ =0,1,..., and define a(¢) = A(y) and @(¢) = ¢(y).
Then the equations in (2.3) take on the more convenient form

n—1

AV =a(t) + o)) Bt j<I<j+n (24)
i=0

A closed-form expression for 4} can be obtained by using divided differences. In the sequel we
denote by D,((“') the divided difference operator of order £ over the set of points #, %, 1,...,% ;. Thus,
for any function ¢g(¢z) defined at these points we have

s+k | stk
D9} = glts s stsad = 30| TT = | o ,>_Zc“)g(r‘+1) (2.5)
I=s i=s !
i#l

Then A{ is given by
(J)
A = D; (T{)a(t)/q)(t)}. (2.6)
D" {1/p(1)}

As is clear from (2.6), A can be expressed also in the form
AP = Zy(” (440), 2.7)

where 7/ ) are constants that are independent of a(¢) and that depend solely on the # and ¢(¢,) and
satisfy 37, 7'/’ = 1. The quantity I/’ defined by

ry =3 (2.8)
i=0

(note that I'/) >1) plays an important role in assessing the stability properties of the approximation
AY) with respect to errors (roundoff or other) in the a(f). As has been noted in
various places, if ¢ is the (absolute) error committed in the computation of a(t;), [ =0,1,...,
then |4\ — (j)\ <TI'Y)(max;<;<;inlel]), where A is the computed (as opposed to exact) value of
A, Concerning I'/) we have a result analogous to (2.6), namely,

F(”—Z! Gy = DU} (29)
par 1D {1 (1)}
where u(t) is arbitrarily defined for all ¢ except for #,,17,..., where it is defined by
u(t)) = (=1)/|o(t)|, 1=0,1,.... (2.10)

This is a result of the following lemma that will be used again later in this paper.
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Lemma 2.1. With D{g(t)} as in (2.5), we have
k
> [el g = (=1 DP{u(r)}, 2.11)
i=0
where h; are arbitrary scalars and
u(t)) = (=)', 1=0,1,..., (2.12)

but u(t) is arbitrary otherwise.

Proof. The validity of (2.11) follows from (2.5) and from the fact that c{)=(—1)|c\’|, i=0,1,...,k.
O

The results in (2.6) and (2.9) form the basis of the W-algorithm that is used in computing both
the A and the I'Y) in a very efficient way. For this we define for all j and n

M;? =Da()/p()}, N =DP{1/p(t)} and  H;” =D {u(1)} (2.13)

with u(¢;) as in (2.10), and recall the well-known recursion relation for divided differences, namely,

D50} = D2 {g)}

D {g(1)}y = (2.14)
litn = 1
(See, e.g., [15, p. 45].) Here are the steps of the W-Algorithm:
1. For j=0,1,..., set
My = a(1)/o(t)), Ny” = 1/g(t;) and  Hy” = (=1Y/|o(1))]. (2.15)
2. For j=0,1,...,and n=1,2,..., compute M/, N and H)) recursively from
' D _ o)
o) = ==l n—1 (2.16)
lian =1
with Q1) equal to M), N/, and H{/,
3. For all j and n set
, M) ) HU)
AW — ;(1 and I') = | " | (2.17)
n Nn]) n |Nrgj)’

Note that the W-Algorithm for A was originally developed in [8]. The recursion for I'(’) was
given recently in [10]. Stability and convergence studies for GREP"" can be found in [10], and more
recently in [13].
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Let us now assume that A(y) and 4 depend on a real or complex parameter ¢ and that we would
like to compute (d/dé)4 = A assuming that 4 is the limit or antilimit of (d/d&)4(y) as y — 0+.
We also assume that ¢(y) and B; in (2.1) are differentiable functions of ¢ and that 4(y) has an
asymptotic expansion as y — 0+ obtained by differentiating that of 4(y) given in (2.1) and (2.2)
term by term. Thus

AN ~ A+ NP+ 9P a5y =0+ (2.18)

Here ¢(y) = (d/d¢)d(») and ﬁ = (d/d¢)p; in keeping with the convention of the previous section.
We can now approximate A by applying the extrapolation process GREP® to (2.18). The approx-
imations B to B = A that result from this are defined via the linear systems
' la-v2) o lm2lmt
B(y1) :B;j) + ¢(y1) Z Buyi + &) Z Buyi, J<I<j+n, (2.19)

i=0 i=0

where B(y) = A(y) as before. (Compare (2.18) and (2. 19) with (1.7) and (1.8), respectively.) Now
the B converge to 4, but their rate of convergence to 4 is inferior to that of the corresponding 4(
to 4. We, therefore, would like to employ the approach of [14] hoping that it will produce better
results also with GREP“).

