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11. Fluid Dynamics: The Governing Equations

In this chapter, equations will be developed that govern the more common
categories of fluid motion. Subsequently, various simplifications of these equations
will be presented and the physical significance of these simpler equations discussed.
The simplifications often coincide with limiting values of particular nondimen-
sional numbers (Sect. 11.2.5), e.g. incompressible flow is often associated with very
small values of the Mach number.

A fluid is categorised as a substance which cannot withstand any attempt to
change its shape when at rest. Consequently, a fluid cannot sustain a shear force
when at rest, as can a solid. However, a fluid can sustain and transmit a shear force
when in motion. The proportionality between the shear force per unit area (or
stress) and an appropriate velocity gradient defines the viscosity of the fluid °
(Sect. 11.1). Fluids include both liquids and gases. The two fluids that occur most
often, naturally or in flow machinery, are water (often in the liquid phase) and air.

Fluids, whether liquids or gases, consist of molecules which are individually in a
state of random motion. The large-scale motion of a fluid adds a uniform or slowly
varying velocity vector to the motion of each molecule. If a large enough sample of
molecules is considered, (one cubic millimetre of air at normal temperature (15°C)
and pressure (101 kPa) contains approximately 3 x 10!® molecules), the individual
molecular motion is not detectable and only the large-scale (macroscopic) motion
is perceived. By assuming that the various properties of the fluid in motion,
pressure, velocity, etc., vary continuously with position and time (continuum
hypothesis) it is possible to derive the equations that govern fluid motion without
regard to the behaviour of the individual molecules.

However, for flows at very low density, e.g. re-entry vehicles travelling through
the outer parts of the atmosphere, the continuum hypothesis is not appropriate and
the molecular nature of the flow must be taken into account. This also dictates the
choice of appropriate computational techniques (Bird 1976).

11.1 Physical Properties of Fluids

The thermodynamic state of a small volume of fluid in equilibrium (i.e. uniform in
space and time) is defined uniquely by specifying two independent thermodynamic
properties e.g. for air, pressure and temperature would be appropriate. Other



2 11. Fluid Dynamics: The Governing Equations

thermodynamic properties, such as density or internal energy, are then functions of
the two primary thermodynamic properties.

For air at normal temperature and pressure the various thermodynamic
properties are related by the ideal gas equation

b oRT . (11.1)

where p is the pressure, measured in kPa, o is the density, measured in kg/m?3, Tis
the (absolute) temperature, measured in K, and R is the gas constant. For air,
R=0.287 kJ/kgK. It is not possible to write down a simple algebraic equation of
state connecting the thermodynamic properties for water, but the relationship is
contained implicitly in steam tables (e.g. van Wylen and Sonntag 1976,
pp- 645-669).

The pressure is defined as the force per unit area and has the same dimensions
as a stress. The pressure on a surface acts normal to the surface. Pressure is an
important property since an integration of the pressure distribution over the
surface of an immersed body will determine major forces (c.g. form drag, lift) and
moments acting on the body. For fluids at rest the forces acting on a small volume
of fluid due to the local pressure gradient are typically balanced by the force due to
gravity, which gives rise to the following equation for the hydrostatic pressure:

Ap=ogh , (1L.2)
where h is the height over which the change in pressure is measured and g is the
acceleration due to gravity. Equation (11.2) may also hold for fluids in motion,
under certain circumstances. For many geophysical flows the pressure variation in
the vertical direction is given approximately by (1 1.2).

Variation in temperature of a fluid may be due to the processes of heat transfer
if the fluid is in contact with a substance at a different temperature or if latent heat
release occurs. The temperature variation may also be influenced by the com-
pression of the fluid, which might be due to the motion in high speed flow or due to
the weight of the fluid in atmospheric flows.

The density is the mass per unit volume. For gases, changes in density are
connected to changes in the pressure and temperature through the ideal gas
equation (11.1). However, for liquids very substantial changes in pressure are
necessary to alter the density, so that water (in the liquid phase) is often treated as
an incompressible (constant density) fluid. The properties of air and water for
different values of pressure, temperature and density are shown in Tables 11.1 and

11.2, respectively.

For fluids in motion, the concept of thermodynamic equilibrium must be given
a local interpretation so that equations like (11.1) are still valid. But now the
properties are functions of position and time, i.e.

p:p(x’ v, 2, t) S o= Q(X, V. Z, t) and T= T(x’ ¥, 2, t) .

In addition, it is necessary to describe the motion uniquely. Here we use the
Eulerian description. That is, the values of the velocities and the thermodynamics

11.1 Physical Properties of Fluids

Table 11.1. Properties of air at atmospheric pressure

Dynamic Thermal Thermal i
Temperature, Density, viscos., conduc,, diffus., Prandtl :s:tc e
TK o \ ux10° k ax 10° number, ratio,
[K] [kg/m’] [kg/ms] (W/mK]  [m?/s] Pr ¥
;gg 3.6010 0.6924 0.00925 0.2501 0.770 1.39
e 1.1774 1.983 0.02624 2216 0.708 1.40
o 0.7048 2671 0.04038 5.564 0.680 1.39
oo 0.3925 3.899 0.06279 14271 0.696 1.34
0.1858 6.290 0.11700 48.110 0.704 1:28

Table 11.2. Properties of water for saturated conditions

Dynamic Thermal Th
]T“emperature, Pressure, Density, Viscos., conduc. dif’tilrsm . Prandtl
- ka 0 . nx10° k o x 10’5 number
[kPa] [kg/m’] [kg/ms] [W/mK]  [m?}s] Pr
48.01 0.611 1002.28 179.2 0.552 0.01308 13.6
- 7.384 994.59 65.44 0.628 0.01512 4.34
. 101.35 960.63 28.24 0.680 0.01680 1:74
o 1553.8 866.76 13.87 0.665 0.01706 0.937
8581.0 714.26 9.64 0.540 0.01324 1.019

plroperti.es are giver} at fixed locations (x, y, z, ) in the space-time domain. The
a (;e.rtr.latlve Lagrangian desc.ription follows individual fluid particles treating. their
ge ts‘:v ;22 etlgd glelrmodyna;nlc properties as dependent variables. The connection
¢ Eulerian and the Lagrangia ion is di
Schwind (1580, p22) grangian representation is discussed by von
i For fluids in {not.ion, _the ability to transmit a shear force introduces the
;;Joperty of dynamic viscosity. Consider the motion of a plane surface with velocit
para.llel tq a second stationary plane surface (Fig. 11.1). ’
. .FI.UId adjacent to the upper surface moves with the velocity U and exerts a
i '51sﬁng force on the plate qf tA, where A is the surface area of the upper plate and
tolst}t1 e .shear stress. For a given element in the fluid two shear forces (z-1-1) are felt
e right at the top and to the left at the bottom. The fluid adjacent to the bottom’

R U
|
| u
N :__’ —Tel
yi | q—e_’
: T
|
AN EEEENRE MR AN
Plane flow

Fig. 11.1. Plane flow parallel to a stationary surface
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surface exerts a drag force T4 on the lower fixed plate. It is found empirically that
the shear stress is directly proportional to the velocity gradient, du/dy, i.e.

ou (11.3)

where the constant of proportionality, g, is the (dynamic) viscosity. Viscosity is
measured in kg/ms. For this example, the shear stress, 7, is constant; it follows that

the velocity distribution is given by

u

v (11.4)

S

The relationship (11.3) defines Newtonian fluids. Flows involving air or water
satisfy (11.3). Non-Newtonian fluids, which do not satisfy (11.3), are described by
Tanner (1985).

The viscosity of gases like air is, to a close approximation, a function of
temperature alone (for normal temperatures and pressures). For air the viscosity
increases approximately like 7976, where T is the absolute temperature. Typical
values are given in Table 11.1. The viscosity of liquids like water is a weak function
of pressure but a strong function of temperature. In contrast to the behaviour for
gases, the viscosity of liquids typically decreases rapidly with increasing tem-
perature. Representative values for water are given in Table 11.2.

For flow problems involving temperature changes, Fourier’s law indicates that
the local rate of heat transfer is a linear function of the local temperature gradient,

ie.

Qi:_kaT ’ (11.5)
0x;

i

where 0, is the rate of the heat transfer per unit area in the x; direction and k is the
thermal conductivity. The similarity in structure between (11.5) and (11.3) 1s
noteworthy. If the temperature of the two plates in Fig. 11.1 were different, (11.5)
indicates that there would be a heat transfer through the fluid, given by

. oT
R (11.6)

The thermal conductivity is measured in W/mK. Like viscosity, the thermal
conductivity increases with temperature for gases. However, for liquids such as
water the thermal conductivity rises slightly with temperature in the range
0°~100°C at a pressure of one atmosphere. Typical values for the thermal conduc-
tivities of air and water are shown in Tables 11.1 and 11.2.

Because of the way that viscosity and thermal conductivity appear in the
momentum (11.31) and energy (11.38) equations 1t is convenient to define the

11.2  Equations of Motion 5

kinematic viscosity v and the thermal diffusivity « by

v=ﬁ and oz:L

b
Q¢

where Cp is the speciﬁc heat at constant pressure. Both v and « are diffusivities
controlling the d1ﬂ“us1op of momentum (or vorticity) and heat, respectively. Both \;
and o are measured in m?/s. For gases like air both v and « increase with
tenu:;ratgrs '(Table 11.1). For liquids like water the kinematic viscosity v falls
rapidly with increasing temperature but th iffusivi i i
e p ut the thermal diffusivity o increases slightly
' For a discussion of the fluid properties, particularly in relation to the under-
lying molecular behaviour, the reader is referred to Lighthill (1963) or Batchelor

(1967, pp. 1-60). Eckert and D i i i
(1967, pr ﬁuids). rt and Drake (1972) provide a tabulation of the properties of

11.2 Equations of Motion

The general technique for obtaining the equations governing fluid motion is t

consider a small control volume through which the fluid moves, and to re uire]tsh C:
mass and energy are conserved, and that the rate of change of th’e three 0021 onen?:

of linear momentum are equal to the corresponding components of thei li ;
force. Th1§ produces five equations which, when combined with an equ t'pp lef
state, prpwde sufficient information for the determination of six variableg . 10; "
v, w typically. For ﬂgws associated with combustion and some geophysiézlgf;io;:
?Slser; :Shzgn::re s?emes will .be present. Each new species requires an additionai
Pe vation) equatllon. For. some.ﬂow problems not all six variables will
¢ involved and less than six equations will be required.

11.2.1 Continuity Equation

For an arbitrary control volume V fixed in space and time (Fig. 11.2), conservation

g C

foav=-|
— Q - — .
i) jovnds, (11.7)

Volume, V

Fig. 11.2. Conservation of mass
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where n is the unit (outward) normal vector. Using the Gauss (divergence) theorem
(Gustafson 1980, p. 35), the surface integral may be replaced by a volume integral.
Then (11.7) becomes

0
j[-g+v-(gv)]d1/=o (11.8)
v | ot
where V-(ov)=div ov. Since (11.8) is valid for any size of V, it implies that
0
L 4V(en=0., (11.9)

which is the mass-conservation or continuity equation. In Cartesian coordinates
(11.9) becomes

do 0 o d
9. 9 ha < -0 . 11.10
at+ax(Qu)+6y(9v)+az(QW) 0 ( )

It is convenient to collect all the density terms together and to write (11.10) as

1/0 5, 0 0 ou ov 0
<—Q+u£+v£+w—g>+< LA w>=0, (11.11)

o\ ot ox 0Oy 0z ox 67y oz

or
1<D19>+@=o , (11.12)
o\ Dt

where D/Dt is called the time derivative following the motion or the material
derivative and @ is called the dilatation. For flows of constant density (e.g.
incompressible flow) (11.12) reduces to

G@=V'v=—+—+—=
VovEatate T

for both steady and unsteady flow.

11.2.2 Momentum Equations: Inviscid Flow

Newton’s second law of motion states that the time rate of change of linear
momentum is equal to the sum of the forces acting. For a small element of fluid
treated as a closed system (ie. no flow across its boundaries) Newton’s second

law is
d
ajgvdV“=ZF , (11.14)

where subscript cs denotes a closed system.

11.2  Equations of Motion

For a control volume V fixed in s i i

/ . pace and time with flow allowed to occur
across the boundaries (Fig. 11.3), the following connection with the closed system is
available (Streeter and Wylie 1979, p. 93):

d 0
ajgvchs=£ 5(gv)dV+_£Qv(v'n)dS . (11.15)

Volume, V

Fig. 11.3. Control volume ge-
ometry for Euler’s equations

In (11.15) gv is the momentum and v-n is the veloci
ocity normal to the surf:
control volume. By the Gauss theorem, (11.15) becomes urace of the

d B
dtIQVchszg:<5(Qv)+V-(vi))dV . (11.16a)

By expanding (11.16a) and making use of (11.9), one obtains
d Dv '
—VovdV =\ o—
dl_fg . lthdV, (11.16b)

where Dv/Dt=0v/ot+v-V i i
where Dv/D / v. Dv/Dt is the total time rate of change of v or the

Thus, (11.14) becomes

jg&dV—ZF
LD T (11.17)

Le. “mass x acceleration = force”.

he S(c)):ttrr;tl)lit;cl)ns to thefsummation XF come from forces acting at the surface of
forces) s mouine (surface forces) and throughout the volume (volume or body
onty V.omme fO: common volume force is the force due to gravity and this is the
e oume fo (;:e 4cons<1der‘ed here..The nature of the surface forces depends on
il e the flu .v1sc}cl>‘31ty is taken into account or not. Initially, an inviscid fluid
- , In which case the only surface force is due to the pressure, which

s normal to the surface. Thus, the right-hand side of (11.17) can be written

XF={ofdV—pnds
!9 !1’“ ; (11.18)
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where fis the volume force per unit mass. Applying the Gauss theorem converts the
right-hand side of (11.18) to a volume integral

TF={(of—Vp)dV (11.19)
|4
and substitution into (11.17) gives

D
§<QD’:—Qf+Vp>dV=0 . (11.20)

vV

Or, for an arbitrarily small volume V,

Dv

thgf—Vp . (11.21a)

o

An alternative conservation form, using (1 1.16) is

)

a(QV)-{-V‘(QV'V): of—Vp . (11.21Y)
Equations (11.21) are Euler’s equations which are applicable, strictly, to inviscid
flow. However, for many flow situations the influence of the viscosity is very small
so that (11.21) are then a very accurate approximation.

With gravity as the body force in the negative z direction, Euler’s equations
(11.21) become in Cartesian coordinates

ou Ou Ou du ap
My w— = —— 11.22
Q<6t+uﬁx+véy+waz> 0x ( )
v ov v ov op
o W )= —— 11.23
Q<6t+u6x+06y+waz> dy ( )
ow ow ow aw ap
T ru—tr—+W— |=—09— = - 11.24
Q(at+”ax+”ay+waz> 0975, (11.249)

Equations (11.21-24) are applicable to both compressible and incompressible flow.

11.2.3 Momentum Equations: Viscous Flow

If a balance of forces is considered for a viscous fluid, (11.17) is still valid. In (1 1.18)
the surface stress associated with the pressure above must be replaced by a general
stress tensor ¢ that can produce a net stress in any direction. The average of the
normal stresses is set equal to the negative of the pressure. The remaining
contributions to the stress tensor are associated with the viscous nature of the fluid.

underlined bold type denotes matrix or tensor
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These contributions, considered collectively, constitute the viscous (or deviatoric)
stress tensor T so that 6= —pl+ 1.

Consequently, for a viscous fluid (11.21) is replaced by

DY _ot—vp+v
of—Vp+vrz . (11.25)

°pr -

Or, in Cartesian coordinates,

x-mmtm: Q?—uzgf;_@_ 01xx+6ryx asz

Dt Ox  0Ox dy 0z

ﬁ_p 0ty | 01, 0T

2

Dv
y-mmtm: Q—=0f,—
D= 5 o Ty e (11.26)

Dt

Dw dp ot ot,, Ot
z-mmtm: 9—=90f.——+ xz vz 2z
Dt of. 0z 0x 0Oy + 0z

Equations (11.26) replace the Euler equations (11.22-24). However, it is necessary

to relate the various viscous stresses t in, i i
o the rates of strain, i.e. the velocit i
These relationships are v gradients.

2 Ju
Tex™ 73 9'1“2 -
3N Ilax >

2 v
Ty = _gl‘r@‘Fzﬂa*y )

_ 2 ow
T = ML 2T (1127)

_ ou Ov
Ty =T =H 6_y+a )
T =T, .= %_‘_aiw
xz x—H 62 ax

_ v ow
Ty =Ty =HU a_Z+E ,

where the dilatation 2 is given b ituti i
y (11.13). Substitution of (11.27 i
the Navier-Stokes equations ( Vinto (Tl 267 gves

Du_ op 2 0(u2) 25 ou
Dt ox 3 0x ax \Fox

0 Ju  0Ov 0 du oOw
+= AT AT - —
ay l:ﬂ(ay+5x>]+az [#<8z+ Ox >:| ’ (1128)
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Dv dp 20pn2) 0 ou Ov
05 =% 75,73 oy Tax| Moy Tox
+@ @ +i 6-U+a—w (11.29)
ay\May ) Tz Mz ey ) '
Dw dp 2 0(u2) 0 ou Ow
QE_sz*arz 3 0z +6x # 6z+6x
d v ow 0 ow
— — 4 2—u=—1. 11.30
G5 )aE) 110
Or, in vector notation,
D 2
Qﬁ}zgf—Vp—gw;NwH2V~(udefv) , (11.31)
1 dv; Ov;
where defv=§<a—x; +6—x,>

Equations (11.28-31) are applicable to viscous compressible flow. A more detailed
derivation is given by Batchelor (1967). Panton (1984, Chaps. 5 and 6) provides an
extended discussion of the various terms in the Navier-Stokes equations.

11.2.4 Energy Equation

The first law of thermodynamics states that the time rate of change of internal
energy plus kinetic energy is equal to the rate of heat transfer less the rate of work
done by the system. For a control volume V this can be written as

D 1 .

fole+s dv={of-vdv+fn-(va—Q)ds , (11.32)
v Dt 2q v S

where Q is the surface rate of heat transfer and e is the specific internal energy.
Internal sources of heat transfer, e.g. associated with chemical reactions, are not
included. The first and second terms on the right-hand side of (11.32) give the work
done by the volume and surface forces respectively.

Applying the Gauss theorem and shrinking the volume to zero size gives

D 1 .
Qﬁ<e+ﬁ>—gf'v—V-(vg)+V'Q—0 . (11.33)

However, (11.33) “contains” the mechanical energy equation

D/ 1 .
QE<$>—9f~v—v~d1vg=0 ) (11.34)
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When this is removed the thermal energy equation is left:

&+ V-ov=0 ;
o TPV v=0-V-Q or (11.35)
Dh_Dp_g_y.¢
°pr Do 2VQ (11.36)

wh;re thg speciﬁc'enthalp'y hf e+p/o, and ®(=z-Vyv) is the dissipation function
which arises from irreversible viscous work. The heat transfer rate Q can be related,
to the local temperature gradient by (11.5),

)= —kVT .
Q \ (11.37)
In Cartesian coordinates (11.36) then becomes
Dh Dp 0 ([, oT o[ or 0/, 0
=04+ —k— |+ k=— r
"Dt D ax<kax)+ay<kay>+a—z<ka—z>’ (11.38)

with @ given by
au\? [w\® [ow)? i 2
ol 2 (2l

0x dy 0z 05 (3y+6x
o ow)\? ow  Ou\?

+05{ —+-—) +05( —+—
<6z 5)’) 5x+6z

2 8_u+6v ow\?

M\ Tyt e ) (11.39)

It may be noted that the energy equation will be used primarily for flows of air

which can be treated as an ideal i
gas (11.1). Consequently, the int 1
enthalpy can be related to the temperature by ’ el enerey and

e=c(T—T) and h=c(T-T,) , (11.40)

wheIre ¢, and ¢, are the spef:iﬁc heats at constant volume and pressure, respectively
. n .Chaps..14 to 18, discretisation will be applied to the various equations
fave?rglng fluid ﬁgw, for.exa‘mp.le (11.21). However, since the discretisation is
o ;rle L out 1on a grid of finite size it is also feasible to carry out the discretisation on
original conservation equation, for example (11 is 1

Do L Sonsery ple (11.20). An example of this is
" The der{1vation of the e:quations that govern fluid flow are discussed with special
: c?ntlon given to tl.w equivalent molecular behaviour by Batchelor (1967, Chaps. 2
Vn‘ 3). The equations governing fluid flow are stated, without derivation, in
arious coordinate systems by Hughes and Gaylord (1964, Chap. 1) ’
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11.2.5 Dynamic Similarity

To obtain the flow behaviour around bodies of similar shape with minimum
computational (or experimental) effort it is desirable to group all the parameters,
such as the body length and freestream velocity, into nondimensional numbers.
Two flows are dynamically similar if the nondimensional numbers that govern the
flows have the same value, even though the parameters contained in the nondi-
mensional numbers have different values. The best way to identify the appropriate

nondimensional groups is to nondimensionalise the governing equations and

boundary conditions.
For example, in considering the wave motion generated by a ship of length L

travelling at a speed U, it would be appropriate to start with the z-momentum
equation for viscous incompressible flow

ow ow ow ow [1\dp [u\[0w w  *w

U+ - =l =ttt )9 11.41
6t+u6x+vay+waz+<g>82 <Q><@x2 0y2+622 J ( )
Nondimensional variables are introduced as

x*=x/L, y*=y/L, z*=z/L and t*=U_t/L ,
u*:u/Uao > U*:U/Ux_ > W*:W/Ux and p*z(p_"pao)/QU:i .

Then (11.41) becomes

ow* cw* ow* ow* op*
* Xk 5%
ot u ox* e ay* v oz*  oz*
Pw*  Otw*  oPwH gL
:(V/UmL)<—é;*/2+’5F+EF>_W . (11.42)

In (11.42) there are two nondimensional groups,

UL U
e . an r L™ ( )

Re is the Reynolds number and Fr is the Froude number. Two incompressible
viscous flows involving free surfaces are dynamically similar if they have the same
values of Re and Fr even though the values of U,, or L or vare different for the two

flows.
Other nondimensional numbers, such as the Mach number, Prandtl number

and specific heat ratio, can be obtained by nondimensionalising the energy
equation. When applied to air, which is an ideal gas, the energy equation (11.38)

can be written as

pT Dp . @[ 0T\, & (,eT\, 3@ aT>
DT _Dp_ g @ (k)¢ S (kS oo (k= ) - 11.44
D~ D +8x<k6y>+8y< ax>+az oz (1149
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The following nondimensional variables are introduced:

T*=T/T, , p*=p/o, U2

fe Ol 4

0*=0/0, , ®*=OL*/p, U2, k*=kik, .

and the other nondimensional variables are as before. Substitution into (11.44) and
rearrangement gives '

*

DT Dp* % o oT*
=(y—1)M2 - i
Dt* (/ ) ac(Dt* +Re>+[8x* <k* ax*)

0 oT* 0 oT*
- *
+ay* <k ay*>+67* <k*57*>}/(Pr Re) . (11.45)

Equation (11.45) indicates that viscous compressible flow of an ideal gas is
governed by at least four nondimensional numbers:

Q*

Reynolds number, Re=U_ L/v
Prandtl number, Pr=p,c,/k,
Mach number, M_=U,/a, =U_/(yRT )"? (11.46)

Specific heat ratio, y=c,/c, .

Ifl viscosity and th'ermal‘ conductivity are considered to be functions of temperature
then ba ﬁfth noqdlmcnsmnal number appears. However, the four nondimensional
numbers given in (1 1.4§), a.nd. the Froude number given in (11.43) will be sufficient
to ensure Fhe dynamic similarity of a large class of fluid flows. Of the five
por;d:jme}r:smnal numbers included in (11.43 and 46), three, namely Re, M and Fr
include the motion of the flow. The other two, Pr and ; ’ i ’ ics of
c th 1 . , 7, are essentiall
the fluid in question (see Tables 11.1 and 11.2). Y propertiesof
’ The Reynolds number ?ndicates the relative magnitude of the inertia forces and
Vllscous forces, and depend?ng on the particular flow problem, can take values from
c‘:llose tofzero (where inertia forces are negligible) to 10'° and beyond for which
1scous forces are negligible except adjacent to solid surf: icé
e e e el surfaces. Some typical values
. EhefMach number measures the speed of the fluid motion in relation to the
igel? of sound (M = u/q). The Mach number provides a measure of the compress-
| ility or char(l)ge in den51vty due to the motion. A Mach number less than 0.14 causes
Cess than a 1% change in density due to motion. Mach numbers up to three are
W(;I:lmgn for ﬁgh.ter aircraft gnd considerably greater for reentry vehicles. Because
likele; t1s l;;lm(;‘s.t 1ncorr)1%ress1ble (at temperatures and pressures where motion is
. o be of interest) flow problems characterised by non-small M
will generally involve gases such as air. ’ ) ach numbers
. I;or‘ flows 1nyolving frec? surfaces the Froude number is important. Such flows
1ght involve tidal flows in harbours or estuaries or the motion of ships. The
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Table 11.3. Typical Reynolds number

Description Re
Spermatozoon (L=0.07 mm) swimming at max. speed 6x1073
Water droplet (D=0.07 mm) falling through air 64x107!
Wind blowing (10 m/s) over telegraph wires 1x10°
A cricket or baseball propelled at 35 m/s 2x10°
A shark (L =15 m) swimming at maximum speed 8 x 108
Large jet transport aircraft (747) at cruise altitude 7 x 107
Ocean liner (Q.E. II, L=324 m) at U= 15m/s 45x%10°
Planetary boundary layer (L= 1000 km, U =20 m/s) 18 x 1012

Froude number provides a measure of the relative importance of inertia and
gravity forces. For very small Froude numbers, gravity is able to keep the water
surface flat and the resistance to motion associated with the generation of surface
waves is negligible.

Prandtl number measures the ratio of the diffusivity of momentum and the
diffusivity of heat. Pr = pc,/k=v/a. For air at normal temperature and pressure,
Pr=0.72 and falls slightly with increasing temperature (Table 11.1). For water
Pr=8.1 at 15°C and falls rapidly to 1.74 at 100°C (Table 11.2). The specific heat
ratio for air is about y=1.4 and for water y= 1.0.

As well as leading to more efficient computation, the exploitation of dynamic
similarity has a long history of permitting the accurate extrapolation of the
performance of engineering equipment to other working conditions. A fuller
discussion of dynamic similarity is provided by Lighthill (1963) and by Panton

(1984, pp. 215-226).

11.2.6 Useful Simplifications

Equations (11.10, 31, 38) with an appropriate equation of state and boundary
conditions govern the unsteady three-dimensional motion of a viscous, com-
pressible fluid. However, such an equation system is very complicated and conse-
quently time-consuming to solve even on a state-of-the-art supercomputer.

The historical development of fluid dynamics has introduced many flow
categories governed by equation systems considerably simpler but less accurate
than that indicated above. The rest of this chapter and Chaps. 14-18 will be
structured to suit these simpler flow categories. Broadly, the various categories
arise through neglect or limiting values of the flow properties. In turn this often
implies that the nondimensional numbers (Sect. 11.2.5) are either limited to certain
values or do not appear in the simplified equations.

For engineering flows, Table 11.4 provides an appropriate classification. The
classification depends on two properties, density and viscosity. Incompressible
flows will normally be associated with flow speeds smail compared with the speed
of sound (M < 1). Conversely, compressible flows will imply M > 0.1 or temperature
differences sufficient to require the solution of the full continuity equation (11.10)
instead of (11.13) and the inclusion of the energy equation, €.g. (11.38).
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Table 11.4. Flow classification

. . Density: Incompressible Compressible
Viscosity (density constant) (density varies)
Inviscid flow Potential flow Gas dynamics
(“u=0") (if vorticity is zero) (with “k=07)
Boundary layer Laminar flow Heat transfer
flow (low Re) i

: o als
(viscosity important Turbulent flow faso fmportant
close to surface) (high Re)

Sgpara}ed.ﬁow Laminar flow Heat transfer
(viscosity important (very low Re) (also important)
everywhere} Turbulent flow

(mod. to high Re)

- Ahco;sideration of the ipﬂuence of viscosity suggests three major categories
or the flow groupd st.reamlmed bodies the gross fluid motion, and particularly thé
i;;rizsrlérchi:strlbutlon, 1; 1accurately predicted by assuming the viscosity of the flow
. For compressible, inviscid flows it is worth makin jvisi
: g a further subdiv
(;cllot :hown 11}1l Tabll)e 11.4) based on whether M21. For M>1 the goverlzli(r)lz
uations are hyperbolic (Chap. 2) i i
cquation p (Chap. 2) in character and shock waves may appear in the
. t1;.0r lt)he flow around s'treaml'ined bodies significant viscous effects are confined
ot 1nk'01;n.da.ry layers immediately adjacent to the body surface. The frictional
o e ((is in friction drag) on the body is determined by the viscous behaviour in the
detl:rl grydlayer. For a nonzero thermal conductivity, heat transfer will also be
bounlcril;rl; 1 by tthe (therrpal) boundary layer behaviour. For high Reynolds number
-layer flows, viscosity is unable to suppress disturban
' . ces that may occ
;lodl:ur‘allyfa'nd the ﬂ.ovs./ is turbulent. Consequently, if only the time—averagcybehal\llf
o arti;sn:)h.lntetrest it is ne;:essary to include additional empirical parameters or
ips to account for the influen i
Scots 114 amd 11 o) ce of turbulence on the mean motion
She;(;(ri ﬂﬂoov:s a;outrll]d lziluﬂ” bodies, i.e. a typical automobile, there are regions of
hea , on the downstream side of the body, where vi
significant. Unless the Reynolds number i ’ e e
: er is very small the flow in the
region downstream of the body i e
y is turbulent and often unstead i
: y. Typically, for
separ.ated flow, the full Navier-Stokes equations, either incompressibfe ory
pressible, must be solved. o
he Fﬂlgurebll.4 shows an inclin'ed aerofoil or turbine blade. Far from the aerofoil
o \:I):Vd e.lzlaves gs tgough it were inviscid. Adjacent to the surface on the
rd side a thin boundary layer forms and the bound i
: ary layer equati
ésil(l:(r:;lrately describe the local flow behaviour. The flow separates froryrll theqleewzﬁ
Nave;ce cgf tllr(le aerofo?l and a large separated flow region exists in which the full
er—Stokes equations must be solved. For as large a separated region as that
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inviscid flow

-
e —

—
separated
—_ flow
——— i
.~
. )
Uo 3 “‘:::_
inviscid flow ﬁ

Fig. 11.4. Flow around an aerofoil or turbine blade

shown in Fig. 11.4, the local flow would be expected to be unsteady. This example
suggests the possibility of solving the different flow regions with appropriate
equations and coupling the solutions at the interface. This is the strategy used to
obtain the three-dimensional transonic flow about a wing described in Sect. 1.2.2.

The classification shown in Table 11.4 is also useful for analysing internal flows
in ducts, turbine casings, diffusers, etc. In Sects. 11.3-11.6 the various flow cat-
egories indicated in Table 11.4 will be considered in more detail.

11.3 Incompressible, Inviscid Flow

For this class of flow the density is constant and the viscosity is “zero” (Table 11.4),
ie. viscous effects are neglected. The fluid motion is completely described by the
continuity equation, in the form of (1 1.13) and the Euler equations (11.21).

To permit unique solutions for unsteady flow to be obtained it is necessary to
specify initial conditions, u= uo(x,y,2), v="00(X, ¥ z), w=wg(x,y,z) and
p=po(x,y,2). For the flow past an isolated body (Fig. 11.5), a boundary condition
of zero normal velocity at the body surface is necessary. At the boundary far from a
two-dimensional body, two boundary conditions are required on an inflow
boundary, e.g. AD, and one on an outflow boundary, e.g. BC. Typical boundary
conditions are shown in Fig. 11.5. This configuration corresponds to an “inviscid”
two-dimensional duct.

For any class of flow a line whose tangent is instantaneously parallel to the
velocity vector v is called a streamline. The local slope of the streamline is defined

by

dx_dy_dz (11.47)
u voow '
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5 v=0 Fig. 11.5. Boundary conditions for in-
C compressible inviscid flow

u=U_

v=0 NG o
an ® v= O
—

computational
domain
YV A l B
I - v=0
X,u

For steady flow, equations (11.21) can be integrated al i i
For steadh g along a streamline to give the

vH=V(05¢2+2 4y |=
< q +Q+w> 0, (11.48)

where  is a force potential which assumes that the body forces are conservative

ie. f=—Vy. When gravity is the body forc ing i i irecti
(11,49 beomen y ¢, acting in the negative z direction,

H=05¢*+2 4+ 4z=
q Q+gz const , (11.49)

?}? each str(?amlipe. Equation (11.49) is the Bernoulli equation and H is
Ee l?ern?luilzg\)/anable. In (11.49), 0.5¢% is the kinetic energy, ie. g2=v-v

quation (11.49) is very important because it gives a direc lic relationship

t algeb

between the pressure and the velocity. febraic relationship
. For flows th.at are irrotational ({=curl v=0), e.g. if the flow far from an
immersed body is uniform, H has the same value on all streamlines and conse-
guently .(11.49) can be used to compare any two points in the flow domain
Irrespective of whether.tl}ey lie on the same streamline or not. For flows that are
irrotational (curl v=0) it is useful to define a velocity potential such that v=V® or

u:@ U—é? d 0P
F =% an w=g. (11.50)

The continuity equation (11.13) then becomes

VD=0 ,
(11.51)

l.e.dL'aplace"s equa'tlon. Consequently, this class of flow (inviscid, incompressible
an 1r.rotat10nal) is called potential flow. Laplace’s equation for the velocity
ipotentlal, along with the gpeciﬁcation of zero normal velocity at the surface of an
mmersed body and specification of the velocity far from the body, completely
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determines the velocity distribution. The pressure can be obtained, subsequently,
from the Buler equations (11.21) or more directly from the unsteady Bernoulli

equation for irrotational flow

@+H=€E+O.qu+g+gz=const . (11.52)
ot ot 0
Laplace’s equation (11.51) is linear and possesses simple exact solutions which
can be superposed to create new solutions for ®. Through (11.50) superposition of
velocity solutions is also permitted. Figure 11.6 shows a two-dimensional source of
strength m at location r,. The potential, satisfying (11.51), associated with the two-
dimensional source is

O =m/2nlog(r—r,) . (11.53)

streamline

- m
Vr = 2'_"—"rr(r-rs)\

\consfum‘
$ line  Fig. 11.6. Source flow

The radial and circumferential velocity components are

Ur=<_r’nv)/[(x_xs)2+(y-ys)2]0‘5 > U0=O . (1154)
2n

By combining sources and sinks (negative sources) together it is possible to
obtain the flow about closed bodies. Thus, a source and sink in a uniform flow
(Fig. 11.7) produce the flow about a Rankine oval. The velocity at any point P(x, y)
in the flow can be obtained by combining the formulae for individual sources

(11.54) and the freestream to give

m X+a X—a
uzum+<ﬁ)(__ﬁ(x+a)2+yz ‘—*“(x_a)2+y2) (11,55
m 1 1
o= (5 (varer o) 20

In principle, a distribution of sources and sinks along the x-axis with appropriate
choices for the strengths will accurately represent the flow behaviour around
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y ‘r Fig. 11.7. Potential flow
about a Rankine oval
source, m sink, ~m
—
U [ O ~»le- q —»
o 3
: x Za

W

‘/P( x,y)

streamlined shapes. However, the closely related panel method (Sect. 14.1.1) i
usu?)lli preferred because it is computationally more efficient LD
Jther exact solutions of Laplace’s equation exist and . i
specu_il geometries and flows, e.g. lifting acrofoils. The limiteillrae\:}ffcf}l: ltlizrsg]u()rdelllng
sink in Fig. 11.7 approach each other and coalesce, such that ,u=2am*Ce o
deﬁr-les'a QOublet of strength x. A doublet in a freestream provides the solu:i COI}St’
the inviscid flow around a two-dimensional circular cylinder (Fig. 11.8) o

_’.\_____-————-b 1 3
Fig. 11.8. Potential flow about a circular cylinder

@:U®x+ﬁ<_2x_
2 \x*+y2 ) (11.57)

where 4 is the doublet strength = 2 i
given by (11 50) gth and pu=2rU_c? The velocity components are

u/UOO=1_C2 X“—y
(x? +y2)? and (11.58)
_ 2
WU, = 2
(x?+y2)? (11.59)

Clearly, the velocit i i

, y components are given as explicit functi iti

Pressure is also available through (1 1.49). ’ tons el position, and the

vl Iq gen.erall, pgtential flow solutions will only give accurate pressure (and

turgc_:lty) distributions for the flow about streamlined bodies, e.g. aircraft wings and
ine blades at small angles of attack. However, when potential flow is an
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appropriate approximation, solutions using the panel method (Sect. 14.1) can be
obtained very efficiently. Potential flow is described at considerable length by

Milne-Thomson (1968).

11.4 Incompressible Boundary Layer Flow

The viscosities of air and water are both very small (Tables 11.1 and 11.2) so thata
typical viscous stress (11.27)

ou + v
T =M1 —+—
@M Gy ox
will only be large if the velocity gradients are large. For a flow past a streamlined
body aligned parallel to the flow direction the viscosity reduces the velocity to zero

at the surface, and consequently (Fig. 11.9) the normal velocity gradient is large
close to the surface. As a result, viscous forces are only significant in the thin

boundary layer that forms close to the surface.

Fig. 11.9. Velocity profile in a
boundary layer

For incompressible viscous flow the viscosity is constant and can be brought
outside the second derivative terms in (11.28-30). The governing equations for
incompressible viscous flow are the continuity equation and the Navier-Stokes

equations (11.81).

11.4.1 Laminar Boundary Layer Flow

Consideration of the order of magnitude of the various terms in (11.81) indicates
that if 6 < L, the length of the body, then the governing equations for steady two-
dimensional laminar incompressible boundary layer flow over a flat surface are

ou Ov

LB 11.60

0x+6y 0, ( )
2

ou  Ou Ldp. J%u (11.61)

“oxTeyT o ax oy
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and
P _g
=0 (11.62)

where p, 1:s the pressure at the outer edge of the boundary layer
[;unatlon (11.62) indicates that the pressure remains constant across the bound-
ary layer and becomes a boundary condition either given experimentally or by

the inviscid solution (as though u=
r u=0, everywhere). Th i
equation (11.49), assuming no changes in altituge : rough the Bernoul

_dpe_gu du,
dx ey (11.63)

where u, is the longitudinal velocit
. y component at the outer edge of the bound
iz;}szgmA(lltl;%Lég}ézt;le stegd)(/iform of (11.81) is mixed elliptic/hyperbolic, the equr;t?orr);
-OU=02) 1s mixed parabolic/hyperbolic (Sect. 2 3)inch ’ i
: . ' . 2. aracter with
coordinate playing a time-like role. The change in character follows fro;nv:ilro;]l)lienz

the term 0%u/0x? in (11.81). Conse i
i O ox” quently, the equation system (1 1.60-62) requires

u(x,, y)=
0, V)=uo(y) , (11.64)

and boundary conditions
u(x,0)=0, v(x,0)=0 and u(x, 6)=u,(x) . (11.65)

. the par;tbolic/hyperbolic character of the boundary layer equation system is
portant ccause '1t allows computational solutions to be obtained i i
march in the time-like direction (Chap. 15) o nele
. . . 15).
distril;leltis(;)ézt;o(l; o)f ath(ci: b(oundelicry layer equations produces the two velocity
: N . ;
i y v(x, y) from which other important parameters can be

L B
0.50u? 050u2 "ay|, - (11.66)

The frictional drag (i i i
e fri g (in nondimensional form) i i i

skin friction coefficient distribution. Vis obtained by an iceration over the

he ::lcgtsl;tr t1)mp(;1r.ta;1nthpalr)ameter is the displacement thickness, which determines

y which the body contour should be displ :
loss of s oo ich the isplaced to compensate for the
oundary layer when the combined invisci
layer pran 1o (2 ‘ ombined mviscid and boundary
preted as an equivalent ly invisci i

o . . » purely Inviscid problem (Fig. 11.9

sing the displacement thickness to generate a modified body contour p(rofluces i
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more accurate prediction of the pressure distribution (Sect. 14.1.4). The displace-
ment thickness 8* is defined by

5*=j<1—i>dy : (11.67)

0 U

For the equations governing boundary layer flow, it is often possible to transform
the equations into a simpler set (Chap. 15). For certain choices of the external
velocity distribution u,(x) the number of independent variables can be reduced by
one. This will be illustrated for the boundary layer flow over a flat plate. In this case
u(x)=U,. A new independent variable is introduced as

U 1/2
r1=y(—°°> , (11.68)
VX
and u and v are replaced by a single dependent variable f where
oY _ .
u—ay . U= and f—(Uwvx)”z (11.69)

Using (11.68, 69), the governing equations (11.60 and 61) become

>f of
—2405f=—=0 11.70
on’ * Sfar] (11.70)
with boundary conditions
62
W=f=0 at 11—_—‘0 ,
?I= at = . (11.71)
on

Equations (11.70, 71) can be solved, numerically, very accurately. Cebeci and
Bradshaw (1977, p. 65) provide a program. From the numerical solution the
following expressions can be obtained for the downstream behaviour of the
displacement thickness and skin friction coefficient:

a*
P 1.72Re; %5 and ¢;=0.664 Re %7,

where Re,= U, x/v.
More information on laminar boundary layers and traditional methods of

analysis may be obtained from Rosenhead (1963) and Schlichting (1968).