2.2. (d/d&)GREPY  and its implementation

Let us differentiate (2.7) with respect to £. We obtain
( )
’ Z PWPa(t.) + Z P Da(ti:), (2.20)

where 7 = (d/d¢)y\) and a(¢) = (d/dé)a(t) = A(y). .
It is clear that, unlike BY in (2.19) that depends only on d(?), AE,‘I) depends on both a(z) and a(t).

Also the stability of A(j) is affected by errors both in a(#;) and d(¢;). In particular, if ¢; and #; are the

(J)

=(J) .
(absolute) errors in a(z;) and da(z;), respectively, then |4, — A, |<QVY[max, <<, max(|el, |n:]],

) .
where A is the computed (as opposed to exact) value of Aij), and

Q) = Z ]+ Z 7571, 2.21)
We shall call this extension of GREP'" simply (d/d¢)GREP'".

2.2.1. Computation ofAij)

Let us start by differentiating A4 =M /N/). Upon denoting (d/d&)MV) =
- (/)
Nﬂ >

(/)

1’!

and (d/d&)NV) =

we have

M. MPN, (2.22)
n NVEJ) [Nrgj)]z
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Now M) and N/ are already available from the W-algorithm. We need only compute M E,j) and
N qu), and these can be computed by direct differentiation of (2.16) along with the appropriate initial
conditions in (2.15).

2.2.2. Computation of an upper bound on Q)

The assessment of stability of A " turns out to be much more involved than that of 40), and it

n
requires a good understanding of the nature of M, )

First, we note that, as the ¢ are independent of ¢, Df/) and (d/d¢) commute, i.e., (d/d&)DY{g(¢)}=
DW{(d/d&)g(t)}. Consequently, from (2.16) we have

/O _po [ da)\ _ o) a)  alt)er)
Mo b {df(p(t)} Dy {(P(f) [(p(t)]Z } (2.23)

Next, substituting (2.23) in (2.22), and using the fact that D{/) is a linear operator, we obtain
A =¥+ 1+ 1, (2.24)
where

_ D {a(t)/ (1)} En: (s

(/)
n

+i)’

(J)

N DO {a(t)/g(t)} N(”iy(,)

YZ = []\/;gj)] - N(j) +i),
D a(t)o(t)/[p(t)] "G
n i=0
with 6 = y'9&(¢,.,)/o(t,.;). Here we have used the fact that
J J
D{h(t)/o(t -
M > 9 h(ty.:)  for any h(t). (2.26)
D" {1/e()} %
Recalling (2.20), we identify
- (/)
N
) — n_ () () .
Py = —N(j)ym o, i=0,1,...,n. (2.27)
Therefore,
n (1) (1) (,0( )
Q) = Z [l + Z {’,)yﬁf) +0,| = Z [7af | + Z B | N T i) (2.28)
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Now even though the first summation is simply I'\/), and hence can be computed very inexpensively,
the second sum cannot, as its general term depends also on N f,‘/)/N,Ef), hence on j and n. We can,

however, compute, again very inexpensively, an upper bound f),(f) on Q) defined by
. -(J)
Q(J) _ F( 7) + | |

n

T + @) where @) = |5 (2.29)
i=0

‘N(])‘

which is obtained by manipulating the second summation in (2.28) appropriately. This can be
achieved by first realizing that

o) — ‘Df,j){v(t)}’

n |]V,$j)| s (230)
where v(¢) is arbitrarily defined for all ¢ except for f,?,..., for which it is defined by
vo(t) = (=D [@(t)|/le))?,  1=0,1,... (2.31)

and then by applying Lemma 2.1.

2.2.3. The (d/d&)W-algorithm for A(‘j)
Comblnmg all of the developments above, we can now extend the W-algorithm to compute A(j)
and Qn . We shall denote the resulting algorithm the (d/d&)W-algorithm. Here are the steps of this
algorithm.

1. For j=0,1,..., set

o a() o _ | ) _ )
0o - (p(tj)’ NO - (p(t])’ H ( 1)]|N |7 and
<) alt;)  a(t)e(ty) - () (1) (1) %)
_ A . N = 2 = (—1YINy). 2.32
C ety (o)) ’ [o(1))] = (232)

2. For j=0,1,..., and n=1,2,..., compute M), N/, H/, M(j) (j)

+1) )
Q(j Q(J

and H recursively from

o) ==— (2.33)
Jn T E
3. For all j and » set
() ()
A(]) M ' ()] — M and
]Vlgl) ’ n |NI£/)| >
() () ~ (/) (/)
'(j)_Mn (_,')Nn () |Hn | |Nn | j)
WS AN ST U ey e

It is interesting to note that we need six tables of the form (1.11) in order to carry out the
(d/d&)W-algorithm. This is twice the number of tables needed to carry out the W-algorithm. Note

also that no tables need to be saved for 4, I'), A(j)
all extrapolation methods.

~ (/) . . .
and QnJ . This seems to be the situation for
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3. Column convergence for (d/d¢)GREP"

In this section we shall give a detailed analysis of the column sequences {Ai‘”}zo with n fixed
for the case in which the ¢ are picked such that

Im
t>t,>-->0 and lim 22 =@ for some w € (0, 1). 3.1)

m— o0 tm
We also assume that

[ S
im <P(/()(Z+1)) =’ for some (complex) 6 #0,—1,—2,... . (3.2)

Recalling from Definition 2.1 that S(y) = B(¢) ~ Y., fit' as t — 0+, we already have the following
optimal convergence and stability results for 4 and I'\/), see Theorems 2.1 and 2.2 in [10].

Theorem 3.1. Under the conditions given in (3.1) and (3.2), we have

AP — A~ (H :> Buen@()NE as j — oo, (3.3)

i=1 l—¢

where P, is the first nonzero f; with i>n, and

()i
Jim ZV Z'= va : (3.4)

i=0

so that for each ﬁxed n

1 : .
lim ') = H + leil hence sup I''/) < cc. (3.5)
Jj—oo |1 — C, j
Here
=0 k=1,2,.... (3.6)

We shall see below that what we need for the analysis of (d/d¢)GREP" are the asymptotic
behaviors of '/ and 7. Now that we know the behavior of WD as j — oo from (3.4), we turn to

the study of /). We start with

TO(z) . : oo

(1) i_ ) _ ni i
V'Zh = with 7,7(z) = z, 3.7
Z 79(1) ; @(tj+i) )

which follows from the fact that y\/) = (’)/(p(t,+l)]/D(/){l/(p(t)} Of course, T)(1) =DV {1/¢(t)}.
Differentiating (3.7) with respect to &, and denoting T (z) (d/dET)(z), we obtain

(1) (/)
i — T, (@TY(1) — T()T, (1)
ZV = (T ()] . (3.8)
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Obviously,

0] RO U
T ()_ pry m [ (t/+l) Z (39)

as a result of which we have

()

T, () m@(%) 3.10
(1) 2; o) (3.10)

Substituting (3.10) in (3.8) and using the fact that 37 '/’ =1, we finally get

ZV(D i Z (J)q)(j+l) <Zym ,> (Z ) P +l;> (3.11)
i=0 +l

We have now come to the point where we have to make a suitable assumption on ¢(¢). The
following assumption seems to be quite realistic for many examples that involve logarithmically
convergent sequences and some others as well:

(1) =o@()[Klogt+L+o(l)] ast— 0+ for some constants K # 0 and L. (3.12)

Now the condition 11mméoc(tm+1/t )=w in (3.1) implies that #,,,/t,=o(1+¢,), where lim,,_, &,=0.
Therefore, t;,; = t;0' [],_ (1 + ¢;4,), and hence, for each fixed i>0

(J)

logt;; =logt; +ilogw + ¢ hms(’) 0, (3.13)

since &) = O(max{|¢;], & 1], |&/+1-:|})- Next, (3.12) and (3.13) imply that, for each fixed i >0,

P(t+:)
(i)

= (Klogt; + L)+ Kilogw+ ¢, lim ¢ =0, (3.14)
J— 00

since lim,,_, ¢, = 0.
Substituting (3.14) in (3.11), we see that the problematic term (K log¢; + L) that is unbounded
as j — oo disappears altogether, and we obtain

Zy(/)z’ =Y W P(Kilogw + o)z + (Z YDz ) (Z Y(Kilog o + aﬁ”)) . (3.15)
=0

i=0
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Letting j — oo in (3.15) and invoking lim;_ ¢ = 0 and recalling from Theorem 3.1 that

lim;_, yf,{ ) = =7J,;, we obtain the finite limit

lim ZV”) '=Klogw { <Z W]n[zi> (Z ij7m.> — <Z i)?,”z"> } . (3.16)
Jmee i=0

i=0 i=0

The following theorem summarizes the developments of this section up to this point.

Theorem 3.2. Subject to the conditions concerning the t; and ¢(t) that are given in (3.1), (3.2),
and (3.12), 30392 has a finite limit as j — oo that is given by

)EEOZV(” "= Klog w[U,(z)U/(1) — zU/(2)] = W,(z) = Z 3.2 (3.17)

i=0

where Uy(z) =TI\, &2 and c; = o®*~', i=1,2,..., and U!(z) = (d/dz)U,(2).

i=1 (1—¢;)

Theorem 3.2 is the key to the study of stability and convergence of column sequences {A'qu)}jio
that follows.