11.4.2 Turbulent Boundary Layer Flow

For Re, 22 x 10°, turbulent fluctuations develop in the boundary layer which the
viscosity is unable to suppress. Eventually (further downstream), the mean velocity
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Fig. 11.10a,b. Boundary layer velocity profiles: (a) laminar, (b) turbulent

profile takes on a much fuller character (Fi
mixing associated with turbulence. (Fie. 1110} due to the more effective

Turbulent boundary layers are i
generally thick i
For a turbulent boundary layer on a flat glat:ac e than [aminar boundary ayers

5*
Y=0.046 Re, %2 and ¢;=0.059Re; %2 . (11.72)

A . .
. turlt:z](:;%hbt:e 1;1stan;aneous flow behaviour is unsteady, the gross behaviour of
undary layer can usually be obtained fi :
equations governing the mean flow ¢ i i (e o cone
ions. an be obtained by splittin i
velocities into the sum of a mean and a fluctuating lertpi e g the Instantaneous

u=u+u where a=— j wdt*

Here i i "1
ass{lem 1; (;st;ll:t: :Eean \{al;e fand u' 1s the turbulent fluctuation. Clearly, a’=0. Tt is
e period of the fluctuations is much sh . owever
s ! : . shorter than T. However
Ove,r ctelllr; st;il' bc;a ;unctlons of time. The governing equations (11.81) are aver’aug,elg
perio and the boundary layer assumption, é < L, is made. Neglecting

terms of O(6/L) gives the followin i
g equations go i i i
turbulent boundary layer flow over a flat surfa%:e:V crming steady two-dimensional

ox dy 7 (11.73)
ﬁa‘a-i-ﬁ@:—(l dpe+l i du I
ox 0y o)dx o|dy ’”5_9““)]- (11.74)
and
op
50
(11.75)

This i is mi i

sameeicllllixtaiglon sgs};em is mixed pgrgbollc/ hyperbolic and consequently requires the

e initia and boundary conlelons (11.64, 65) as for laminar boundary layers
quation system (11.73-75) is a less accurate approximation to the Navier—‘
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Stokes equations than that for laminar flow (11.60-62). This is because terms of
O(5/L)* are neglected in forming the laminar boundary layer equations.
Compared with the laminar boundary layer equations (11.60-62) an additional

term, a Reynolds stress, — gu'v’, appears. This term can be eliminated in favour of
mean-flow variables by introducing an eddy viscosity v; in the construction

ou ™"
Vp—=—0U D .
QTay %

(11.76)

To obtain solutions of (11.73 and 74) it is necessary to relate the eddy viscosity to
the mean flow quantities. One way to do this is to introduce a mixing length I so
that
ou

aa| 11.77
L (1L.77)

\rT:IZ

Different expressions for the mixing length are used in the different parts of the
boundary layer. For the inner region, approximately 0 <a/u, <0.7,

I=ky[l—e " 4] | k=041, (11.78)

y+ ——-ury/v ) urz(o'scf)o.sue 4

and y is measured perpendicular to the wall. In (11.78) the value of A depends on
the pressure gradient; for a turbulent boundary layer on a flat plate
(dp./dx=0), A=26.

In the outer region, approximately 0.7 < /i, < 1.0, the mixing length is pro-
portional to the boundary layer thickness . Typically 1/6 ~0.08. Alternatively, the
Clauser formulation replaces (11.77) in the outer region with

vy =00168a.6* . (11.79)
The prescription of the eddy viscosity, via algebraic formulae (11.77-79), adds
another level of approximation to (11.73-75). However, for boundary layer flow the
algebraic eddy viscosity formulae lead to accurate predictions of mean flow
quantities, e.g. #(x, y).

Discussion of the above algebraic eddy viscosity formulation (11.76-79) and
more information on boundary layer flows may be obtained from Cebeci and
Bradshaw (1977) and the references cited therein.

11.4.3 Boundary Layer Separation

For the flow past a body, an important consideration is whether the boundary
layer separates from the solid surface. Separation will, typically, lead to a large
region of slowly fluctuating and/or reversed flow downstream, which will generally
invalidate the assumption of a thin boundary layer, on which the derivation of
(11.60-62) and (11.73-75) is based. Boundary layer separation is illustrated in
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b?undary {

ayer —»

thickness ™~ separation
streamline

Fig. 1'1.11 for the flow over a
velocity distribution at the oute
by the inviscid solution

ue=2Ux,sin(ic) ,
r

at least up to separation. Be
- Beyond the shoulder B the velocity u, d i
and consequently the pressure [from the Bernoulli equation ( Iy 1.4;9) Jincreasos it

x. This adverse pressure i id i
' gradient retards th
fluid closest to the wail tha e 10 the ooy o

withstand the adverse press
until, at separation,

two-dimensional circular cylinder. The tangential
redge of the boundary layer is given approximately

(11.80)

Jincreases with

: ry layer. It is the
tis least able (due to the small value of momentum) to

ure gradient, Consequently, the velocity profile changes

Cu

P =0,
oy

y=0

and beyond separation du/oy|

/ =¢ becomes negative. is impli
ow adjacent b e v gative. In turn this implies reversed

ce the shear stress at the wall s given by
ou
T =#5

bl
y=0

se i
p?:r(z)irtut)}? cprrpsponds tq a z<‘3ro shear stress or zero skin friction at the wall
¢ inviscid velocity distribution given by (11.80), solution of the lami;iar

S >
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Fig. 11.11, Boundary layer separation from a circular cylinder
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A consideration of the velocity profiles shown in Fig 11.10 leads to the
expectation that a turbulent boundary layer would resist an adverse pressure
gradient over a larger distance before separation occurred than would a laminar
boundary layer. This is, in fact, the case. For a circular cylinder at a Reynolds
number based on diameter, Req> 5 % 10%, the separation occurs at about §=120°.
Often for the separation of turbulent boundary layers, the flow is unsteady and the
separation point undergoes a low frequency oscillation (Simpson 1981). But the
above criterion of separation coinciding with a zero wall shear stress is useful for
predicting the mean flow.

The derivation of the boundary layer equations from the Navier-Stokes
equations on three-dimensional surfaces (Cebeciand Bradshaw, 1977, pp. 315-340),
is similar to the derivation of the two-dimensional equations (1 1.60-62) in that the
boundary layer thickness measured normal to the surface is thin compared with a
typical dimension in the flow direction. The prediction of three-dimensional
separation is much more complicated (Tobak and Peake 1982), since separation of
the boundary layer does not necessarily coincide with a zero shear stress at the
surface.

Boundary layer flow is an example of a thin shear layer flow. The general class
of thin shear layers are found to be governed, at least approximately, by equations
equivalent to (11.73 and 74). Wake flows, jets, mixing layers and many developing
internal flows can be effectively analysed using thin-shear-layer-type approxi-
mations. The importance of the thin shear layer approximation is that it permits an
accurate computational solution to be obtained in a single spatial march in the
direction of the thin shear layer. Appropriate computational techniques are dis-
cussed in Chap. 13.

11.5 Incompressible, Viscous Flow

This class of flow is governed by the continuity and momentum equations in the
form

D
Vov=0, QD—:zgf—Vp+uV2V . (11.81)

Boundary conditions to suit (11.81) depend on the problem being considered. If a
solid surface forms the boundary of the computational domain, it is necessary to set
all velocity components equal to the velocity components of the solid surface, 1.e.
there can be no slip at the fluid/solid interface and no relative motion normal to the
surface. For a liquid/liquid interface both velocity and stress must be continuous.
Usually the continuity of stress is used as the boundary condition. If a liquid/gas
interface forms the boundary of the computational domain lying in the liquid
region, then continuity of stress at the liquid/gas interface reduces, for large
Reynolds number, to continuity of pressure at the interface (in the absence of

surface tension effects).

11.5 Incompressible, Viscous Flow 27

reqli(r);dt_h;o??r\:;i (a)l‘l:loaurfdan 1rf;1mersed body, fgrﬁeld boundary conditions are also
required. ) : outflow boundaries, it is appropriate to specify all but one
depen CI.lt variables (Table 11.5). However, since viscous terms in th
i;)s\;er;:rli i:g;:-;:otr:) atre utsu;llly ffilegligibly small, far from the immersed body, it iz
e to treat the flow as being locally invisci ’
Egﬁzg:;y cond.lt.lon 18 req}lired at an outflow bounidlary. S(;)gciis[i(; ctﬁggcé)sng (;Ee
. y .condmons are discussed in Sect. 17.1 and from a mathematical cpec.
tive by Oliger and Sundstrom (1978) and Gustafsson and Sundstron;c(ai;;;spec—

Tab'le 11.5. Number of farfield boundary conditions
for incompressible flow (four variables)

Equation system Inflow Outflow
Euler 3 1
Navier-Stokes 3 3

For’l;il;e “flsllrll ce)ggatic;qs (1 1b.8(11) must be solved when regions of separated flow occur
involving body forces, nondimensionalisatio i )

/ ‘ S, n of (11.81
produces the following equations, in two-dimensional Cartesia(n coo)rgisxllarlltf(:l‘1 *

Py
ox ay (11.82)
ou 0
E+ua—u+v@+8_p=i a_zu+@

x 0y dx Rel\dx? 0y? (11.83)
ov B,
a+ua¥v+v@+a—p=L 6_21)+a_2E

x dy dy Rel\ox? ay*)’ (11.84)

gll;:;e (;he depsity has been absorbed into the Reynolds number. The extension t
describ;r;lenslonsﬂls clear. Solutions to (11.82-84) at small values of Re (<T210(;’)
aminar flow. The case of two-di i i i ible flc
coscrive lamnar flow. Th ¢ of two-dimensional laminar incompressible flow is
H .
i I:)Svi&:r:/er, forllarge vglues of Re the flow is turbulent. Strictly (11.82-84) in three
Cimensio s would provide the solution, but a very fine grid would be required t
numbere )_} hrep@sent th? ﬁr}gst scales of turbulence, at any realistic Re nold0
siderabfe in; r::sl??; ?vallabéléty of supercomputers (Chap. 1) has generateg c:onS
arge eddy simulation (Rogallo and Moi i i :
unsteady solution of a modified i i O (11 5ot s
three-dimensional form of (1 i
captures the large-scale turbulent (edd i © allcale (oot
arge- tion and th 11- 1
turbulent motion is modelled iri e itonal o e e
. . .
coverming coations mpirically by adding additional terms to the
If - ion i
Compltlltlztlizrngeuscale mean mgtlon is steady or of low frequency it is preferable (i.e
ally more efficient) for engineering purposes to consider timé;

averaged equations in pl i i
uoragec = place of (11.82-84). This approach is pursued further in
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Computational techniques for flows requiring the full incompressible Navier—
Stokes equations are discussed in Sects. 17.1 and 17.2. For flows with a dominant
flow direction some reduction of the equations is often possible. This is discussed in
Sect. 16.1 and appropriate computational techniques are indicated in Sects. 16.2

and 16.3.3.

11.5.1 Laminar Flow

The equations governing incompressible laminar (viscous) flow are given by
(11.82-84). However, for two-dimensional flow it is of interest to consider an
alternative formulation in terms of vorticity { and stream function ¥.

The following equation is constructed:

0 F
5[(11.83)]—5[(11.84)] :

y

which eliminates the pressure and gives

or or ol 1 (82C+§f§>’ (11.85)

ox?  0y?

a +u a +v a} = ﬁg
where the vorticity

C=Zlu—a~0 . (11.86)

Strictly, { = —{,, where {=curlv. Introducing a stream function ¥ such that

Z‘/’ v (11.87)

and substitution into (11.86) gives

V= . (11.88)

It may be noted that ¥ automatically satisfies (11.82). In the stream function
vorticity formulation, the governing equations are (11.85, 87, 88). Elimination of u
and v using (11.87) produces a system of equations (11.85, 88) which is parabolic in
time and elliptic in space (Sect. 2.1). Initial conditions are provided by setting
{={,(x, y, t) and solving (11.88) for ¥ subject to Dirichlet boundary conditions,
y|.=a, on the domain boundary c.

Since the system is elliptic in space two boundary conditions are required. If
velocity components are given on the boundary, the two boundary conditions
specify derivatives of through (11.87). Since § only appears in derivative form it is
appropriate to fix the value of y at one point on the boundary. Consequently the

two boundary conditions can be reinterpreted as
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¥l.=a and =b,
(11.89)

oy
on |,
where n is the direction normal to the boundary ¢
It may be noted that no boundar itior
: ; ' y conditions are specified on {. This i
apgroprlate for. solid surfaces since they are sources of vorticity which Es diﬁlljssel;
?,gd cofnvgcltsdbmtodthe flow field (Lighthill 1963). For the flow about an immersed
y, farfield boundary conditions such as { = i
if the flow is locally uniform. "4 =0may be substituted for 2y Bl =b
In obtaining computational solutions (S it i
' i ect. 17.3) it is often desirable to h
;;::l?}?;:eegzlval??t bct;undary conditions for {, particularly at solid surfacesoln ?l::
ve often been constructed from the discrete fi .
that 0y/on|.=b is satisfied. However Q Ve G o8 0 ensure
. i . uartapelle and Valz-Gris (1981
strate that there is no strictly equi . e mor:
nos quivalent local boundary conditi i
Instead, the following integral condition on ¢ must be )gatisﬁedl'on avatlable for ¢

{ndxdy= b_@
Hendsay j(" aan)ds’ (11.90)

where a and b are as in (11.89) and 7 i i
. is an i
throughput the computational domainn. arottrary function such that ¥y =0
ove;l';/pt:zii( ‘lz/zu(rilc}ary conditions can be illustrated by considering the steady flow
rd-facing step. In Fig. 11.12, AF is an inflow b
' . : : \ oundary. A
Eic;;c:;lz:;mg fluid forms behind the step ED. On boundary AF, uis srrzlecif::(lil l)vt;ric()llf
oorticis isrosl;tgl;q(d 2il.8t7o).ZeOn /ilfB, uois set equal to the freestream value a’nd the
ro. If v=0 on AB then ¥ is fixed and
c 1al nd equal to ¢ ,.
CharOaI(:tfrCoéf (t{lfﬁex 1stvery s;nall and can be deleted from (11.85). Tghis cha:nges the
: system of governing equations (Sect. 16.1 d
requirement of only one boundar iti Sel ) o on e
' ' y condition on BC. Setting v=0 BC i
;?:;evrzi%ntbtgusne;;l?yg 6(&/3)_:{: 0. This would not be physically correct CIOSt:]tO g ;xs
condition on BC i = s i
cuivalont o 9% s n BC is 0v/0x=0. From (11.87 and 88) this is

A
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Fig. 11.12. Flow over a backward-facing step
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On FEDC, the stream function boundary condition is y =0. A suitable bound-
ary condition for the vorticity on FEDC is more difficult. The equivalent boundary
condition for the primitive variable formulation requires u=v=0 on FEDC. For
the vorticity the usual form of the boundary condition at a solid surface is obtained
from (11.86) or (1 1.88). Thus, since ov/ox=0 on FE, the vorticity bound-
ary condition becomes {pp=0u/0yps. ON DE the boundary condition is
{pg= — Ov/0Xpg- As noted above, these boundary conditions are not strictly
equivalent to the velocity boundary conditions.

In principle, the vorticity formulation can be used in three dimensions. But it
then has three components and the stream function must be replaced with a three-
component vector potential (Fasel 1978). A recent application to internal flows is
described by Wong and Reizes (1984). Vorticity formulations suitable for three-
dimensional flows are considered briefly in Sect. 174.

If the pressure is required the following Poisson equation is formed from

a(11.83)/ox+o(1 1.84)/0y as

o2p P [y oy (PN
TR} RN SIS By 1191
ox* * oy* 2[8)(2 oy? <8x6y ’ ( )

with Neumann boundary conditions on P determined from (11.83 and 84).
For steady flow (11.91) is solved once and for all after the ¥ solution has been
obtained. For unsteady flow (11.91) must be solved at every time step if the pressure

is required, e.g. free-surface flows.
The computational implementation of the stream function vorticity formulation

is discussed in Sects. 17.3 and 17.4.

11.5.2 Turbulent Flow

For incompressible flows that are turbulent the use of the three dimensional
equivalent of (1 1.82-84) would be too expensive for engineering design calculations.
For most practical calculations, the mean motion is of primary interest. This can be
obtained by first averaging the equations over a small time T (as in Sect. 11.4.2).
This process produces the time-averaged governing equations

ou 00 (11.92)

oL %0
P P

oq o _oa\ op 0 ( o0 —r a( o —— >
o oa oa\ 9 _0( 08 ) S um—ouv ), (1193
Q(8t+u8x+vay>+6x ax<“ax Q““> a\Fay et (1193)

o o5 _op\ op_0 ( 00 5o a( ov ‘>
oo oo 00\ 0p_0( O py)e(uz—ovv), (194
Q(at+”ax+”ay>+ay ax<“ax "“”> ay\ My e (11.94)

v are turbulent fluctuations. For three-

where #, ¥ are mean values and o,
dimensional flows additional Reynolds stress — ou'w —ou'w and —ow'w’ appear
in the equivalent of (1 1.93 and 94).
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The time-averaged equations i
can be solved if the Reynolds stre
i sses ca
rzl;lted. to r?ean flow quantities. In Sect. 11.4.2, this was done by introducinrg1 :ﬁ
;:Or thgtggiltv};;g,silte;tmg t—QI;z’v' = gv;0u/dy, and introducing algebraic formulae
vr, etc. However, although this is effective {
flow, where the local production i ity oo 6 e
, of turbulent energy is a i
rate of dissipation, it may not be effecti D e tasbutont frows
R ective for more complicated tu
rb
whe/:e the transport of turbulence quantities is also impoprtant vient fows
Somerz) fat]}tlzr?jtll)vel approach is to construct (differential) transport equations for
rbulence quantities and to model higher-ord i
to be triple correlations. Here indi e
g we indicate the form of a typic i
al two-
turt;ulf}rllcekmodel, the.kfs model (Launder and Spalding 1971? worequation
enern ke Iia model dlﬁ“ere.nt.lal equations are introduced for the turbulent kinetic
gy k and the rate of dissipation of turbulent energy &, where

k=0.5(u't' +v'v' +w'w)=0.5(uju;) and

(é’uﬁ ou;
e=vp| — £
0x; ) \ 0x;
B . .
ecause of the complexity of the equations, a Cartesian tensor notation (Aris 1962)

has been adopted so that th
. e structure of the equations is sti i i
The governing equations for k and ¢ are ¢ 1o sll castly recognisabl.

Dk 0 <#T ok ou; 0
o= L (B N (P Ou;
Dt 0x;\ o, axj> ‘uT(axj+axi)ax,_98 (11.95)
and ’
Q&: 0 (&_@) C,iire aui+au,. du, 0C,,8
Dt 0x;\ o, 0x; k ax; ' ox; ach_ kK’ (11.96)

) .
réhseiittihzlleft hzntd sxdis of (11.95 and 96) represent transport (11.12) of k and ¢
spectively. The three terms on the right-hand sides of (11.95 and 96) rep n’
diffusion, production and dissipati ively lS oo e
, ssipation, respectively. These t i i
diftsion, productior ' vely. wo equations are deri-
_d om the unsteady Navier-Stokes equations with the i i
o from the unsteady with the introduction of the
d ﬁu’ v ms, the neglect of terms i i issipati
e | : the meglect of ¢ representing viscous dissipation and the

From the local values of k i
ot iom th and ¢, a local (turbulent) eddy viscosity u, can be

C,0k?
pr=—"t"—,
€ (11.97)

< i l S s g ( )7

Y ou; ou;\ 2
—oujui=pr| —+=2 |—= ,
g T<ax,. ax> 3 0koy - (11.98)

i
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In equations (11.95-97) the following values are used for the empirical constants:
C,=009 , C,=145, C,=190, o,=10, o0,=13. (11.99)

The use of (11.95 and 96) implies that pp> . This is clearly invalid close to a solid
wall where the turbulent fluctuations are suppressed by the presence of the wall.
Therefore, adjacent to walls special wall functions are introduced (Launder and
Spalding, 1974; Patel et al. 1985) that typically assume a logarithmic dependence of
the tangential velocity component on the normal coordinate and that the pro-
duction of turbulent kinetic energy is equal to the dissipation in the log-law region.
This is equivalent, in the simplest form, to introducing a mixing-length eddy
viscosity formulation (Sect. 11.4.2) adjacent to a wall. The use of the special wall
functions provide boundary conditions on k and & away from the wall. Alterna-
tively additional terms (Patel et al. 1985) are added to (11.95 and 96) and boundary
conditions k=0, d¢/on=0 are applied at the wall.

The k-¢ turbulence model is suitable for computing free shear layers, boundary
layers, duct flows and separated flows; although predictions of far-wake unconfined
separated flows overestimate the turbulence production (Rodi 1982). The major
weakness of the k-¢ model is the assumption of an isotropic eddy viscosity (11.98).
This can be avoided by introducing a separate partial differential equation for each
Reynolds stress. However, this increases the computational cost substantially.

An effective intermediate model assumes that the transport of the individual
Reynolds stresses is proportional to the transport of k (11.95). This reduces the
differential equations for the Reynolds stresses to algebraic equations. The details
of the algebraic stress model and other turbulence models are provided by Rodi

(1980).

11.6 Compressible Flow

This category introduces the additional complication of variable density and
temperature. The classification into inviscid, boundary layer and separated flows
(Table 11.4) is also useful for compressible flows. The discussion of compressible
flows is here related to typical engineering problems, e.g. the flow around turbine
blades. In compressible flow density changes are usually associated with high speed
(large Mach number) or with large temperature differences. From a computational
perspective large temperature differences imply that the energy equation will also
be coupled into the solution process.

11.6.1 Inviscid Compressible Flow

Inviscid compressible flow (gas dynamics in Table 11.4) is governed by the conti-
nuity equation (11.9), the Euler equations (11.21), and the energy equation (11.35)
with the right-hand side set to zero (“u=0, k=0"). At a solid surface the normal
velocity component is set to zero to provide a boundary condition. For the flow
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about an immersed body the number of farfield boundary conditions is indicated i

Ta.ble. 11.6.. Ig supersonic flow boundary conditions are required for each chz .
terlstlc‘ pomtmg.into the computational domain. The compatibility condit'rac-
(Segt. 2.5.1') provide the form of the boundary conditions. Specific choices willlolr)ls
1nd1cateq in Sect. 14.2 where appropriate computational techniques are discu de
Apprqprlate boundary conditions are considered from a mathematical ctive
by Oliger and Sundstrom (1978).  perspective

For the steady flow of an inviscid (u =0), non i = i
equation may be integrated along a (sltlrearzlline tcc()) I;?\tlecill?ezg r(:s;l?) fluid the enerey

H= 0.5q2+e+g+ =
< o TY )=const, (11.100)

where qis the total velocity, e is the specific internal energy and y i f
potentlal' 1ntrqduced to represent body forces, i.e. f= —Vy. It can be o O}T)CC
(11.100) is equivalent to (11.48) with the addition of the inte;'nal ener Seeen e
' F rom Crocco’s theorem (Liepmann and Roshko 1957, p. 193), if a sti)alld. flow i
1rrotat10na.1 (zero vorticity) and isentropic throughout H’takes tl’le same y1 s on
all streamlines. For flows where an isentropic re]ati’onship between pvaflngesgoirs1

readily available, an alternati . . .
appear, s ative form of (11.6), in which the internal energy does not

1
H=05¢*+\—dp+y =
IQ p+=const . (11.101)
For isentropic, irrotational flow it is useful to define a velocity potential @, i.e

(11.50), such that

_9® o0 oD

A > V=— [ p—
0x dy and - w oz (11.102)

u

As a result, the continuit i
, y (11.10) and Euler (11.21) equat i
no body forces, can be combined to give )cquations, for steady flow with

u’ o 2 52 2
<—z—1 (51 e (W o
a (‘;’x az ayz az 622

2( Pt SRR ) 52(1))

+—{u +ow
a*\" oxdy dydz +“Waxaz 0. (11.103)
(wl;ere a=(dp/d0)°> is the speefi of sound. This is the speed at which acoustic waves
i ge:?sgl.;rse l»i\;(aeve§ of sn(lall/ ar)rg;;htude) propagate in a compressible medium. For an
\ air,a=(yp/9)”>. For incom i = .

to Laclae's omatios oo pressible flow, a= oo, and (11.103) reverts

Equation (11.101) provides the relationshi

. ‘ P! ip between a and q. For an id i
which there is a negligible change in the body force, (1 1.101)qgives nidealgasin

a?+0.5(y—1)g>=a2 +0.5(y—1)q% , (11.104)
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i i i the subscript oo indicates known reference
Wher? i tlllie sp:icc;i:; ?le?tlégilfozlzre the govefning equations for this c.lass. of
condltloqs. ava an be reduced to a single differential equation afte.r substltl}tlon
ﬂ?vzlslrl;t(l)lzs Sgrslzleni&) into (11.103). However, the resulting equation is highly
0 .
nonlinear. . is given by d¢/on
: ry condition of no normal flow is given by

S Ssuorxg?cceﬁt(})]jv b((lnll.r;((i)z)yis elliptic far away frqm an immersed body.
gfﬁss(;):e:tzll; a Dirichlet boundary condition for ¢ is imposed on all farfield
boundaries. c flow. physically

t. or are weak, e.g. transonic , phy

If shock wauv';sti?);;ngglstri?ss Z)f (11.102-104) can be obtaingd .mpch more
accuratq C(l)lmpthan the solution of the continuity, Euler and inviscid ene'rgy
O rons in terms of the primitive variables (u, v, W, 0, p» T)- APPTOPT}?;e
equations In TS © < 1o solve (11.102-104) are discussed in Sect. 14.3. The
contlputatlf)naA of (11.102-104) is to predict the flow behaviour around stream-
?‘mlg gsgilgatsls:h as aifcraft wings and turbine blades at small angles of attack for
ine )
which 1 'ﬂot\av iis'eusnisrfia::iefglrm stream of velocity U, directesl along t.he x-axnlsl

.FO; tlgm itoislconceptually useful to think of the body. as introducing sma
(VFC;EC}'[Y pg;turbations u, v, and w' to the freestream velocity U

_r

it
U
S ST
% Fig. 11.13. Inviscid flow about stream-
«~ ¢ ’ lined bodies
—_—

Thus, defining
U. +u v=v and w=Ww with o, v, w KU, (11.105)
u=U, ,

equation (11.104) can be reduced to

: 106
<,"_>2=1_(—,~1)M2 v (11.106)

U >
a., X

here M U,/a AslongasMw<3,(11.106)indicatesthatazaw.Makinguse
where M, = Uy /ax-

: ; i i .103):
of (11,105 and 106) gives the following approximate equation, in place of (11.103)

32 9 @=<M§§£>@ (11.107)

Ex7+5y7+ 0z* U, ox)ox*’

(1-M%)

perturbations, 1e.

a¢ (11.108)

'=— , etc
®:Uxx+¢ and u ax
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Equation (11.107) is clearly simpler than (11.103) at the price of accepting
restrictions on the geometry (¢ <c) of the body. However, many practical aerofoils
and turbine blades meet these restrictions anyway. Computational techniques to
solve (11.107) for transonic flow are indicated in Sect. 14.3.2.

For subsonic (M, < 1) or supersonic (M > 1) flow (11.107) can be simplified
further to

’¢ ¢

62
(I_Mi)ﬁ+ﬁ+0_z‘f:0‘ (11.109)

Equation (11.109) is linear and is very similar to Laplace’s equation (11.51), which
governs incompressible potential flow. For M, <1 (11.109) is elliptic. For M > 1
(11.109) is hyperbolic and this implies that discontinuities in normal derivatives of
the velocity components can occur on characteristics.

For locally supersonic flow, i.e. M > 1, (11.103) is also hyperbolic. The char-
acteristics in supersonic inviscid flow are called Mach lines. The angle u between

the Mach cone (envelope of Mach lines) and the local flow direction (Fig. 11.14) is
related to the local Mach number by

{Mach cone)

X

Fig. 11.14. Mach lines in supersonic flow

That is, as M increases, the Mach cone lies closer to the local flow direction. Any
disturbances at A can only influence the part of the flow inside the Mach cone
directed downstream from A.

If M is locally increasing in the flow direction, successive Mach lines spread out
in moving further from 4. However, if M is locally decreasing in the flow direction,
successive Mach lines would appear to cross each other. This cannot ocur in reality
and a shock wave develops, which can be interpreted, heuristically, as a co-
alescence of Mach lines. A typical Mach number distribution around an aircraft
wing (two dimensional section) is shown in Fig. 11.15.

The jump conditions across the shock in the normal direction require conser-
vation of mass, momentum and energy and are called the Rankine-Hugoniot
conditions (Liepmann and Roshko 1957, p. 64). However, entropy increases across
the shock. A typical form of the Rankine-Hugoniot relation is

o) 1 p 1
”_1=&=<H +P1>/<1+/+P_1>’ (11.110)
u, o0, \r—1 p; 7—1p,
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Fig. 11.15. Mach number distribution about a wing
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where stations 1 and 2 are upstream and downstream of th;: slll(ock, respectively,
i ts normal to the shock.
and u, and u, are the velocity components i . _
It 1may be2 noted that although the Rankme—Hugomqt relat?ol‘?s C(;nnictc';(wiz
invisci ine fluid the local behaviour within the sho
states of an inviscid, nonconducting e _ :
modified by viscosity and thermal conductivity (Fig. 1'1"16)'&:{6;6}1;\,;2 uar (l)cf)c;a;
i hen determining the be
coordinate normal to the shock. However3 w . four of &
ise invisci i id. it is usually possible to trea y
otherwise inviscid, nonconducting fluid, s u . ‘ \
severe gradients across the shock as discontinuities without affecting the behaviour

away from the shock.
If the shock is not weak, M .
equations and the inviscid energy equation to accura

haviour (Sect. 14.2).

> 1.1, it is necessary to solve continuity, the Euler
e tely predict the flow be-

inviscid solution

shock thickness
(exaggerated)

Fig. 11.16. Velocity distribution within a
x shock
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11.6.2 Compressible Boundary Layer Flow

The computation of the compressible boundary layer equations follows the same
path as for the incompressible boundary layer equations, namely that the thickness
of the boundary layer is assumed to be small compared with a characteristic
dimension in the flow direction. However, the energy equation must also be
considered and it is necessary to define a thermal boundary layer, across which the
temperature undergoes a rapid variation, in an analogous manner to the velocity
boundary layer (Schlichting 1968).

For compressible boundary layer flow the only simplification possible for the
continuity equation (11.10) is that terms may be deleted for either steady flow or
two-dimensional flow. Thus, for steady, two-dimensional compressible laminar
boundary layer flow the continuity equation (11.10) takes the form

0 0
a(gu)+5(gv)=0 ) (11.111)

The steady x-momentum equation (11.28) reduces to

W0\ _dpe 8 ou 11.112
o\ " ox dy)  dx oy "ay ' (11.112)
This equation may be compared with (11.61). Here, the density is a function of

position and the viscosity is typically a function of temperature. The energy
equation (11.38) for the flow in a thin steady thermal boundary layer takes the form

c ua—T+va—T —u%+i kaT + ou ’ (11.113
Q| “ox dy ) “dx T oy\ ady H@y’ A13)

where ¢, is the specific heat at constant pressure and k is the thermal conductivity.
The equation system (11.111-113) is mixed parabolic/hyperbolic and, conse-
quently, requires initial conditions

ulxo, Y)=uo(y) ,  Tl(xo, y)=T(y) (11.114)
and boundary conditions

u(x,00=0, o(x,0)=0, T(x,0=T,(x) or k%;(x, 0)=—0,(x)

u(x, dy=u.(x), T(x,8)=T.(x), (11.115)

where y=4 denotes the edge of the boundary layer. The usual strategy for solving
the equation system (11.111-115) is to introduce a transformation to remove the
explicit appearance of the density (Sect. 15.2) and to solve the resulting equations as
an equivalent incompressible system (Sects. 11.4 and 15.1).

The extension of the above equations to obtain the compressible mean-flow
turbulent boundary layer equations follows the path indicated in Sect. 11.4.2.
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iti i iated with density and tempera-

, additional products of terms arise associa
H(r)wi:zz:uztiom (Schlichting 1968, Chap. 13; Cebeci and Brad§haw 1984, Chap. 3.)‘
;*P : ompressible boundary layer flow straightforward extensions .of the algebraic
ecz;ycvisclz)sity turbulence model, described in Sect. 11.4.2, are available and effec-

tive (Cebeci and Bradshaw 1984, Chap. 6).

11.6.3 Compressible Viscous Flow

i iscous fluids with extensive regions of separated flow, (e.g.
Ilj;)gf flo.rll;lirietsiss]tgzcgslizry to solve the full equations, i.e. (11.10, 26 an:i 33)é l]{“?ra:]hyé
nl' limite,d simplification is possible, e.g. pe.g}ect of the body fgrce erms. ‘
. yl is of external flows where compressibility effects are maml)f due to motion
?}I:ea r)f/j:vant equations can be expressed convegienttly in(c;(;r;sg)r\i/:t;c;rtl lfronrgccli?;?:
i i i rvation form. Equation (11. ; :
thI.l (1 ]flr?r)l 1bs a;(rjedaiiz \lznxc(?lll.s IeO)Vto the ]eft-han?l sides. Equation (1 1..33) is put into
ZizgeI;VZtion ¥orm by adding (e +$v-v)) x (11.10) to the left-hand side.

/)

//Z/l/[%

)1t

]
24

Fig. 11.17. Base flow

In three dimensions the governing equations can be written compactly as a
single vector equation as

aq 6F+0G+‘Z}1:O (11.116)
a_{-’a; ay oz
where
- o r ]
o ou
ou Qu2+p—Txx
q=|ov s F= qu—txy ’
ow oUW —1,, )
E (E+p—rxx)u—1ny—T:xW+Qx_

11.6  Compressible Flow 39

ov
ouv—t,,

G= o’ +p—r1,
ow—1,,
(E+P~1yy)v—rxyu—rz},w+ Qy J

ow
QuW—sz
H=omw—1,
QW2+p_Tzz
(E+P“Tzz)w—rxzu_’[yzv+Q.z

. (11.117)

The form of (11.116, 117) includes both laminar and turbulent compressible flow.
For laminar flow 7, etc., are given by (11.27). For turbulent flow T.xs, €tC., will also
include terms representing the Reynolds stresses (Sect. 11.5.2). Q,, 0, and Q, are
directional heat transfer rates given by (11.37) augmented by turbulent heat flux
gradients, for turbulent flow. In (11.117), E is the total €nergy per unit volume

E=0[e+0.5(u®+v? +w?)] | (11.118)

and e is the specific internal energy. The conservation form (11.1 16) is found to give
more accurate solutions when shock waves occur. The equation system (11.116,
117} is mixed parabolic/hyperbolic for unsteady flow and mixed elliptic/hyperbolic
for steady flow. Appropriate boundary conditions are discussed in the next section.

For compressible turbulent flow involving mean flow separation, turbulence
models like the k¢ model (Sect. 11.5.2) are required. Compressible forms of the
k—& model can be developed but the additional terms associated with compress-

domain then additional terms are required (Rodi 1980).

Computational techniques for solving (11.116 and 117) are discussed in
Chap. 18. For flows with a dominant flow direction some reduction is possible in
the complexity of (11.116 and 117). This is discussed in Sect. 16.1 and appropriate
tomputational techniques are indicated in Sects. 16.3.1, 16.3.2 and 16.3.7.

11.6.4 Boundary Conditions for Compressible Viscous Flow

Here, boundary conditions are considered for a body in an unbounded fluid, with
the flow parallel to the x-axis far from the body (Fig. 11.18).

Two types of boundary conditions can be distinguished; those at the solid/fluid
interface 4, and those far from the body. For the solid surface A it is necessary that

v=0 and T=7, or kg—T:_Q'S, (11.119)
n
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Fig. 11.18. Boundary conditions for compressible viscous flow

i te.
ie. zero relative velocity and either specified terr(;p;iratll:rf or he?ftytirsn;fe\:;a;a <
”’ iti e more difficult to spec

farfield boundary conditions ar¢ D ' . Lha
f ';l;tlzle'(es computation. It is necessary to dlffe;rentlate betw.een.mﬂol\:/ agdnolé flow
SCl ndary conditions, which can be determined by considering the sig
ou ,
P i d it is straightforward to
i hyperbolic and it 1s g rd
he unsteady Euler equations arc fy] d 1o
conZtruct charac);eristics and then to require that. as many bogndél}rly cl(;r;(g; ons
t be specified as there are characteristics entering .the domain ( u f, For
Hllxus dimznsional flow with two thermodynamic varlgbles (the eqll)xatlon gﬁesd te
Lr?:ilies the other) this implies five boundary conditions must be spect
[ i is supersonic (Table 11.6).
mﬂ(gl/' " th:ngosv:/mdstrzm (1978) obtain comparable results .for the unst'eady‘Euler
tilfrﬁi; but are able to extend their analysis to the equations governing viscous
equa \

- ified
Table 11.6. Number of farfield boundary conditions to be specifie

Compressible (5 variables)

Inflow Outflow
gql:a;i‘on Supersonic Subsonic  Supersonic Subsonic
yste
0 1
Euler 5 : ! "
Navier—Stokes 5
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compressible flow. The required number of boundary conditions are shown in
Table 11.6. Gustafsson and Sundstrom (1978) have examined the two-dimensional
compressible Navier-Stokes equations, based on (11.36) with viscous dissipation ®
ignored, instead of (11.33). Gustafsson and Sundstrom refer to the unsteady
compressible Navier-Stokes equations as being an incompletely parabolic system.
Gustafsson and Sundstrom demonstrate that the number of boundary conditions
shown in Table 11.6 are necessary and sufficient to produce a well-posed problem.
They also provide specific combinations of boundary conditions that produce a
well-posed problem. Broadly the compatibility conditions associated with the
characteristics of the equivalent Euler equations provides suitable Dirichlet bound-
ary conditions. The additional boundary conditions required by the compressible
Navier-Stokes equations are then imposed as Neumann boundary conditions.
For many flows at high Reynolds number the solution, far away from the body,
behaves as though it were governed by the Euler equations rather than the
Navier-Stokes equations. This suggests choosing boundary conditions accordingly
and this often works in practice. Strictly, where this leads to an under-prescription
one may fail to obtain a unique solution. An over-prescription of boundary
conditions usually produces a solution with a severe unphysical boundary layer
adjacent to the boundary in question. In a sense the farfield boundary conditions
should be chosen so as to make the boundary appear transparent to the solution,
ie., the same solution would be obtained if the boundary location were moved
farther from the body. A more detailed discussion of the boundary conditions for
viscous compressible flow is provided by Peyret and Taylor (1983, pp. 312-316).