3.1. Stability of column sequences {A'ij)};io

Theorem 3.3. Under the conditions of Theorem 3.2, the sequences {Ai”};io are stable in the sense
that sup; Q) < oc.

Proof. The result follows from the facts that lim; ., 7\ =7, and lim; ., 7 =7, for all n and i,

which in turn follow from Theorems 3.1 and 3.2, respectively. [

HE))
3.2. Convergence of column sequences {A,’ }zo

Theorem 3.4. Under the conditions of Theorem 3.2 and with the notation therein we have
AP —d=0(p(t;) log 1)) as j — oc. (3.18)

A more refined result can be stated as follows: If B,., is the first nonzero f; with i=n in (2.2)
and if B, is the first nonzero B; with i>=n, then

( ) n—+v
A = A= B UCurri) ()1 + o(1)]
+KBH,LU,,(c,,wH)go(tj)t]’?ﬂ‘ log t;i[14+o0(1)] asj— oo. (3.19)

Thus, when u<v the second term dominates in A'ij) — A, while the first one does when > v. In
particular, if S, # 0, we have

A —d ~ KB,Uy(con)p(1)) logt; as j — oo. (3.20)
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Proof. We start with the fact that

A) —A= Z v la(tj) — A1 = Z 7 @15 Ba(ty1), (3:21)
i=0 i=0
where
B,(t)=B(t) — Sﬁiﬂ ~ iﬁiti ast— 0+. (3.22)
i=0 i=n
Differentiating (3.21) with respect to &, we obtain
A —d=EY) + EY) + EY) (3.23)

with

EY) = Zv“%p(rjﬂ-)Bn(tH,-),
E(j) Z VU) +i)Bn(tj+i)>

E/) = Z 1Pt B 1). (3.24)
By the conditions in (3.1) and (3.2), and by (3.14) that follows from the condition in (3.12), it can
be shown that

i ~ GO @(ty) ~ 0°@(y),  and (1) ~ KoP (1) logt; as j — oc. (3.25)
Substituting these in (3.24), noting that B,(t) ~ B, """ and B,(t) ~ Bn " as t — 0+, and
recalling (3.4) and (3.17), we obtain

E = BuaiWlCrrur)0() "+ 0(@(1)t ™) as j — oo,

E;(1,JZ) ~ Bn+1vUn(cn+\’+l)(p(tj)t;+v as ] — 00,

EB ~ KBuiUn(Coyr J(0)0] " logt; s j — o0, (3.26)

with W,(z) as defined in (3.17). Note that we have written the result for E(’ ) differently than for
EY) and E,ﬂ’; since we cannot be sure that W,(c,;,.1) # 0. The asymptotic equalities for Ef,’z) and
E,(,’;, however, are valid as U,(c;) # 0 for all i =n+ 1. The result now follows by substituting (3.26)

in (3.23) and observing also that EY) =

nl —
i) —A. We leave the details to the reader. [

o(ER) as j — oo, so that either E/) or E\ determines the

asymptotic nature of 4,

Remark. Comparing (3.19) pertaining to Aij) — A with (3.3) pertaining to 4) — 4, we realize that,
subject to the additional assumption in (3.12), the two behave practically the same way asymptoti-
cally. In addition, their computational costs are generally similar. (In many problems of interest A(y)
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and A(y) can be computed simultaneously, the total cost of this being almost the same as that of
computing A(y) only or A(y) only. An immediate example is that of numerical integration discussed
in Section 1.) In contrast, the convergence of {quf)};io obtained by applying GREP® directly to

A(y) = d(t) (recall (2.18) and (2.19)), is inferior to that of {4{"}",. This can be shown rigorously

for the case in which d)( y) = ¢(t) = Ko(t)(logt + constant) exactly. In this case the asymptotic
expansion in (2.18) assumes the form d(r) ~ A4 + o2, o(t) (oo + oy log £)t* as t — 0+ . Therefore,
under the additional condition that lim,,_, . ¢, logt, = 0, where ¢, is as defined following (3.12),
Theorem 2.2 of [11] applies and we have

BS)) — B=0(o(t)t!'logt;) as j — oc. (3.27)

Now the computational costs of A(zfn) and BY) are similar, but {A;fn) };’io converges to 4 much faster
than {B(j )}zo. Again, we have verified the superiority of our new approach to the direct approach,

2m

at least with respect to column sequences.

We would like to add that the theory of [11] applies to the more general class of functions A(y)
that have asymptotic expansions of the form A(y) ~ 4+ Y .2, ()%, ox(log y)) as y — 0+,
where ¢, are arbitrary nonnegative integers.