11.7 Closure

The properties of air and water have been discussed briefly. In engineering fluid
dynamics, air and water are the two fluids that occur most often. Both fluids are
characterised by small values of viscosity. However, although air is easily com-
pressed, water, in the liquid phase, is effectively incompressible.

Central to this chapter has been the presentation of the equations and bound-
ary conditions governing fluid dynamics. The governing equations are derived by
requiring that, for a small control volume, mass and energy are conserved and that
the time rate of change of linear momentum is equal to the net force. Non-
dimensionalisation of the governing equations leads to the appearance of non-
dimensional numbers and the concept of dynamic similarity. Two of the more
important nondimensional numbers are the Reynolds number and Mach number.

To provide more manageable sets of governing equations a classification based
on the viscosity and density (Table 11.4) has been introduced. The classification,
which is particularly useful for engineering fluid dynamics, draws attention to the

categories of inviscid, boundary layer and separated flows for both incompressible
and compressible fluids.
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To suit complicated computational domains, it is desirable to express the
governing equations in generalised curvilinear coordinates; this is taken up in
Chap. 12. In Chaps. 14-18, the computational techniques, introduced in Chaps.
3-10, will be extended to handle the more complicated governing equations, and

related boundary conditions, developed in this chapter.

11.8 Problems

Physical Properties of Fluids (Sect. 11.1)
11.1 Plot the variation with temperature of v, & and Pr for air at p= 100 kPa and

p=>500 kPa. Comment on any differences.
112 Plot the variation with temperature of v, « and Pr for saturated conditions,

Table 11.2. Compare the behaviour with that of air.
11.3 Plot the variation of y with T shown in Table 11.1 and compare with

() p=pa00(T/300)7°
(b) Sutherland’s law,

1458x107°T**
K="T7104+T

where TTK] is the absolute temperature.

Equations of Motion (Sect. 11.2)
11.4 Show that the continuity equation in cylindrical polar coordinates is

do 10 10 0
9@ 1% (orv,) + = s (0ve) + 52 (002)=0
. ar(Qrvr) + 60(9129) 52(91),)
where v,, v, and v, are the velocity components in the r, 6 and z directions.
115 For incompressible laminar flow show that the steady axisymmetric

Navier-Stokes equations (momentum) can be written

av dv, 10p v
00 O 2y Vi, — 5
e ez * o Or v< or r2>
du, dv, lép
- __= —— = ,VZ ).
v’6r+vzﬁz+géz yYL

assuming no body force and v,=0. Velocity components v, and v, are in the

radial () and axial (2) directions, respectively.
11.6 Show that the steady energy equation for an incompressible fluid with

constant thermal conductivity can b

De _pirver
QDI— s

e written in spherical coordinates as
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and that

be_, de tade v, Oc
Dt or r 06 rsinf d¢

and
1o/ ,0T

VZTE——<r2~>+—1~i Ty LT
2ar\" o ) sin6 26 Smg%)ﬂ%mle&?‘

11.7 Starting with the e i i i
. quation governing viscous com i
introduce the nondimensionalisation after (1 l.4l)p\r;:isti11ble flow (1116, 117)

x__ P
p —QIT’ Q*zQﬁ’ T*:l, #*=i oo ©
© T::o Uo ? _Ui and
k
k*=—
.

X

SIIOW that the IeSultlllg llOndllllellSI()llal equatl()]lS ]la\/e the same appeal"

<2(3u* 25‘*
-9
* _#*L:’;)

xx =
Re

E and
oT*
Ox*

(—1)MZ PrRe

Qr=—k*

Comment o whether o roset oo Pt b ok
ether the : : % “pl o
suitable for present nondimensional form of the equations is

a) hypersonic flow, M > 35,

g

Incompressible, Inviscid Flow (Sect. 11.3)

11.8 For two-di . .
-dimensional irrotational, invisci i
. , 1nvis :
governing equations are cid and incompressible flow the

u 0
=0 M_2 g
0X 5y (’)y Ox
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By introducing the stream function y with

o W

ay U T ox

the governing equations reduce to Laplace’s equation V2§ =0.
Comment on the suitability of the stream function approach compared with
the velocity potential approach (11.51) with regard to
a) boundary conditions,
b) extension to three dimensions.

119 For potential flow around a two-dimensional circular cylinder show that the
surface pressure coefficient, Cp=(p—pw)/%g U2, is given by

C,=1—4sin?0 ,

where 0 is measured from the front stagnation point. Comment on the
approximate range of validity of 9 for the above expression in a) laminar
flow, b) turbulent flow.

Incompressible Boundary Layer Flow (Sect. 11.4)

11.10 For laminar boundary layer flow past a two-dimensional wedge
(Sect. 15.1.2) the velocity at the outer edge of the boundary layer is given by

U,= CxXPIz=p

where p is the wedge angle. By introducing the similarity variable
n=y{u./[(2—P)xv]}"? and the dependent variable f=y/[(2—B)u.vx]"?,
where i is the stream function, show that the governing equations (11.60 and
61) reduce to
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11.11 Show that by integrating (11.61) across the boundary layer it is possible to
obtain the momentum integral equation

B _ 05, —(H+2)0 duc) [, where
dx dx

]
0=|u/u,(1—u/u)dy and H=0%/0 .
(4]

How would the above momentum integral equation change for the equa-
tions governing a two-dimensional turbulent boundary layer (11.73, 74
and 76)?
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Incompressible, Viscous Flow (Sect. 11.5)

11.12 By introducing the Bernoulli variable H =P+ o(u® +1?)/2, show that the
steady counterparts of (11.83 and 84) reduce to

oH_1a
dx Redy’
oH 1 &

—uUl+——=———
J dy Re 0x ’

vl +

_where the vorticity {=0u/dy—dv/dx. For the external flow around an
isolated body, what do the above equations reduce to in the “inviscid” region

away from the body? Can this be exploited to gen n i
: generate an effi .
tational method? ethcient compu

11.13 D.erive (1 1'.91). What Would be the corresponding form in three dimensions
with the right-hand side expressed in terms of the velocity components? ’

Compressible Flow (Sect. 11.6)

11.14 For inviscid compressibl i i i i
(11.103 and 104) flr)om (11(?12,0;_‘/1 (;irc;vleotll)l.e to-dimensional equivalent of
11.15 Apply the boundary layer assumptions, § < L, to the energy equation (11.38)
to obtain the boundary layer energy equation (11.1 13). .
11.16 For two-dimensional viscous compressible flow of air, reduce (11.116 and
117) to a five-component (u, v, g, p, T) system by including an equation of

sta:te and by substituting for E, g, the shear stresses and the heat transfer
rates.



12. Generalised Curvilinear Coordinates

The computation of flowfields in and around Cqmplex shapes such as ducts, engine
intakes, complete aircraft or automobiles, etc., mvo’lves computatlona'l bogndarles
that do not coincide with coordinate lines in physical space. For finite dlffe.rence
methods, the imposition of boundary conditions .for~such problel.ns has required a
complicated interpolation of the data on local grid lines and, typically, a local loss
of accuracy in the computational solution. . ‘
Such difficulties motivate the introduction of a mapping or transformation
from physical (x, y, z) space to a generalised curvilinear coordinate (;, n, C)bspa(iie.
The generalised coordinate domain is construgted so'thaF a compu?atlonal é)}lnt-
ary in physical space coincides with a coordinate line in generalised coordinate
Spa(fl?fxe use of generalised coordinates implies that a distorFed region .in physical
space is mapped into a rectangular region in the gf:nerahsed coordinate sFac(e1
(Fig. 12.1). The governing equations are expregsed in t;rm§ of the generalise
coordinates as independent variables and the discretisation is updertaken 1n.the
generalised coordinate space. Thus the computation is performed in the generalised

coordinate space, effectively.

physical generalised
domain coordinate
domain

|

1

L
d Fig. 12.1. Correspondence of
" ax QIZE the physical and generalised-
TA'Z & coordinate domains

For example, to compute the flow in a two-din?en'sionall curv_ed duct it would be
appropriate to make the walls of the duct coincide with lines of constant z
ig. 12.2).
(FlgL:)iat)ion along the duct wall, say from A to B or D to C,. then f:orresponds tg
specific values of ¢ in the computational domain. Corresponding points on AB an
CD, connected by a particular # line, will have 'the same valge ¢; but dlﬁere?t n
values (7, on A’ B' and ngyax on C' D). Ata particular point (j, k) along this 7 line,

12. Generalised Curvilinear Coordinates 47

C
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—>A§ -
l k+1
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Trl k
k-1
IELE Y
Y ZA B k-1
6 T2 IMAX

Fig. 12.2. Two-dimensional curved duct

¢=¢;and n=mn,. A corresponding point, x = x(&; m) and y=y(&;, n,), exists in the
physical domain.

The concept of generalised coordinates suggests additional possibilities. First,
the computational grid in generalised-coordinate space can correspond to a
moving grid in physical space as would be appropriate for an unsteady flow with
boundary movement.

The mapping between physical and generalised-coordinate space permits grid
lines to be concentrated in parts of the physical domain where severe gradients
are expected. If the severe-gradient regions change with time, e.g. shock-wave
propagation, the physical grid can be adjusted in time to ensure that the local grid
is sufficiently refined to obtain accurate solutions.

Even for steady flows the ability to relocate the grid during the iteration is
useful. For initially unknown severe-gradient regions the use of generalised co-
ordinates allows the iterative solution development to adaptively adjust the grid to
resolve the flow behaviour in all parts of the computational domain to the same
accuracy. The result is a more efficient deployment of the grid points.

The use of generalised coordinates introduces some specific complications.
Firstly, it is necessary to consider what form the governing equations take in
generalised coordinates. This aspect will be considered in Sect. 12.3. The compu-
tational solution of a typical partial differential equation written in generalised
coordinates will be demonstrated in Sect. 12.4,

The governing equations, expressed in generalised coordinates, will contain
additional terms that define the mapping between the physical space and the
generalised-coordinate space. These additional terms (transform parameters) in the
form of derivatives, e.g. dx/6¢, usually need to be discretised (Sect. 12.2). This
introduces an additional source of error in the solution (Sect. 12.2.3). The origin of
the transformation parameters is indicated in Sect. 12.1.

k=KMAX
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12.1 Transformation Relationships

In this section the relationships between the physical (x, y, z) and computational
(¢, n, {) coordinates will be established. The corresponding time-dependent trans-
formations (x, ¥, z, =& 1, &, 7) are given by Steger (1978) and Thompson et al.

(1985, Chap. 3).

12.1.1 Generalised Coordinates

It is assumed that there is a unique, single-valued relationship between the
generalised coordinates and the physical coordinates, which can be written as

E=E(x,y,2) . N=1X),2) and (={(x,y,2) (12.1)

and by implication, x= x(&, 1, 0), etc. The specific relationship is established once

the physical grid is created (Chap. 13).
Given the functional relationships, E=&(x, y, z), the governing equations can be
transformed into corresponding equations containing partial derivatives with

respect to &, 1 and ¢.
As an example, first derivatives of the velocity components, 4, U and w, with

respect to x, y and z become

o ow o] [ow e auljoe e o
ox dy 0z o0& om0 ox dy Oz
ov 0 on 0
dv dv dv | dv Odv Ov n on on ’ (122)

G oy @ || am ar||ex oy oz
ow aw aw| |ow aw ol d O
dx dy Oz o8 an oL ox 0y 0z

where the Jacobian matrix, J, of the transformation is

i o o
ox 0y 0z
| on an on
= ox dy 0z | (123)
a ot &
0x 0y Oz

In principle, if an analytic relationship &=¢(x, y, z) is available, the elements of J
can be evaluated directly. In practice, an explicit analytic relationship is not usually
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aVallable alld 1t 1S more ConVenle]lt t() W()Ik Wlt]l tlle \% < ()l)
Imvers Jac 1an matrlx, J s

0x 0x O0x
o¢ o o
N TR
- & o o |- (12.4)
0z 0z 0z
o on %J

The elements of J ™! can be related to the elements of J by noting that

Transpose of Cofactor (J ')
e . (12.5)

J=
The determinant of the inverse Jacobian |J~!] is given by

-1
I'_I |—xg(yng“.ngq)_x;,(kzg_)’czg)+xg()’é zr]_yryzi) > (126)
h _ . )
where x, = 0x/0¢, etc. In two dimensions (¢, 1), (12.6) simplifies (z,=1, y,=x,=0) to
|7 =Xy — X,V -

Using (12.5 and 6) the elements of J in (12.3) can be expressed as

YuZr— Y2 X _
=t g Mk _XnYe = Xy

7=t A = 7t
YeZe—Yez, -
n= <|::I“|“ ’ ny:xézc _5‘42; o _XYe— XeVe
J 7] T (127
VeZy— Va2 XpZg—
¢ =25 n“¢ C_ri-f XeZy XeYn = XqY
. — , =Tnte Tetm =& Tn)E
AN g I ‘ =

where [J™!| is given by (12.6).

Creti(:en(;:efa grldf in the physical domain has been constructed (Chap. 13), the dis-

g 20;2 fatit(l)lﬁsezfl:gx%lts, e.tgh. x¢, of the inverse Jacobian are evaluat’ed as in
122, : .7) are then used to evaluate the el ’

) . t e elements, e.g. £,,

acobian matrix (12.3). This facilitates the discretisation of the governingg féu:{iégz

in generalised coordinates sinc
¢ they have a more compa
’ ct stru
when expressed in terms of &,, etc., rather than x,, etc P euure (ect. 123
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12.1.2 Metric Tensor and the Physical Features of the Transformation

In order to link generalised coordinates, orthogonal 'a\nd' conformal coordinate; it
is appropriate to introduce the metric tensor g;;, which is related to the Jacobian
matrix J in (12.3). Initially tensor notation (Aris 1.962) .w111 be qsed. .
It will be assumed that the physical domain (Fig. 12.1) is represented by
Cartesian coordinates (=x,y 2)i=1, 3, and the computational domain by
ralised coordinates & (=&, 1, 8), i= 1,.3. . . ' '
geni31"he small distance 4s between two points in physical space can be written 1n
terms of the coordinate displacements as

3 (12.8)
Ast= Y AxkAx* .
kgl .
The increments in the physical coordinates 4x* can be related to changes in the
generalised coordinates AE by

k . .
Ax":éc—. A& (summation over i implied) .

il

(12.9)

Consequently the small distance As related to generalised coordinates becomes

3 /ox%  \[dx* >
- M 2 | Rty ¥
ast= 3, <aé" 4 ><d¢f :

—g;; AE AE (summation over i and j implied) , (12.10)
ij
where
o 0xt ot (12.11)
9= &y 38 08

The metric tensor g;; relates the contributions. to the Qistgnce Ads to Sm::l:-
changes in the generalised coordinates AZ". The metric tensor 1s dlscus(sie 1at grée:l ot
length by Aris (1962, p. 142). In two dimensions the 1c/i;stances mea§ur1<3 ;11: gn%2 5
n grid lines are given by Asy=g1? AL and 4s,=g33 An, respectively (Fig. 12.3).

Asp= (x’,ﬁy%)” An
< As§=(xE+YE)VZAE

Fig. 12.3. Physical features of the computational grid

12.1 Transformation Relationships 51

In two dimensions it is convenient to write (12.11) as a matrix

_|: (X§+y§) (x.{xn_‘—yiyn)}:l[ (’7,€+’73) _(éxnx_*'éyr’y)jl
(xixr,+y§yr1) (x72,+y3) |'_I|2 _(éxnx+éy’1y) (6;25‘}'65) ’
(12.12)
where x,=0x/0¢ as above, and |J| is the determinant of the Jacobian matrix (12.3).
The metric tensor written in matrix form is related to the inverse Jacobian (12.6)
by

g=JHrJ .

Taking determinants gives
gl =171 . (12.13)
This can be easily demonstrated by direct substitution, particularly in two dimen-

sions.

The metric tensor g;; and the various transformation parameters, x;, etc.,, on
which it depends, can be interpreted in relation to physical features of the
computational grid (Fig. 12.3). The various formulae will be developed here, in two
dimensions. The grid cell area (Fig. 12.3) is given by

Area=|g|"* 4¢4n , (12.14)

which, from (12.13), gives a physical interpretation of the inverse Jacobian deter-
minant. The physical orientation of the computational grid (tangent to a ¢
coordinate line) relative to the x-axis is given by the direction cosine

cosa=— & __ (12.15)
(911)”2 ' .

The grid aspect ratio AR is given by the ratio of the magnitude of the tangent
vectors (with A& =A4n)

A 1/2
AR==( 22 ) (12.16)
As-’: 911

The local distortion of the grid is determined by the angle 6 between the ¢ and n
coordinate lines. Thus

gi2

cosf=—"""—— |
911 922)1/2

(12.17)

The three-dimensional form of the physical grid parameters, as a function of the
components of the metric tensor, is given by Kerlick and Klopfer (1982).
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12.1.3 Restriction to Orthogonal and Conformal Coordinates

The use of generalised coordinates permits quite arbitrary geometries to be
considered. However, it 1s well-known that the accuracy of the solution is degraded
by grid distortion. For high accuracy the grid should be orthogonal or near-
orthogonal. For orthogonal coordinate systems some of the transformation terms
disappear and the equations simplify. If the coordinate system is also conformal the
governing equations simplify further. The use of completely orthogonal or con-
formal coordinate system

s implies relatively simple boundary shapes for the
computational domains and some restriction on the

disposition of the grid points.
A two-dimensional orthogonal grid must have 6=90° (Fig.12.3), or, from

(12.17),
Gra=XeXy+ Yeya=0 - (12.18)
In three dimensions the orthogonality condition becomes
(12.19)

gU=0 N i#] .
If the coordinate system is orthogonal, ie. the metric tensor contains only

diagonal terms gj; it is the convention to define

h=g)'?, =13 (no summation) . (12.20)

The terms h; can be interpreted as scale factors since a small change in the &
coordinate, on an orthogonal grid, produces a scaled overall movement given by

As=h;AE  (no summation) . (12.21)

In two dimensions the condition of orthogonality implies, from (12.12), that

xnz—yéAR and y,=x:AR, (12.22)

where AR is the grid aspect ratio (12.16).
If AR =1 then (12.22) reduces to the Cauchy—Riemann conditions and the grid

is conformal. If AR is constant, but not equal to unity a simple scaling of £ or 1 will

produce a related conformal coordinate system.
The level of complexity in the governing equations in the various coordinate

systems can be appreciated by considering Laplace’s equation. In two-dimensional
Cartesian coordinates, this is

32T T

In generalised coordinates (&, 1), (12.23) can be written

0 (922 0T 912 oT 0 g 0T  dn oT
J22 77 oo —— Of 92" AL 1=0, 12.24
< " g'’? ot NPT (1229
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where g,,, etc., are given by (12.12) and g'/? is evaluated from
12— ,1/2 _
|g| =G =X Yy Xy Ve - (1225)

h g i I‘mlna Of ]le ]lla“ ]’x I (0] kee]) Tl [(:]"re of th
] - . 1 .= l [_ |g| . ( )

! \' Ste S1 . i i i

_<v25T (VTN [ JE+T A&t +&,m) T
J ) J J * i }
n 44 J &n

J nm (12.26)

I ' . . .
extlc(l 12t2‘6;l)ii{ 1ls) the determinant of J '(prev1ously denoted by |J]) and V2¢=¢_ +
der.ivatives ngt seen thgt (12.26)'1nvolves a mixed second derivative_ a:;:i ﬁéw
X present in Cartesian coordinates. In addition the terms V2¢ Vrzst
» VN

involve second derivative t i
ransformation pa : .
evaluate accurately (Sect. 12.2.3). parameters, which are often difficult to

If the coordinate system is orthogonal, g,,=0 and (12.24) simplifies to

i(h_2§I>+i<h16T> .
¢ \hy oc) “on\hy on) "’ (1227)

where the orthogonal scale factors are given by

ho— 12 _ (42 4 ,2)1/2
1=(911) (x; + ye) and h2=(gzz)l/2=(x3+y,?)l/2 .

The equivalent conservati

: on form of (12.27) is the

N nser ! . same as (12.26

;(ed second Fierlvatlve disappears. For a conformal grid( h —)hexcelc)it oy tt'le
parameters satisfy the Cauchy—Riemann conditions 1= and the gnd

x,=—y, and Vg=Xg .
(12.28)

Since hy =h,, (12.27) reverts to Laplace’s equation

T+ T,,=0,
ie. the equation is struct o

ihe cduatio betwel:r:l u(r:all¥ no more complex than in Cartesian coordinates.
ssually dictutod bu the mat onformal, orthogqnal or generalised coordinates is
ot snouah ot o o ure of the computational boundaries. If the geometry is
oo A & gradigrlt can be constructc.:d that is able to place grid points in
oEions of severe &r 0en S, 'conforma.l coordinates should be used since they impl
almotithm T theed ‘i n\lzern}ng equations and, consequently, a more economica){
ey s ensions corr}pletely conformal or orthogonal grids are

p €, so that the equations must be expressed in generalised coorncl(;f
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nates, although with some simplification in particular coordinate directions or
local computational regions.

12.2 Evaluation of the Transformation Parameters

If an analytic mapping from physical space (x, y) to the computational space (&, 7)
is available, as often occurs with simple conformal transformations, the trans-
formation parameters, X €tc., can be evaluated exactly. More typically the
mapping is only defined at grid points and the transformation parameters must be
evaluated numerically. For convenience this will be illustrated here for two-
dimensional grids. The extension to three-dimensional grids is straightforward.

The equations in generalised coordinates are discretised in the (¢, n) domain
and the mapping is usually arranged so that a uniform rectangular grid is specified
in the (¢, n) domain (Fig. 12.2).

The numerical evaluation of the transformation parameters can be performed
by any convenient means of discretisation (Chaps. 3 and 5). Central difference
formulae are used in Sect. 12.2.1, a finite element evaluation is described in
Sect. 12.2.2 and Thompson et al. (1985, pp. 143-145) provide a finite volume
evaluation. But it is recommended that the same means of discretisation be used for
the evaluation of the transformation parameters and the derivatives in the govern-

ing equations.

12.2.1 Centred-Difference Formulae

The evaluation of the transformation parameters is carried out most conveniently
in terms of the variables x; y,, €tc. Thus for the point P (Fig. 12.4) a centred

difference evaluation of x, etc., gives

Fig. 124. Equivalent computational
grid in the physical domain
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o itk X1k
{ é £l
j+1,k—€j— 1,k

Hik+1—Mjk—1 (12.30)

ézyj‘f‘l,k_yj—l.k
£j+1,k_éj*1,k ’
Hik+1 T Vi1
y"~4— .
Wik+1 —Mjk-1
For the i
general case of a second-order equation transformed into generalised

- . . ()](le] “alls]() m

Xjm1,k— 2%+ Xj0 1k

AéZ >

X; —x.
IR LN e S L R BRI e et S AR T 2!

" 44¢n , (12.31)

X — .
kL 2%kt Xk 1
ki Anz )

where a uniform (&, #) grid is assumed, i E=¢
> e AéE=¢.  — & =8 —E. imi
way parameters yg,, €tc., can be evaluated. T TG e Inasimilr
andO3n1ce t}l:e basw transformation parameters have been evaluated, using (12.30
" ’), the inverse parampters ¢, etc, can be obtained from (12.7). Typi;:al
z;;trzirtnmg e}?uatlops for fluid flow (Sect. 12.3.3) generally have a more compact
ure when written with terms like &, ap i ici i
‘ . appearing explicitly. Second derivative
1Cnverse pfirameters, e.g. .éxx, can be related to the expressions in (12.31). The
t }?nstr};ctlo]n 02 such relations is indicated in (12.81). Given an evaluation of x. etc
e grid related parameters, g;;, «, AR and 0, f a17)
e . , follow from (12.12, 15, 16 and 17),
tha:}tlﬁ ;rans.formstic()?zp;rameters could be evaluated with higher-order formulae
se given by (12.30 and 31). Normally the discretisati
\ . etisation of the transfo
parameters will use the same formulae as used i i i in
. . to discretise the derivative t i
the governing quatlons. This aspect will be pursued in Sect. 12.2.3 o
If the govermng.equations are solved on an orthogonal grid, terms pro-
gotrx:))n;lniz nth.e ofi—dlaghonal elements, g;;, of the metric tensor may be deleted. For
- sional orthogonal grid, ¢,,=x:x, + = f At
s 12= XeX,y y:y,=0. If the transformation
S?Srczi:iztzrzlxé,:tc., E}re evaluated numerically it is important to establish that the
valuation of g;; is zero. Thus for a two-dimension i
Ji al orth j
could be evaluated, using centred differences, as ceonsl gnd: 612

912=(xj+1,k—xj—1,k)(xj.k+1 _xj,k~1)

+(J’j+1,k_y1'—1.k)()’j,k+1—y,-,k_l)=() . (12.32)
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k+l Fig. 12.5. Discrete orthogonality

The geometric interpretation of (12.32) is shown in Fig. 12.5. Discrete orthog-
onality requires that lines AB and CD are perpendicular.

Consequently, if the transformation parameters are to be evaluated numerically
on an orthogonal grid it is important that the grid is constructed (Sect. 13.2.4) so
that discrete orthogonality is achieved.

12.2.2 Finite Element Evaluation

Equations (12.30, 31) also arise if the finite element method is used to evaluate the
transformation parameters. Using the isoparametric construction (Sect. 5.5.3) on
four contiguous elements (4, B, C and D in Fig. 12.4) with bilinear interpolation
and averaging the value x;, etc., at P it is possible to obtain (12.30). If the
isoparametric construction is used on one quadratic Lagrange element, with P as
the internal node, both (12.30 and 31) can be obtained.

To obtain better control of the Jacobian distribution it is useful to consider a
rectangular but non-uniform grid in (¢, 1) space (Fig.12.6) in which r, and r,
determine the grid growth. In this more general situation, first derivative trans-
formation parameters like x, are still given by (12.30), but (12.31) are replaced by

,[ k+1
ralq
% :
A n
! k-1
n <-—A£-—>‘<——— rEAE—-—-?‘
‘ - . .
) } 1+ Fig. 12.6. Non-uniform rectangular
E computational grid
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1 Xi+1,k
2 xj—l,k—<1+?)xj,k+ }r :
Xee = : :
T 41, AL ’
X, — X +X;_ —1—X; —
Xeg= j+1,k+1 j—1,k+1 j-1,k—1 j+1,k—1 i (12.33)
(1+r)(1 +r,)4¢An
1 1 Xjk+1
2 x]-,k_l_ +r— xj'k+_r -
Xyn = 1 1
o1+, An?

12.2.3 Additional Errors Associated with the Use of Generalised Coordinates

An effective way of determining, a priori, the influence of generalised coordinates
on the solution error is to develop an expression for the truncation error and to
expect, on a sufficiently refined grid, that factors causing an increase in the
truncation error will also increase the solution error. However, as is clear from
Sect. 10.1.5, the correspondence is not precise.

As an illustration we consider the representation of d7/dx in generalised
coordinates as

6T_
a;x_éx T§+’7xT;1 ’ (1234)
oT
where T.=— .
re 1, aé,etc

. We will fufther assume that the generalised coordinates only involve a stretch-
ing in the x direction, so that n=y. Then (12.34) reduces to

or_T,
x xs (12.35)
Using centred difference formulae, (12.35) can be discretised as (Fig. 12.7)
g=£~Tj+1_Tj—1
3% x, ———xjﬂ e (12.36)

J

physical domain computational domain

«— Ax ——»*«— rx Ax—> *4— Ag-»+<_. qu*

Fig. 12.7. One-dimensional mapping
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A Taylor series expansion of the various terms in (12.36) about node j in the
computational domain gives
AE2 T,
T§(1+£-§—5<+ .. >

Tiv1—Tj-1 6 T

- _ .~ 2

Xj+1—Xj-1 x§<1+4§‘xﬁé—+

6 x;

Assuming that 4¢ is small, this can be rewritten as

&1;41_2[1+£<§§_£@>+...], (12.37)

Xjp1—Xj-1  Xg 6 \T. X

Clearly (12.37) is consistent and at first sight appears t'o be second-order accurate in
¢. However, further algebraic expansion of (12.37) gives

2
L’—“/_L=Tx+%[Txxx(x¢)2+3meg]+"- (12.38)

Xj+1—Xj-1

The transformation parameters x, and x,; are evaluated as

. y
. _M+O(A§2)=O.5(l+rx)A‘z+0(A52) :

ST 24¢
x¢¢=————~x"“_j’§§”"“ +0(A52)=(rx—1)§§%+0(4162) :
Substitution in (12.38) gives
Ty =Tia _ g +[1<1 +r,c>2 AﬁTxxx”F(r—x_—l‘) AxTxle+ e (12.39)
Xj41 —Xj—1 * 6 2 2

The term involving x; in (12.38) has introduced a ﬁrst-order. error into.an
expression that would be second-order with a regular grlq (r.=1) in the physical
domain. To ensure that (12.36) is accurate to 0(4x?) requires that r, =.1 + 0(4x).
That is, for second-order accuracy in the evaluation of T, using three—pomt centred
difference formulae, it is necessary that the grid in the physwa! domain grow ox}ly
slowly. It is also clear that the use of a non-uniform grid has introduced diffusive
and dispersive (Sect. 9.2) terms. ‘ .

It is of interest to compare the above result (12.38, 39) with tbe truncation error
in representing 0T/0x with x; evaluated exactly. Thus (12.36) is replaced by

0T Tiv —Tj-s

ox  24&x,

and the Taylor series expansion of the right-hand side leads to

2
LTy gy (A_é.> [ﬁéﬁi T+ 3xg Tow + (x0T, ]+ o, (1240)
24¢ x, N6 L xe :
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in place of (12.38). Thus the use of exact evaluation of x, introduces an additional
term, and a dominant term, in the truncation error. Clearly the numerical evalu-
ation of x,, with the same discretisation as T, is to be preferred since it leads to a
cancellation of the (x:/x,) T, term in the truncation error and this implies a
smaller solution error.

In addition the use of higher-order formulae or exact evaluation of x, and x;
may lead to a failure to satisfy certain metric identities (Thompson et al. 1985,
p. 185), thereby introducing a spurious source term, if the equations are discretised
in conservation form (see below). However x; and x,, are evaluated, the use of a
rapidly growing grid produces large magnitudes for x, and x;; which increases the
truncation error of evaluating 07/0x.

At a more general level it is clear that the truncation error now depends on the
transformation parameters as well as the grid size and higher-order derivatives, as
is the case for a uniform grid.

A discretisation of 0?T/dx? in the one-dimensional computational domain,
Fig. 12.7, can be obtained as

62T_< 24¢ )2 [(T,._1 —2T;+ T},,)
X

ox2 i1 — X1 24&2
o = 2%+ x00) (T = Ty (12.41)
4¢ Xj+1—Xj-1 ' '

A Taylor series expansion about node j indicates the finite difference expression
on the right-hand side is of the form

RHS=T, [1—2(r,_ )1+ - . (12.42)

That is, it is consistent with error of O(4x?) as long as r.= 1 + O(4x). However, if
this doesn’t hold, the discretisation of T, in the computational domain is actually
inconsistent. This indicates that the accuracy of representing second derivatives
using generalised coordinates falls off more rapidly with grid growth than for
discretisations of first derivatives.

The use of generalised coordinates in multidimensions introduces additional
terms in the truncation error if the grid is not orthogonal. Typically these errors are
proportional to cos § (Thompson et al. 1985), which is given by (12.17). However, it
is generally accepted that departures from orthogonality of up to 45° can be
tolerated.

For computing flow involving shocks or containing severe gradients it is often
desirable to express the equations in conservation form (12.54) and to discretise in a
way that maintains the conservation form. When used with generalised coordinates
additional difficulties arise. This can be illustrated by the discretisation of the first
derivative T,. Thus

I T =(Ty,)e~ (T, =Ty — Ty - (12.43)
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The first equality expresses 7T, in conservation form in the computational co-
ordinates. The second equality is a non-conservative form. Using centred differ-
ences the first equality becomes (assuming A& =4n= 1)

(T =05UTyy)i+ 1.1 —(Typ)j-1.c— (TYj+1 +(Tye)jx-1] - (12.44)

If the transformation parameters are also evaluated by centred differences, (12.44)
becomes

(T T =025 T aVje 1 k41— Vin t- )= e Y- 1ee —YVi-1,k-1)

—Tj,k+1(yj+ 1,k+1 _Yj—x,k+1)+ Tj,k—1(Yj+1,k—1 —yj—l,k—l)] .
(12.45)

If T is uniform it can be seen that the right-hand side of (12.45) will be zero as
required.

However, if y, and y; in (12.44) are evaluated analytically there is no guarantee
that the right-hand side of (12.43) will be zero when T is uniform. Consideration of
the non-conservative form shown in (12.43) indicates that T,.=0 if T is uniform,
however y, and y; are evaluated.

The importance of the conservation form of the governing equations prompts
the following advice (Thompson 1984). The transformation parameters, y,, etc,
should be evaluated numerically rather than analytically and with the same
discretisation formulae as used to represent derivatives of the dependent variables.

The other important result to appear from the error analysis is the need to keep
the grid growth parameters, e.g. 7, in Fig. 12.7, close to unity, particularly if the
governing equation involves second derivatives in the physical variables. Strict grid
orthogonality reduces the number of terms in the transformed governing equa-
tions, and is therefore more economical. But it does not significantly increase the
accuracy compared with the use of a near-orthogonal grid.

12.3 Generalised Coordinate Structure of Typical Equations

In this section the relationships developed in Sect. 12.1.1 will be used to express
typical partial differential equations in generalised coordinates. Two-dimensional
first and second-order partial differential equations of general form are considered
in Sects. 12.3.1 and 12.3.2. The formulae developed are applied to some of the
specific equations governing fluid flow in Sect. 12.3.3.

12.3.1 General First-Order Partial Differential Equation

Here a general first-order equation will be transformed into an equivalent gener-
alised coordinate form. The equations governing inviscid fluid flow, when written
in conservation form, have a structure no more complicated than the present
example.
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The following two-dimensional equation will be considered:

q,+F.+G,=0, (12.46)

where F,=0F/0x, etc.

It will. be 'assumed Fhat the grid in the physical domain (Fig. 12.1) does not
change with time. That is, the generalised coordinates (&, n) are a function of (x, y)
only. Thus ’

E=l(x, ), n=n(xy). (12.47)

The more geperal s.ituation where the grid is time dependent, ie. E=¢(x, y, t)
n=n(x, y, t), is considered by Steger (1978) and by Thompson et al. (1985).

>

Introducing

i—é 2-+- 0 d
ax_ xaf nx% an
i—é i'i‘ 0

oy e oy

allows (12.46) to be written as

) y-ée x*n yn_
<J>, IR R 0, (12.48)

where

1
J= - =
éx ny éy”x XeVo— Xy e . (1249)

The parameter J, defined by (12.49), is the determinant of the transformation
Jacobian (12.3).

Terms like &, F./J can be written as, using (12.7),

éxF§_ 5xF éx CxF
o (4), ) (50) o

Substitution into (12.48) causes terms like (y,), to cancel out and the result is

q¥+F¥+G¥=0, where (12.51)
v 4q ¢ F+¢E,6 nF+n,G
=7 F*—ﬁJ" and G*=4—J¥y . (12.52)

It is apparc.:nt that the structure of (12.51) is the same as in (12.46) once new
dependent variables, g*, F* and G*, have been introduced.

Cqmparing (12.46) and (12.51), a direct transformation of the spatial terms can
be written down,
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F,+G,=J(F¥+G¥) , (12.53)

where F* and G* are given in (12.52).

12.3.2 General Second-Order Partial Differential Equation

In this subsection, (12.46) will be extended to second order in two ways. First,

¢+ F+Gy=R +S5,+T,, . (12.54)
To suit the structure that appears in fluid flow equations with position-dependent
fluid properties, the following equation is also considered:

G+ Fot Gy=(aR,),+(BS,)c+ (65, + (0 Ty)y » (12.55)

where a, f, & and y may be functions of (x, y).
The transformaton (12.53) is used in two stages to conve.rt the seco.nd-o'rder
terms in (12.54) into equivalent generalised coordinate terms. First (12.54) is written

as
q,+ F,+G,=RHS and
RHS=[R,+¢&5,1,+[(1 —¢)S,+ 7,1, »

(12.56)
(12.57)

where ¢ is a parameter which determines how the cross-derivative term S.xy is
distributed between the two bracketed terms. Using (12.53), (12.57) can be written

as

RIJ{S _P.+Q, . where (12.58)
P_—_%’i(Rx+sSy)+i—y[(1 —£)S,+7,] and (12.59,

Qz%(Rx—#aSy)-i—%X[(l—a)Sx+Ty] or

[ER+(1—)8, ST+ [EeS+E,T], EuR+E,S+ELT
P= 7 J

Using (12.53) again, P can be written as

pe GR+8ES+ET] éxan+nxéyS+sJS+émyT]
- J 4 J n

R4 CoSHe, T (12.60)
J

Similar manipulation allows Q to be put in the fgrm Q=A4:+B,+C. Eval.u-
ation of (12.58) and combination with (12.53) permits the second-order partial
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differential equation (12.54) to be written in strong conservation form as

qF+F¥*+G*=RE+ S5+ T, ., where (12.61)
l]*=q/~] >
F**=F*+éxxR+éxyS+£ny

J 2
G**=6*+nxxR+nxyS+nny

J M

ZRHEESHET
Re=S ‘fiy & , (12.62)
S*=26x11xR+(€xny+Jéynx)S+2éynyT’ and
T*=n§R+'7xf1yS+n§T .
J

Although the parameter ¢ was introduced to derive (12.61 and 62) it cancels out
of the final equations. The same strong conservation structure has been retained in
(12.61) as in (12.54), at the expense of more complicated dependent variables. The
treatment of the second derivative terms, R,,, etc., now gives a contribution to first
derivative terms in ¢ and 7.

It was noted in Sect. 12.2.3 that unless terms like x.. associated with grid
stretching are small the accuracy of the discretisation, and by implication the
solution, may be seriously degraded. This effect shows up in the terms like £ in
F**and G** Terms like ¢, can be related directly to terms like x,; an example is
provided by (12.81, 82).

For the more general second-order partial ditferential equation, (12.55), the two-
stage implementation of (12.53) again produces (12.61) but with the following
replacing (12.62):

PP L)L RS+ +05), 715 )

6 = G+ [(an )R+ 1,5+ 0n)u5+m), 71 5 )

Re=La2R (000,515 775 ) (1263)
St R (B4 0)Ean, + ns + 26,71

1
T*=[an2R+(B+8)nmn,S+ym2T] <J> :
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12.3.3 Equations Governing Fluid Flow

The continuity and Euler equations are first-order partial differential equations,’
whereas the momentum and energy equations for viscous flow are second-order

partial differential equations. ‘
The continuity equation (11.10) can be written directly in the form of (12.51) by

defining
g=0, F=ou and G=ov.
Then F* and G* become

_oGu+&,v) _olmutn,v) (12.64)

d G*
an 5

F*

It is useful to introduce the contravariant velocities U® and V¢, the velocity
components along ¢ and 7 lines respectively, by

Us=&u+éw and Ve=nu+nyo . (12.65)

Then the continuity equation in generalised coordinates becomes

3
|

o) , (eU\  (eV® i
(J )t ( J )é ( J >n ( )
which has a structure very similar to that in Cartesian coordinates.