4. Application to infinite series via the dV-transformation: the (d/d&)d®-transformation

4.1. General usage

Let {S,,} be the sequence of partial sums of the infinite series .-, v;, namely,
Sp=> v, m=12,... 4.1)
k=1

Assume that

U~ > Oim’™ asm— o0, 0g#0, p+1#£0,1,2,... . (4.2)

i=0

As is known, lim,_ . S, exists and is finite if and only if Rp + 1 < 0. When Rp + 1=0 but
p+1#0,1,2,..., {S,} diverges but has a well defined and useful antilimit as has been shown in
Theorem 4.1 of [10]. For all p in (4.2) this theorem reads as follows:

Theorem 4.1. With S, as in (4.1) and (4.2), we have

S, ~ 8+ muv, Zﬁim*i as m — oo, Py #£ 0. 4.3)

i=0

Here S =1lim,, .., S, when Rp + 1 <0, and S is the antilimit of {S,} otherwise.

The part of Theorem 4.1 concerning convergent sequences {S,} is already contained in
Theorem 2 of [6].
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From Theorem 4.1 it is clear that GREP" can be applied to the sequence {S,} by drawing the
analogy a(t) < S, t < m~', ¢(t) <> mv,, and 4 «< S, and by picking ¢, = 1/R, for some positive
integers R;, 1 <Ry < R; < R, < ---, and the W-algorithm can be used to implement it. This GREPY
is simply the Levin—Sidi d"-transformation, and we denote its 4 by S/

As already explained in [10,4], for the type of sequences considered here we should pick the R,
such that {R,} increases exponentially to ensure the best stability and convergence properties in the
S(). Exponential increase in the R; can be achieved by picking them, for example, as in

Ry=1 and R,;=|0R/]|+1, I=0,1,..., forsome g > 1. (4.4)

(With 6 =1 we have R, =1+ 1, [ =0,1,..., for which the d"-transformation becomes the Levin
[5] u-transformation.) This gives R; = O(c') as [ — oo. Needless to say, ¢ should not be picked
too far from 1 to avoid too quick a growth in the R;,. We have found that ¢ between 1.1 and 1.5 is
sufficient for most purposes. Since ¢; = 1/R;, (4.4) implies that
1
g

t
<t <2, 1=0,1,... (4.5)
t g

as a result of which {¢#} satisfies (3.1) with w=1/a € (0, 1). Therefore, Theorem 3.1 applies to the
approximations S/ to S obtained via the d"-transformation, as has been shown in [10]. Clearly,
0=—p—11n (3.2) and (3.6) for this case.

If, in addition, v,, and S are differentiable functions of a parameter &, S is the limit or antilimit
of {S,}, and

Uy = U,[K'logm + L' +0(1)] as m — oo, for some constants K’ # 0 and L’ (4.6)

and the asymptotic expansion in (4.3) can be differentiated with respect to & term by term, then
Theorems 3.2-3.4 apply to {S‘i‘/)}zo without any modifications. We shall denote this method that
produces the S‘:j) the (d/d¢)dV-transformation for short. The rate of convergence of the S‘:j) to S is
almost identical to the rate of convergence of the S/) to S as we have observed in many numerical
examples, and as we have proved in Theorem 3.4 for the column sequences.

To summarize the relevant convergence results for the d'V- and (d/d¢&)dV-transformations as these
are applied to {S,,} and {S,} above, we have from Theorems 3.1 and 3.4

S — 8 =0(vg,R; ") = O(a*' =) as j — oo,

Sij) — 8 =O(vg,R; """ logR;) = O(jo**'~"7) as j — oc. (4.7)

J

Of course, these results are not optimal. Optimal results follow from (3.3) and (3.19), and we leave
them to the reader. The results for I'/) and Q) that pertain to stability can be obtained from
Theorems 3.1-3.3.

For the sake of completeness we note that the (d/d&)W-algorithm takes ¢; = 1/R;, a(t;) = Zf;l Uk,
a(t;) = Zf;l Ur, @(t;) = R;vg,, and ¢(t;) = R;Ug, as input for this problem.

It is worth mentioning that we can also compute S by applying the d®-transformation directly
to {S,}. The d®-transformation is a GREP®. As we mentioned earlier, this is less effective than
the application of the (d/d¢)dV-transformation to {S,,}. We shall see this also through numerical
examples in the next section.
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4.2. A special application

We next turn to an interesting application of the (d/d¢)dV-transformation to the summation of a
class of infinite series ) .-, 0, where @, has the form

Oy = [log (m)]v,, — u(m) ~ Y m*™" asm — oo, pg # 0 and o # 0, (4.8)

i=0

with v,, as in (4.2). (When o =0 the d'"-transformation is very effective on the series > -, #.) To
this end first let us consider the infinite series Y-, ux(&), where

Un(E) = vu[(m)]°, m=1,2,... . (4.9)