For incompressible, viscous flow the x-momentum equation (11.83) in non-
dimensional conservation form can be written

1
u,+(u? +p)x+(uv)y=§g(uxx+uyy) . (12.67)

This corresponds to (12.54) if

g=u, F=u*+p, G=w, R=T=u/Re and S§=0.

As a result (12.61 and 62) become
1
g+ F¥*+Gr* =§E(R§+S§"+ TY) , where (12.68)
q*=u/J ,

*k _ ¢ éxx+€yy l
F —[uU +< Re >u+§xl’]<J> ,
s e [(MxxtMyy 1
G —[uV +< Re Y >u+11xp]<J> , (12.69)
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L (EE+ENu
RF==52r
o2t

J >

_(mi+ny)u
.

S and

T*

On an orthogonal grid, the above expression for S* =0, which simplifies the
implementation of approximate factorisation schemes (Sect. 8.2).

It was noted in Sect. 12.3.2 that the appearance of terms like &, in F ** and G**
in (12.69) _may introduce an error if significant grid stretchi;g is permitted
However, it is clear that for large values of the Reynolds number, Re, in (12.69) this'
problem will not be as serious since, for many situations, , .

ey, Sxx T Cyy
U >T , etc. (1270)

For two-dimgnsional laminar compressible flow the x-momentum equation
(11.26) can be written in conservation form as

ot ot
2 _Ytxx xy
(ol (@ +p)+(Quo), =22+ 2 (1271)
where the viscous stresses 7, and 1, are given by
4 2
Txx—gll“x—g pv, and T, =pu,+uv, . (12.72)
Substitution into (12.71) gives
(Qu)+(@u + p)y + (o), = & 2
t P)x o 'y — g.uux x— gl’tvy x+(tuvx)y+(/'tuy)y . (1273)

This equation has the same structure as (12.55) with

q=ou, F=ou’+p, G=ouw, R=T=u, S=v, and (12.74)

4u 2u
(x=?’ ﬂ=_?’ 5:,)):#

Consequently (12.73) can be transformed into generalised i i
form of (12.61) with g ised coordinates in the

x_0OU
J s
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4
F**={QuU°+[§(uéx)x+(uéy)y]u+[— (#éx)y+(uiy)x]v+€xp}/1 ;

Wit Wi

4
G**={quw[g(um)ﬁ(umk}“[_ (”"x)y+(“"y)"]v+"xp}/J ’

a| (2 K’ 1

Re{ (5 zz+:§>uu+(3>zxayv]( )

so=| 22 e+ <“>é : (1
- § x"x+ yny .“tu+ g (xrly+ ynx)v j
s | (4 H L

T —[<3n§+n§>uu+<3>nxmv}<J> :

The governing equations for fluid dynamics in conservation form and:
generalised coordinates are discussed by Eiseman and Stone (1980). The use of
generalised coordinates in solving flow problems is illustrated in Sects. 15.4.2
and 18.4.

(12.75) !

12.4 Numerical Implementation of Generalised Coordinates

To solve practical problems using generalised coordinates requires the casting of
the governing equation in generalised coordinates (Sect. 12.3), the (typically)
numerical evaluation of grid-related parameters (Sect. 12.2) and the construction
and solution of the discretised equations. These various processes are illustrated for
Laplace’s equation which will be solved in a generalised-coordinate finite
difference form for the domain previously considered to illustrate the finite volume
method (Sect. 5.2.3).

12.4.1 LAGEN: Generalised Coordinate Laplace Equation

Solutions to Laplace’s equation

’¢ ?¢_, (12.76) -

___+ = )
ox?  oy?

will be sought in the domain shown in Fig. 12.8, with the following Dirichlet
boundary conditions:

on WX, ¢=0,

in6
on XY, =2, (12.77)

Fxy
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zZ Y’
. k= KMAX
Xy rl|
3
Y4
y[ : 'wi
ex W - k=1
X w X’
j=1 j= JIMAX
Fig. 12.8. Solution domain for (12.76, 77)
1
on YZ, o= ,
Fyz
onzw, ¢=Sm0
Twz
Equations (12.76, 77) have an exact solution,
sin@
p=-"" (12.78)

which will be used to assess the accuracy of the computational solutions.

Laplace’s equation, in generalised coordinates, is available from (12.26). Thus
(12.76) becomes

AGAACPAAC) L AC AC Lo

where

a=C3+EF,  B=2Cam+Emy) . y=nitay
Jzéxrly_éy”x and Vzézéxx+éyya ete.

If‘ the various terms, e.g. («/J), in (12.79) can be evaluated at each grid point, the
dlscre.tlsa'tlon of (12.79) using centred differences is quite straightforward. ’

As indicated in Sect. 12.2, it is easier to start from the numerical evaluation of the
transformation parameters x;, etc., given by (12.30 and 31). The various terms in
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(12.79) can be expressed in terms of x,, etc. The conversion of terms a/J, B/J, 7/J is
available from (12.12) as
2 2
% _ Xzt Va
GTT= T=75=
2xeXy+ Yeb) (12.80)
_ = ,

>

_P_

. . 1 _ .
where the determinant of the inverse Jacobian J Tl =Xgyy— Xy Ve The notation

is i i EN (Fig. 12.9).
GTT, etc., is introduced to suit the program LAG ’
Everything on the right-hand side of (12.80) can be. evalua}esi using (12:30).
Starting from the two-dimensional form of (12.7) differentiation of &, gives

CVatnm ERITHENT (12.81)
éxx—— J—l J‘l

Obtaining similar expressions for ¢,, and further manipulation allows the terms

(V2Z/J) and (V?5/J) to be written

DELZI=E§_M+9&VMM

J J7 Jo
L GWW Y= Yo Xan) (1282)
J—l
V20 _GTT(yexee—XeVed) | GWT(eXer = XeVen)
A Jo
GWW (eXyy—XeYm) (12.83)
te—yr

DELET =

1 i i be evaluated using (12.30,
Everything on the right-hand sides of (12.82, 83) can . :
31, 80). %;Vith gGTT, etc., evaluated from (12.80-83) at each nc?dal point, (12.79) is
discretised using three-point centred difference formulae to give

—0.5[(DELZL.¢),,, ,—(DELZL.);-1 4]
—0.5[(DELET.4), 4+, —(DELET.¢); 1]

4+ [(GTT.¢); 1.5 — 2AGTT.¢); 4 +(GTT ) 1,k]
+02S[(GWT. )41 s1 —(GWT. )1 s HGWT- )1k

_(GWT~¢)j+1,k—1]

+GWW. ), 41 —AGWW.); i+ (GWW.¢);,:11=0 . (12.84)
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In forming (12.84) the grid size in the computational domain is 4& = Ay = 1.
Equation (12.84) is solved iteratively using successive over-relaxation (Sect. 6.3).
Equation (12.84) provides an estimate of ¢7}' as

¥ ={—05[(DELZI.¢");, ,—(DELZI.$");_, ;]
—O0.5[(DELET.¢"); x+, —(DELET.¢"); , ;]
+[(GTT.¢");- 1k +H(GTT.¢");4 | HGWW. 0" 1 +H(GWW. 0", 4 1]
+0.25[(GWT. 0" 1 41 —(GWT.@");_y 4ot HGWT.0");_, 4 —,
—(GWT.¢"); 11,411} {2(GTT; , + GWW, )} 1, (12.85)
and the improved solution is

O =P+ AT — ) (12.86)

where 4 is the relaxation parameter. The above formulation has been incorporated
into a computer program, LAGEN. A listing of LAGEN and subroutines GRID,
TRAPA and ITER are provided in Figs. 12.9-12. The main parameters used by
program LAGEN are given in Table 12.1.

After reading in the various parameters, LAGEN calls GRID to determine the
grid points which are stored in augmented arrays, XG, YG. The grid points in the
computational domain (Fig. 12.8) are augmented by additional rows of points
(j=0,IMAX +1, k=0, KMAX + 1) lying just outside the computational domain.
This permits the transformation parameters X;, etc., to be evaluated on the
boundary using the same formulae (12.30, 31) as in the interior.

The various grid point parameters GTT, etc., in (12.85) are evaluated in
subroutine TRAPA and the iterative solution of (12.85 and 86) is carried out in
subroutine ITER. LAGEN subsequently generates the solution output.

Table 12.1. Parameters used in program LAGEN

Parameter Description

IMAX Number of points in the radial direction
KMAX Number of points in the circumferential direction
NMAX Maximum number of iterations

RW ry (Fig. 12.8)

RX ry (Fig. 12.8)

RY ry (Fig. 12.8)

RZ r, (Fig. 12.8)

THEB Owy (Fig. 12.8)

THEN 0,y (Fig. 12.8)

EPS Tolerance for convergence of SOR

oM Relaxation parameter 4 in (12.86)

PHI ¢

PHIX Exact solution for ¢, (12.78)

PHD ¢* in (12.85) (subroutine ITER)

XG,YG Augmented grid coordinates (subroutine GRID)
RMS B = Gles 16" = b lrms
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LAGEN APPLIES THE FINITE DIFFERENCE METHOD TO LAPLACES
EQUATION IN GENERALISED COORDINATES ON A MODIFIED POLAR GRID.
THE DISCRETISED EQUATION IS SOLVED BY SOR

DIMENSION XG(Z3,23),YG(23,23),GﬂH(21,21),GHT(21,21),GT1(21,21).

1DELZI(21,21),DELET(ZI,ZI),PHI(ZI,ZI),PHIX(21,21)

L

3
4

COMMON /GRIDP/XG,YG,PHIX, PHI
COMMON /TRAPP/GHW,GVT,GTT,DELZI,DELET

OPEN(1,FILE='LAGEN.DAT")

OPEN (6, FILE="LAGEN.OUT")

READ({1,1) JMAX,KMAX NMAX, IEX, IPR
READ(I,Z)RQ,RX,RY,RZ,THEB,THEN,EPS,OM
READ(1,2) BXI,BXXI,CXI,CXXI

FORMAT (815)

FORMAT (8E10.3)

WRITE(6,3)

HRITE(6,4)JKAX,KHAX,NHAX,IEX,EPS,OH
WRITE(6,5)RW,RX,RY,RZ, THEB, THEN

FORMAT(' LAPLACE EQUATION BY GEN. COORD. FDM',//)
FORMAT (' JMAX=',I2,’ KMAX=',I2,' NMAX=',I5,’ IEX=',12,

1* EPS=',E10.3,’' oM=",F5.3)

5

FORMAT(' RW=',F5.3,’ RX=',F5.3,' RY=',F5.3,' RZ=',F5.3,

15X, THEB=',F5.1,' THEN=",F5.1,//)

o

0

10

11

12

13
14
15

16
17

AKM = KMAX - 2
AJK = JHAX - 2

SET UP GRID
CALL GRID(JHAX,KHAX,THEB,THEN.RH,RX,RY,RZ)
SET BOUNDARY VALUES OF PHI

po 8 J = 1,JHAX
PHI(J,1) = O.

PHI (J,KMAX) = PHIX(J,KMAX)
CONTINUE

DO 9 K = 1,KMAX

PRI(1,K) = PHIX(1,K)

PHI (JMAX,K) = PHIX(JMAX,K)
CONTINUE

SET GRID RELATED PARAMETERS

CALL TRAPA(JMAX,KMAX)

ITERATE USING SOR

CALL ITER(JHAX,KHAX,NHAX,N,OH,EPS)
COMPARE SOLUTION WITH EXACT

SUM = 0.

Do 15 K = 1,KMAX

WRITE(6,11)K

FORMAT(/,' K=',12)

po 12 J = 1,JMAX

DIF = PHI{J,K) - PHIX(J,K})

SUK = SUM + DIF*DIF

CONTINUE

WRITE(6,13) (PHI(J,K),J=1,JMAX)
VRITE(6,14)(PHIX(J,K),J=1,JHAX)
FORMAT(' PHI=',610F7.4)

FORMAT(' PHX=',10F7.4)

CONTINUE

RMS = SQRT (SUM/AJM/AKM)
WRITE(6,16)N,RMS

FORMAT(/,' CONVERGED AFTER ',I3,' STEPS, RMS=',E12.5)
CONTINUE

STOP

END Fig. 12.9. Listing of program LAGEN
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1
2 SUBROUTINE GRID(JMAX,KMAX,THEB,THEN,RW,RX,RY,RZ)
3¢
1 c SET THE AUGMENTED GRID, INITIAL AND EXACT PHI
5¢C
6 DIMENSION XG(23,23),Y6{(23,23),PHIX(21,21),PHI(21,21)
7 COMMON /GRIDP/XG,YG,PHIX,PHI
3 JMAP = JMAX - 1
9 KMAP = KMAX - 1
10 AJH = JMAP
1 AKM = KMAP
12 DRWX = (RX - RW)/AJM
13 DRZY = (RY - RZ)/AKM
14 DTH = (THEN-THEB)/AKM
15 PI = 3.1415927
16 KPP = KMAX + 2
17 JPP = JMAX + 2
18 C
13 c SET XG, YG, EXACT AND INITIAL PHI
20 €
21 po 7 K = 1,KPP
22 AK =K - 2
23 THK = (THEB + AK*DTH)*PI/180.
24 CK = COS(THK)
25 SK = SIN(THK)
26 DR = DRWX + (DRZY - DRWX)*AK/AKM
27 RWZ = RW + (RZ - RW)*AK/AKM
28 DO 6 J = 1,JPP
29 A =J-2
30 R = RWZ + AJ*DR
1 XG(J,K) = R*CK
32 YG(J,K) = R*SK
33 IF(K .EQ. 1 .OR. K .EQ. KPP)GOTO 6
34 IF(J .EQ. 1 .OR. J .EQ. JPP)GOTO 6
35 JM = J-1
36 KM =K -1
37 PHIX(JH,KN) = SK/R
38 PHI (JM,KM) = PHIX(JM,KM)
39 6 CONTINUE
40 7 CONTINUE
41 RETURN
42 END

Fig. 12.10. Listing of subroutine GRID

Typlcgl output for a 6 x 6 grid is shown in Fig. 12.13. For this particular case
the grid is orthogonal and the terms B/J and V?n/J in (12.79) are zero. The
convergence rate on this grid (Table 12.2) is seen to be approximately second-order
and the solution accuracies are similar to those achieved by the finite volume
methpd (Table 5.24). The effect of grid distortion on the generalised-coordinate
solution is also indicated in Table 12.2 (case B, r, =2.00). As might be expected the

accur:cy and the convergence rate with grid refinement are both lower than for
case A.

71
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1
2 SUBROUTINE TRAPA (JMAX,KMAX)
: g FROM GRID COORDINATES CALCULATES TRANSFORM PARAMETERS
Z ‘ DIMENSION XG(23,23),YG(23,23),PHIX(21,21),PHI(21,21)
7 DIMENSION GWw(21,21),GWT(21,21),6TT(21,21),DELZI(21,21),
8 1DELET(21,21)
9 COMMON /GRIDP/XG,YG,PHIX, PHI
10 COMMON /TRAPP/GWW,GWT,GTT,DELZI, DELET
11 PO 2 K = 1,KMAX
12 KP = K+1
13 KPP = K + 2
14 DO 1 J = 1,JMAX
15 JP=J +1
16 JPP = J + 2
17 ¢
18 C BASIC TRANSFORM PARAMETERS
19 ¢C
20 XZI = 0.5%(XG{(JPP,KP) - XG(J,KP))
21 YZI = 0.5*{YG(JPP,KP) - YG(J,KP))
22 XET = 0.5*(XG(JP,KPP) - XG(JP,K)})
23 YET = 0.5%(YG(JP,KPP) - YG(JP,K))
24 XZZ = XG(J,KP) - 2.*XG(JP,KP) + XG(JPP,KP)
25 YZZ = YG(J,KP) - 2.*YG(JP,KP) + YG(JPP,KP)
26 XEE = XG(JP,K) - 2.*XG(JP,KP) + XG(JP,KPP)
27 YEE = YG(JP,K) - 2.*YG(JP,KP) + YG(JP,KPP)
28 XZE = 0.25* (XG(JPP,KPP) -XG (J,KPP) +XG (J,K) -XG (JPP K} )
29 YZE = 0.25*%(YG(JPP,KPP)-YG{J,KPP)+YG(J,K) -YG(JPP,K))
30 AJ = XZI*YET - XET*YZI
31 ¢
j2 ¢ MODIFIED METRIC TENSOR COEFFICIENTS, 611,612,622
33 ¢
34 GWW(J,K) = (XZI*XZI + YZI*YZI)/AJ
35 GWT(J,K) = =-2.*%(XZI*XET + YZI*YET)/AJ
36 GTT(J,K) = (XET*XET + YET*YET)/AJ
37¢
38 C MODIFIED DEL**2ZI AND DEL**2ETA
9¢C
20 DUM = GTT(J,K)*(XET*YZZ-YET*XZZ) /AJ
41 DU = DUM + GWT(J,K)*(XET*YZE-YET*XZE)/AJ
42 DELZI(J,K) = DUM + GWW(J,K)*(XET*YEE-YET*XEE)/AJ
43 DUM = GTT(J,K)*(YZI*XZZ - XZI*YZZ)/AJ
44 DUM = DUM + GWT(J,K)*(YZI*XZE-XZI*YZE)/AJ
45 DELET(J,K) = DUM + GWW(J,K)*(YZI*XEE-XZI*YEE)/AJ
46 1 CONTINUE
47 2 CONTINUE
48 RETURN
49 END

Fig. 12.11. Listing of subroutine TRAPA
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1
2 SUBROUTINE ITER(JHAX,KMAX,NMAX,N,OHM,EPS)
3¢C
4 C ITERATE USING SOR APPLIED TO DISCRETISED EQUATIONS
5 C
6 DIMENSION GWW(21,21),GWT(21,21),G6TT(21,21),DELZI(21,21),
7 1DELET(21,21),PHI(21,21),PHIX(21,21),XG(23,23),Y6(23,23)
8 COMMON /GRIDP/XG,YG,PHIX,PHI
9 COMMON /TRAPP/GWW,GWT,GTT,DELZI,DELET
10 KMAP = KHMAX-1
11 JMAP = JMAX-1
12 AKM = KMAP-1
13 AJM = JMAP-1
14 C
15 DO 3 N = 1,NMAX
16 SUM = 0.
17 DO 2 K = 2,KMAP
18 KM =K -1
19 KP =K +1
20 DO 1 J = 2,JMAP
21 JM=J-1
22 JP=J +1
23 PHD = -0.5*(DELZI(JP,K)*PHI (JP,K)-DELZI (JM,K) *PHI (JX,K))
24 PHD = PHD-0.5*(DELET(J,KP) *PHI (J,KP) ~DELET (J,KM) *PHI (J,KM) )
25 PHD = PHD + GTT(JM,K)*PHI(JM,K) + GTT(JP,K)*PHI(JP,K)
26 PHD = PHD + GWW(J,KM)*PHI(J,KM) + GWW(J,KP)*PHI(J,KP)
21 PHD = PHD + 0.25*(GWT(JP,KP)*PHKI(JP,KP)~GWT (JM,KP) *PHI (JX,KP)
28 1 + GWT(JM,KM)*PHI (JM,KM) - GWT(JP,KM)*PHI(JP,KM))
29 PHD = O.5*PHD/(GTT(J,K)+GWW (J,K))
30 DIF = PHD - PHI(J,K)
31 SUM = SUM + DIF*DIF
32 PHI(J,K) = PHI(J,K) + OM*DIF
33 1 CONTINUE
kY| 2 CONTINUE
35 RMS = SQRT (SUM/AJM/AKM)
36 IF(RMS .LT. EPS)RETURN
37 3 CONTINUE
38 WRITE(6,4) NMAX,RMS
39 4 FORMAT(' CONVERGENCE NOT ACHIEVED IN',I5,' STEPS, RMS=',
40 1E12.5)
41 RETURN
42 END

Fig. 12.12. Listing of subroutine ITER

Table 12.2. Generalised-coordinate solution errors with grid refine-
ment (ry=r,;=0.1, r, =10, 8,,=0, 6,,=90, i=1.5)

Case GRID 1 — Pexllcms No. of iterations
to convergence
A, 6x6 0.1338 15
ry=1.00 1xI1t 0.0473 19
21 x 21 0.0138 53
B, 6x6 0.2541 15
ry=2.00 1x11 0.1176 21

21 x 21 0.0430 66

73
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LAPLACE EQUATION BY GEN. COORD. FDM Fig. 12.13. Typical output from LAGEN

JHAX= 6 KMAX= 6 NMAX= 100 IEX= 0 EPS= .100E-04 OM=1.500
RW= .100 RX=1.000 RY=1.000 RZ= .100 THEB= .0 THEN= 90.0

K= 1
PHI= .0000 .0000 .0000 .0000 .0000 .0000
PHX=_ .0000 .0000 .0000 .0000 .0000 .0000

K= 2
PHI= 3.0902 1.2454 .7453 .5209 .3931 .3090
PHX= 3.0902 1.1036 .6718 .4828 .3768 .3090

K= 3
PHI= 5.8779 2.3498 1.4048 .9834 .7444 .5878
PHX= 5.8779 2.0992 1.2778 .9184 .7168 .5878

K= 4
PHI= 8.0902 3.1813 1.9002 1.3351 1.0166 .3090
PHX= 8.0902 2.8893 1.7587 1.2641 .9866 .8090

k=5
PHI= 9.5106 3.6228 2.1688 1.5352 1.1804 .9511
PHX= 9.5106 3.3966 2.0675 1.4860 1.1598 .9511

K= 6
PHI=10.0000 3.5714 2.1739 1.5625 1.2195 1.0000
PHX=10.0000 3.5714 2.1739 1.5625 1.2195 1.0000

CONVERGED AFTER 15 STEPS, RMS= .13384E+00

12.5 Closure

The use of generalised coordinates permits finite difference methods to be effective
in computational domains with complicated boundary shapes, primarily by
making the boundaries coincide with particular generalised coordinate lines and,
thereby, avoiding a local interpolation to implement the boundary conditions.

In generalised coordinates the governing equations (Sect. 12.3) include ad-
ditional terms that contain the mapping information between the irregular grid in
the physical domain and the regular grid in the computational domain. The
number of additional terms in the governing equations are reduced if orthogonal or
conformal grids can be constructed for the particular computational domain.

The discretisation of the governing equations in generalised coordinates intro-
duces the additional problem (usually) of discretising the transformation par-
ameters. It is generally recommended that the same formulae be used as for
discretising derivatives of the dependent variables.

That the discretisation is undertaken on a typically uniform computational grid
may imply that higher accuracy can be achieved. Although this is true in the
computational domain it is not generally true in the physical domain. If the grid
growth or stretching parameter (r, in Fig. 12.7) is not small then a reduction in
accuracy is to be expected.
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In general this problem is more severe if the governing equation contains
second or higher derivatives. However, for flow problems the terms responsible for
the additional second-derivative reduction in accuracy are typically multiplied by
1/Re. Consequently for high Reynolds number flows this additional error does not
usually have a large effect.

The implementation of generalised-coordinate finite difference schemes
(Sect. 12.4) is no more complicated than the implementation of the finite volume
method and produces solutions of comparable accuracy.

12.6 Problems

Transformation Relationships (Sect. 12.1)

12.1 For a two-dimensional transformation derive the equivalent of (12.7) by
direct multiplication of JJ =1L

12.2 Show by direct substitution that (12.13) is true.

12.3 Use (12.15-17) to show that the transformation parameters can be expressed
in terms of o, AR, 6 and J as

cosa B sina
(AR Jsin9)2 > Y¢~ T(AR Jsin0)1% ’

AR 1/2 1/2
x,,=cos(9—oc)< > , y,,=sin(0—ot)< AR) .

Xe=

Jsinf Jsinf

Evaluation of the Transformation Parameters (Sect. 12.2)

124 Starting from the two-dimensional equivalent of (12.7) derive the

equations

g SVt MxVm I+ Eand,
xx J1 J-1

and

g Momt E Ve &E I+ EMI !
xy J -1 - J -1 .

125 Derive (12.38).

12.6 For a one-dimensional grid, equivalent to that in Fig. 12.7, with physical and

computational grid growth ratios r, and r,, respectively, show that the
equivalent of (12.39) is

Tj+1—Tj—1=T+<(r<—1)(1+rx) (r2+1) (re=ro) AxT
Xje1—Xjo1 2 (+ry) (1?1 >

J
r2+1) (1+r)?
L JAX?T.,, .
((ré+1)3 6 X e
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Hence derive a relationship between r, and r, for second-order accuracy.
Would this be a practical way of choosing r; for arbitrary 0.8<r,<1.20, to
give second-order accuracy?

Generalised Coordinate Structure of Typical Equations (Sect. 12.3)

12.7

12.8

12.9

Transform the equations

u,+v,=0 and u,—v,=0

into generalised coordinates on a conformal grid and show that
Utr+V¥=0, Ur-Vt=0,

where U*=J ~'({,v+n,u) and vE=J " '(nv—_& u).
Transform the vorticity transport equation

1
() + (00— i (Lt {) =0

into generalised coordinates. How would the resulting equation simplify for
i) an orthogonal grid, i) a conformal grid?

The following equations govern two-dimensional incompressible turbulent
boundary layer flow (Sect. 11.4.2)

u,+v,=0,

Re dy
where v, is an eddy viscosity (11.76). Convert these equations to generalised
coordinates and decide whether additional terms can be dropped consistent
with the boundary layer assumption (Sect. 11.4.1). Assume the boundary
layer develops on a surface of constant #.

1 0 ou
utl, +vu,+ Pe, = A+ve)=— |
oy

Numerical Implementation (Sect. 12.4)

12.10 Obtain solutions using LAGEN for the following cases: i) 6x6 grid,

12.11

fi) 11x11 grid, ii) 21x21 grid for parameter values ryp=r;=0.1,
ry=10, ry=3.00, Oyx=0, 0,,=90, A=15. Compare the accuracy and
convergence rate with the results shown in Table 12.2 and with FIVOL
applied to the same computational domain.

Modify subroutine GRID so that grid lines can vary like ay+a,r+a,r? in
the radial direction and like bo+ b, 8 +b, 67, in the circumferential direction.
Adjust the parameters do, d;, dz, b, by and b, to place more grid lines close
to WZ and ZY. Determine whether this produces more accurate solutions
for the same number of grid points than the solutions presented in Table

12.2.

12.12

12.13
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For the solution domain shown in Fig. 12.8 the generalised coordinates (¢, )
and the physical coordinates (x, y) can be related analytically by noting that

O=n0zy+(1—m)O0zy—Owx) ,
r=ry+E&ry—ry)+nlrz—re)+<nllry—rz)—(ry—rw)]

and x=r cosf, y=r sin0.

These relationships permit the transformation parameters, &, etc., to be
determined analytically. Replace the numerical evaluation of &, etc., in
subroutine TRAPA by analytic evaluations and determine what the effect is
on solution accuracy and convergence rate.

Application of the group finite element method (Sect. 10.3) with bilinear
interpolating functions on rectangular elements (Sect. 5.3.3) produces the
following equations in place of (12.84).

— M, ® L(DELZI.¢),,— M, ® L,(DELET.¢$), ,

+ M, ® LeGTT.¢), , + L ® L(GWT.¢); + M. ® L, (GWW.4), , =0 ,
where M,=M,={1/6,2/3, 1/6}, L,=LT=05{—1,0,1}

and L,=L] ={1, -2,1}

Thus the term M, ® L (GTT.¢); =6 [(GTT.¢);—; 1+
—2AGTT.0);441 +H(CTT. )41 k41
+3[(GTT.¢);— 1 ,—2(GTT.¢); , +(GTT.¢);, 1 4]
+6UGTT.@);- 1 4—1 —2AGTT.¢); 4 H(GTT.¢); 41 k=17 -

Construct an SOR algorithm based on the above equation in place of (12.85)
and obtain solutions for i) 6 x 6 grid, ii) 11 x 11 grid, iii) 21 x 21 grid for the
parameter values given in Table 12.2. Compare the accuracy and conver-
gence rate. Would you expect the results to change if the transformation
parameters, X, etc., are evaluated analytically?



13. Grid Generation

In this chapter grid generation will be discussed in relation to the establishment of
the correspondence between points (x, y) in the irregular physical domain and
points (&, n) in the regular computational domain. A conceptual approach to grid
generation is to fix the values of ¢ and 7 on the physical boundaries first.
Subsequently interior points are located by determining the intersection of co-
ordinate lines of opposite families drawn between corresponding boundary points.

In a sense the problem of grid generation can be posed as a boundary value
problem: given &=¢&,(x,y) and n=mny(x,y) on the boundary JR, generate
&=£&(x, y) and n=n(x, y) in the region R bounded by OR (Fig. 13.1). The physical
coordinates (x, y), typically Cartesian, are the independent variables, and the
generalised coordinates (&, ) are the dependent variables.

;U&ﬂ
'](XVY)
R

Y[
Fig. 13.1. Grid generation as a boundary value problem
X in the physical domain

€ = Eplx.y)
n =nb(x.y)

In practice the grid is generated with less computational effort by working in
the computational domain. Thus fixing the location of the points on the boundary
gives x=x,(& 1) and y=y,(& n). The generation of the grid in the interior is
expressed as the following boundary value problem: given x=x,(& 7n) and
y=y,(& n) on R (Fig. 13.2) generate x=x(¢, ) and y=y(&n) in the region R
bounded by OR.

Since the interior points in the computational domain form a regular grid and
the boundaries coincide with coordinate lines, the determination of x(&, 1), y(&, )
is easier than working in the irregular physical domain, particularly if a partial
differential equation is to be solved to generate the solution, x(¢, ), y{&, 1), as in
Sect. 13.2.6.
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x=xpl€,Nn) Fig.13.2. Grid generation as a boundary
Qb(g ,n) value problem in the computational domain
;n&m
y(€.n)
&R
R

L

3

The specification of the above boundary value problem has been based on
Dirichlet boundary conditions. However, it is often desirable to introduce Neuman
boundary conditions. For example these would be appropriate if it were required
that the coordinate lines intersect the physical boundary normally. This implies
that on certain segments of the boundary, the angle of intersection (90° typically) of
the coordinate lines with the boundary is specified, and the location of the
intersection points on the boundary are determined as part of the overall solution
to the boundary value problem. An obvious extension is to a mixed boundary
condition specification where it is desirable to maintain control of both the
location of the grid points on the boundary and the orthogonality of the grid at the
boundary.

The two broad approaches to solving the boundary value problem for the
interior grid point locations are either to solve a partial differential equation
(Sect. 13.2) or to interpolate the interior region (Sect. 13.3). Before describing
specific techniques, typical topological correspondences between the physical and
computational domains will be considered (Sect. 13.1).

In defining the relationship between points in the physical and computational
domains, i.e. x=x(&, 1) and y=y(&, n), it is necessary that there be a one-to-one
correspondence. It would be unacceptable for a single point in the physical domain
to map into two points in the computational domain, and vice-versa. This is
equivalent to the requirement that coordinate lines of the same family must not
cross and that coordinate lines of different families may only cross once.

Once the mapping, x=x(& n) and y=y(&, n), has been established, the re-
quirement of a one-to-one mapping can be determined by evaluating the deter-
minant of the transformation Jacobian, | J|, from (12.3). For the mapping to be one-
to-one, |J| must be finite and non-zero. Depending on how the grid has been
generated, |J| can be evaluated at each grid point, analytically or numerically
(Sect. 12.2), to check for a one-to-one mapping. Such a check can be readily coded
into a computer program. During development, computer plotting of the grid will
quickly locate any points where the mapping is double-valued.
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13.1 Physical Aspects

In this section typical boundary mappings between the physical and computational
domains will be indicated for simply connected and multiply connected regions. A
particular choice for the gross boundary correspondence can have a marked
influence on the distortion of the interior grid.

13.1.1 Simply Connected Regions

A simply connected region implies that any closed contour in the region can be
shrunk to zero length without containing a boundary of the region.

The simplest type of mapping is to require that a region defined by four curves
is transformed to a rectangle in the computational domain. The mapping shown in
Fig. 12.2 is of this type.

If the physical domain has an overall shape, it may be appropriate to preserve,
approximately, the same overall orientation in the computational domain. Thus
Fig. 13.3 indicates that a distorted L-shaped region in the physical domain can be
mapped into a regular L-shaped region in the computational domain. In Fig. 13.3
only sufficient of the interior grid is shown to indicate the gross features. By
preserving the overall shape approximately, it is easier to avoid excessive grid
distortion [i.e. lack of orthogonality (12.18)].

CI

x €

Fig. 13.3. L-shaped region with gross shape preserved

This same L-shaped region in the physical domain could be mapped into a
rectangular region in the computational domain (Fig. 13.4). However, now slope
discontinuities at 4 and D in the physical domain occur on lines of constant 1 (at A’
and D') in the computational domain.

It is easier to set up the solution algorithm for the domain shown in Fig. 13.4
than for that shown in Fig. 13.3, but the greater distortion in the physical domain
close to A and D implies that the local solution accuracy may be more seriously

affected than for the grid in Fig. 13.3.
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YLA

X 3

Fig. 13.4. L-shaped region transformed to a rectangie

A converse situation occurs when a corner point in the computational domain
co.rresponds to a continuous part of the physical boundary (Fig. 13.5). Clearly, in
thxs case, the grid adjacent to points A, B, etc., in the physical domain is rat’her
dlstorte?d, with an expected deterioration of the local solution accuracy. Also
traversing the boundary through A4’, in the computational domain, changes frorr;

any coordiqate line to a & coordinate line. This may require special procedures to
set up the discretised equations.

D C D' c/

A B A B/
YL QL

* g

Fig. 13.5. Fictitious corners in the physical domain

Qenqrally the more complicated the boundary in the physical domain, the more
chmcqs in laying out the computational grid. For example, the samé physical
domain shown in Figs. 13.6-8 can be mapped in a number of different ways.

For the bump shown in Fig. 13.6 the introduction of a concentrated grid for
sm.all values of # will resolve the solution close to B and D, but implies a fine grid
ac.ljacent to A and E. However, if BCD represented an obstruction in a viscous flow
with AG as an inlet, points B and D would be stagnation points. If the interest were
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G F G’ F
C
y | A B D E ’1| A g’ c D’ E’
x g

Fig. 13.6. Single bump flatiened

on the maximum velocity or shear adjacent to C it might be acceptable to have a
relatively coarse and distorted grid adjacent to B and D, as in Fig. 13.6.

In Fig. 13.7 points B and D are collapsed onto the same point in the com-
putational domain. This grid allows more grid points to be clustered close to BCD,
with fewer total grid points, than does the grid in Fig. 13.6. However, a more
distorted grid is produced close to C in Fig. 13.7. If a flow with GF as the inlet and
outlet through AB and DE is being modelled the grid configuration in Fig. 13.7 is
possibly acceptable.

G F G F

D E r‘l A BD’ E

X 3

Fig. 13.7. Single bump transformed to a plate

If points G and F are in a freestream well away from an obstruction BCD then a
preferred boundary mapping might be as shown in Fig. 13.8. This mapping has
some similarity with that shown in Fig. 13.6, except that here the most severely
distorted part of the grid occurs at G and F. Since the flow is uniform at G and F the
errors due to the locally distorted grid can be kept smaller than for the grid
configuration shown in Fig. 13.6.

The way the boundary is mapped from the physical to the computational
domains should take into account the resulting grid distortion is relation to the
expected flow solution. That is, local grid distortions have less impact on the global
accuracy, if they occur in regions where the flow is uniform and if they can be
removed from the region of interest.
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G’ F E

Y|A B D E 1
- IgB C D

Fig. 13.8. Single bump flattened with good local resolution

13.1.2 Multiply-Connected Regions

An example of a multiply connected region is the external flow around one or more
obstacles, €.g. a turbine blade or aerofoil and flap. An obstruction in a duct, e.g.
flow through a heat exchanger, is another example. The preferred boundary
mapping typically depends on the shape of the obstruction.

For a bluff body it may be appropriate to map the body to a square or rectangle
in the computational plane and, thereby, retain a multiply connected region. Such a
situation is shown in Fig. 13.9. This generally produces a relatively undistorted grid
in the physical plane. If the body is slender it is often advantageous to map it into a
slit in the computational domain as in Fig. 13.10. The main problem here is the
distorted grid in the physical plane adjacent to A.

H’ G’
D' C]
A B’
r‘ l El FI
§

Fig. 13.9. Bluff body mapping

An effective way of overcoming the problem is to introduce a branch cut in the
physical plane to generate a simply connected computational domain, as shown in
Fig. 13.11. This type of grid is called an O-grid due to the gridline pattern in the
physical domain. The introduction of the branch cut in the physical domain implies
that grid points on A’I'’ and C'D’ in the computational domain coincide. Con-
tiguous points across the branch cut may be required when evaluating derivatives
on or adjacent to A'l' and C'D’.
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Fig. 13.10. Slender body mapping

nL
‘ ’ ¢ Fig. 13.11. Smooth body plus branch cut:
A 8 C O-grid

However, care must be taken, in crossing through boundary A’/ and reentering
C'D’, that the & 5 coordinate directions appropriate to the A'I' boundary are
retained. It is conceptually useful to extend A'I’ and C'D" as overlapping reglions. At
the coding level this can be done by defining dummy rows of points outside A'I"
and C'D’ that are used to compute derivatives and are upgraded when the
corresponding points at the other end of the computational domain are up-

graded.
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r] 7 4 / / 4 .
[__, | A B C D” Fig.13.12. Smooth body with sharp
13 trailing edge: C-grid

If the immersed body is slender but blunt at the front and sharp at the rear, e.g.
a turbine blade or aerofoil, it is convenient to introduce a branch cut which
generates a C-grid, as in Fig. 13.12.

Similar comments apply to Fig. 13.12 as were made about the branch cut in
Fig. 13.11. Here the solution is continuous in crossing from A'I’ into C’'D’ and vice
versa. However, in contrast to the situation for the O-grid, crossing from Al to CD
or from CD to Al is a traverse in the negative n direction in the computational
domain.

In addition a traverse along the branch cut from C to D is in the positive &
direction, but a traverse from A to I is in the negative & direction. Thus care must be
taken in calculating derivatives adjacent to the branch cut. The use of a dummy
row of points is recommended.

The occurrence of multiple isolated bodies typically requires either multiple
embedded rectangles as in Fig. 13.9 or multiple branch cuts as in Fig. 13.12. Some
of the choices are discussed by Thompson (1982, pp. 1-31).

The extension of the above concepts to three dimensions is straightforward,
although the book-keeping associated with contiguous surfaces, etc., can become
tedious. Typical examples are provided by Rubbert and Lee (1982) and Thomas
(1982).
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It has been implicit in the above description that the grid being generated is not
time-dependent. However for time-dependent problems or for resolving initially
unknown severe gradients, e.g. associated with internal shocks, it is desirable to
allow the grid to change with time or, equivalently, to adapt to the developing
solution. The added level of complexity that this involves is reviewed by Thompson
(1984) and described in more detail by Thompson et al. (1985, Chap. 11).

13.2 Grid Generation by Partial Differential Equation Solution

In transforming the governing equations for fluid dynamics into generalised
coordinates it was pointed out (Sect. 12.1.3) that the governing equations have a
simpler structure if the grid is conformal or orthogonal.

For both classes of grid the transformation between the physical and com-
putational domain can be obtained by solving a partial differential equation; (13.2) '

for conformal grids and (13.24) for orthogonal grids. With no restriction on the grid
the transformation can be obtained by solving a Poisson equation (13.35).

13.2.1 Conformal Mapping: General Considerations

For conformal transformations it is possible to write the relationship between the :

physical (x, y) and computational domains as, in two dimensions,

dx _ hc?sa —hsina dé . (13.1)
dy hsinoa hcosa || dn
The scale factor h is related to the components of the metric tensor by (12.20), i.e.
h=gl2=g.?. The angle a is the angle between the tangent to the ¢ coordinate line
and the x-axis (12.15). Clearly once h and a are known for a particular conformal

transformation, x:(=h cosa), etc., follow directly from (13.1).
When a conformal transformation is used the computational grid (&, n) is linked

to the physical grid (x, y) by Laplace’s equations
éxx+éyy=0 ’ r’xx+’1yy=0 ’ (13'2)

and the Cauchy-Riemann conditions ¢,=7, and &= —1. Since simple exact
solutions to (13.2) exist it is possible to construct the solutions &(x, y) and #(x, y) by
superposition and by complex transformations (Milne-Thomson 1968).

Using complex variables, z=x+iy and {=¢ +in, a conformal transformation
can be expressed symbolically as Z=F ({) or, in a more useful form,

dZ=Hd{ or Z={Hd{, where (13.3)
H=he*=h(cosa+isina) . (13.4)

Thus, from (13.1), H contains the transformation parameters X, etc.
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Traditionally (Milne-Thomson 1968), conformal mapping has been used to
obtain potential flow solutions (Sect. 11.3) about relatively complicated shapes
given the flow behaviour about a simple shape, such as a circle with a unit radius
(unit circle).

Here conformal mapping is used as a grid generation technique, with no
restriction on the type of flow. In practice the generated gridlines may be chosen to
coincide with the streamlines of an equivalent potential flow problem. This feature
often aids the stability of the computational method used to solve the more general
problem.

As a complete technique for grid generation, conformal mapping may be
interpreted as consisting of two stages:

i) the construction of a single mapping or sequence of mappings to obtain the
correspondence between boundary points in the physical and computational
domains,

ii) the generation of the interior points in the physical domain given the boundary
correspondence from stage i).

It is understood that, as with the general philosophy of grid generation, the
computational domain is typically a simple rectangle in which interior points are
laid out on a regular grid.

Tvyo approaches will be considered. The first approach (Sect. 13.2.2) is ap-
propriate to streamlined shapes like aerofoils or turbine blades which can be
transformed via a sequence of mappings into a unit rectangle. The second approach
(S;ct. 13.2.3) uses a one-step mapping based on a Schwarz—Christoffel transform-
ation of a polygon with N straight sides into a straight line. Various modifications
of the Schwarz—Christoffel transformation are now available which make it ap-
plicable to quite general shapes.

13.2.2 Sequential Conformal Mapping

Tht.) sequence is often built around the von Karman-Trefftz transformation
(Milne-Thomson 1968, p. 199),

Z—a [Z-A\'

z-b\z-8) (133)
where a, b in t_he Z'-plane and A and B in the Z-plane are chosen to suit the
geometry cons1'dered. The von Karman-Trefftz transformation maps an aerofoil
in the Z-plane into a near-circle in the Z’ plane. This technique will be illustrated

for the aerofoil shown in Fig. 13.13.
The parameters in (13.5) are chosen as

_Zn_Zt
T2k

A=Z,, B=2Z,, a=-b (13.6)

and k=2—1/n.



88 13. Grid Generation

Z plane
T
Zn ¢
e
YL
X aerofoil
surface
l trailing edge

origin in
Z”plane

origin in
Z’ plane

Z’and Z”plane Fig. 13.13. Sequential mapping for an aerofoil

4

The location Z, is the trailing edge and Z, is a point midway between the nose |
of the aerofoil and its centre of curvature. The transformation is singular at these ‘
two points. The parameter k is related to the trailing edge included angle © by (1 3.6).
The choice of parameters given by (13.6) maps the aerofoil in the Z plane to a near-
circle in the Z' plane (Fig. 13.13), approximately centred at C. It can be seen that *
the angle t has been expanded to 180° in the Z’ plane.

It is convenient to execute (13.5) in the following sequence:

—A

w=§_3 ’ (13.7a)

etk (13.7b)

Z,:a—bv , (13.7¢)
1—v

Equations (13.7a and c) involve only linear transformations. However, (13.7b)
introduces the complication that muitiple values of v exist for each value of . If the
aerofoil has a cusped trailing-edge, =0, and two values of v arise for each value of
. For the more general case of a non-zero value of 7 an infinite number of values of
v are available for each value of w.

Computational strategies for selecting the correct value of v are discussed by
Ives (1982, p. 114). Broadly the transformation is tracked to the point of interest
from a ‘safe’ point such as upstream infinity in the physical (Z) plane.

_ The near-circle in the Z’ plane is conveniently transformed to a near-circle in

the Z" plane centred at the origin by

Z”:Z’—C . (13.8)
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Tl?e pf)ipt C is the approximate centroid of the near-circle in the Z’ plane. This
mapping is included to improve the convergence of the Theodorsen-Garrick (.193 3)
transfor.mation from the near-circle in the Z” plane to a unit circle in the { plane

To implement the Theodorsen—Garrick transformation it is necessary to bé
able to define arbitrary points on the surface of the near-circle in the Z” plane
lIntroducfing pplar E(;ordinates, Z" =r(0) exp(i0), it is customary ( Ives 1976) to ﬁt.
nr as a function of § with a periodic cubic spline. Cubi i ing is di
by Ahlberg et al. (1967) and Forsythe et al. %)1977). ubie spline ftting is discussed

The Theodorsen—Garrick transformation can be written as

”

42" _ oIS atinyo
i };)(Ajﬂsj)g J . (13.9)

Thg coefficients 4; and B; in (13.9) are chosen by mapping 2N equally spaced
points around the unit circle in the { plane to equivalent points in the Z” plane. A
particularly efficient technique, based on the discrete fast Fourier transfo.rm
(Cooley and Tukey 1965), is described by Ives (1976).

The region outside of the unit circle in the { plane (the intermediate com-
putational domain) is mapped to the inside of a rectangle (1< R<R,, ,0<B<2
by letting =HE e S22

{=rei? |
and setting
R=exp(Inr) and f=¢ . (13.10)

t .Consequentlylf the sequence of transformations (13.7-10) maps the region ex-
erior to an isolated streamlined body in the (x lane t interi
: , th

rectangle in the (R, ) plane. e P © the interior of a

In.prmmple a unifgrm grid can be laid out in the (R, B) plane and the inverse
;nappmg used to provide the corresponding grid in the physical domain. However
ves (1982, p. 128) notes that although the establishment of the boundary cor-’
respondence between the physical and computational domains, by the above
sequence of transformations, is relatively efficient, the inverse transformation often
1s not. Therefore, for the general case of sequential mapping, Ives recommends that

a fast elliptic solver (Temperton 1 interi i
by sotvia. ( perton 1979) be used to generate the interior grid

Xee+ X, =0 and  ye+y,,=0, (13.11)

with the boundary values already determined by stage 1.

. The sequgntial mapping procedure described above can be extended to multiple
1solated bodies, e.g. an aerofoil and flap (Ives 1976).
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13.2.3 One-Step Conformal Mapping

In this section a computationally efficient implementation of the Schwarz-
Christoffel transformation due to Davis (1979) is described. This particular imple-
mentation can be extended to bodies with curved sides. The traditional Schwarz-
Christoffel transformation allows a region bounded by a simple closed polygon in
the physical plane Z to be mapped into the upper half of the transform plane w. The
polygon coincides with the real axis in the @ plane.

By introducing a branch cut, Fig. 13.14, it is possible to consider the region
between the polygon and infinity in the Z plane as being the bounded region.
Consequently the Schwarz-Christoffel transformation can be used to obtain
exterior grids. However, in this section the Schwarz—Christoffel transformation will
be described for an internal flow geometry, a two-dimensional duct (Fig. 13.15).

W plane
w
Z plane I
E A B C D |E F G H I'—>
x A7 77T I T
We
D F
C G
branch B[H
cut
A'l
l i Fig. 13.14. Schwarz-Christoffel transformation

In the conventional form (Milne-Thomson 1968, p.277) the Schwarz-
Christoffel transformation is written

az N
ZM —b,)"ul™ 13.12
To j|=|1 (0—bj) (13.12)

where the ;s are the angles turned through at each corner (anticlockwise positive).
The b;s are unknown locations on the real axis in the transform plane; three of the
b;s may be chosen arbitrarily. M is a complex constant, typically related to the
geometry of the physical domain.

The body in the physical domain does not need to be closed. Thus the region
inside an arbitrary duct, Fig. 13.15, can be mapped to the upper half plane by
(13.12) so that Zy, at the top of the inlet to the duct, is mapped to a downstream
point in the o plane.

In principle a uniform grid can be laid out in the w plane and the inverse
mapping used to generate the corresponding grid in the physical plane. However,
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’ﬂ Z plane
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'l . " g; > Fig. 13.15. Transformation of a
E two-dimensional duct

for a duct flow it is convenient to make a second transformation from the upper
half w plane to a straight duct parallel to the real axis in the { plane (Fig. 13.15).
' The Schwarz—Christoffel mapping for the duct from the Z plane to the w plane
is given by

N
d_Z=M_<n(w_b.)_aj/ﬂ>w_ac/“ (13.13)
do o\ -] / ' .

Equation (13.13) has been written so that it involves only angles and poles
actually in the duct. In (13.13), «; are the corner angles of the jth segment in the Z
planc;. M is related to the duct height and orientation to the x-axis, and can be
obtained explicitly (13.17). The b;s are poles in w plane, corresponding to the
corners in the physical plane. These are unknown and must be determined
iteratively by repeatedly integrating (13.13).
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The mapping from the w plane to the ¢ plane is given by
(= —Linwti. (13.14)
s

If it is assumed that the duct extends far upstream as a straight duct (equivalent to
w — ), (13.13) becomes

dz = M (13.15)
do

Integrating (13.15) and combining with (13.14) gives
Z=aM({i-{)+Z, . (13.16)

Applied to the upper and lower duct surface, (13.16) produces the following
expression for M:

Z,—Z,=iHe = —aMi , (13.17)

where H and 8 are defined in Fig. 13.15. . o

In principle, (13.13) could be integrated numerically, to generate the grld,' if the
pole locations b; were known. However, difficulties would be experler}ced in Fhe
neighbourhood of b; due to the singular nature of (13.13) at. w="hb;. The 1ntegrat.1on
path can be located at o +i¢ in the o plane which is equlvglent to marching Jgst
inside the duct axis. However, a better way (Davis 1979) is to use a f:omposne,
second-order marching scheme which incorporates the analytic integration at each

pole. This scheme is given by

= 0 tagm
Crwr— Lk W}(+172 i=1

—aj/® 1—ajj/n
Zy =2 M ﬁ (MM) . (13.18)

B (wk+1-wk)l—aj/n

A corresponding finite difference representation of (13.14) can be written

W4y — O = _T[wk+1/2(Ck+1_Ck) . (13.19)
Combining (13.18) and (13.19) provides a direct link betyveen the; physical.plane
Z and the computational plane { which is valid for any integration path in the
computational domain. . .
Since the pole locations b; are unknown, (13.18) must be mtegratedcto obtain
Z;—Z; where v is the iteration index. But the convex;gled values, Z5, etc., are
known, in the physical plane. Therefore the unknown {}*! are upgraded from

1Z5=Zial oy g (13.20)
v+l _ yv+1 J J v __ Yy ,
C] —CJ_1+‘Z;‘—Z;_1\(C] i 1)
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and the upgraded b} "' are obtained from (13.14) as
byt =expln(i—{3*h)] . (13.21)

The whole process (13.18-21) is repeated until Zj is sufficiently close to Z; for all j.
Typically this takes 10-15 iterations for agreement to five decimal places, and
appears to be independent of the number of segments, N. Further details are given
by Anderson et al. (1982, p. 507).

The repeated integrations to establish the correct b; locations are along the
computational boundaries (7=0 and #,,,, in Fig. 13.15) and generate the corre-
spondence between boundary points in the physical and computational domains
(stage 1, Sect. 13.2.1). Subsequently, with known b; values, (13.18) is numerically
integrated along lines of constant £ and # in the computational domain to generate
the interior grid in the physical domain.

An interesting feature of the present approach is that in the computational
domain the potential flow in the duct is given by

¢ty =C, (13.22)

where ¢ is the velocity potential, i is the streamfunction and there is a unit velocity.
Thus constant values of n and ¢ will give streamlines and isopotential lines.
Consequently the corresponding grid lines in the physical plane will correspond to
the streamlines and isopotential lines for potential flow through the actual duct.
For a viscous flow through the duct the gridlines will still be a reasonable
approximation to the actual streamlines.

The general construction of conformal mappings via the Schwarz—Christoffel
transformation and approximate methods of numerical integration are surveyed by
Trefethen (1980).

Traditionally the Schwarz—Christoffel transformation has been applied to
straight-sided domains, with discontinuous changes in body slope associated with
the turning angles «; in Fig. 13.14. However, Woods (1961) has extended the
Schwartz—Christoffel transformation to bodies with curved surfaces, replacing
(13.12) with

dz 1
E=Mexp[n§ln(w—b)dﬂ] , (13.23)

where b is a segment of the real axis in the w plane and df is the corresponding
incremental angle turned through in the Z plane. Davis (1979) provides a numerical
implementation of (13.23) and obtains appropriate mappings for the region outside
an aerofoil in the physical plane to a rectangle in the w (computational) plane.

Although conformal mapping is not available in three dimensions, flow geo-
metries in three dimensions have been successfully analysed by using a sequence of
two-dimensional transformations at successive values of the third coordinate
(Moretti 1980).
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13.2.4 Orthogonal Grid Generation

Orthogonal coordinate systems require the metric parameters g;; = 0, i#j. This
implies that the physical (x, y) and computational (£, n) domains must be related,;
in two dimensions, by

h h h, h, |
o ) Z0 and (n2 %23 o 13.
<£xh2>x+< yh2>y an (”"hl x+ nyhl , (13.24)

in the interior and
hié,=hyn, and h &= —hyn, (13.25)
on the boundary. The ratio h,/h, is the grid aspect ratio (12.16) where
hy=(2+yHY? and hy=(xg+y))"? . (13.26)

Orthogonal grids may be constructed from an existing or preliminary non-
orthogonal grid by generating orthogonal trajectories. This permits points to be
specified on three surfaces (say EA, ABC and CD in Fig. 13.16), with points on the
fourth surface (ED in Fig. 13.16) determined by the orthogonal trajectory.

D
V=Vk
}J-
. 7 u !
E A B C
“ J=IJMAX

Fig. 13.16. Preliminary configuration for orthogonal trajectory construction

If an orthogonal grid is required with points specified on all four surfaces it is
possible (Thompson 1984} to construct a conformal grid and to apply separate one-
dimensional stretchings in the ¢ and # directions. Equation (13.44) provides an
effective stretching function. Alternatively (13.24) can be solved with an iteratively
prescribed form, h,/h, =f (&, n). This technique will be described in Sect. 13.2.6.

If the orthogonal grid is only required close to a specific boundary (say ABC in
Fig. 13.16) it is possible to construct a locally orthogonal grid by specifying a
metric-related parameter, say J, in addition to the orthogonality constraint,
g1, =0. This produces a hyperbolic system of equations that can be marched away
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from the specified boundary to construct the grid. Steger and Sorenson (1980)
describe such a technique.

In this section the orthogonal trajectory method will be described in more
detail. The starting point is to lay out a family of curves, as in Fig. 13.16. The
location along a particular member (v = v;) of the family may be determined by a
simple shearing transformation, e.g.

x = (1= W) EA*(s) + 4/ CD*(vy)
y=(1—p)EA’(v,)+ ' CD*(v,) , and (13.27)
ﬂl:(.u_:ul)/(/"JMAX——:ul) .

The prescribed functions EA*(v), etc., determine the grid point distribution on EA
and CD (Fig. 13.16) and the clustering of grid lines adjacent to ABC. If the v =,
lines must also be orthogonal to EA and CD a cubic representation in 4/, equivalent
to (13.49), can be introduced (Eiseman 1982a, p.209) to replace (13.27). The
distribution of points on ABC (u = ;) is prescribed.

The construction of an orthogonal grid (&, n) requires defining trajectories
starting at pu = y;, finishing at the target boundary ED and intersecting each
intervening coordinate line (v =v,) at right angles. Clearly not only are the
locations of the interior grid points determined by this process but also the grid
point locations on ED.

The construction of an orthogonal (£, ) grid is accomplished by setting #, = v,
and ¢=¢; (constant) lines orthogonal to the # =#, lines. A suitable equation
defining the trajectory of the & = ¢; line can be obtained as follows.

Given that x = x(y, v) and y = y(y, v), the slope of a v = v, line can be expressed
as

dy
dx

_Oy/ou
O0x/0u

(13.28)

v=vg

Since # = v, a line orthogonal to a v = v, line is a constant ¢ line. Consequently
the slope of a constant (£ = £;) line can be written, from (13.28),

@ _ _6x/5u {

dxoee, y/on (13.29)
But since &= &(u, v) and 5=,

dy|  _ [@y/op)(dp/dv)s=s, + 0y/dv] {

dx|s—s, [(0x/0p)(dp/dv)e—s, + 0x/dv] (13.30)

Eqpating (13.29) and (13.30) produces an ordinary differential equation defining the
trajectory of the ¢ = ¢; line in the (u, v) plane. That is,

du _ (oxax  0dydy ox\?> [ay\?

o - e aa)lG) (G (1330
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A comparison with (12.12) indicates that (13.31) can be written in the general form

d
a - gz (13.32)
dve=g, 911

where g,, and g, , are components of the metric associated with mapping from the
physical (x, y) plane to the non-orthogonal (u, v) plane. Clearly the right-hand side
of (13.31) can be evaluated since the (g, v) grid is defined (Fig. 13.16).

Initial values for (13.31) are given by u=yu; on ABC. Typically (13.31) is
integrated numerically. At the intersection with each v =y, line, the physical
coordinates (x, y) follow from the equation defining the (u, v) grid, e.g. (13.27).

Equation (13.32) is a characteristic equation (Sect. 2.2) for the hyperbolic
equation

%9108 _y (13.33)

so that the orthogonal trajectory method is essentially a method of characteristics.
The method is discussed at greater length by Eiseman (1982).

Generally strictly orthogonal grids are restricted to two dimensions, since it is
not possible to construct completely orthogonal grids in three dimensions and still
retain sufficient control over boundary grid point locations (Eiseman 1982).
However, it is possible to construct grids that are orthogonal to specific surfaces
and to construct three-dimensional grids from a stack of two-dimensional orthog-
onal grids. In this case the grid distribution in the third direction may not be very
smooth (Thompson 1984).

13.2.5 Near-Orthogonal Grids

Although the use of a strictly orthogonal grid permits certain terms in the
governing equations (Sect. 12.1.3) to be dropped, a near-orthogonal grid is very
easy to construct and will avoid errors due to grid distortion.

The following is an effective technique for generating a near-orthogonal grid. It
is assumed that the family of grid lines shown in Fig. 13.16 has been constructed.
The procedure starts with specified points, p = p; on ABC, as in Sect. 13.2.4. The
present procedure is a predictor-corrector scheme designed to obtain a point on the
v =v, line that is approximately orthogonal (Fig. 13.17) to the point (y;, v,). The
normal to the v=v, line is drawn to the intersection of the v=v, line. At the
intersection point the normal, —dx/dyl,, ., is calculated and the intersection point
moved until this normal passes through the original point (y;, v{). The final point
(i, v2) on the v, line, in “orthogonal correspondence” with the point (u;, v,), is
taken as the average of the two intersection points. This is equivalent to using a
characteristic direction defined by

=0.5<—di dx > . (13.34)
av dy va.n

dy _dx
dy

dx

vi,n

132 Grid Generation by Partial Differential Equation Solution 97
()Jj. V2) Fig. 13.17. Near-orthogonal construction

v=v,

v=v,

B

Once all the grid points have been set on the v = v, line the process is repeated
to establish the near-orthogonal grid points on the v = v, gridline. The process is
continued until the outer boundary, e.g. ED in Fig. 13.16, is reached.

Typical code to construct the predicted intersection with the v = v, grid line is
provided in subroutine SURCH (Fig. 13.29). The construction described here was
originated by McNally (1972).

13.2.6 Solution of Elliptic Partial Differential Equations

In this section more general techniques for coordinate generation will be con-
sidered, which do not necessarily produce grids that are conformal or orthogonal.
However, the present techniques do permit more control over the clustering of
interior grids points.

As indicated at the beginning of Chap. 13 the problem of interior grid point
generation can be posed as a boundary value problem, and preferably in the
computational (£, #) domain. Since an elliptic partial differential equation is to be
solved it is necessary to specify the grid point locations or the local grid line slopes
at the boundaries, as boundary conditions.

The most common partial differential equation used for grid generation is a
Poisson equation in the form

o2 0% oy o
gtz =PEn), Sm+-37=0&n, (13.35)
0x*  dy 0x*  Jy

where P and Q are known functions used to control interior grid clustering.
‘The use of an elliptic partial differential equation to generate the interior grid
points brings with it certain advantages. First, the grid will be smoothly varying
even if the boundary of the domain has a slope discontinuity. By contrast if a
hyperbolic partial differential equation were used to generate the interior grid any
slope discontinuities at the boundary would also appear in the interior grid.
Elliptic equations like (13.35) satisfy the maximum principle, for reasonable
values of P and Q. That is, the maximum and minimum values of & and # must
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Thompson (1982) indicates that this normally guarantees a

dary. .
occur on the boundary ¢ P and Q may cause a local grid

one-to-one mapping. However, extreme choices fo

overlap. ' ' .
Thle) actual solution of (13.35) is carried out in the computational (¢, ) domain,

In this domain (13.35) transform to

0%x ?x  x < 0x 6x> B (13.362)
T Tl 5 tC%

2y Py &y < dy ‘ly>_0 (13.36b)
7y _ 7Y (P2 + =0,

v a52~ 2P sga T Vo ae " Loy

and § =g, the determinant of the metri'c tensor (12.1_2).

To specify boundary conditions to suit (13.36) it is 1llseful to consider the specific
example shown in Fig. 13.18. On contour' ABC(A’E C), =1, and x = x,pc(&).
y=yapc(é),foréy = &< &,, where the functional relations, x 4gc(£) and y 4pc(&), are

where x=g5, =912, Y =911

] . k=1
LSLY 3 c
i= JIMAX

E=E, E=E, & ation

Fig. 13.18. Typical mapping
1 — for elliptic PDE grid gener-
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known and specify the distribution of grid points on ABC. In a similar way, on
contour DFI(D'F'I"), n=1, and x = xpp;(C), y = ypri(&), for £ £ &< E,, where
xprr(€) and y pp,(§) specify the distribution of grid points on DFI. The boundary
grid point specification is facilitated by the one-dimensional stretching function
described in Sect. 13.3.1.

It is emphasised that boundary conditions must not be specified on A'l’ or
C'D’ since the corresponding lines in the physical plane are interior lines (and
coincide).

Equation (13.36a) can be discretised using centred difference formulae to give

a/(xj—l,k_zxj,k"'xj+1,k)_0'5B,(xj+1.k+1_xj—l,k+1 —xj+1,k—1+xj‘1,k>1)
+y,(xj,k—l _2xj,k+xj,k+ 1)+0'55’P(xj+1,k_xj—l,k)
+0.55,Q(xj,k+1_x}"k_1)=0 5 (13.37)

where

o =0.25[(%; k41— X 5-1)> +(Vjks1— Vik-1)1 >
B =0250(x; 4 10— X 1.0 (Xjs1 — Xjop—1) |
+Vir k= Yi- 1, ) Viks 1= Vik-1)1 » (13.38)
Y =025[(X;1 16— Xj— 1. +Vjr 1o — Vi-1.6)?] s
0 = [(Xj4 1,6 = Xj- 1, ) Vjkr 1 = Vii-1)

— (X he1— Xk- 1))+ l,k_yj—l,k)]2/16 .

Equation (13.36b) is discretised in an equivalent manner. In forming (13.37 and
38) it has been assumed that 4 & = An = 1. This choice does not affect the grid in the
physical domain.

The appearance of the branch cut (41/CD) in Fig. 13.18 causes some increase in
coding complexity for points on A’'I'(j=1) or C'D'(j=JMAX). For example
0*x/0&? located on A'I' is evaluated as

0%x
a—éz=xJMAX—1,k_2xl,k+x2,k .

In addition, the solution j =1 and JMAX is identical, so that iterative adjust-
ments to the solution on j=1 and J = MAX should be made at the same time.

Equations (13.37) are nonlinear simultaneous algebraic equations that can be
solved iteratively by the techniques discussed in Sect. 6.3. Thompson et al. (1977b)
apply point SOR and note that the acceleration parameter A may be greater than
unity if («')?>(0.58'P)*> and (y')*>(0.56'Q)>. Not surprisingly, the optimum A
and the number of iterations to convergence is a function of the choice of P
and Q.
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The following choice for P and Q is recommended by Thompson et al. (1977a):‘i

L
P& m)=— Y asgn(&—&)exp(—c|E—&l)
i=1

¥

a;sgn(n —n)exp( —cln —ml)

< i
— Y, busen(E—Eexpl—dul(E— &) + 01— TT (1339))
m=1 1
Q& m=—

L

=1

M .
— Y bsgn(r—na)expl—dn{(E— a2 + =)} 121, (13.40)

m=1

where coefficients a;, b, ¢, and d,, are chosen to generate appropriate grid:
clustering. The sgn function has the property :

sgn(x)=1 if x is positive,
=0 if x=0,
=—1 if x is negative.

The first term in (13.39) has the effect of moving ¢ = const lines towards the
&=¢, line, and the first term in (13.40) has the effect of moving 7 = const lines
towards the n = n, line. Thus the choice 1, =1, (Fig. 13.18) and a large value of g,
would tend to cluster lines close to the surface ABC. The second terms in (13.39, 40)
attract £ = const lines and # = const lines to the point ({,,, ) For a slender body
the second terms could be used to concentrate points close to the leading and
trailing edges, B and A/C in Fig. 13.18.

The use of large values of P and Q to generate clustering slows down the
convergence and restricts the choice of initial (x, y) values from which convergence
can be achieved. Consequently it is recommended that a solution is obtained
initially with little or no clustering, as this situation has a wider radius of
convergence. The converged solution is used as the starting solution for P and §
corresponding to increased clustering. This procedure can be continued until the
required clustering is achieved.

Thompson et al. (1977a, b) provide many examples of grids generated using the
above formulation. A computer listing, TOMCAT, is provided by Thompson et al
(1977b). The extension to three dimensions and the generalisation of (13.35) tc
provide greater grid control is discussed by Thompson (1982). More recent
developments are indicated by Thompson (1984) and Thompson et al. (1985).

It is possible to modify the Thompson technique to generate orthogonal grids
with specified boundary grid points and some control over the interior grid poin
distribution. This is achieved by defining

1/2
ha 921 _re )

1, 1z
hy 91/1
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where f(&, n) is to be specified, in principle. The particular choice

1 of 1 a<1>
P=—-> and Q= — - 13.41
PE Q=i o\ f (1341

allows (13.36) to be written

O 0x\ 0(1dx\_ O oy\ O (1ay)_
5E<faé>+an(fan> 0 6€<f56>+971<f811>_0' (1342)

Equations (13.42) are the governing equations for generating orthogonal grids. The
function f(&, n) may be chosen on the boundary. The interior values of f(&, n) are
typically (Ryskin and Leal 1983) generated by transfinite interpolation (Sect. 13.3.4)
of the boundary values.

In practice a non-orthogonal grid is generated initially with specified x(¢, n),
y(& 1) on the boundaries. The definition f =(g,,/g,,)"/* and (12.12) are used to
evaluate f (&, n) on the boundary. Transfinite interpolation generates correspondng
interior values of f(&, ). The discretised version of (13.42), equivalent to (13.37) is
iterated for a few steps. The modified x(¢, 1), y (&, n) solution allows a new f(&, 1) to
be calculated on the boundary, and the whole process is repeated until the grid no
longer changes. Ryskin and Leal present typical grids requiring 50-100 iterations
for convergence. Most of the interior point control comes from the boundary point
distribution; the transfinite interpolation step provides some additional adjust-
ment.

13.3 Grid Generation by Algebraic Mapping

Algebraic mapping techniques interpolate the boundary data to generate the
interior grid. The explicit interpolation may be in one dimension (Sects. 13.3.2 and
13.3.3) or multidimensions (Sect. 13.3.4). A key requirement is that the generated
grid should be well-conditioned i.e. smoothly varying, close to orthogonal and with
local grid aspect ratios close to unity. For fluid flow problems the solution is often
changing rapidly close to a particular surface. It is important to construct a grid
that is orthogonal or near-orthogonal adjacent to such a surface. All three methods
to be described in this section have this capability.

The distribution of grid points in the interior is mainly governed by the
stretching functions on the boundaries. Consequently the two-boundary
(Sect. 13.3.2) and multisurface (Sect. 13.3.3) techniques are still able to generate
smoothly varying near-orthogonal grids (Fig. 13.30) with only one-dimensional
explicit interpolation.

The distribution of points along the boundary of the domain is handled
effectively by defining normalized one-dimensional stretching functions along
boundary segments, typically corresponding to each side of the computational
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rectangle in the (&, #) plane. A suitable one-dimensional stretching function is
described in Sect. 13.3.1. Boundary stretching functions are applicable whether the
interior grid is generated by solving a partial differential equation (Sect. 13.2) or by
an algebraic mapping (present section).

13.3.1 One-Dimensional Stretching Functions

One-dimensional stretching functions are widely used for distributing points along
a particular boundary so that specific regions of the domain can bp resolvc'd
accurately. For the viscous flow around an isolated symmetri.c body (I.Tlg. 13.16) lt.
would be appropriate to introduce one-dimensional stretching func_tlons on AE
and CD so that grid points are clustered close to ABC to resolve the high gradients.
expected in that area. ' ‘ .

For relatively simple geometries it may be possible to combine one-dimensional
boundary stretching functions with a simple shearing transformation, e.g. (13.27),
to establish the interior grid. .

It is desirable to express the dependent and independent variables in 'the
stretching function in normalised form. For a one-dimensional stretchipg function
applied to EA in Fig. 13.16 an appropriate normalised independent variable would

be

= (13.43)
NE—Na
sothat 0<n*<lasn,Sn=ng. ' '
An effective stretching function due to Roberts (1971), and modified by Eiseman

(1979), is

w> (13.44)
tanhQ ’

s=Pn*+(l—P)<1—

where P and Q are parameters to provide grid point control. P effectivel)( provides
the slope of the distribution, s Pn*, close to n*=0. Q is called a dampmg factor
by Eiseman and controls the departure from the linear s versus 11.* behav1our._Small
values of Q cause small departures from linearity. However, if P is close to unity the
departure from linearity will be small and will occur only for n* close to unity.
Once s is obtained it is used to specify the distribution of x and y. For example,

defining

XX _pie), LA gs), (13.45)

X4~ XE Ya—JE

generates x(s) and y(s) directly. A simple choice would be f(s) = g(s) =s, so that
(13.45) gives

x=x4+5(x—Xg) y=Ya+s(ya—Ye) (13.46)
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Fig. 13.19. Grid distributions using (13.44)

Typical distributions of points on EA (Fig. 13.16) using (13.46), for various
values of P and Q, are shown in Fig. 13.19. For values of P > 1.0 it is possible to
cluster points close to E. However, this requirement could be handled better by
defining #* = (n —ng)/(n4—ng) in (13.43) and f(s)=g(s)=1—s in (13.45).

An alternative two-parameter stretching function is given by Vinokur (1983).
The two parameters are the slopes ds/dn* at each end of the interval #* =0 and
#* = 1.0. These are appropriate since multiple contiguous stretching functions can
be used to cover a particular boundary with continuity of s and ds/dn* at the
interfaces. However Vinokur’s stretching function cannot be reduced to a single
equation like (13.44), so coding is slightly more complicated.

13.3.2 Two Boundary Technique

This method will be illustrated for a curved two-dimensional channel, Fig. 13.20. It
will be assumed that stretching functions, s ,,(n*) and sg-(7*), have been defined, to
control the distribution of points on the inlet and outlet boundaries. The normal-
ised parameter n* =(y—n,)/(n,—n,). Equations equivalent to (13.44) could be used
to generate s,,(n*) and sgc(n*).

To obtain the value s between surfaces AD and BC a simple linear interpolation
is recommended. Thus

s =54p+E*(Sec—Sap) > (13.47)
where &* = (£ —¢,)/(&,—¢&,).

E’gz

x Fig. 13.20. Curved two-dimensional channel
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In a similar way the distribution of grid points along AB and CD are controlled
by one-dimensional stretching functions r,5(&*) and rp(E*). If r 5 and rp are
interpreted as normalised coordinates measured along the surface then x,5(r,p),
v 45(r4p) follow directly; and similarly for xp¢, ype.

The two-boundary technique provides a means of interpolating the interior
between the two boundaries, 4B and DC. In so doing the interior grid is completely
specified. A simple interpolation is provided by

x(&,n)=(1—5)x4p(ryp) +5xpc(rpc) and

y(& n) =1 —5)y45(ras) +s¥nclrnc) » (13.43)

where s is given by (13.47). Considerable control over the clustering of the grid
points in the interior can be obtained through the boundary stretching functions,
Saps Spc> Tap and rpc.

A difficulty with the interpolation given by (13.48) is that grids adjacent to the
surface may become distorted if corresponding boundary points (x 45, y45) and
(Xpc»> Ypc) are out of alignment. By replacing (13.48) with

dy 4
xX(&, ) = p;(8)x 45(rap) + 12 (8)Xpc(rpc) + Ty pa(s) (%A: (rAB))

d

+ T2#4(5)<dybc(ruc)> , (13.49)
Tpc
d
V& )= p1(5)y ap(rap) + 12(5)ypc(rpe) — Ty i3 (s) <% (UB))
'AB

d

- sz(s)(d—’r‘f (rDc)) :

where
() =2s3—=3s2+1, py(s)= —2s3+3s%,
Us(s) =53 —2s2+5,  pu(s)=s—s?, (13.50)

a grid is generated which is locally orthogonal to the boundaries AB and DC
(Fig. 13.20).

The parameters T, and T, are used to control how far into the grid interior
orthogonality is enforced. Choosing too large a value for T'; and T, may cause a
doule-valued mapping in the interior (Smith 1982).

Typical grids generated by the two-boundary technique are indicated in
Figs. 13.21 and 13.22. Figure 13.21 indicates how r,g(¢) and rp(¢) control the
spacing in the £ direction. Grid point concentration corresponds to a small slope; a
coarser grid corresponds to a large slope of r,5(¢) and rpc(€). Figure 13.22 has a
more uniform distribution in the & direction, but has a concentration of grid lines
close to the n* =0, due to the s(n*) distribution.
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Fig. 13.21. Effect of boundary control functions r,, and rp,.

o1 11
rpp (B~
C
T
Wt
SO
LN SR
O DA T

\ $ ST

s(n)

1,0

00 D A

Fig. 13.22. Effect of control function s(4*)

The extension of the two-boundary method to include interpolation between
two surfaces for three-dimensional grid generation is described by Smith (1982).

13.3.3 Multisurface Method

Additional control over the interior grid distribution can be obtained if inter-
mediate surfaces are introduced, between boundary surfaces AB and CD in
Fig. 13.20, on which the x;(r;) and y,(r;) behaviour is specified.

By connecting corresponding points (same r; value) on adjacent surfaces a
sequence of directions are specified. In the multisurface method of Eiseman (1979) it
1s the sequence of directions which are interpolated. This provides two direct
advantages.

First by adjusting the grid point correspondence between a bounding surface,
say AB, and its neighbouring intermediate surface it is possible to make the grid
locally orthogonal at the boundary.
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Second, the grid distribution in s is obtained by integrating the interpolation of
the sequence of directions. This provides a very smooth s distribution and,
incidentally, does not require that the interior grid interpolates the intermediate
surfaces. In principle there is no limit to the number of intermediate surfaces. In
practice good control over the interior grid can be obtained with two intermediate
surfaces.

The distribution of points on the ith surface will be combined into a single
vector function Z,(r) with components x;(r) and y,(r), in two dimensions. A
sequence of surfaces is shown in Fig. 13.23. In general there will be N—2 inter-

mediate surfaces.

i \rsio! Zinlnsin)
‘4'

N '\\‘.‘\“ | Zilrs;)
/

’/‘1\—\\“5.‘_‘\ Zilrsia1)

Fig. 13.23. Intermediate surfaces Z; and tangent
vectors, V;

il

The parameter r defines the location in all the surfaces simultaneously. How-
ever, different choices for the functions Z,(r) will allow adjustment of the relative
orientation of (x;, y;) on each surface for a single choice of r. It is assumed that
corresponding points (x;, y;) on each surface, associated with a particular value of
r=r;, are joined by straight lines between surfaces (Fig. 13.23).

The tangents to these straight lines between the surfaces define a family of
vector functions, V,(r)fori=1, ..., N—1. The tangent vector functions V; can be
connected to the surface vector functions Z; by defining

Vir)=A[Ziy ()= Zir)], i=1,...,N—1. (13.51)

The parameters A; will be determined later so that the final grid interpolation
fits properly into the interval 0 <s < 1. An interpolation through the family of
semi-discrete tangent vector functions V(r) provides a tangent vector function
V(r, s) that is continuous in both r and s. Thus

Virs)= Y yis)Vilr) (13.52

where y,(s) are interpolating functions, to be determined, such that Yis)=11
i=k and is zero if i# k. However, from the way that the V,(r) have beer

constructed it is clear that
aZ N-1

g(r,s)zV(r,s)= Z Y(s)Vi(r) , (13.53
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where Z(r, s) is the continuous function that will generate the grid in the physical
plane for given values of r and s (and hence ¢ and 7). Z(r, s) is obtained by
integrating (13.53) over the interval 0 <s<1. This interval corresponds to
71 £n < n, in Fig. 13.20. Thus, with the aid of (13.51),

20,5)=Z,0)+ 3, 4GS Zis ()~ Z)] (13.549)
where =
G.-(s)=£¢.-(s’)ds' : (13.55)

The parameters A; are chosen so that 4;G,(1) = 1. Then (13.54) gives Z(r, s) = Zy(r)
when s = 1, as required. Consequently (13.54) is written as

N-1
Gils)
Zr,)=Z,(n+ Y —[Z, -7,
(r, ) =Z,(r) .-; Gi(l)[Z,H(r) Z(r)], (13.56)

which is‘ the general multisurface transformation.

The mte'rpolating functions ¥;(s) must be continuously differentiable up to an
orde'r tha}t is one less than the level of smoothness (continuity of derivatives)
required in the grid. An appropriate family of interpolating functions, y,, is

N-1
W(s)= 11;11 (s—s) . (13.57)
1#i
The simplest case within the present structure is N =2. For this case (13.56)
becomes

Z(r,s)=Z,(r)+s[Z,(r)—Z,(r)] . (13.58)

There are no intermediate surfaces and the mapping (13.58) is equivalent to the
llpear two-boundary formula (13.48). A typical grid, for N =2, is shown in
Fig. 13.24a.

For the case N =3 one intermediate surface is introduced and (13.56), based
(13.57), takes the form ( ’ o

Z(r, 5)=(1=9)*Z(r)+25(1 = $)Z,(r) +5°Z5(r) . (13.59)

. A typical grid generated by this mapping is shown in Fig. 13.24b. The ellipse in
Flg. 13.24 has axis lengths 1.00 and 0.25. The outer rectangle with smooth corners
is of length 8 in the x direction and 4.8 in the y direction. For the N =2 case it is
apparf:nt that interior grid points are distributed along straight lines in the s(n)
d¥rect10n. For the N=3 case an intermediate surface (surface 2) is located at a
dls.tance 4s5=0.1 from the surface of the ellipse (surface 1). Points on surface 2 are
adjusted so that a line joining points on surfaces 1 and 2 with the same r value is
perpendicular to the surface of the ellipse. This has the effect of producing a grid
which is locally orthogonal to the surface of the ellipse.
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The use of N surfaces (counting the boundary surfaces) provides N degrees of
freedom. Two of the degrees of freedom are utilised in requiring the # grid to match
the bounding surface specifications Z, (r) and Zy(r). Other degrees of freedom can
be used to control the character of the interior grid.