(Here v,, and u(m) do not depend on &). Now it can be shown that [u(m)]° ~ S wm*~' as
m — 0o, where uj = s # 0 and & = aé. Consequently, u,(&) ~ > 0'm”~ as m — oo, where
0, =0pu° # 0 and p’'=p+aé, so that u, (&) is of the form described in (4.1) for all ¢. That is to say,
the dV-transformation can be applied to sum Y ., u;(¢) for any &. Next, 11,,(&) = u,, (&) log p(m) ~
un(E)[ologm + log py + o(1)] as m — oo, cf. (4.6). Therefore, the (d/d&)dV-transformation can
be used for summing > .2, ux(¢) for any &. Finally, u,(0) = v, and 4,(0) = 7,, and hence the
(d/d&)dV-transformation can be used for summing Y .7, §; in particular. This can be done by setting

t=1/R;, a(t) =3 v, a(t)) =Y, & @(t;)=R;vz,, and ¢(t;) =R, %, in the (d/d&)W-algorithm.

5. Numerical examples

In this section we wish to demonstrate numerically the effectiveness of (d/d&)GREP" via the
(d/d&)d-transformation on some infinite series, convergent or divergent. We will do this with two
examples. The first one of these examples has already been treated in [14] within the framework of
the Richardson extrapolation process.

Example 5.1. Consider the series > ;°, k=<~! that converges for R¢ > 0 and defines the Riemann
zeta function {(¢+ 1). As is known, {(z) can be continued analytically to the entire complex plane
except z = 1, where it has a simple pole. As the term v,, = m~<~! is of the form described in the
previous section, Theorem 4.1 applies to S, = >/, k=<' with § ={(£ + 1) and 6 = &, whether
lim,,_.o S,, exists or not. Furthermore, the asymptotic expansion of S,, = S (—logk)k=<~! can be
obtained by term-by-term differentiation of the expansion in (4.3), as has already been mentioned in
[14]. This implies that the (d/d&)d"-transformation can be applied to the computation of S={'(¢+1),
and Theorems 3.2-3.4 are valid with 6 = . In particular, (4.7) is valid with p = —¢ — 1 there.

We applied the (d/dé)d"-transformation to this problem to compute S = /(¢ + 1). We picked
the integers R; as in (4.4) with ¢ = 1.2 there. We considered the two cases (i) ¢ =1 and (ii)
¢ = —0.5. Note that in case (i) both lim,,_ ., S, and lim,,_, o S,, exist and are S={(2) and S:C’(Z),
respectively, while in case (ii) these limits do not exist and S = {(0.5) and S = {’(0.5) are the
corresponding antilimits. We also applied the d®-transformation directly to {S,,} with the same
R;’s, the resulting approximations being denoted B/, as in (2.19). The numerical results are shown
in Tables 1-3.



270 A. Sidil Journal of Computational and Applied Mathematics 122 (2000) 251-273

Table 1

Numerical results on Process I for {(z) in Example 5.1, where {(z) is the Riemann zeta function,
with z=2. The dV- and (d/d&)dV-transformations on {S,,} and {S,,} and the d®-transformation
on {S,,} are implemented with c=1.2 in (4.4). Here P\ =|SV/*" —5|/|S\” — 5|, 0 =|s\/*" —
S’|/\S;/) — S|, and Z\ = |BY*" — 8|/|BY — S|, where S\”, S;/), and B are the approximations
obtained from the dV-, (d/d¢)dV-, and d®-transformations, respectively. All six columns are
tending to 6=’ =0.279...

i PY () 7\ P 0 A%
0 153D-01 1.62D — 01 3.18D — 01 1.09D — 03 225D —02  3.08D — 02
2 194D — 01 2.09D — 01 2.01D — 01 3.23D — 01 3.19D — 01 1.06D — 01
4 197D - 01 2.10D — 01 1.58D — 01 2.30D — 01 2.41D — 01 1.58D — 02
6 233D-01 246D — 01 2.02D — 01 244D — 01 2.56D — 01 427D —01

8 245D —01 2.57D — 01 495D — 01 251D —01 2.63D — 01 293D — 01
10 2.50D —01 2.61D — 01 3.56D — 01 2.56D — 01 2.66D — 01 2.65D — 01
12 2.65D —01 2.75D — 01 322D — 01 2.66D — 01 275D — 01 2.58D — 01
14 2.67D — 01 2.76D — 01 3.07D — 01 2.68D — 01 2.77D — 01 2.60D — 01
16  2.70D — 01 2.79D — 01 3.03D — 01 2.71D — 01 2.79D — 01 2.69D — 01
18 270D — 01 2.79D — 01 2.99D — 01 271D — 01 2.79D — 01 2.78D — 01
20 274D —01 2.82D — 01 297D — 01 2.74D — 01 2.82D — 01 2.85D — 01