For example, with N =4 (two interior surfaces) it is possible to generate a grid
that is orthogonal to both bounding surfaces at n=#, and n=y,. In Fig. 13.24¢
surface 3 is located at a distance As=0.1 inside the outer rectangle (surface 4).
Points on surface 3 are adjusted to generate a grid locally orthogonal to the surface
of the rectangle. The N =4 case is discussed at greater length in Sect. 13.4.1.

It should be emphasized that the interior surfaces are introduced to control the
interior grid distribution and shape and do not coincide with the final grid location.
The introduction of interior surfaces gives a level of control that is additional to
that obtained by distributing points in the ¢ direction on the bounding surfaces
(Sect. 13.3.1), through the choice r,5(¢) and rp¢ (), as in Figs. 13.21 and 13.22. The
ability to distribute points in the s direction, as in (13.47) is also available with the
multisurface method.

Eiseman (1982a, b) has extended the multisurface method to make it more
effective in three dimensions. In three dimensions better control over the interior

. grid distribution can be obtained if the interpolating functions, y; in (13.57), are
given a local rather than a global interpretation. Eiseman (1982a) provides
examples where the interior mapping can be made locally cartesian (in physical
space) away from g =g, in Fig. 13.20, whilst still retaining the boundary-fitting
capability of having a grid which is locally orthogonal at the surfaces AB and DC.

In three dimensions the bounding surfaces, e.g. Z, and Z,, will depend on two
parameters r and ¢ and do not need to be planar, e.g. Z, might coincide with the
surface of an automobile. This requires that the coordinate system is at least C2.
That is, continuous derivatives up to order 2 exist. This implies that the interp-
olating functions, , in (13.57), must be C! functions. Eiseman (1982b) discusses the
use of such local functions in the multisurface method.

(b) N=3

13.3.4 Transfinite Interpolation

Both the two-boundary and the multi-surface techniques interpolate in only one
direction (s or n) and assume that a continuous mapping is available on the
bounding surfaces n=#, and n=7, in the other (r or &) direction.

However, with transfinite interpolation (Gordon and Hall 1973) it is possible to
specify continuous mappings Z ,5(¢, ;) on AB, Zpc(¢, #,) on DC and in addition,
Z (&1, 1) on AD and Zyc(¢,, ) on BC (Fig. 13.20). In the interior an interpolation
in both ¢ and #, or equivalently r and s, is introduced.

As in the two-boundary and multisurface methods the parametric coordinates

© N=4 (r, s) are introduced as an intermediate step in obtaining the transformation Z (&, n)
to construct the grid in the physical plane. It is assumed that r and s are normalised
coordinates, i.e.

0<r<1 as 61§f-§52,

0=s=1 as n=n<p, .

(13.60)
Fig. 13.24. Typical grid generated by the multi-surface method; (a) N=2, (b) N=3,(c) N=4
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The following blending (interpolating) functions are defined:

$;N=9; , Jj=0,1 and Y,(s)=0;, k=01, (13.61)
where
6,=1 ifj=r and §,=1ifk=s
=0 ifj#r =0if k#s .

Thus ¢o=1, ¢, =0o0n AD; ¢o=0, ¢, =10n BC,y,=1,¥,=0o0n AB and y,=0,
1=1o0n CD.
An interpolation in the r direction would be

Z,(r,5)=¢o(NZ4p(0, 5) + ¢1(Zpc(1,5) (13.62)

where Z ., Zgc are the continuous mappings between the (¢, 7) and (x, y) planes on
the two boundaries £ =¢, and £ =¢,. Z,(r, 5) is the continuous mapping produced
by interpolating between Z 5, and Z g for intermediate values of r.

In a similar way

Z(r, ) =¥o(S)Z 45(r, )+ ¥ 1 () Zcp(r, 1) - (13.63)

Z, and Z, are equivalent mappings to those used in the two-boundary and simplest

(N =2) multisurface methods. . A
To obtain two-dimensional interpolation a product interpolation can be de-

fined as
Z,(r,5)=2,"Z, . (13.64)

The product interpolation agrees with the boundary functions, Z 44, etc., only at
the four corners (0, 0), (0, 1), (1, 0) and (1, 1). This is the type of interpolation used in
two-dimensional finite element methods (Sect. 5.3.3).

To achieve exact matching with the mapping functions everywhere on the
boundaries of a two-dimensional domain it is necessary to define a Boolean sum

interpolation,

Z(r, $)=Z,(r,s)+ Zy(r,s)—Z,(r, s) . (13.65)

This construction is central to transfinite interpolation (Gordon and Hall 1973).
In practice (13.65) is implemented in two stages. In the first stage

1
Z,(rs)= ). $;(NZy(J.5) (13.66)
j=0
where b indicates the appropriate boundary, AD or BC. In the second stage

Zr,s) = Z.(r,s)+ Z Vi Zy(r, k)—Z,(r, k)] . (13.67)
k=0
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The blending functions ¢; and ¥, can be chosen in much the same way as in the
two-boundary or multisurface methods. The choice

do)=1—r, ¢;()=r, Yo()=1=s, Y,ls)=s (13.68)

produces a transfinite bilinear interpolation (13.67), which suffers from the same
problem as (13.48). Although they can cluster points through the form of the
boundary functions Z g, etc., (13.67 and 68) cannot make the grid orthogonal
adjacent to boundary surfaces.

The extension of the transfinite interpolation method can follow paths parallel
to either the two-surface or multisurface methods. Gordon and Thiel (1982) discuss
the introduction of interior surfaces to obtain better control of the interior grid.
Eriksson (1982) specifies parametric derivatives, e.g. ¢"Z/ds", to provide near-
orthogonal smoothly varying grids. Eriksson (1982) prefers to specify derivatives
up to n=3 rather than formally enforcing orthogonality as in (13.49). Eriksson
claims that this provides more precise control over the grid distribution, particu-
larly in three dimensions.

The transfinite interpolation method extends naturally to three dimensions.
The implementation algorithm (13.66, 67) then has a third stage

Zr, s, )=2Z,(r, s, 1)+ iwi(t)[lb(r, $,0)—Zy(r,s,0)], (13.69)
i=0

where Z, (r, s, t) is equivalent to Z(r, s) in (13.67) and w;(t) are blending functions
with equivalent properties to ¢;(r) and ¥, (s). Rizzi and Eriksson (1981) describe the
application of three-dimensional transfinite interpolation to the problem of
wing/body combinations. Rizzi and Eriksson define data only on boundary
surfaces. To obtain more control of the interior grid they specify both the mapping
Z and out-of-surface derivatives 0"Z/0&", etc., on the wing surface, with n=1, 3. In
the spanwise direction a simple linear interpolation, equivalent to (13.68), is used.
In the coordinate direction wrapping around the wing, equivalent to & in Fig. 13.12,
no interpolation is introduced. The grid distribution in this direction is controlled
by the boundary specifications. The transfinite interpolation concept is sufficiently
flexible that different orders of interpolation can be introduced in the different
parametric coordinates r, s and t.

13.4 Numerical Implementation of Algebraic Mapping

In this section some of the techniques discussed previously will be combined to
produce a computer program capable of generating a grid between two bounding
curves.

For the domain shown in Fig. 13.25 the bounding surfaces consist of a
symmetric slender body extended downstream, ABC, and a farfield boundary,
FED. Between these two boundaries half of a C-grid (Fig. 13.12) is to be generated.
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Fig. 13.25. Computational domain for algebraic mapping

Because of the inherent symmetry the complete C-grid can be obtained by
reflection about the x-axis.

As indicated at the beginning of Chap. 13, grid generation is split into two parts.
First grid point locations on all boundaries are determined. The one-dimensional
stretching function (13.44) is used to control the distribution on the boundaries.

Subsequently the interior grid is generated by the multisurface technique. Two
intermediate surfaces, Z,, and Z,, are introduced, one each adjacent to the
bounding surfaces 4BC and FED. The parametric (r) correspondence of surfaces
Z, and Zj; to their neighbouring bounding surface is adjusted so that grid lines
intersect the bounding surfaces orthogonally. The mechanism of choosing x(r), y(r)

on surfaces Z, and Z; requires an orthogonal projection, conceptually similar to

the near-orthogonal grid construction discussed in Sect. 13.2.5.

13.4.1 ALGEM: Grid Generation for a Streamlined Body

The surface AB in Fig. 13.25 represents an aerofoil profile of the NACA-00't’
family. The ¢ indicates the percentage thickness as a two digit number. Thus a
NACA-0012 aerofoil would imply a symmetric aerofoil with a 12% thickness based
on a unit chord. The profile of the NACA-00't’ family is given by

1/2

y=tla,x"*+ayx+as;x* +a, x> +asx*) , (13.70)

where

a,=14779155 , a,=—0.624424 , a,=1.727016 , a,=1.384087 ,
a,=—0.489769 and ¢ is the aerofoil thickness.

It is assumed that 0< ¢ <1 over the physical surface ABC and that increment-
ing j increments & by A¢.

Tq relate the physical coordinates (x, y) of surface ABC to the computational
coordinate ¢ it is necessary to introduce a surface measure, r. On the surface 4B the
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surface measure, r, is given by

xa dv\2 712
,Fg[pr(%)] dx | (13.71)

where dy/dx is evaluated from (13.70). Equation (13.71) is integrated numerically in
subroutine FOIL (Fig. 13.28) to provide r , as a function of x ,, where x , is the local
aerofoil coordinate, 0 < x, < 1. The total surface length between 4 and C is given by

rAC,max =Tap+Xc—Xp . (13.72)

However, the stretching function (13.44) produces a normalised parameter . such
that
0<ric=S1 as 0=¢&Z1. (13.73)

Consequently the physical surface coordinate r . 5, is obtained as

(13.74)

— g
Tac, 0= 4c YAC, max >

where rjj¢ is evaluated in subroutine STRECH (Fig. 13.27) and r4¢ mayx is given by
(13.72). For r,¢ p <r 45 the physical coordinates (x( j), y(j)) of the bounding surface
segment AB are obtained by interpolating r, and x, and using (13.70) to give the
corresponding y. This is carried out in subroutine FOIL when INT=1. For
r4c.p >4 the surface coordinates follow from a linear interpolation of x5 < x < x.

The physical coordinates of ABC are denoted by XS(1, J), YS(1, J) in the
program ALGEM (Fig. 13.26), since they are the x and y components of surface Z,
in Sect. 13.3.3.

In a similar manner the bounding surface XS(4, J), YS(4, J), corresponding to
boundary FED, is generated by interpolating a normalised surface coordinate r}
to give the surface coordinate rpp . The surface coordinate rzp ;, is measured
along the circular arc FE and the straight line ED.

The grid point locations on AF and CD (Fig. 13.25) depend on the stretching
parameters s, and scp. However, the physical coordinates of the grid points on
AF and CD are obtained explicitly as part of the multisurface algorithm (13.76).

The multisurface method (Sect. 13.3.3) is implemented here with four surfaces.
The bounding surfaces ABC and FED constitute surfaces Z, and Z,. Initially
surfaces Z, and Z, are constructed by linearly interpolating surfaces Z, and Z, by

Zy=7,+5,Z,—7,) and Zi=7,+s,(Z,—Z,) . (13.75)

At this stage surfaces Z, and Z, are in the correct physical location but do not have
the correct r correspondence. If the multisurface algorithm (13.76) were im-
plemented with Z5 and Zj, given by (13.75), the resulting # grid lines would be
straight lines joining locations with the same j index on ABC and FED (as in
Fig. 13.24, N=2).

Therefore the dependence of Z, and Z, on r must be altered so that lines
through points on Z, and corresponding points (same r) on Z,, are orthogonal to
Z,, and lines connecting Z; and Z, are orthogonal to Z,. The nature of the
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1cC
2C ALGEM APPLIES A MODIFIED MULTI(4)~SURFACE TECHNIQUE TO
3¢ THE GENERATION OF A GRID ABOUT A NACA-00'T' AEROFOIL
4C AT ZERO INCIDENCE. THE UPPER HALF GRID IS GENERATED
5¢C

6 DIMENSION X(51,51},Y(51,51),XB(6),YB(6),%X5(4,51),Y5{(4,51)
7 DIMENSION RAC{51),RFD(51),SAF({51),SCD(51),SH(4),XA(51),RA(51)
8 COMMON RA,XA
9C

10 OPEN(1,FILE='ALGEM.DAT"')

11 OPEN(6,FILE="ALGEM.OUT"}

12 READ{1,1)JMAX, KMAX,IPR, IRFL,T,S2,S3,AW

13 1 FORMAT(415,4E10.3)

14 READ(1, 2) PAC, QAC, PFD, QFD, PAF, QAF,PCD,QCD

15 2 FORMAT(8E10.3)

i6 WRITE(6,3)

17 WRITE{6,4)JMAX,KMAX,IPR,T,S2,583,AW

18 3 FORMAT(' MULTISURFACE GRID GENERATION')

19 4 FORMAT(' JMAX KMAX=',2I3,' 1IPR=',I2,

20 1’ T=',E10.3,5X,' $2,83=',2E10.3,' AW=',F6.3,//)

21 WRITE(6,5) PAC,QAC,PFD,QFD

22 WRITE(6,6) PAF,QAF,PCD,QCD

23 5 FORMAT(' PAC=',E10.3,' QAC=',E10.3,' PFD=',E10.3,' QFD=',E10.3)
24 6 FORMAT(' PAF=',E10.3,' QAF=',E10.3,' PCD=',E10.3,' QCDh="',E10.3)
25 ¢

26 C DEFINE CORNER POINTS OF THE BOUNDARY

27 C

28 DATA XB/2.00,3.00,5.00,5.00,2.25,0.00/

29 DATA YB/0.00,0.00,0.00,2.25,2.25,0.00/

30 PI = 3.14159265

31 ¢

32 ¢ GENERATE STRETCHING FUNCTIONS

33 ¢C

34 CALL STRECH (JMAX,PAC,QAC,RAC)

35 C

36 CALL STRECH({JMAX,PFD,QFD,RFD)

37 ¢

38 CALL STRECH(KMAX,PAF,QAF, SAF)

39 C

40 CALL STRECH (KMAX, PCD,QCD, SCD)

41 ¢

42 WRITE(6,7) (RAC(J),J=1, JMAX)

43 WRITE(6,8) (RFD(J),J=1,JMAX)

44 WRITE(6,9) (SAF(J),J=1,JMAX)

45 WRITE(6,10) (SCD(J),J=1,JMAX)

46 7 FORMAT(' RAC=',b18F7.4)

47 8 FORMAT(' RFD=',618F7.4)

48 9 FORMAT(' SAF=',18F7.4)

49 10 FORMAT(' SCD=',18F7.4,/)

50 C

51 C OBTAIN SURFACE COORDINATES OF BODY, AB

52 C

53 CALL FOIL(O,T,RAB,XD,YD) Fig. 13.26. Listing of program ALGEM
54 C

multisurface algorithm (Sect. 13.3.3) then ensures the grid adjacent to surfaces Z,
and Z, is orthogonal.

Since Z,(r) is known it is sufficient to take each grid point, XS(1, J), YS(1, J),
and to project a straight line normal to Z, through XS(1,J), YS(1,J) until it
intersects Z,. The intersection point becomes X S(2, J), YS(2, J). This construction
is equivalent to the predictor stage shown in Fig. 13.17. Since a given node J fixes r
on Z, point XS§(2, J), YS(2, J) also has the same r value and is orthogonal to Z, at
XS(1,J), YS(1, J). The orthogonal adjustment of the grid points on Z, is carried
out in subroutine SURCH (Fig. 13.29). The grid points on surface Z,, XS(3, J) and
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55 RACMX = RAB + XB(3) - XB(2)
56 RFE = 0.5%PI*(YB(5) - YB(1))
57 REDMX = RFE + XB{4) - XB(5)
58 IF(IPR .EQ. 0)GOTO 13

59 WRITE(6,11) (XA{L),L=1,51)

60 WRITE(6,12) (RA(L),L=1,51)

61 11 FORMAT(' XA=',18F7.4)
62 12 FORMRT(' RA=',18F7.4)

63 C
64 C GENERATE BOUNDING SURFACES 1 AND 4

65 C

66 13 DO 17 J = 1,JIMAX

67 RACD = RAC(J)*RACMX

68 IF (RACD .LT. RAB)GOTO 14

69 X$(1,J) = XB(2) + (RACD - RAB)*(XB(3) - XB(2))/(RACMX-RAB)
70 ¥s(1,3) = 0.

71 GOTO 15

72 C

73 14 CALL FOIL(1,T,RACD,XD,YD)

74 C

75 XS5(1,J) = XD*(XB{2)-XB(1)) + XB(1)

76 ¥5{1,J) = YD*(XB(2)-XB(1)) + YB(1)

71 15 RFDD = RFD(J)*RFDMX

78 IF(RFDD .LT. RFE)GOTO 16

79 XS(4,J) = XB(5) + (RFDD-RFE)*(XB(4)-XB(5))/(RFDXX-RFE)
80 Y5(4,3) = YB(5)

81 GOTO 17

82 16 RR = YB(5) - YB(1)

83 THE = RFDD/RR

84 X5(4,J) = XB(5) - RR*COS({THE)

85 YS(4,J) = RR*SIN(THE)

86 17 CONTINUE

87 ¢

88 C SURCH GENERATES SURFACES 2 AND 3 SO THAT THE GRID
29 ¢ ADJACENT TO SURFACES 1 AND 4 IS ORTHOGONAL

90 ¢

91 CALL SURCH(JMAX,S2,83,XS,YS)

92 ¢

93 DO 21 L =1,4

94 WRITE(6,18)L

95 18 FORMAT(10H SURFACE ,1I1)

96 DO 21 J = 1,JMRX,18

97 JA=J

98 JB = JA + 17

99 WRITE(6,19) (XS(L,JC),IC=JA,JB)
100 WRITE(6,20) (¥YS(L,JC),JC=JA,JB)

101 19 FORMAT(' XS=',18F7.4)

102 20 FORMAT(' YS=',b18F7.4,/)

103 21 CONTINUE

104 ¢

105 ¢ GENERATE INTERIOR GRID

106 ¢ Fig. 13.26. (cont.) Listing of program ALGEM

Y$(3, J), are adjusted to be orthogonal to surface Z, at points XS(4, J) YS(4, J).
This is also carried out in subroutine SURCH.

Given the coordinates of the surfaces, Z, to Z,, the multisurface algorithm for
four surfaces (Eiseman 1979) is implemented as

x(J,K)= 24: SHIL)XS(L,J), yJ,K)= i SH(LYYS(L,J) , (13.76)
where o o

SH()=(1—-s)*(1—ays) ,

SH2)=s(1—s)Xa, +2) , (13.77)
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107 Rl = 2./(3.*AN~1.)

108 A2 = 2./(3.%(1.-AW) - 1.)

109 AJM = JMAX - 1

110 DZI = 1./AJM

1i1 DO 24 K = 1,KMAX

112 DO 23 J = 1,JMAX

113 AI=J-1

114 Z1 = AJ*DZI

115 S = SAF(K) + ZI*(SCD(K)-SAF(K))
116 SH(1) = (1.-8S)**2%(1.~A1%S)
117 SH(2) = (1.-S)**2*x5%(A1+2.)

118 SH(3) = (1.-S)*S*Sx(A2+2.)

119 SH(4) = S*S*x(1.-A2*(1.-§))

120 X(J,K) = 0.

121 Y(J,K) = 0.

122 DO 22 L =1,4

123 X(J,K) = X{J,K) + SH(L)*XS(L,J)
124 Y(J,K) = Y{(J,K) + SH(L)*YS(L,J)

125 22 CONTINUE
126 23 CONTINUE
127 24 CONTINUE

128 ¢

129 C REFLECT GRID ABOUT X-RXIS
130 ¢

131 IF(IRFL .EQ. 0)GOTO 28

132 JMAP = JMRX - 1

133 DO 27 K = 1,KMRX

134 DO 25 J = 1,JMAX

135 Jh = 2*JMAX - J

136 JB = JA - JMAP

137 X{JA,K} = X(JB,K)

138 Y(JA,K) = Y{JB,K)

139 25 CONTINUE

140 DO 26 J = 1,JMRP

141 JA = 2*JMRX = J

142 X{(J,K) = X(JA,K}

143 Y(J,K) = -Y(JAK)

144 26 CONTINUE

145 27 CONTINUE

146 JMAX = JMAX + JMAP

147 ¢

148 28 DO 33 K = 1,KMAX

149 WRITE(6,29)K,SAF(K),SCD(K)
150 29 FORMAT(' K=',6I3,5X,' SAF=',E10.3,' SCD=',E10.3)
151 DO 32 J = 1,JMAX,18

152 JA=1J

153 JB = JA + 17

154 WRITE(6,30) (X(JC,K),JC=JA,JIB)
155 VRITE(6,31) (Y (JC,K),JC=JA, JB)

156 30 FORMAT(' X=',18F7.4)

157 31 FORMAT(' Y=',18F7.4,/)

158 32 CONTINUE

159 33 CONTINUE

160 STOP

161 END Fig. 13.26. (cont.) Listing of program ALGEM

SH(3)=5(1 —s)(ay+2) ,
SH(@)=5%(1—ay(1—s)) , and
a,=2/3a,~1) and a,=2/2—3a,) . (13.78)

In (13.77 and 78) s is a normalised parameter in the 5 direction. To provide
more control s is linearly interpolated in the ¢ direction by

s =5 4p(K)+E(J) [scp(K)—s4p(K)] . (13.79)
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SUBROUTINE STRECH(N,P,Q,S) Fig. 13.27. Listing of subroutine
STRECH

COMPUTES ONE-DIMENSIOMAL STRETCHING FUNCTION,

S = P*ETA + ({1.-P)*{1.-TANH(Q*(1.-ETA))/TANH(Q)).

FOR GIVEN CONTROL PARAMETERS, P AND Q.

DIMENSION §{51)

0 -1 O G Wt =
[s e NN Nl

AN = N-1
9 DETA = 1./AN
10 TQI = 1./TANH(Q)
11 ¢
12 pO1L=1N
13 AL =L -1
14 ETA = AL*DETA
15 DUX = Q*{(1. - ETA)
16 DUM = 1. - TANH(DUM)*TQI
17 S{L) = P*ETA + (1.-P)*DUN
18 1 CONTINUE
19 RETURN
20 END

Table 13.1. Parameters used in program ALGEM

Parameter Description

JMAX, KMAX number of points in the ¢ and 5 directions

IRFL .GT.0, reflect grid about the x-axis

T aerofoil thickness

$2, 83 preliminary interpolation parameters for surfaces Z,, Z, (13.75)
AW interior grid uniformity parameter a,, (13.78)

PAC, QAC stretching control parameters for AC (similarly for FD, AF and CD)
RAC re

RACMX rac.max in (13.72)

RACD Yac.p

XA, RA aerofoil axial and surface coordinates x, and r, (13.71)

XD, YD interpolated aerofoil coordinates returned by FOIL

XB, YB boundary corner points 4, B, C, D, E and F, Fig. 13.25

XS, YS multisurface coordinates

XY grid points to be generated

N interpolating parameter s, (13.77)

SH weighting functions, (13.76)

EM1-EM4 tangents to surfaces 1 -4 (SURCH)

XS2, YS2 surface 2 coordinates after orthogonalisation (SURCH)

XS3, YS3 surface 3 coordinates after orthogonalisation (SURCH)

The present grid generation scheme is coded as the program ALGEM
(Fig. 13.26) and subroutines FOIL (Fig. 13.27), STRECH (Fig. 13.28) and SURCH
(Fig. 13.29). The various parameters used in the program are described in
Table 13.1. A typical grid for a NACA-0018 aerofoil is shown in Fig. 13.30. The
ability of the method to cluster points and to generate an orthogonal grid at the
boundaries is clearly evident. This example has been constructed to illustrate the
method and would not necessarily be suitable for a computational solution.
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1 SUBROUTINE FOIL(INT,T,RAB.X,Y)
2¢C
3cC SURFACE PROFILE IS NACA-00'T' AEROFOIL
4 C IF INT = O, NUMERICALLY INTEGRATE TO OBTAIN SURFACE
5¢C COORDINATE
6 C IF INT =1, INTERPOLATE SURFACE COORDINATES TO OBTAIN
7¢ CORRESPONDING (X,Y)
8¢C
9 DIMENSION A(S),XA(51),RA(51)
10 COMMON RA,XA
11 DATA A/1.4779155,-0.624424,-1.727016,1.384087,-0.489769/
12 PI = 3.14159265
13 IF(INT .EQ. 1)GOTO 2
14 C
15 C NUMERICALLY INTEGRATE TO OBTAIN RA{L)} AS A FUNCTION OF XA(L)
16 C
17 RA(1) = 0.
18 XA({1) = 0.
19 XA(2) = (A(1)/(1./T - RA(2)))**2
20 RA(2) = 0.5*%*PI*XA(2)
21 DUM = 3.*A(4) + 4.*A{5)*XA(2)
22 DUM = 2.*A(3) + DUM*XA(2)
23 DUM = T*{0.5/SQRT(XA(2)) + A{(2) + DUM*XA(2))
24 FLP = SQRT(1. + DUM*DUM)
25 DO1L=2,50
26 AL = L
27 LP=L+1
28 XA(LP) = 0.02*AL
29 DX = XA(LP) ~ XA(L)
30 FL = FLP
31 DUM = 3.*xA(4) + 4.*A(5)*XA(LP)
32 DUM = 2.*A{3)} + DUM*XA(LP)
33 DUM = T*(0.5/SQRT(XA(LP)) + A{2) + DUM*XA(LP))
34 FLP = SQRT(1. + DUM*DUM)
35 RA(LP) = RA(L) + 0.5%(FL + FLP)*DX
36 1 CONTINUE
37 RAB = RA(51)
38 RETURN
39 ¢
40 € INTERPOLATE RA(L) TO OBTAIN X CORRESPONDING TO RAB
41 C SUBSEQUENTLY OBTAIN Y FROM ANALYTIC NACA-00'T' PROFILE
42 C
43 2Db03 L= 2,51
44 IF(RAB .GT. RA(L))GOTO 3
45 WM=L-1
46 X = XA(LM) + (XA(L)-XA(LM))*(RAB-RA(LM))/(RA(L)-RA(LM))
47 IF(X .LT. 1.0E-06)X=1.0E-06
43 DUM = A(4) + A(5)=*=X
49 DUM = A(3) + DUM*X
50 DUM = A(2) + DUM*X
51 Y = T*(A(1)*SQRT(X) + DUM*X)
52 RETURN
53 3 CONTINUE
54 VRITE(6,4)RAB,RA(1),RA(51)
55 4 FORMAT(' RAB OUTSIDE RANGE',5X,' RAB=',E10.3,
56 1' RA(1)=',E10.3," RA(51)=',E10.3)
57 RETURN
58 END

Fig. 13.28. Listing of subroutine FOIL
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SUBROUTINE SURCH(JMAX,S2,53,%S,Ys)

GENERATES SURFACES 2 AND 3 TO CREATE ORTHOGONAL
BOUNDARY GRIDS

DIMENSION XS52(51),YS2(51),XS3(51),¥YS3(51),Xs(4,51),Y5(4,51)
JMAP = JMAX - 1

PRELIMINARY GENERATION OF SURFACES 2 AND 3

DO 1 J = 1,JMAX

DXS = XS(4,J) - Xs(1,J)
DYS = YS(4,J) - ¥s(1,0)
Xs{2,J) = Xs(1,J) + S2*DXS
¥s(2,3) = YS(1,J) + S2*DY¥S
XS(3,J) = X$(1,J) + S3*DXS
YS(3,J) = ¥s(1,J) + S3I*DYS
CONTINUE

PROJECT ORTHOGONALLY FROM SURFACE 1 ONTO SURFACE 2

DO 9 J = 2,JMAP

IF(ABS(XS(1,J+1)-Xs(1,J-1)) .GT. 1.0E-06)GOTO 2

EM1 = 1.0E06*(YS(1,J+1)-¥S(1,J-1))

GOTO 3

EM1 = (YS{1,J+1)-Ys(1,J-1})/(X5(1,J+1)~-Xs(1,J-1})
IF(ABS(XS(2,J)-Xs(2,J-1)) .GT. 1.0E-06)GOTO 4

EM2 = 1.0E+06*(YS(2,J)-Ys(2,J-1))

GOTO 5

EM2 = (YS(2,J)-Y5(2,J-1})/(X5(2,J)-X5(2,J-1))

X2 = (EM1*(YS(1,J)-YS(2,J)+EM2*XS(2,J))+XS(1,J))/(1.+EM1*EM2)
Y2 = ¥5(2,J) + EM2*x(X2 - Xs(2,J))

STJIY = SQRT((X2-XS(2,J-1))**2 + (Y2-YS(2,J-1))**2)

SJJM = SQRT((XS(2,J)-X8(2,J-1))**2 + (¥$(2,J)-¥5(2,J-1))**2)
IF(STJY .LT. SJJM)GOTO 8

IF (ABS(XS(2,J+1)-Xs(2,J)) .GT. 1.0E-06}GOTO 6

EM2 = 1.0E+06*(YS(2,J+1)-YS(2,J))

GOTO 7

EM2 = (YS(2,J+1)-YS{2,J))/(XS(2,J3+1)-Xs(2,J))

X2 = (EM1*(YS(1,J)-YS(2,J)+EM2*XS(2,J})+Xs(1,J))/(1.+EM1*EM2)
Y2 = ¥5(2,J) + EM2*(X2-Xs(2,J))

Xs2(J) = X2
Ys2(J) = Y2
CONTINUE

PROJECT ORTHOGONALLY FROM SURFACE 4 ONTO SURFACE 3

DO 17 J = 2,JIMAP

IF(ABS(XS(4,J+1)-X5(4,J-1)) .GT. 1.0E-06)GOTO 10

EM4 = 1.0E+06*%(YS(4,J+1)-YS(4,J-1))

GOTO 11

EM4 = (¥YS{4,J+1) - YS(4,J-1))/(XS(4,J+1) - X5(4,J-1))
IF(ABS(XS(3,J) - XS(3,3-1)) .GT. 1.0E-06)GOTO 12

EM3 = 1.0E+06*(YS(3,J)-YsS(3,J-1))

GOTO 13

Fig. 13.29. Listing of subroutine SURCH
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56 12 EM3 = (Y¥5(3,J)-¥5(3,J-1))/(XS(3,3)-X5(3,3-1))
57 13 X3 = (EM4*(YS5(4,J)-YS(3,0)+EM3*XS(3,J))+XS(4,J)) /(1. +EM3*EM4)

58 Y3 = ¥$(3,J) + EM3*(X3 - X5(3,J))

59 STIM = SQRT((X3-X§{3,J-1))**2 + (¥3-YS(3,J~1))**2)

60 SJIM = SQRT((XS(3,J)-XS(3,J-1))**2 + (YS(3,J)-YS(3,J-1))**2)
61 IF(STJM .LT. SJIM)GOTO 16

62 IF(ABS(X5(3,J+1)-Xs(3,J)) .GT. 1.0E-06)GOTO 14

63 EM3 = 1.0E+06*(YS(3,J+1)-¥s(3,J))

64 GOTO 15

€5 14 EM3 = (YS(3,J+1)-YS(3,J))/(XS(3,J+1)-X5(3,d))
66 15 X3 = (EM4*(YS(4,J)-YS(3,J)+EM3*XS(3,J))+XS(4,J) )/ (1.+EMI*EN4)

67 Y3 = YS(3,J) + EM3*(X3 - X5(3,J))
68 16 X$3(J) = X3
69 Y$3(J3) = ¥3
70 17 CONTINUE
71 ¢
72 € STORE SURFACE 2 AND 3 LOCATIONS
73 C
14 DO 18 J = 2,JMAP
5 X5(2,J) = Xs2(J)
76 ¥$(2,d) = Ys2(J)
7 Xs(3,3) = X53(J)
78 Y$(3,J3) = ¥s3(J)
79 18 CONTINUE
80 RETURN
81 END Fig. 13.29. (cont.) Listing of subroutine SURCH
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1 Fig. 13.30. C-grid generated by program
I~ ALGEM

It is recommended that s, =0.100 and s;=0.900 be used to give control over the
orthogonal grid at the boundaries. The parameter a,, affects the uniformity of the
interior grid. This parameter is set, typically in the range 0.5 to 0.6, most easily with
Pyc=Ppp="P,p=Pcp=10. For this situation the boundary stretching functions
are linear and a,, can be adjusted to give the required grid point distribution.

13.5 Closure

In this chapter various techniques for grid generation have been considered. If the
geometry of the physical domain permits a conformal grid to be constructed, this
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should be exploited, as the structure of the governing equations is then simpler.
However, conformal grids sometimes generate extreme clustering and extreme
sparsity of the grid. In this case one-dimensional stretching functions (Sect. 13.3.1)
can produce a more even grid but at the expense of generating an orthogonal rather
than a conformal grid.

In the more general case it is desirable to arrange the gross boundary cor-
respondence (Sect. 13.1) so that severely distorted grids or sparse grids occur well
away from the region of interest and preferably in a uniform flow region.

Where possible grid points on all boundaries should be specified since, through
the use of one-dimensional stretching functions, this provides a direct means of
controlling the distribution of interior points.

Strict orthogonality with adequate control of the grid point distribution is
difficult to achieve, particularly when the transformation parameters x,, etc., are
evaluated numerically. It is recommended that grids with near-orthogonal distri-
butions, particularly adjacent to boundaries, be generated so as to minimise
truncation errors.

The main advantage of generating grids by solving elliptic partial differential
equations, such as (13.36), is that discontinuities on the boundary data are not
transmitted into the interior and the smoothness of the interior grid is likely to
allow numerical evaluation of the transformation parameter x,, etc., with smaller
truncation errors.

The main advantage of algebraic grid generation schemes is good control over
the interior grid, particularly in relation to generating locally orthogonal grids at
boundaries, and the computational efficiency of the grid generation process. This
advantage is likely to be particularly significant where the grid must be regenerated
during the solution development to obtain a more accurate solution. Techniques
for constructing such adaptive grids are discussed by Thompson et al. (1985,
Chap. 11).

13.6 Problems

Grid Generation by PDE Solution (Sect. 13.2)
13.1 Apply the Joukowski mapping,

Z'+c¢ [Z—-2c\Y?
Z’—c:(Z+20> ’ (1380)

to a NACA-0012 aerofoil [coordinates given by (13.70) and the subroutine
FOIL]. The parameter ¢ in (13.80) is the approximate radius of the near-
circle in the Z’ plane corresponding to the aerofoil in the Z plane with a unit
chord. Using (13.6) c is related to the aerofoil nose radius ry by

c=o.25—’§” , (13.81)
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with ry obtained from (13.70) as

ry={ 4 i
N\Ut—a,)

The origin for the aerofoil coordinates is {1 —2c, 0.} so that the trailing edge
coordinates are {2c, 0}; the leading edge coordinates are { —(2c+0.5ry), 0}.
1) For equal increments along the aerofoil chord obtain coodinates on the
surface of the near-circle corresponding to points on the surface of the
aerofoil. Equations (13.7) are useful for this.

ii) Interpolate the near-circle surface data at equal angular increments and
use the inverse transformation (13.80) to obtain corresponding points on
the aerofoil surface. Comment on the distribution of points on the
aerofoil surface.

iii) For a uniform polar grid external to the near-circle use the inverse
transformation to obtain the corresponding grid in the physical plane.
The smallest radius of the polar grid should be chosen to be slightly
larger than the largest radius of the near-circle.

The Schwarz—Christoffel transformation,

dZ _h ((+1)'?
et (13.83)

transforms a step of height h in the Z plane into a flat surface (the real axis) in
the { plane (Milne-Thomson 1968, p. 285). Equation (13.83) can be integrated
analytically to give the inverse mapping

t=log({+/*~1),

I (13.84)
Z=—(t+sinh t) .

n
Potential flow over the step is given by

. hU,
o+ = - ¢, (13.85)

where U, is the velocity far upsteam of the step. Take the lines of constant
potential (¢) and stream function () to define the grid in the { plane. Use the
inverse mapping (13.84) to obtain corresponding grid points in the physical
(Z) plane.

The program ALGEM is to be modified to construct an orthogonal grid
using (13.31). To achieve this interpolate (XS(1, J), YS(1, J)) and (XS4, J),
YS(4, J)) for equal increments of s to generate nine intermediate surfaces
in the same manner that Z, and Z, are created initially at the beginning
of the subroutine SURCH. The nine intermediate surfaces and the two
bounding surfaces define the non-orthogonal (u, v) grid of Sect. 13.2.4 if
u=(J—1D[(JMAX—1) and v=(K—1)[(KMAX—1).

(13.82)

13.4

135
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Starting from surface ABC, (13.31) is integrated numerically to give
pj+ A on the v, grid line that corresponds to an orthogonal grid. The
surface XS(v,), YS(v,) is interpolated to obtain the orthogonal grid point
at (uj+Ap, vk). This process is repeated until the outer surface FED is
reached.

i) Examine the control over the orthogonal grid point distribution by the
deployment of points on ABC and by the number and disposition of the
intermediate (v,) surfaces.

i) Devise a strategy to prevent grid lines crossing in the concave region
near B.

Repeat Problem 13.3 for the near-orthogonal grid construction described in

Sect. 13.2.5.

The program ALGEM is to be modified to generate the interior grid using

the Poisson equations of Sect. 13.2.6. Use surfaces {XS(1, J), YS(1, J)} and

{XS@4, J), YS(4, J)} to generate boundary points on ABC and FED

(Fig. 13.25). Use an equivalent construction to obtain boundary points on

AF and CD.

i) Solve (13.37) using an SOR algorithm with P=Q=0 and a uniform
distribution of boundary points.

ii) Determine the control over the interior grid using the boundary point

stretching functions.

iii) Determine the additional control provided by evaluating P and Q from

(13.39 and 40).

Grid Generation by Algebraic Mapping (Sect. 13.3)

13.6

13.7

13.8
13.9

13.10

Modify the program ALGEM to obtain solutions with two (N =2) and three
(N =3) multisurfaces. For N =3 make the grid orthogonal to surface ABC
only. Compare the interior grid quality with the N =4 case.
Modify the program ALGEM to obtain the grid between an ellipse and a
rectangle and recreate Fig. 13.24.
Modify the program ALGEM to implement (13.49 and 50).
Obtain Vinokur (1983) and modify subroutine STRECH to incorporate the
Vinokur stretching functions as an option. Use this option to cluster grid
points close to A and B. That is, split ABC into two segments AB and BC
with fine grids close to A and B and continuity of grid-point spacing at B.
The grid on FDE may also need some adjustment. Observe the effect on the
interior grid for N=2, 3 and 4.
Modify the program ALGEM to introduce transfinite interpolation:

i) For boundary function evaluation, equivalent to (13.48) on all surfaces.
ii) Boundary function evaluation on AF and CD. Equation (13.49) on ABC

and FED.

iii) Equation (13.49) on all surfaces.
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In this chapter the basic computational techniques developed in Chaps. 3-10 will
be extended to construct effective computational methods for inviscid flow,
Sects. 11.3 and 11.6.1 provide an appropriate framework for this process. Com-
putational techniques will be selected on the basis of those that are considered to be
the most effective without regard for the need to achieve a comprehensive review.
This often means that newer methods are described at the expense of older but less
efficient methods.

Inviscid flows of engineering interest are governed by the continuity equation
(11.10), the Euler equations (11.22-24) and the inviscid energy equation, i.e. (11.38)
with the right-hand side set to zero.

The different subcategories of inviscid flow permit particular equation systems
to be exploited computationally. Some of these equation systems are shown in
Table 14.1. Generally an equation system appearing higher in the list can be
computed more efficiently than one appearing lower in the list.

The linearised potential equation is solved efficiently by the panel method
(Sect. 14.1) and is accurate for subsonic flow but is generally less accurate for
supersonic flow. The full potential equation forms the basis of most transonic
computations (Sect. 14.3) as long as only weak shock-waves occur.