Table 2

Numerical results on Process II for {(z) in Example 5.1, where {(z) is the Riemann zeta function,
with z=2. The d"- and (d/d&)dV-transformations on {S,,} and {S,,} and the d®-transformation
on {Sm} are implemented with ¢ =1.2 in (4.4). Here S, S‘ff ), and BY are the approximations
obtained from the V-, (d/d¢)dV-, and d®-transformations, respectively. (The infinite series

converge.)

no R, Sk, — S| |55 — 5] ISk, — S| 1Sy — 5| By — S|
0 1 6.45D — 01 1.64D + 00 9.38D — 01 9.38D — 01 9.38D — 01
2 3 2.84D — 01 1.99D — 02 6.42D — 01 3.67D — 02 4.56D — 01
4 5 1.81D — 01 3.12D — 05 491D — 01 1.07D — 04 3.28D — 03
6 9 1.05D — 01 7.08D — 07 342D — 01 1.56D — 06 6.19D — 04

8 14 6.89D — 02 8.18D — 09 2.53D — 01 235D — 08 3.26D — 05
10 21 4.65D — 02 371D — 11 1.89D — 01 125D — 10 8.26D — 07
12 32 3.08D — 02 6.95D — 14 1.38D — 01 270D — 13 511D — 07
14 47 2.11D - 02 2.55D — 17 1.02D — 01 1.44D — 16 4.17D — 09
16 69 1.44D — 02 8.28D — 20 7.54D — 02 3.03D - 19 1.60D — 11
18 100 9.95D — 03 1.14D — 22 5.58D — 02 490D — 22 432D — 13
20 146 6.83D — 03 5.75D — 26 4.09D — 02 272D — 25 2.14D — 16
22 212 471D — 03 1.52D — 29 2.99D — 02 4.53D — 29 453D — 17
24 307 325D - 03 2.44D — 30 2.19D — 02 3.52D — 29 1.97D — 19

Table 1 shows the validity of the theory for Process I given in Sections 2—4 very clearly. The
results of this table that have been computed with ¢ =1 can be understood as follows:
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Table 3

Numerical results on Process II for {(z) in Example 5.1, where ((z) is the Riemann zeta
function, with z = 0.5. The dV- and (d/d¢)dV-transformations on {S,} and {S,} and the
d®-transformation on {S‘m} are implemented with ¢ =1.2 in (4.4). Here S, S‘;‘/), and BY are
the approximations obtained from the d"-, (d/d¢)d"-, and d®-transformations, respectively.

(The infinite series diverge.)

R | |52 — 5| 1Sk, — S| 155 — | B — 3|
0 1 2.46D + 00 1.46D + 00 3.92D + 00 3.92D + 00 3.92D + 00
2 3 3.74D + 00 1.28D — 01 2.80D + 00 1.65D — 01 5.33D — 01
4 5 4.69D + 00 1.01D — 03 1.39D + 00 4.64D — 04 9.62D + 00
6 9 6.17D + 00 471D — 06 1.55D + 00 9.73D — 06 2.50D + 00

8 14 7.62D + 00 232D — 07 5.13D 4+ 00 8.13D — 08 1.05D + 00
10 21 9.27D + 00 2.24D — 09 9.90D + 00 4.19D — 10 2.01D — 01
12 32 1.14D + 01 8.85D — 12 1.69D + 01 5.88D — 12 4.02D — 02
14 47 1.38D 401 1.33D — 14 2.56D + 01 1.71D — 14 1.79D — 03
16 69 1.67D + 01 251D — 18 3.74D + 01 8.66D — 18 1.41D — 05
18 100 2.00D + 01 2.74D — 20 523D + 01 2.88D — 20 1.50D — 07
20 146 2.42D 4+ 01 2.76D — 23 7.23D + 01 434D — 23 1.91D — 09
22 212 292D + 01 6.72D — 27 9.79D + 01 3.13D — 26 221D —11
24 307 3.51D +01 6.38D — 27 1.31D + 02 1.54D — 26 1.41D — 13

Since
ne & [ —¢ iy
Sn—lNC(é"i_l)_zZ T |BnT' asn— oo,
i—0 !

and since By=1, B; = —%, while By; # 0, B,,1 =0, i=1,2,..., we have that with the exception of
Paiv1, i=1,2,..., all the other f; are nonzero, and that exactly the same applies to the ﬁl (Here B;
are the Bernoulli numbers and should not be confused with B\/).) Consequently, (3.19) of Theorem
3.4 holds with u=v there. Thus, whether lim,, .., S, exists or not, as j — oo, [SUTD —§|/|S\) — S|
is O(67!) for n =0, O(672) for n=1, O(¢?) for n =2, and O(c—**V) for both n=2i — 1 and
n=2i, with i=2,3,... . Similarly, whether lim,,_... S,, exists or not, as j — oo, ]Siﬁ]) —S|/]S‘f,‘]) —S'|
is O(c™!) for n =0, O(c72) for n =1, O(c7?) for n =2, and O(¢—**V) for both n =2i — 1 and
2i, with i =2,3,... .

As for the approximations B\) to S obtained from the d®-transformation on {S,,}, Theorem 2.2
in [11] implies that, as j — oo, |BY*D —§|/|BY) — S| is O(c~") for n=0, O(¢~2) for n=2, O(c~?)
for n =4, and O(c—%*V) for both n =2(2i — 1) and n=4i, with i =2,3,... .

The numerical results of Tables 2 and 3 pertain to Process II and show clearly that our approach
to the computation of derivatives of limits is a very effective one.

Example 5.2. Consider the summation of the infinite series ) ,°, vy, where v, = b,(&),/m! and
(O =TI (¢ + i), and b,, ~ X% k;m'™" as m — oo. By the fact that (&), = I'(¢ + m)/T'(¢)
and by formula 6.1.47 in [1] we have that (&), /m! ~ > 7 Am-~"~! as m — oo. Consequently,
U ~ 100 0m"™<=1="" as m — oo, so that the dV-transformation can be applied successfully to sum



272 A. Sidil Journal of Computational and Applied Mathematics 122 (2000) 251-273

Table 4

Numerical results on Process II for F(¢, %; %; 1) in Example 5.2, where F(a,b;c;z)is the Gauss
hypergeometric function, with & = 0.5. The d"- and (d/dé)d"-transformations on {S,,} and
{S,} and the d¥-transformation on {S,} are implemented with ¢ = 1.2 in (4.4). Here S\’,
.S"f,j), and B\ are the approximations obtained from the d"-, (d/d¢)d"-, and d®-transformations,
respectively. (The infinite series converge.)

n R, S, — S| |55 — 8] ISk, — S| 1S5 — 5| B — 8|
0 1 571D — 01 1.57D + 00 2.18D + 00 2.18D + 00 2.18D + 00
2 3 3.29D — 01 4.70D — 02 1.64D + 00 2.18D — 01 6.79D — 01
4 5 2.54D — 01 4.06D — 05 141D + 00 4.06D — 04 1.51D — 01
6 9 1.89D — 01 1.69D — 06 1.16D + 00 1.22D — 05 4.59D — 02

[ee}

14 1.51D — 01 1.95D — 08 9.96D — 01 1.39D — 07 3.76D — 03
10 21 1.23D — 01 1.11D - 10 8.63D — 01 794D — 10 1.47D — 04
12 32 9.99D — 02 3.11D - 13 741D — 01 220D — 12 442D — 06
14 47 8.24D — 02 3.99D — 16 6.43D — 01 261D —15 9.14D — 08
16 69 6.80D — 02 1.20D — 19 5.57D — 01 1.41D — 19 1.26D — 09
18 100 5.64D — 02 2.04D — 22 4.84D — 01 238D — 21 1.57D — 11
20 146 4.67D — 02 2.03D - 25 4.18D — 01 2.03D —24 221D —13
22 212 3.88D — 02 6.77D — 29 3.61D — 01 7.81D — 28 1.86D — 15
24 307 322D - 02 241D —29 3.12D — 01 1.51D — 28 1.13D — 18

S22 Uk» as described in the previous section. Now o, = v,,[ Y20y 1/(¢ 4+ )], and 37  1/(E+ 1) ~
logm+Y 72, e;m™" as m — oo. Therefore, we can apply the (d/d&)dV-transformation to sum Y .=, 0y
provided that the asymptotic expansion of S,, can be obtained by term-by-term differentiation by
Theorem 4.1. (We have not shown that this last condition is satisfied).

We have applied the (d/d&)dV-transformation with b,, = 1/(2m + 1). With this b, the series
Yoo U and >0, U both converge. Actually we have Y 2 v, =F (&, %; %; 1). By formula 15.1.20 in
[11, 30 ve=(v/m/2) (I (1-&)/I'(3/2—&))=S. Differentiating both sides with respect to ¢, we obtain
Yo b = (VI/2)(I(1 = &)/T(3/2 — )5 — &) — (1 — &)} =S, where Y(z) = (d/d2)I'(2)/T(z).
Letting now & = % throughout, we get S = 7/2 and S = mlog2, the latter following from formulas
6.3.2 and 6.3.3 in [1].

In our computations we picked the R; as in the first example. We also applied the d‘®-transformation
directly to {S,} with the same R,’s.

Table 4 contains numerical results pertaining to Process II.
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