Table 14.1. Equation systems for inviscid flow

Equation system

Subsonic
(M.<07)

Transonic
07<M,<12)

Supersonic
M, 212)

Linearised potential
equation (11.109)

Requires slender body
(‘exact’ if M . =0)

Not applicable

Requires slender
body and weak
shocks

Full potential
equation (11.103, 104)

Generally applicable

Applicable if weak
shocks occur

Not applicable if
strong shocks occur

Steady Euler
equations (11.22-24)
plus é/6:=0

Generally applicable

Generally
applicable

Allows efficient
marching schemes
(Sect. 14.2.4)

Unsteady Euler
equations (11.22-24)

Generally applicable

Generally
applicable

Generally applicable
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For flows that are everywhere supersonic it is possible to march the steady
Euler equations in the approximate flow direction (Sect. 14.2.4). For steady flows
featuring mixed subsonic/supersonic regions and strong shocks it is necessary to
integrate the unsteady Euler equations until a steady-state solution is‘ obtained
(Sects. 14.2.8 and 14.2.9). Both Euler categories also require computation of th.e
continuity and energy (if applicable) equations. If strong shock-waves are present it
is often necessary to introduce special procedures (Sects. 14.2.6 and 14.2.7).

14.1 Panel Method

Many practical flows are closely approximated by the assumption of irrotational,
as well as inviscid and incompressible, flow. Consequently, as indicated in
Sect. 11.3, the governing equations can be reduced to the Laplace equation for the
velocity potential,

V2p=0 (14.1)

with boundary conditions specifying ® or ¢®/cn on all boundaries. The external
flow around a streamlined, isolated body (Fig. 14.1) is accurately represented by the
solution of (14.1). Of practical interest is the pressure distribution at the surface of
the body. This leads directly to the lift force on the body and provides pressure (or
equivalently velocity) boundary conditions for the equations governing boundary
layer flow (Sect. 11.4 and Chap. 15).

Fig. 14.1. Flow around a stream-

\/ lined body

Although (14.1) can be solved by the finite difference, finite element or spectral
methods, more effective methods are available which exploit the possibility of
superposing simple exact solutions of (14.1) in such a way that the boundary
conditions are satisfied. An additional feature of such an approach is that the
effective computational domain is the surface of the body (Fig. 14.1) rather than the
whole region external to the surface (as in the finite difference method). This
produces an economical algorithm and permits complicated body shapes to be
analysed with relative ease.

In the aircraft industry these techniques are called panel methods (Rubbert and
Saaris 1972) although, as indicated in Sect. 14.1.3, panel methods can be interpreted
as boundary element methods. Panel methods are widely used in the aircraft
industry (Kraus 1978) and automobile industry (Paul and LaFond 1983).
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Here we will describe the panel method for the flow about a streamlined nop.
lifting, two-dimensional body (e.g. as in Fig. 14.1), initially.

14.1.1 Panel Method for Inviscid Incompressible Flow

The panel method takes its name from the subdivision of the surface of the body
into a number of contiguous panels (Fig. 14.2) associated with which are source
densities of strength o; to be determined as an intermediate part of the solution
process. An 1nd1v1dua1 source panel (Fig. 14.3) is closely related to an isolated
source (Sect. 11.3). A source panel of density o produces a velocity normal to itself
of 0.5¢ on each side. The relationship between an individual source panel and an
isolated source is discussed by Kuethe and Chow (1976, p. 107).

k*h control point(xy,yk)

\/

control points ———————

N

Uo

—_—

—_—

—_— source
density, o]

—_—

- | “+
NI

jth panel

Fig. 14.2. Panel representation of a body surface

= 0.5¢

Yy = m
21T,

\ /
/\ Fig. 14.3. Comparison of an

isolated source and a source

isolated source source panel panel

The distribution of source panels in a uniform stream of velocity U, parallel to
the x-axis (Fig. 14.2) produces a potential ®(x,, y,) given by

Q(x;, yi)=U xk+ Z jln ryj ds; (14.2)

where

"ka[(xk_xj)2+(Yk—YJ)2]1/2 (14.3)
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and 6; ) ds; is the source strength of the jth panel. Equation (14.2), with (14.3),
satisfies (14.1). The source densities o; are to be chosen to satisfy the boundary
condition of no flow through the body surface.

The velocity components are given by V@, (11.50). In particular, the boundary
condition of zero normal velocity at the body surface becomes

oP
v, = é__(xk’ Vi)
ny

=—U,sino+ Z j ln ry) ds; =0, (14.4)

where o, is the slope of the body surfaces at the kth control point (typically the
midpoint of the kth panel, Fig. 14.2). Thus (14.4) represents a linear relationship
between the source densities o; after the integrals have been evaluated. For the
particular case k=j, the integral can be evaluated analytically, i.e.

0
_[ a—~(ln Fa)dsy=m . (14.5)
k Mk

For j#k the integrals can be evaluated as functions of the nodal points (x,, y;;
x;, ;). Specific formulae will be indicated below, (14.13).

Equation (14.4) is repeated for each control point producing a linear system of
equations

Ac=R , (14.6)

where a component of 4 is
1 .0
Akj=0.55kj+2?ja—m(1n r)ds; | (14.7)

a component of R is
R,=U,sino, (14.8)

and ¢ is the vector of unknown source densities. The system of linear equations
(14.6) can be solved directly or iteratively (Chap. 6).

Once the distribution of source densities is determined the velocity components
due to the presence of the body can be obtained from

Z j > ds; (14.9)

y y;)?
and
1 < y—y;
v(x, y)=— o; ds; , (14.10)
() 2n;1 g x=x;)+(y—y)*

and the complete velocity field is just q=(U, +u, v).
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If the velocity components are evaluated at the control points on the body
surface the surface pressure distribution follows directly from the Bernoulli
equation (11.49)

c =l P =1—<i>2 .
P 05002 U,
A typical surface pressure distribution is shown in Fig. 14.4. Agreement is seen to be
very good with 23 elements spanning half of a symmetric body. Agreement could be
made even better by redistributing the panels to place more in the nose region of
the aerofoil and less over the midsection. To suit the available experimental data
the present computation is modified by the Prandtl-Glauert transformation

appropriate to M, =0.4. The incorporation of the Prandtl-Glauert transform-
ation in the panel method is described in Sect. 14.1.6.

~0.30
2 1 X

=0.20
L 1

cp
-0.19
3

x  PANEL METHOD

EXPERIMENT (AMICK)

T T T T T T T T Y T T T T T T T T T T 1
0.00 0.10 0.20 0.30 0.40 0.50 0.80 0.70 0.80 0.90 1.00
X/C

Fig. 14.4. Pressure distribution for NACA-0012 aerofoil at x=0" and M, =0.40

In many problems the solution (velocity or pressure) is only required at the
control points. Then the evaluation of (14.4) duplicates much of the evaluation of
(14.9 and 10). Consequently Hess (1975, p. 156) recommends the following more
efficient procedure.

The contributions to (14.9, 10) are evaluated to give v,; = (uy;, ty;), the velocity
components induced at control point (x,, y;) due to a unit source density over the
jth panel. Equations (14.9 and 10) are then written as

N

J

N
u(xg, yy) = U0y . Xy = Z Ui 0j (14.11)
j=1

1
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The components u,; and v,; can be evaluated analytically as
Up; =qk; COS%;—qy; SINA; ,  Dy;=(i; COSA; + g, sina; , (14.12)

where

d=In <(ék +0.545,)* + nf)
d (&—0.54s;)> +n2 )’

(14.13)

_ N ds;
no=2tan" ! | — J
o 2o (A8
Sk T — B

In (14.13) A4s; is the length of the jth panel and (&, ») is a local coordinate system
based on the jth panel (Fig. 14.5). Approximate formulae that are much more
economical to evaluate are available (Hess 1975, p. 156) if (x,, yy)is far from (x, y;).
The introduction of such approximate formulae has a negligible effect on the
overall solution accuracy.

(Xkevk) = (8knk)

Yk
gj
\g

3>
>

X Fig. 14.5. Panel-based coordinate system

Asj \/

In (14.13) q; and q;; are the velocity components induced at the control point
(x4, %) due to a unit source density over the jth panel, in directions normal and
tangential to the jth panel, respectively. If n, is the unit normal to the kth panel, 4,;
in (14.7) is evaluated as

A=m vy (14.14)

After (14.6) has been solved, the evaluation of (14.9 and 10) at the control points is
replaced by (14.11). Thus the relatively expensive evaluation of v,; is done only
once. The other computationally expensive part of the present procedure is the
solution of (14.6).

It may be noted that the solution for @, given by (14.2), satisfies the governing
equation (14.1) exactly as N —oc. The source densities g, are chosen to satisfy the
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boundary condition of zero normal velocity at the body surface (14.4). For‘i
locatfons remote from the body the logarithmic function in (14.2) ensures that the
solution reverts to a flow of velocity U, parallel to the x-axis, i.e.

P=U_x, .

. The system of equations (14.6) has large diagonal elements but is not strict] |
diagonally dominant. However, iterative techniques, such as those discussed iy
Sect. 6.3, are effective and recommended (Hess 1975, p. 159) if the number (:;‘
elements exceeds about 1000. For smaller number of elements, direct methods
(Sect. 6.2) are more efficient. Since matrix A4 is full the computation time to solv
(14.6), by a direct method, will increase like O(N3). Thus this part of the calculatio’e
dominates the execution time for large N. "

. However, for a given execution time the panel method produces solutions of
mgmﬁcantly higher accuracy than does a finite difference, or finite element, method
applied on a conventional grid surrounding the body. This also implies,that the
pgnel method would have far fewer unknowns (source densities) than ﬁnitev
difference nodal unknowns for the same execution time.

14.1.2 PANEL: Numerical Implementation

In’this section the panel method will be implemented to compute the flow about an
e.lllpse. The overall structure of program PANEL is shown in Fig. 14.6 and the
listings of the subroutines are given in Figs. 14.7-11.

The surface profile of an ellipse is given by

x2+(y/b)*=1 or x=cosf ,

y=bsin 6, (14.15)

where b is the minor semi-axis length. In subroutine BODY (Fig. 14 ;
. 12. 1 .8 y 14,
evaluated for equal increments of 6. (Fig ), (14.15) is

PANEL BODY MATELM
Read in data Coordinates:  x, y Elements  ALi(FN):)
—>> Control points: xc,yc — . ! ki
Element and R in (14.6)
parameters : de. cosq
ﬂnqj
POINT SURVL FACT and SOLVE
v, .v, p at u, v, p at the Solution of (14.6)
points {xp, yp) control points (x;,y}) to give o

Fig. 14.6. Structure of program PANEL
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14.1 Panel Method

PANEL CALCULATES VELOCITY AND PRESSURES ABOUT
AN ARBITRARY CLOSED BODY USING THE PANEL METHOD.

DIMENSION X{50),Y{50),XC{50) ,YC(50),D5(50} ,FN(50,50)

1 ,FT(SO,BO),RHS(SO),SDE(SO),CI(SO),SI(SO),AA(SO,SO),IKSl(SO)
COMMON X,Y,XC,YC,DS,FN,FT RHS,PI,CPI,CI,SI

1 ,UINF,VINF,SDE

OPEN(1,FILE="PANEL.DAT')

OPEN (6, FILE="PANEL.OUT")
READ(1,1)N,IPR,UINF,VINF,FHNN,B
FORMAT(215,4E10.3)

WRITE(6,2)N,B

WRITE(6,3)UINF,VINF, FMN

FORMAT (1X, 'PANEL METHOD WITH ',I2,' ELEMENTS,'5X,
1 'ELLIPSE MINOR SEMI-AXIS =',F6.3,/)
FORMAT (1X, 'ONSET VELOCITY COMPONENTS = ', 2F6.3,

1 2X,'FREESTREAM MACH NUMBER = ',F6.3,//)

M=N+1

PI = 3.14159265

CPI=2.0/P1

CALCULATE COORDINATES OF BODY AND CONTROL POINTS.
CALL BODY(N,M,IPR,FMN,B)

CONSTRUCT THE MATRIX EQUATION.

CALL MATELM(N,M,IPR)

TRANSFER FN INTO AA

DO 5 K = 1,N
DO 4J =1,N

AA(K,J) = FN(K,J)
SDE(K) = RHS(K)

nu

FACTORISE AR INTO L.U

CALL FACT(N,AA,IKS1)

SOLVE FOR THE SOURCE DENSITIES, SDE(K)

CALL SOLVE(N,AA,IKS1,SDE)

CALCULATE VELOCITY AND PRESSURE AT THE BODY SURFACE
CALL SURVL{N,B,FMN)

CALCULATE FLOW AT GIVEN POINTS.

CALL POINT(N,FMN)

STOP
END

Fig. 14.7. Listing of program PANEL

131
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1 SUBROUTINE BODY(N,M,IPR,FMN,B)
2C
3¢ CALCULATES BODY AND CONTROL POINT COORDINATES
4C FOR AN ELLIPSE WITH MINOR SEMI-AXIS, B
5¢C
6 DIMENSION X{50),Y(50),XC(50),YC(50),D5(50),FN(50,50)
7 1 ,FT(50,50) ,RES(50),SDE(50),CI{(50),SI(50)
8 COMMON X,Y,XC,YC,DS,FN,FT,RHS,PI,CPI,CI,SI
9 1 ,UINF,VINF, SDE

10 €

11 ¢ BODY POINTS

12 C

13 FAC = SQRT(1.0 - FMN*FMN)

14 NHLFF = N/2 + 1

15 NHH=NHLFF+1

16 AN = NHLFF - 1

17 DTH = PI/AN

18 C

19 DO 2 I=1,NHLFF

20 Al =1 -1

21 TH = AI*DTH

22 TH = PI -~ TH

23 X(I) = COS(TH)

24 Y{I)}) = B*SIN(TH)

25 ¢

26 C PRANDTL-GLAUERT TRANSFORMATION

27 €

28 2 Y(I) = Y(I)*FAC

29 C

30 € REFLECT FOR COORDINATES OF LOWER HALF.

31 ¢

32 DO 3 I=NHH,N

33 X(I)=X(N+2-I)

34 3 Y(I} = - Y(N+2-I)

35 X(M)=Xx(1)

36 Y (M)=Y(1)

37¢

38 C PLACE CONTROL POINTS AT THE CENTER OF PANELS.

39 C

40 DO 4 I=1,N

41 XCAI) =(X(I)+X(I+1))*0.5

42 4 YC({I)=(Y(I)+Y(I+1))*0.5

43 C

44 C CALCULATE PANEL SPANS,COS AND SINE OF ANGLES.

45 C

46 DO 5 I=1,N

47 SX=X(I+1)-X(I)

48 SY=Y(I+1)-Y(I)

49 DS{I)=SQRT(SX*SX+SY*SY)

50 CI(I)=(X(I+1)-X(I))/DS(I)

51 5 SI(I)={Y(I+1)-Y(I)}/DS(I)

52 IF(IPR .EQ. O)RETURN

53 C

54 C OQUTPUT ELEMENT PARAMETERS

55 C

56 VRITE(6,6)

57 6 FORMAT(2X, 'ELEMENT PARAMETERS')

58 D0O7I1I=1,N

59 7 VRITE(6.3)I.X(I),Y(I),XC(I),YC(I),DS(I),CI(I).SI(I)

60 8 TFORMAT(2X,'I=',I2" X,Y=',2F8.4,' XC,YC= ',2F8.4,"

61 1 F8.4,’ CI,SI= ',b2F8.4)

62 RETURN

63 END

Fig. 14.8. Listing of subroutine BODY
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14.1 Panel Method

SUBROUTINE MATELM(N,M,IPR)
CALCULATES MATRIX ELEMENTS AND RHS.
DIMENSION X(50),Y{50},XC(50),YC{50),Ds(50),FN(50,50)
,FT{50,50) ,RHS (50}, SDE(50),CI{50),SI(50)
COMMON X,Y,XC,YC,DS,FN,FT,RHS,PI,CPI,CI,SI
,UINF,VINF, SDE

2K
14

nou

DO 1,N

DO 1,N

IF(K.EQ.J) FN(K,J)=2.*PI
IF(K.EQ.J) FT(K,J)=0.0
IF(K.EQ.J) GO TO 1
DYJ=SI(J)*DS(J)
DXJ=CI(J)*Ds(J)
SPH=DS (J) *0.5

XD=XC (K)-XC (J)
¥YD=YC (K} ~YC(J)

RKJ=SQRT (XD*XD+YD*YD)
BKJ=ATAN2 (YD, XD)
ALJ=ATAN2 (DYJ, DXJ)
GKJ=ALJ-BKJ

ZIK=RKJ*COS (GKJ)
ETK=-RKJ*SIN(GKJ)
R1S=((ZIK+SPH) **2) +ETK*ETK
R25=({(ZIK-SPH) **2) +ETK*ETK
QT=ALOG (R15/R2S)
DEN=ZIK*ZIK+ETK*ETK-SPH*SPH
GNM=ETK*DS (J)
QN=2.0*ATAN2 (GNM, DEN)
UKJ=QT*CI (J) -QN*SI(J)
VKJI=QT*SI (J)+QN*CI(J)
FN(K,J)=-UKJ*SI(K)+VKJI*CI(K)
FT(K,J)=UKJ*CI(K)+VKJ*SI(K)
CONTINUE

RHS (K) =UINF*SI(K)-VINF*CI(K)
CONTINUE

IF(IPR .LE. 1)RETURN

WRITE(6,4)

FORMAT (2X, '"MATRIX ELEMENTS = NORMAL VELOCITY COMPONENTS')
DO 5 K=1,N

WRITE(6,8) K,({(FN(K,J),J=1,N)

WRITE(6,6)

FORMAT (2X, ' TANGENTIAL VELOCITY COMPONENTS')
DO 7 K=1,N

WRITE(6,8)K, (FT(K,J),J=1,N)

FORMAT (2X,I5, (10F10.5))

WRITE(6,9)

FORMAT (2X, 'RIGHT HAND SIDE')
WRITE(6,10) (RHS (K) ,K=1,N}

FORMAT (2X,10F10.5)

RETURN

END

Listing of subroutine MATELM

133



134 14. Inviscid Flow

1 SUBROUTINE SURVL(N,B,FMN)
2 ¢C
3c CALCULATES VELOCITIES AND PRESSURE AT THE CONTROL POINTS
icC QEX IS THE EXACT VELOCITY AT THE SURFACE OF THE ELLIPSE
5¢C
6 DIMENSION X(50),Y{50},XC{50),YC(50),DS(50),FN{50,50)
7 1,FT(50,50) ,RHS(50),SDE(50),CI(50),SI{50)
8 COMMON X,Y,XC,YC,DS,FN,FT,RHS,PI,CPI,CI,SI
9 1,UVINF,VINF, SDE
10 ¢
11 FAC = SQRT(1. - FMN*FMN)
12 GAM = 1.4
13 Cl = 0.5%(GAM-1.)*FMN*FMN
14 C2 = 0.5*GAMAFMN*FMN
15 GKP = GAM/{GAM-1.)
16 WRITE(6,1)
17 1 FORMAT(2X, 'VELOCITY AND PRESSURE AT THE CONTROL POINTS')
18 DO 4 K=1,N
19 QTS=0.0
20 QNS=0.0
21 DO 2 J=i,N
22 QTS=QTS+FT(K,J) *SDE(J)
23 2 QNS=QNS+FN(K,J) *SDE(J)
24 ¢
25 QNK = QNS + VINF*CI(K) - UINF*SI(K)
26 QTK = QTS + VINF*SI(K) + UINF*CI(K)
27 UU=UINF-QNS*SI (K)+QTS*CI(K)
28 VV=VINF+QNS*CI(K) +QTS*SI (K)
29 UU = UU/FAC/FAC
30 VV = VV/FAC
31 PP=1.-UU*UU-VV*Vy
32 IF(FMN .GT. 0.05)PP = ({1.+C1*PP)**GHMP-1.)/C2
33¢
34 DUM = B*B*XC(K)
35 DUM = YC(K)*YC(K) + DUM*DUM
36 QEX = (1. + B)*YC(K)/SQRT(DUM)
31 ¢C
38 WRITE(6,3)XC (K}, YC{K),bQNK,QTK,UU,VV,PP,QEX
39 3 FORMAT(1X,'XC,YC=',2F6.3,' ¢N,QT=',2F6.3,
40 1' u,v=',2F6.3,' P=',F6.3,' QEX=',F6.3)
41 4 CONTINUE
42 RETURN
43 END

Fig. 14.10. Listing of subroutine SURVL

To allow program PANEL to be extended to subsonic inviscid flow
a Prandti-Glauert transformation (Sect. 14.1.6) is made to the y coordinate as
YVine =Y(1~M?3)"2 Thus (x, y;,.) gives the surface profile of an equivalent body in
incompressible flow for the actual flow with freestream Mach number M,.

The contributions to the matrix elements A;; in (14.6) are evaluated in sub-
routine MATELM (Fig. 14.9) via (14.12-14). The elements Ay; are stored in FN, ;.
The tangential velocity increments corresponding to unit source densities are
stored in FT,; for subsequent use in the subroutine SURVL (Fig. 14.10). The
contributions to R, in (14.8) are calculated in MATELM under the slightly more
gmwnﬂa%umpﬁonofatwo@ompmwntﬁe%ﬂemnvdodw(Ux,Vx)

Subroutines FACT (Fig.6.15) and SOLVE (Fig.6.16) are used to solve
(14.6) for the source densities 6. The velocities and pressure at the control points are
evaluated in the subroutine SURVL (Fig. 14.10) using the equivalent of (14.11), but
based on FT and FN.

14.1
1 SUBROUTINE POINT(N,FMN)
§ 2 CALCULATES THE FLOW AT GIVEN POINTS, (XP,YP)
Z ¢ DIMENSION X(50),¥(50),XC(50),YC(50),DS(50),FN{50,50)
6 1,FT(50,50) ,RHS(50) ,SDE(50),CI(50),SI(50)
7 COMMON X,Y,XC,YC,DS,FN,FT,RHS,PI,CPI,CI,SI
8 1,UINF,VINF, SDE
9¢C
10 FAC = SQRT(1. - FMN*FMN)
i1 GAM = 1.4
12 C1 = 0.5%(GAM-1.)*FMN*FHN
13 €2 = 0.5*GAM*FMN*FMN
14 GHP = GAM/(GAM-1.)
15 1 CONTINUE
16 READ(1,2) XP,YP
17 2 FORMAT(2F8.5)
18 YP = YP*FAC
19 RPS = XP*XP + YP*YP
20 IF(RPS .LT. 1.0E-04)RETURN
21 €
22 UU=UINF
23 VV=VINF
24 DO 3 J=1,N
25 DYJ=SI(J)}*DS(J)
26 DXJ=CI(J)*DS(J)
27 SPH=DS (J)*0.5
28 XD=XP-XC (J)
29 YD=YP-YC (J)
30 R=SQRT (XD*XD4+YD*YD)
31 BET=ATAN2 (YD, XD)
32 ALJ=ATAN2(DYJ,DXJ)
33 GAM=ALJ-BET
34 ZI=R*COS (GAM)
35 ET=-R*SIN(GAM)
36 R1S=((ZI+SPH) **2) +ET*ET
37 R25=( (ZI-SPH) **2) +ET*ET
38 QT=ALOG (R1S/R2S)
39 DEN=ZI*ZI+ET*ET-SPH*SPH
40 GN = ET*DS(J)
41 ON = 2.0*ATAN2(GN,DEN)
42 UJ=QT*CI{J)-QN*SI(J)
4 VJ=QTASI(J)+QN*CI(J)
44 UU=UU+UJ*SDE(J)
45 VV=VV+VJ*SDE (J)
46 3 CONTINUE
47 ¢
48 YP = YP/FAC
49 UU = UU/FAC/FAC
50 VYV = VV/FAC
51 PP=1.-UU*UU-VV*VV
52 IF(FMN .GT. 0.05)PP = ((1.+C1*PP)**GMP-1.)/C2
53 WRITE(6,4)XP,YP,UU,VV,PP
54 4  FORMAT(/,2X,'FLOW AT X,Y=',2F6.3,' U,v=',2F6.3,' P=
55 1 F6.3)
56 GO TO 1
57 END

Fig. 14.11. Listing of subroutine POINT

Panel Method
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The velocity components and pressure at specified points (x,, y,) external to the
body are calculated in the subroutine POINT (Fig. 14.11) using the equivalent of
(14.11-13). The coordinates (x,, y,) are read from the input data file on logical
unit 1.

The parameters used by PANEL are described in Table 14.2 and typical output
for the flow about an ellipse with a minor semi-axis length b=0.5 units is shown in
Fig. 14.12. At each control point the velocity components normal and tangential to
the local body slope are given by QN and QT in Fig. 14.12. The normal component
QN is zero. It may be recalled that this boundary condition (14.4) is used to
determine the source densities. The tangential component QT is compared with the
exact tangential component QEX in Fig. 14.12 at the surface of the ellipse

Table 14.2. Parameters used in program PANEL

Parameter Description
AA matrix 4 in (14.6)
B minor semi-axis length of the ellipse
FMN freestream Mach number M,
FN(K, J) induced velocity normal to panel k at (x,, y,) due to unit g;
FT(K, J) induced velocity tangential to panel k at (x,, y,) due to unit o,
IPR >0 print X, Y, XC, YC, DS, CI, SI in BODY
=1 print FN, FT, RHS in MATELM
M number of element end points
N number of elements
RHS vector R in (14.6)
SDE source density vector o
UINF, VINF freestream velocity components U, and V.
XY coordinates of panel end points
XC, YC coordinates of panel control points
CI(J), SI(J) cos «;, sin ;, Fig. 14.5
DS{) panel length (span), ds;
ALJ a;, Fig. 14.5, MATELM and POINT
BKJ B> Fig. 14.5, MATELM; BET in POINT
GKlJ k> Fig. 14.5, MATELM; GAM in POINT
RKJ ry;» Fig. 14.5, MATELM; R in POINT
OQN, QT a;;» 4i; in (14.13), MATELM and POINT
QNK, QTK velocity components normal and tangential to the kth panel at (x,, y,)
UKJ, VKIJ W, Uy in (14.12), MATELM; UJ, ¥J in POINT
Uu, VV, PP u, v, p at point (x,, y;) in SURVL and point (x,, y,) in POINT
QE exact tangential velocity at the surface of the ellipse, g, .,
(1+b)y
qt,ex=m . (14.16)

Agreement could be made better by introducing more panels, particularly in the
nose (YC=0) and shoulder (YC x0.5) regions. Also shown in Fig. 14.12 are the
Cartesian velocity components and pressure at the control points and at a typical
off-body point (0, 1.0}.
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pPANEL METHOD WITH 20 ELEMENTS, ELLIPSE MINOR SEMI-AXIS = .500
ONSET VELOCITY COMPONENTS = 1.000 .000 FREESTREAM MACH NUMBER = .000

VELOCITY AND PRESSURE AT THE CONTROL POINTS
XC,YCc= -.976 .077 OQN,QT= .000 .448 U,v= .135 .427 P= .800 OQEX= .453

%c,¥C= -.880 .224 ON,QT= .000 1.067 U,V= .762 .748 P= -.139 QEX= 1.071
%C,YC= -.698 .349 QN,QT= .000 1.342 U,v= 1.200 .600 P= -.801 QEX= 1.342
%C,YC= -.448 .440 QN,QT= .000 1.455 U,v= 1.410 .359 P=-1.117 QEX= 1.454
%C,YC= -.155 .488 OQN,QT= .000 1.497 U,v= 1.492 .118 P=-1.240 QEX= 1.495
xc,Yc= .155 .488 OQN,QT= .000 1.497 U,V= 1.492 -.118 P=-1.240 QEX= 1.495
XC,YC= .448 .440 OQN,QT= .000 1.455 U,v= 1.410 -.359 P=-1.117 QEX= 1.454
XC,¥Cc= .698 .349 ON,QT= .000 1.342 U,V= 1.200 -.600 P= -.801 QEX= 1.342
XC,¥C= .880 .224 QN,QT= .000 1.067 U,V= .762 -.748 P= -.139 QEX= 1.071
%C,¥C= .976 .077 OQN,QT= .000 .448 U,V= .135 -.427 P= .800 QEX= .453
XC,¥C= .976 -.077 QN,QT= .000 -.448 U,v= .135 .427 P= .800 QEX= -.453
XC,YC= .880 -.224 OQN,QT= .000-1.067 U,v= .762 .748 P= -.139 QEX=-1.071
XC,YC= .698 -.349 QN,QT= .000-1.342 U,V= 1.200 .600 P= -.801 QEX=-1.342
XC,¥C= .448 -.440 QN,QT= .000-1.455 U,V= 1.410 .359 P=-1.117 QEX=-1.454
%C,¥C= .155 -.488 OQN,QT= .000-1.497 U,v= 1.492 .118 P=-1.240 QEX=-1.495
XC,YC= -.155 -.488 QN,QT= .000-1.497 U,V= 1.492 -.118 P=-1.240 QEX=-1.495
XC,YC= -.448 -.440 ON,QT= .000-1.455 U,V= 1.410 -.359 P=-1.117 QEX=-1.454
XC,¥C= -.698 -.349 QN,QT= .000-1.342 U,V= 1.200 -.600 P= -.801 QEX=-1.342
XC,YC= ~-.880 -.224 OQN,QT= .000-1.067 U,V= .762 -.748 P= -.139 QEX=-1.071
XC,¥YC= ~.976 -.077 QN,QT= .000 -.448 U,V= .135 -.427 P= .800 QEX= -.453
FLOW AT X,Y= .000 1.000 U,V= 1.257 .000 P= -.579

Fig. 14.12. Typical output from program PANEL

14.1.3 Connection with the Boundary Element Method

The panel method described in Sect. 14.1.1 is particularly effective for the flow
about isolated bodies in a uniform stream. However, for internal flows, e.g. the flow
around an obstacle in a channel, an alternative formulation based on Green’s
theorem is often more convenient. This alternative technique seeks the solution @
directly, without introducing the intermediate source panel distribution.

For two-dimensional problems the potential at any point (xy» ¥), in the general
domain, can be related to the values of ® and d®/én on the computational
boundary S, i.e.

1 o 8 ’
D(xy, Vi) :ED (Inryy) 5 (5) ds— ) P LYMLIC) dsJ : (14.17)
S

S

where (x;, y;) lies on § and ry; is given by (14.3).

When (x,, y,) is restricted to the computational boundary S, (14.17) provides a
compatibility condition between ®O(s) and 0®(s)/on. For the previous example of
flow around an isolated body, d®(s)/én is known and (14.17) provides a Fredholm
integral equation of the second kind for ®(s). Typically the local behaviour of ®(s)
is assumed to be represented by the summation of one-dimensional interpolating
functions (Sect. 5.3), N;(&), ie.

D(s)= Y NP , (14.18)

where ¢ is an element coordinate and @; are the nodal values of ®(s).
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This is the boundary element method (Brebbia 1978). Substitution of (14.18)
into (14.17), and the requirement that the resulting equation is exactly satisfied at
the nodes, generates a linear system of equations, equivalent to (14.6) but directly
for @;.

Often, for internal flows, @ is given on part of the domain and d®/dn is given on
another part of the domain. By introducing (14.18) for the unknown ®(s) and a
comparable trial solution for the unknown d®(s)/0n it is possible to solve the
problem directly, since (14.17) ensures compatibility of ®(s) and é®(s)/dn. The flow
around a circular cylinder in a channel is of this type, if @ is interpreted as the
stream function. The required steps to obtain the solution are provided by Fletcher
(1984, pp. 180-183).

The above Green’s formula method can be recast as a generalised ‘source’ panel
method by continuing the solution beyond the computational boundary. The
details are provided by Jaswon and Symm (1977, pp. 41-43).

14.1.4 Lifting Aerofoil Problem

To simulate the flow around a lifting body such as an inclined aerofoil, the solution
procedure described in Sect. 14.1.1 must be supplemented to provide a unique
value for the lift produced by the aerofoil. The lift is related to the circulation I
around any closed path ¢ in the fluid which encloses the body by

L=oU.T, (14.19)

where I’ =j v-dc. For the body shown in Fig. 14.1 an appropriate path to evaluate
I' would be the surface of the body.

To represent the circulation an additional surface doublet (or dipole) distri-
bution pu(s) is introduced so that (14.2) takes the form

D(xi, yi)=U o X, +%£ a(s) (In r) ds—% | ,u(s)%(s)(ln r)ds . (14.20)
The doublet distribution u(s) can be related to a vortex sheet (Rubbert and Saaris
1972). A linearly varying doublet panel is equivalent to a constant strength vortex
sheet. In practice, u(s) is chosen to give the appropriate value of I to satisfy the
Kutta condition, as indicated below.

In practical implementations (Hess 1975, pp. 160-163) advantage is taken of the
linear nature of (14.1) and the opportunity to superpose solutions. For an inclined
aerofoil the solution after applying a conventional surface-source method
(Sect. 14.1.1) would appear as shown in Fig. 14.13a. This solution is a poor
representation of the real flow since it implies an infinite velocity at the sharp
trailing edge and that the lift is zero.

The Kutta condition, that the velocity must be finite at the trailing edge, is
invoked to fix I and, thereby, to determine the lift, from (14.19). The circulation I is
generated computationally by a surface distribution of linearly varying doublet
panels. This generates the purely circulatory flow shown in Fig. 14.13b. Addition of
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Fig. 14.13. Superposition of
solutions: (a) non-lifting

/W flow, (b) circulatory flow,

a (c) combined lifting flow

s\

%

— . .
/

Cc

this solution and the original surface-source solution, with the doublet strengths
chosen to satisfy the Kutta condition, generates the physically realistic solution
shown in Fig. 14.13c. The Kutta condition is satisfied by requiring that the
tangential velocities at corresponding control points adjacent to the trailing edge
(Fig. 14.14) are equal.

Fig. 14.14. Displacement
Kutta thickness effects and the
condition Kutta condition

The circulatory flow shown in Fig. 14.13b is generated computationally by
ascribing a unit strength vortex at each control point and determining what source
distribution, by solving (14.6), will produce the same flow field.

It may be recalled that v,; is the vector of velocity components at the kth
control point due to a unit source at the jth control point. If v,; is rotated through
90°, i.e. (vg;, — ), the result gives the velocity components at the kth control point
due to a unit vortex at the jth control point.

Thus the total velocity induced normal to the kth control point due to the
distribution of unit strength vortices is given by

vn=Z(vkj sin o, + uy;cos o} , (14.21)

7
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and the corresponding source strengths generating this purely circulatory flow is

given by the solution of

Aoc=—) (0y;Sin @, + Uy, cos %) - (14.22)

J

If (14.6) has already been solved for uniform freestream flow using a direct method, -

the solution of (14.22) will only require the muitiplication of the factored form of 4
and the right-hand side of (14.22). This is a relatively economical, O(N 2), process.
The Kutta condition is invoked by solving

Z(”l.j cos oy — vy ; sinay)(0;+ 105)+ U, cosy
j
= _Z (U, j COS Uy — Uy ;SIN 0y) (0, + 705) — U, COS 0y (14.23)
j

for 7. This gives the weighting to be applied to the solution associated with
circulatory flow (14.22) so that the tangential velocity at the control point (k=I)
just before the trailing edge is equal to the tangential velocity at the control point
(k=m) just after the trailing edge in the clockwise direction.

In terms of the parameters used in the program PANEL, (14.23) becomes

— [z (FT,;+ FT,,)o;+ U, (cos &+ cos a,,) — V., (sin o + sin ocm):l
p— . (14.24)
Y (FT,;+FT, )05

J

To generate more accurate pressure distributions, particularly for aerofoils (or
turbine blades) producing lift, it is desirable to allow for boundary layer dis-
placement thickness effects. This is done as follows. Given the surface pressure
distribution resulting from the solution for the lifting aerofoil, Fig. 14.13c, the
boundary layer solution (Sect. 15.1) is obtained and the displacement thickness
distribution 8*(x) calculated (11.67). This is added to the original geometric shape
(Fig. 14.14) and the pressure distribution obtained for the augmented shape. The
overall process is repeated, perhaps four or five times, until convergence is
achieved. Alternative strategies for imposing the Kutta condition, which allow for
the displacement thickness, are discussed by Hess (1975, p. 163).

14.1.5 Higher-Order Panel Methods and the Extension to Three Dimensions

The accuracy of the panel method depends on the number of panels, N, introduced
to represent the shape. For internal flow problems (e.g. engine intakes) or the three-
dimensional flows around complete aircraft or automobiles the use of constant
strength source densities over flat panels forces the introduction of a very large
number of panels and an excessive execution time to achieve an acceptable
accuracy.
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The basic method, described in Sect. 14.1.1, can be extended to allow both
curved panels and source densities that vary linearly or quadratically, etc., across
the panel. For a two-dimensional flow, two degrees of freedom per panel would be
required to define a linear source density variation. Although there is some
additional algebraic manipulation required, the execution time per degree of
freedom in (14.6) is not significantly greater than for the constant strength, flat
panel case. Consequently for internal flows and flows with severe reflex curvature
more accurate solutions can be obtained for the same overall execution time (Hess
1975, pp. 165-168) by using higher-order panels.

The extension of the panel method to three-dimensional flows is quite straight-
forward. In the case of a nonlifting body, (14.2) is replaced by

N
(D(xk,yk,zk)zwakﬂ-Lz ajjidsj, (14.25)
dn = T g
where the jth panel is now an area rather than a line. Equation (14.4) changes
correspondingly. The main complications in three dimensions are the mechanics of
defining the panel geometry and the solution of (14.6) for large values of N. This is
usually carried out iteratively if N > 1000 (Hess 1975, p. 159).

Figure 14.15 provides a typical example of the accuracy achievable by a panel
method for a complicated geometric configuration. Reviews of the method, with
considerable practical detail, are provided by Hess and Smith (1967), Hess (1975)
and Kraus (1978).
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Fig. 14.15. Pressure distribution for a slotted wing (after Hess, 1975; reprinted with permission of
North-Holland)
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14.1.6 Panel Method for Inviscid, Compressible Flow

In this category it is useful to isolate flows for which (11.109) is valid, i.e.

% 0% %
—_M3Ay T4 F —
(1 Moo)axz + ayz + 622 _0 ) (14.26)

where ¢ is the (disturbance) velocity potential, i.e.
O=U,x+¢ , for example.

Subsonic or supersonic flow abour slender bodies is accurately predicted by
(14.26) with the boundary conditions of zero normal velocity at the body surface
and the vanishing of ¢ far from the body. For supersonic flow there is a further
requirement that any shock waves should be weak, since entropy is not conserved
across a shock and (14.26) is based on the assumption of isentropic flow.

For subsonic inviscid flow governed by (14.26) it is possible to construct
an equivalent incompressible flow using the Prandtl-Glauert transformation
(Liepmann and Roshko 1957, p.255). The equivalent incompressible flow has
independent variables

xi=x, y=pJ1-M%, z=z/1-M2, (14.27)
and dependent variable ®,=®(1—M?2), and the panel method (Sect. 14.1.1) is
directly applicable.

For supersonic flow a Prandtl-Glauert transformation is not introduced.
Instead the panel method is applied directly to (14.26) but with zero mass flow
normal to the body surface used as the body boundary condition. Kraus (1978)
reviews alternative panel methods for supersonic flow and Carmichael and Erikson
(1981) provide a detailed description of one particular code, PAN-AIR, that shares
many common features with the panel method described in Sect. 14.1.1. PAN-AIR
solves (14.26) and is therefore suitable for subsonic or supersonic flow about
slender bodies.

Since (14.26) is only an approximation to the full compressible potential
equation, solutions obtained from a panel method for compressible flow can be
interpreted as a first approximation to more accurate solutions obtained using the
techniques to be described in Sect. 14.3.3.

Tinoco and Chen (1986) report using PAN-AIR to design efficient engine
nacelle airframe combinations for large commercial aircraft. In addition they
report using subsonic PAN-AIR solutions as a means of partially validating
solutions of the transonic full potential equation (Sect. 14.3.3) for complex geo-
metric configurations.
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14.2 Supersonic Inviscid Flow

If no restriction is placed on the slenderness of the body, subsonic inviscid flow can
pe computed by any of the schemes that have been developed for transonic flow
(Sect. 14.3). Supersonic inviscid flow introduces the complication of shock waves,
and their occurrence and accurate representation place a considerable demand on
the computational algorithm. The shock wave may be moving, as in unsteady
problems associated with blast waves (caused by explosions), or stationary relative
to the body producing the shock wave, as with the bow shock formed by a reentry
vehicle.

14.2.1 Preliminary Considerations

Supersonic flows associated with missiles, aircraft, missile engine intakes and
rocket nozzles are often steady. It may be recalled (Sect. 11.6.1) that for steady
inviscid flow the physical character of the flow is “elliptic” in the subsonic region
and “hyperbolic” in the supersonic region. For steady supersonic flows that contain
no embedded subsonic regions it is possible to construct a one-pass marching
scheme in the hyperbolic direction, which is usually the approximate flow direction.
Then the marching direction has the same role as time in an unsteady problem.
Such marching techniques are clearly very efficient (Sect. 14.2.4).

For fully hyperbolic problems explicit schemes have been widely used in the
past and will probably continue to be so where the discretisation step in the time or
time-like coordinate is more restricted by the need to achieve a predetermined
accuracy than by a stability limitation. For one-dimensional unsteady supersonic
inviscid flow the explicit stability limit for many schemes is the generalised CFL
condition (compare Sect.9.1.2) of (|u|+a)At/Ax <1.0 where a is the local sound
speed.

If embedded subsonic regions are present, e.g. a blunt body problem, it is
necessary to adopt a pseudo-transient formulation (Sect. 6.4) to obtain the steady
solution, i.e. to march in time until the solution no longer changes. Such techniques
are computationally more expensive but are generally more robust in handling
instabilities associated with boundaries between subsonic and supersonic flow (i.e.
sonic lines and shock waves). Since time plays the role of an iteration parameter in
this case it is usual to employ implicit techniques to avoid the time step stability
limitation associated with explicit techniques. The construction of appropriate
implicit techniques (Sect. 14.2.8) are often based on split or approximate factor-
isation algorithms (Sects. 8.2 and 9.5.1).

Traditionally, problems for which the governing equation are hyperbolic
everywhere have been solved by the method of characteristics (Sect.2.5.1 and
Liepmann and Roshko 1957). However, the method of characteristics has been
superseded primarily because of the difficulty of incorporating shock waves. The
grid adjacent to the shock degenerates since the characteristics run together at the
shock, which forms the boundary of the computational region. In addition,
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comparative tests (Rackich and Kutler 1972) indicate that traditional methods of
characteristics are slower than competitive finite difference methods. However,
some finite difference schemes, e.g. the Moretti scheme (Sect. 14.2.5), use a form of
the governing equations such that knowledge of the characteristic locations can be
exploited very efficiently.

Expressing the governing equations in characteristic form is very useful for
determining the number and nature of the boundary conditions (Pulliam 1981)
and, where appropriate, for extrapolating the internal solution to the boundary
along a characteristic (Rudy and Strikwerda 1981; Chakravarthy 1983). Express-
ing the governing equations in characteristic form is also useful (Roe 1986) in
constructing special techniques for predicting the flow when strong shocks are
present (Sect. 14.2.6).

For supersonic flows that contain shocks it is possible to calculate the change in
flow properties across the shock from the Rankine-Hugoniot conditions, e.g.
(11.110), and to link them with a computational scheme suitable for the shock-free
region. Such a strategy is often referred to as a shock-fitting scheme. However, for
non-simple flows, €.g. a cone at angle of attack, secondary shocks occur (Fletcher
1975) whose locations are not known, a priori. The complicated coding logic
required to use a shock-fitting method for non-simple flows makes them less
effective.

By casting the equations in conservation form, for example (11.116), and by
using a discretised form that conserves the mass, etc., it is possible to obtain
solutions that satisfy the weak form (5.6) of the governing equations. As shown by
Lax and Wendroff (1960), solutions of the weak form of the governing equations
automatically satisfy the Rankine-Hugoniot jump conditions across any dis-
continuities that may occur in the flow. Shock waves are the most common form of
such discontinuities. Consequently the solution of the discretised equations auto-
matically captures the shock behaviour, both the strength and the shock speed for
unsteady flow. The main difficulty with shock-capturing techniques is in obtaining
sharply defined profiles of the flow variables through the shock without having to
introduce special procedures which inevitably reduce the economy of the overall
method.

14.2.2 MacCormack’s Predictor—Corrector Scheme

A very effective finite-difference technique for inviscid supersonic flow, particularly
as the foundation for steady-flow shock-capturing techniques, is MacCormack’s
explicit predictor—corrector scheme (MacCormack 1969). This scheme can be

illustrated for the inviscid Burgers’ equation (10.2) written in conservation form,
ou OF
—+—=0 s 14.28
ot 0x ( )

where F=0.5u%. At the first (predictor) stage an intermediate solution u* is
calculated from
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At
uf == G (F —F)) (1429)

The corrector stage is

t
—E(F;*—F;f_l) : (14.30)

w1t =0.5(u} + u¥)
The scheme is constructed from one-sided difference formulae at each stage but
contributions to the truncation error cancel to produce a scheme which is second-
order accurate in time and space. By reversing the asymmetric differencing of F in
(14.29 and 30) an equivalent scheme is generated.

MacCormack’s scheme is conceptually similar to the two-stage Lax—Wendroff
scheme (10.11, 12). In fact for linear problems, e.g. (9.2), MacCormack’s scheme
reduces to the single-stage Lax-Wendroff scheme (9.16).

In order to obtain stable solutions of (14.29 and 30) for the particular
choice F=0.5u?, the time-step must be restricted to 4t < Ax/u, i.e. At is limited by
the CFL condition (Sect. 9.1.2). If F(u) in (14.28) is more general the time-step
restriction for the MacCormack and Lax-Wendroff schemes becomes

A
'A(““Jiél , (14.31)

where A =dF/du. For the vector equivalent of (14.28), e.g. (10.40), 4 is a matrix with
elements 0F;/0u;. The corresponding stability restriction is

. At
I"klﬂél > k=17 2,...,” 9 (1432)

where 4, are the eigenvalues of A.

MacCormack’s scheme, and the two-stage Lax—Wendroff scheme, can be inter-
preted as members of the S7 family introduced by Lerat and Peyret (1975). The par-
ameters « and f8 determine where on the discretised (x, r) grid u; is effectively evalu-
ated (Fig. 14.16). The MacCormack schemes correspond to =0 and =0 or 1.
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Fig. 14.16. Effective evaluation points for S§ family
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The S§ family is described by Peyret and Taylor (1983, pp. 48-51). All members
of the S§ family are conservative which is necessary for correctly predicting the
shock strength and propagation speed, when used to capture shocks automatically,
The need for the equations to be expressed in conservation form and for
conservative differencing to be used can be illustrated for the inviscid Burgers’
equation (14.28). For initial conditions
u=a at t=0 and —o0<x=0,

u=>b at t=0 0<x<+4+w,
the exact solution is
u=a for x=<Upt

u=b for x>U,t,

where U, is the propagation speed to be determined. If L is large enough to contain
the disturbance, then from (14.28)

L
% j udx=[—O.SMZJILL:O.S(aZ—bZ) . (14'33)
—L
But also
5 L
ot _jL“dX=Up[—“]L—L=Up(a—b) , so that

2 2_ 2
U :[O.Su ]=0.5(b as)

o b2 =0.5(a+b) , (14.34)

where [ ] denotes the evaluation of the change in the quantity across the dis-
continuity. If (14.28) is differenced by MacCormack’s scheme (14.29, 30) and the
intermediate solution is eliminated, one obtains

urtt—yt FT —Fn_| At .
’ At ! ’ ZAXJ _O'SE[uj(Fj+1_Fj)_ujAl(Fj_FjAl)]

At?
+025° 5 [(Fyuy — Fy) —(F=F PT'=0 . (14.35)

If ¢/ot J.Lﬂ_ udx 1s evaluated by a mid-point rule, the result is

o L A
o) udx:A—):[O.S(u’l‘“—u'{)+(u'§“—u'§)+...
- L

+ ('t —uy o )05y —up)] .
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Substituting from (14.35) and noting the interior cancellation gives

L
% [ udx=0.25[—(Fo+2F, + F;)+(Fy_, + 2Fy + Fy, )]+ 0(4x)
-L

=0.5(a>— b+ 0(4x) ,

i.e. (14.33) is preserved. This result is exact if Fo=F; =F, and Fy_, =Fy=Fy., .

14.2.3 SHOCK: Propagating Shock Wave Computation

The MacCormack scheme and the two-stage Lax—Wendroff scheme will be applied
to the propagation of a shock wave in one-dimensional unsteady flow. The use of
artificial viscosity to generate a smooth shock profile will be demonstrated.

The propagation of a shock wave in one-dimensional inviscid flow is governed
by the equations

do  Hou) _

o -0, (14.36)
dow 0@,

o Taclew =0, (14.37)
~a[ (e+lu2)]+—a {ufole+3u®)+p]} =0 (14.38)
5 Lelet: oy letets p : .

These equations are the conservation form of the continuity, x-momentum and
energy equations respectively; (11.117) without the 7 and Q terms. For an ideal gas,
such as air, the specific internal energy in (14.38) can be expressed as

e=c.T=—F (14.39)

where 7 is specific heat ratio. With the aid of (14.39) it is clear that (14.36-38)
contain three dependent variables: u, ¢ and p.

For the propagating shock problem Dirichlet boundary conditions for u, ¢ and
p are required upstream and downstream of the shock. These are

u=u, , 0=90,, p=p, at x=x;,

‘ ‘ ' ‘ (14.40)
u=u,=0, p=0,, p=p, at x=x, .
At time t=0, the shock is located at x=x,. Therefore, appropriate initial
conditions are

u(xao)zul ’ Q(X,O)=Ql 3 p(X,O)Zpl ’ for x1§x<x0 >
(14.41)

u(x’0)=0 ) Q(x30)=92 s p(x70)=p2 ’ for X0<X§X2 .
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Location x = x, is far upstream of the shock and location x =x, is far downstream
of the shock.

It is convenient to nondimensionalise the dependent variables with respect to
the conditions downstream of the shock. Noting that

0203 =Pz (14.42)

(14.36-38) can be written in compact nondimensional form as

dq OF _0 h
G Tapg =0 where (14.43)
o ‘o
i M Q u
Q u ; "2 ’
q= 0 , F= oWy +py (14.44)
Py —1+ E(u’)2 [p'/(y— 1)+ 0.50' (') 1w’
and
,_ @ , U ,_ P ,_X , t
e=—, u=—, =, X =—, t=a,— .
Q2 a P D> L L

The prime denotes a nondimensional quantity.
The nondimensional boundary conditions, replacing (14.40), are
’ u U Q ! ’ x
ul =_l > Ql =_1 p —pl _1

“ 0 P2 (14.45)

Il
—_
oo
o~

Rel

I

u/2=0’ 92:1 ’ p12

The pressure ratio p,/p, is the governing parameter for this problem and deter-
mines the shock strength and speed of propagation. For a given pressure ratio the
boundary values u}, and @) are obtained from the Rankine-Hugoniot relations
(Liepmann and Roshko 1957, p. 64)

1/2
ua=<”1—1> {2/[y(v+1>”ﬁ—+y(y—1)]} /
2] P

'+ 1
+()+ ) P2
0, = G—=Dps
e+ p2
G-0 p

(14.46)

The shock propagation speed is needed to determine the shock location so that the
accuracy of the computational solution of (14.43-45) may be assessed. The non-
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dimensional shock propagation speed is given by the Rankine-Hugoniot relations
as

]_] '+1 1/2
u;s=5=<} P2 > : (14.47)
a, 2y p 2y

The primes will now be dropped. After time ¢, the exact solution is

uex(x’ [):ul > ch(x’ t)=Q1 fOf x1§x§x0+usst ’
(14.48)
U, (x, 1)=0, QX y=0, for xp+u tsSx=x, .

In the program SHOCK the MacCormack scheme and the two-stage Lax—
Wendroff scheme are applied to (14.43) as:

i) MacCormack scheme:

At
af == (Fj i~ F)) . (14.49)

At
q;ﬂ:o.S(qf;+q7‘)—o.52;[F;—F;,lj . (14.50)
ii) Lax—Wendroff scheme:

At
Q% 12 = 0.5 +a}- ) —05 " [Fl,—F]], (14.51)
Ax

At
qj’“=q}—A—;[FT+uz—F}F—1/z] ] (14.52)

For (14.43 and 44) the eigenvalues of 4 = 0F/dq are A=u, u+a, u—a. Consequently
the stability restriction (14.32) becomes (Ju| + a)At/dx <1 for both schemes.

The above formulation is implemented in program SHOCK (Fig. 14.17).
The parameters used in SHOCK are described in Table 14.3. Typical shock profiles
generated by program SHOCK are shown in Fig. 14.18. These solutions have
been obtained with 101 spatial nodes and 4x=0.01. The boundary conditions
(14.45) are applied at x, =0, x,=1.0. The time step At=0.002 and the shock is
located at x =0.501 at t=0. The solutions shown in Fig. 14.18 have been obtained
after 100 time steps for a pressure ratio p,/p, =2.5, and a specific heat ratio y=1.4.
For these conditions the shock propagation speed uy=1.512.

The Lax-Wendroff scheme produces a solution (Fig. 14.18) with severe oscil-
lations just upstream of the shock. The MacCormack scheme produces a similar
solution (not shown) but with oscillations of slightly reduced magnitude. The
oscillations are caused, primarily, by dispersion errors (Sect.9.2). As might be
expected they get worse as the shock strength (p,/p,) increases.
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1¢
2 C SHOCK COMPUTES THE PROPAGATION OF A SHOCK USING
3¢ MACCORMACK OR LAX-WENDROFF SCHEMES
1cC WITH ARTIFICIAL VISCOSITY OR FCT SMOOTHING
5¢
6 DIMENSION X{101),P(101),RH(101),U(101),T(101),UEX(101)
7 DIMENSION Q(101,3),QD(101,3),F(101,3),DF(101,3),DL{3),DLM(3)
8 OPEN(1,FILE="SHOCK.DAT")
9 OPEN (6, FILE="'SHOCK.OUT')
10 READ(1,1)IME,IFCT, IPR,NX,NT,DT, GAM,PRAT
11 READ(1,2)ETA,ET1,ET2,ENL, SHST
12 1 FORMAT(515,3F5.3)
13 2 FORMAT(3F8.5,2F5.3)
14 ¢
15 PI = 3.1415927
16 NXM = NX - 1
17 ANX = NXM
18 DX = 1./ANX
19 JSST = SHST/DX
20 DTR = DT/DX
21 GMM = GAM - 1.
22 GMP = GAM + 1.
23 GMR = GMM/GMP
24 SHS = 0.5%(GMM + GMP*PRAT)/GAM
25 SHS = SQRT(SHS)
26 C
217 IF(IME .EQ. 2)WRITE(6,4)
28 IF(IME .EQ. 1)WRITE(6,3)
29 IF(IFCT.EQ. 1)WRITE(6,5)ETA,ET1,ET2
30 WRITE(6,6)NX,NT,DX,DT,ENL
31 WRITE(6,7)GAM, PRAT, SHS, SHST
32 3 FORMAT(' ONE-DIMENSIONAL SHOCK PROPAGATION, MACCORMACK SCHEHE')
33 4 FORMAT(' ONE-DIMENSIONAL SHOCK PROPAGATION,  LAX-WENDROFF'
34 1,' SCHEME')
35 5 FORMAT(' FLUX CORRECTED TRANSPORT, ETA,ET1,ET2=',3F8.5)
36 6 FORMAT(' NX=',I3,' NT=',13,' DX=',F5.3,' DT=',F5.3,' ENL=',F5.3)
37 7 FORMAT(' GAM=',F5.3,' P1/P2=',F5.2,' SH/SP=',F5.3,' SHST=',
38 1F5.3,/)
39¢
40 C SET INITIAL CONDITIONS
41 C
12 DUM = GMR + PRAT
43 RHD = DUM/ (1. + GMR*PRAT)
44 DIM = SQRT(2.*GAM/GMP/DUM)
45 UD = (PRAT - 1.)*DIM/GAM
16 DO 8 J = 1,JSST
47 U(J) = up
48 RH(J) = RHD
49 P(J) = PRAT
50 T(J) = P{J)/RH(J)
51 8 CONTINUE
52 JHR = JSST + 1
53 DO 9 J = JHR,NX
54 U(J) = 0.
55 RH(J) = 1.
56 P(J} = 1.
57 T(J) = 1.
58 9 CONTINUE
59 TIM = 0.
60 N=20
61 ¢
62 C SET INITIAL Q AND F
63 C

Fig. 14.17. Listing of program SHOCK
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DO 10 J = 1,NX

AJ=J -1

X{J) = AJ*DX

0(J,1) = RH{J)

0(J,2) = RH(J)*U(J)

0(J,3) = P{J)/GAM/GMN + O.5*RH(J)*U(J)*U(J)
F(J,1) = 0(J,2)

F(J.,2) = P(J}/GAM + U(J)*Q(J,2)

F(J.3) = (P(J)/GHM + 0.5*U(J)*Q(J,2))*U(J)
CONTINUE

WRITE(6,21)N,TIN

WRITE(6,22) (X(J),J=1,NX)
WRITE(6,23) (U(J),J=1,NX)
WRITE(6,24) (RH(J),J=1,NX)
WRITE(6,25) (P(J),J=1,NX)
WRITE(6,26) (T (J),J=1,NX)

ADVANCE SOLUTION IN TIME

DO 30 N = 1,NT

AN = N

IF(IFCT .NE. 1)GOTO 12

ENU = ETA + 0.25*ET1*((U(1)+U{2))*DTR)**2
DO 11 K =1,3
DF(1,K) = ENU*(Q(2,K)-Q(1,K})
CONTINUE

OBTAIN HALF-STEP SOLUTION

DO 18 J = 2,NXM
DO 13K=1,3
IF(IME .EQ. 1)QD(J,K)
IF(IME .EQ. 2)QD(J,K)
1(F(J+1,K) - F(J,K})
IF(IFCT .EQ. 1)ENU = ETA+0.25*ET1* ((U(J)+U(J+1))*DTR)**2
IF(IFCT .EQ. 1)DF(J, K} = ENU*(Q(J+1,K) - Q(J,K}))
CONTINUE

F(J,1) = QD(J,2)

UD = QD(J,2}/QD(J,1)

PD = (QD(J,3) - 0.5*UD*QD(J,2) ) *GAM*GMHM

F(J,2) PD/GAM + UD*QD(J,2)

F(J,3) (PD/GMM + 0.5*UD*QD(J,2))*UD

Q(J,K) - DTR*(F(J+1,K) - F(J,K))
0.5*(Q(J,K)+Q(J+1,K)) - 0.50*DTR*

OBTAIN FULL-STEP SOLUTION

DO 14 K=1,3
IF(IME .EQ. 1)Q(J,K)
1 - F(J-1,K))

IF(IME .EQ. 2)Q(J,K)
CONTINUE

0.5%(Q(J,K)+QD(J,K))} - 0.5*DTR*(F(J,K)

Q(J,K) - DTR*(F(J,K) - F(J-1,K))

ARTIFICAL VISCOSITY SMOOTHING

IF(IFCT .EQ. 1)GOTO 18

IF(J .NE. 2)GOTO 16

DUC = ABS{U(2) - U{1))

IF(DUC .LT. 1.0E-06)DUC = 1.0E-06
DO 15 K = 1,3

DLM(K) = Q(2,K}) - Q(1,K)
IF(ABS(DLM(K)) .LT. 1.0E-06)DLM(K) = 1.0E-06*SIGN(1.0,DLM(K))
DUC = ABS{DLM(K})

DLM(K) = DUC*DLM(K)

DUC = ABS(U(J+1)-U(J))

IF(DUC .LT. 1.0E-06)DUC = 1.0E-06

. 14.17. (cont.) Listing of program SHOCK
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DO 17 K =1,3

DL(K) = Q(J+1,K) - Q(J,K)

IF{ABS{DL(K)) .LT.1.0E-06)DL(K)=1.0E-06*SIGN(1.0,DL(K))
DUC = ABS(DL(K))

DL(K) = DUC*DL(K)

0(J,K) = Q{J,K) + ENL*DTR*(DL(K)} - DLM(K}}

DLM(K) = DL(K)

CONTINUE

CONTINUE

FCT SMOOTHING
OBTAIN RH,U,P AND F
IF(IFCT .EQ. 1)CALL FCT (NXM,ETA,ET2,DTR,Q,DF, U}

DO 19 J = 2,NXM

RE(J) = Q(J,1)

U(d) = Q(J,2)/Q(J,1)

P(J) = (Q{J,3) - 0.5%U(J)*Q(J,2))*GAM*GMM

T(J) = P(J)/RH(J)

F(J,1) = RH{(J)*U(J)

F{(J,2) = P(J)/GAM + RH(J)*U(J)*U(J)

F(J,3) = (P(J)/GHM + 0.5*RH(J)*U(J)*U(J))*UlJ)
CONTINUE

TIM = AN*DT

IF(N .EQ. NT)GOTO 20
IF(IPR .EQ. 0)GOTO 30
WRITE(6,21)N,TIM
FORMAT(/,' N=',I3,' TIM=',E10.3)
WRITE(6,22) (X(J),J=1,NX)
WRITE(6,23) (U(J),J=1,NX)
WRITE(6,24) (RH(J),J=1,NX)
WRITE(6,25) (P(J),J=1,NX)
WRITE(6,26) (T(J),J=1,NX)
FORMAT(' X=',612F6.3)
FORMAT(' U=',612F6.3)
FORMAT (' RH=',12F6.3)
FORMAT(' P=',12F6.3)
FORMAT(' T=',12F6.3)
IF(IPR .LE. 1)GOTO 30

po 27 K =1,3

WRITE(6,28) (Q(J,K),J=1,NX)
WRITE(6,29) (F(J,K),J=1,NX)
CONTINUE

FORMAT(® Q=',12F6.3)
FORMAT(' F=',12F6.3)
CONTINUE

EXACT SOLUTION, UEX

SHFN = SHST + SHS*TINM
JSST = SHFN/DX + 1.0
DO 31 J = 1,JSST

IF(J .LE. JSST)UEX(J}
IF(J .GT. JSSTIUEX({J)
CONTINUE

WRITE(6,32) (UEX(J),J=1,NX)
FORMAT (' UEX=',b12F6.3)
STOP

END

u{1)
U(NX)

(cont.) Listing of program SHOCK
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<] Fig. 14.18. Propagating shock
- problem, p,/p,=2.5, y=14
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0.68 2.65 8.78 B8.75 2.85

Table 14.3. Parameters used in program SHOCK

Parameter Description

IME —1 MacCormack scheme; =2 Lax-Wendroff scheme
IFCT =1 flux-correct transport (FCT) smoothing, Sect. 14.2.7
IPR >1printu, o, p, T; 22 print Q, F

NX number of spatial nodes

NT number of time steps

DT time step, 4t’

DX spatial step, 4x’

GAM specific heat ratio, y

PRAT pressure ratio, p,/p,

SHST location of shock at t'=0

SHS shock speed, ug/a,

SHFN location of shock at t' =NT. At

U RH, P, T v, o, p, T, (14.44)

QF q", q""', F", F* (14.49-52)

QD q/, (14.49)

ENL artificial viscosity, v, (14.53)

DL, DLM Aq¥E,, AqF*, (14.54)

TIM time, ¢’

UEX exact velocity, u.,, at ' =NT.A4¢’

ETA, ETL, ET2
ENU, EMU, DF
FCT

parameters used in FCT smoothing, Table 14.4
variables required for FCT smoothing, Table 14.4
subroutine containing implementation of FCT smoothing, Fig. 14.24
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It is possible to substantially eliminate these oscillations by introducing -

artificial viscosity. It is desirable that the viscosity be equally effective for weak and
strong shocks. A suitable quadratic formulation replaces (14.43) by

oF ,
5 Ty ~vax llade.].=0 , (14.53)

where v is a constant to be chosen. The artificial viscosity is introduced after a
provisional solution at time level n+ 1 has been obtained.

If the solution obtained from (14.50 or 52) is interpreted as q}*, the artificial

viscosity correction is introduced as

At
@ =qr* v AlAQEIAGE] L where (14.54)

KK ok *x
Aq7E =qFF —qf" .

The use of artificial viscosity places a more severe stability restriction (Richtmyer
and Morton, 1967, p. 336) on the time step. If the |g,| term in (14.53) is ‘frozen’ the
stability restriction is

4
(W] +a) o <(1+v?)12 -y | (14.55)
Ax

so that as small a value of v as possible should be used for both shock profile
accuracy and stability reasons.

In the program SHOCK the artificial viscosity is applied to the second and
third components of (14.53). The result of using artificial viscosity (v=1) is seen
(Fig. 14.18) to substantially alleviate the oscillations ahead of the shock at the cost
of spreading the shock over more grid intervals. As might be expected from the
form of (14.53 and 54), artificial viscosity has little effect on the solution away from
the shock region.

For strong shocks the introduction of artificial viscosity is less satisfactory. This
is illustrated in Sect. 14.2.7, where comparisons are made with the FCT algorithm
for producing a sharp shock profile. Some of the coding in the program SHOCK,
ie. when IFCT=1, is introduced to implement the FCT algorithm. This is
described in Sect. 14.2.7.

14.2.4 Inclined Cone Problem

For steady inviscid flows that are everywhere supersonic it is possible to select a
marching direction for which the governing equations are hyperbolic. For the flow
about a cone at angle of attack (Fig. 14.19) a cone generator (x) is a convenient
marching direction. The governing equations for this problem are

cE JF oG
—4+—+—+H=0, where (14.56)
ox dy C¢
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Fig. 14.19. Inclined cone geometry
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where k=(y—1)/2y and v is the specific heat ratio.
The MacCormack scheme, when applied to (14.56), is written as the following
two-stage algorithm:

Ax
ET,k=E;,k—Ty[F;+1,k_F;,k]

Ax

_E[G;,Hl_G;,kJ—H;kﬁx (14.57)

and

Ax

ZE( ;"fk_G;F,k—l)_H;k,kAx:] >

(14.58)

where E] , =E(ndx, jdy, kA¢). The discretised equations (14.57, 58) are written as
an explicit marching algorithm, exploiting the time-like nature of the x direction.
However, the marching step, Ax, is expected to be limited by the following type of
formula (Peyret and Taylor 1983, p. 69):

a4x
Ej?j(l :0.5[<E}k+E;-‘fk>-ﬂ(F;ﬁk—F;“_1,,‘)—
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I/A“:ﬂax V"gax' A < 1 1
X= s
A |Axs (14.59)

where A4 and A% are the eigenvalues of 4 =0F/JE and B=0G/JE.

The marching scheme requires initial data at one plane (n=0). Since inviscid
conical flows are independent of the coordinate x, it is possible to choose arbitrary
starting values at x=x, (n=0) and to integrate in the x direction until the sol-
ution no longer changes; this is equivalent to the pseudo-transient technique
(Sect. 6.4).

Boundary conditions are required at the body surface and in the freestream. At
the body surface it is necessary that the normal velocity v, =0 and that the normal
derivatives of all other variables are equal to zero. The farfield boundary is far
enough away that the bow shock is within the computational domain, and
automatically captured. Thus all variables in the farfield are known from the
freestream Mach number. Kutler and Lomax (1971) report accurate results with 32
points in the ¢-direction and 20 in the y-direction.

Application of the same method to the computation of space-shuttle flowfields
(Kutler et al. 1973) uses the equivalent conical solution to give starting data, uses
improved surface boundary conditions due to Abbett (1973) and makes the bow
shock the outer boundary of the computational domain. This involves matching
the Rankine—Hugoniot conditions across the shock (i.e. shock-fitting) to the values
on the boundary of the computational domain so that the shock slope, and hence
orientation, is determined. Secondary shocks that occur in the computational
domain are captured. Typical shock locations are shown in Fig. 14.20. The BVLR
method is a conceptually similar marching scheme for inviscid supersonic flow, and
is described by Holt (1984).

o COMPUTATION
EXPERIMENT (NASR-RRC)
WING LEADING EDGE SHOCK

(s}

PLANFORM VIEW

CANOPY SHOCK
SLIP SURFACE

Fig. 14.20. Space-shuttle
shock-wave pattern, M_ =74
(after Kutler et al., 1973;
reprinted with permission

of AIAA)
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14.2.5 Moretti A-Scheme

The simple marching scheme described in Sect. 14.2.4 is not suitable if subsonic
regions occur, as with a blunt-body flow, or if the flow has substantial reflex
curvature (ABC in Fig. 14.21). For larger regions of subsonic flow, solutions can be
obtained by marching the unsteady Euler equations in time until the steady state is
reached. For this formulation the MacCormack scheme is possible but rather slow
due to the CFL limitation on At.

The problem with shapes like that in Fig. 14.21 is that the local marching
direction used with the MacCormack scheme can violate the local domain of
dependence of the solution. This feature is overcome in the A-scheme (Moretti 1979)
which uses knowledge of the characteristic directions to determine which nodal
values contribute to the spatial derivative discretisation.

shock-wave

Fig. 14.21. Axisymmetric blunt body at
high Mach number

The method of constructing the difference scheme can be demonstrated for one-
dimensional unsteady inviscid flow which is governed by the equations

~+u—+ya—z=0 and (14.60)

du a’dp Ou

— —=0, 14.61

ot + y Ox T Ox ( )

where u is the velocity, p is the logarithm of the pressure, a is the sound-speed and y

is the specific heat ratio. Equations (14.60 and 61) are the continuity and x-

momentum equations, with the density eliminated in favour of the pressure.
Characteristic (directions) A =dx/dt are given by

Ai=u—a and J,=u+a. (14.62)

Typical configurations of 4,, 4, are shown in Fig. 14.22. This represents a
well-behaved situation. Difficulties with conventional explicit schemes, like
MacCormack’s scheme, can arise when B and C lie on the same side of x;. Moretti
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' Fig. 14.22. Characteristics in the (%, t) plane
n+t A

oy
O

i-1 i i+

overcomes t}.1e problem by first splitting the spatial derivatives into two parts
associated with the characteristics. Thus (14.60 and 61) are replaced by

op ap op Y u Ju
=05 Ayt Ay )= 4, M
ot ( 16x1+kzé’x2> 2a<'126x2 218x1> ’ (14.63)

Ou a(. op op du ou
—=——|Ay——A,— ] — —t A= |=
ot 2y< Zaxz l(3x1) 0'5</116x1 A26x2> 0. (14.64)

Substitution of 1, 4, from (14.62) and setting dp/dx, = 0p/0x, and 0u/0x | = du/dx,
in the above equations would recover (14.60 and 61), but by introducing one-sided
difference formulae for dp/dx,, etc., so that only points on the same side of x; as A
are used, dp/0x, and dp/dx,, etc., in (14.63 and 64) differ. However, the weijghted

evaluation, i.e. 0.5(4, dp/dx, + 4, 3p/dx,), is a well-behaved discretisation of udp/ox
whatever the values of 4, and 4,.

Equations (14.63, 64) are integrated as a predictor/corrector scheme, i.e.

of\"
* __fn
f,._fj+<a>4: and (14.65)

J

frt1=0.5| fr+f* of *A
S+ + o) At (14.66)

J

where f =(p, u) and 0f/dr are obtained from (14.63 and 64) with 0f/0x; evaluated
according to the following rules: l

Predictor stage,

=15
LT if 4, <0

af\" Ax A<D

<$>i: 2" —3f7_, 4 of" (1467)
J ;leJ‘z, if 4,0,

142 Supersonic Inviscid Flow 159
Corrector stage,
of\* _2f7+3jiﬂ_fﬂ2 , if <0,
('a’) e (14.68)
X/ A if 4,>0 .
Ax

The scheme has second-order accuracy like the MacCormack scheme. Moretti
(1979) shows that an equivalent structure can be extracted in more than one spatial
dimension or for steady two- or three-dimensional supersonic flow. Moretti
cautions that the present scheme is not capable of accurately capturing internal
shocks but is capable of handling complicated geometries like that shown in
Fig. 14.21.

Dadone and Napolitano (1983, 1985) develop an implicit form of the i-scheme
for the unsteady Euler equations for isentropic compressible flows. Although the
method is more efficient than the above explicit formulation, for computing steady
transonic flows only weak shocks are permitted.

Napolitano (1986) provides a very lucid review of the A-scheme. Strengths of the
method are its general efficiency and ability to incorporate appropriate boundary
conditions consistent with the theory of characteristics. Its main weakness is its
inability to capture shocks correctly due to its non-conservative form. However, it
appears possible (Dadone and Magi 1986) to add corrective terms at the shock to
accurately predict the shock strength. Consequently the modified 4-scheme is
effective for steady transonic flow.

In the formulation described above it is necessary to choose an equation set,
and dependent variables, so that the characteristics (14.62) appear explicitly.

The same concept can be extended to the Euler equations (14.94) written in
nonconservative form

0q 0q 0q

—+A—+B—=0 14.69

a T TS (14.69)
where 4=0F/dq and B=0G/dq. The terms in matrices 4 and B are given by
(14.99). The eigenvalues, 4, of 4 define the characteristic directions dx/dt, and the
eigenvalues 4, of B define the characteristic directions dy/dt. It is possible to factor
4 and B as

(14.70)
B=SA; S '+S8S4; 8 '=B" +B" ,

where T and S are matrices of left eigenvectors (Isaacson and Keller 1966 p. 137)
associated with 4 and B. A} and A are the diagonal matrices of positive and
negative eigenvalues of A, and similarly for Az and Az. Consequently (14.69) is
written as
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aq 0q _0q oq _dq
b R N A L .
att ottt HtE g tE =0 (14.71)

where backward differencing of dq/dx is introduced for the term multiplied by 4+
and forward differencing for the term multiplied by 4~, and similarly for the
B* 0q/0y and B~ 0q/0y terms. The current formulation (Chakravarthy et al. 1980)
is seen to generalise the A-scheme.

It may be noted that (14.71) is a nonconservative form which does not
provide accurate shock capturing. However, if the contributions to the fluxes
OF " /0x=A"0q/dx are constructed and discretised with one-sided differences as
above, the result is the flux-vector splitting technique of Steger and Warming (1981)
which is capable of capturing shocks. But flux-vector splitting schemes are less
economical than the A-type schemes.

The flux-vector splitting technique and the flux-difference splitting technique
(Osher and Solomon 1982) permit shocks to be captured with monotonic profiles,
but without the need to add explicit artificial viscosity. However, additional
procedures are required to obtain sharp, non-oscillatory shock profiles. When the
additional procedures are included, explicit versions of the overall schemes are not
as economical as the MacCormack scheme but can be made second-order accurate
(Harten 1983) away from discontinuities. Typical schemes are described in the next
section.

14.2.6 Computation of Strong Shocks

r'or the typical blast-wave problem (i.e. an inherently unsteady flow) in which very
strong shocks occur, more physically realistic methods, such as the Godunov or
Glimm schemes (Holt 1984, and Peyret and Taylor 1983), are required. The
Godunov formulation can be interpreted as a finite volume method (Sect. 5.2),
which assumes that each pair of contiguous grid points (x;, x;4+1) is separated by a
fan or a shock at x;. , ,. This permits the known form of the exact solution for such
archetypical flows to be used to estimate the fluxes, e.g. F, in the governing
equations. The original Godunov scheme is only first-order accurate; shocks tend
to be smeared. Van Leer (1979) describes a second-order Godunov scheme that
produces sharp shocks.

Colella and Woodward (1984) introduce a higher-order extension of Gudonov-
type that uses piecewise parabolic interpolation. Woodward and Coleila (1984)
describe the application of this method to the evolution of the interaction of two
blast waves and demonstrate that the method has an impressive ability to resolve
fine detail, when using a uniform grid. However, the method is about five times
slower than the MacCormack method with artificial viscosity. Consequently more
economical schemes that approximate only some of the physical features inherent
in the Godunov schemes are of considerable interest (Roe 1981; Harten 1983; Yee
et al. 1985).

Here we briefly describe the flux-corrected transport schemes of Boris and
Book (1973) for treating strong shocks, since such schemes can also be interpreted
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as an extension to simple predictor/corrector methods, like Machrmack’s scheme.
Subsequently, more economical extensions of the flux-correcting concept are
described. _ '

The computational representation of ‘step’ profiles associated with str(?ng
shocks for inviscid flow is difficult. As already indicated in Sect.9.2, upwind
differencing introduces excessive diffusion which smooths away the step. The
Lax- Wendroff scheme introduces dispersion errors which appear as “ripples” on
either side of the step. If density is being computed using such a scheme a negative
(and physically unrealistic) value could appear.

Boris and Book developed the flux-corrected transport approach as a general
technique of “predictor/corrector” type in which large diffusion is introduced .in the
predictor stage and an equal (almost) amount of antidiffusion is introduceq in the
corrector stage. However, the antidiffusion is limited so that no new maxima or
minima can appear in the solution, nor can an existing extrema be accentuated.
This limiting step is important because it maintains the positivity of the solution,
where appropriate, and effectively allows the diffusion introduced in the predictor
stage to selectively annihilate the dispersive “ripples.” '

The flux-corrected transport approach can be clarified by applying a typical
scheme to the one-dimensional continuity equation (11.10)

o 0

—+— =0 . (14.72)
o Vax

For ease of exposition, the velocity u will be treated as constant; then (14.72)

coincides with (9.2). For the predictor stage the following finite difference algorithm

for o¥ is obtained from (14.72):

0¥ =0"—0.5C(0%+, — 0}-1)+ (v +0.5C*) (0] — 207 +0/-1) (14.73)

where C=udt/Ax and v is a positive diffusion coefficient. Typically v=1/8. If v=0
the Lax-Wendroff scheme (9.16) is recovered.
In principle the antidiffusion corrector stage could be introduced as

oftt=of —ulof. - 20f +eof- 1) (14.74)

where = v would be an obvious choice. However, to suit the more general case of
variable velocity and to make the scheme conservative it is desirable to introduce
antidiffusive mass fluxes

]}+1/2=N(Qf+1"0f) and f:i—l/2=/'l(Q;F_Qf—1)' (14.75)

If cell boundaries x,_,,=0.5(x;_, +x;) and Xj+12=0.5(x;+x;,,) are defined,
then f;_,, represents the antidiffusive mass flux across the boundary x;_,,,; and
similarly for f;.,,. ‘

The crucial feature of the flux-corrected transport scheme is to replace f;, ,, in
(14.75) with
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f§+1/2=5gn(41 Qj+1/2)max{0, min[AQj—1/2Sgn(AQj+1/2)>H|AQj+1/2| s
AQj132880(40541,2)1} (14.76j

where 49;, 1,=0F., —of and sgn K=K/|K]|.
An equivalent formula is used to replace fi-1;21n(14.75). Equation (14.76) is the
quantitative means of preventing the anti-diffusive stage from introducing new

maxima or minima as required above. The final stage of the algorithm replaces
(14.74) with

n+1

Qj = Q}k _f;:+ 172 +fjc'— 12 - (14.77)

The combined scheme (14.73, 75-77) has the following restriction for stable
solutions:

At

C=u 1 < 0.5 . (14.78)
This is more restrictive on At than the MacCormack or Lax—Wendroff schemes,
For the equations governing one-dimensional inviscid compressible flow
(14.36-38), Woodward and Colella (1984) recommend the slightly more restrictive
condition (|u| +a)dt/Ax < 0.4, where a is the local sound speed.

The effect of choosing different values for u=v is indicated in Fig. 14.23. A value
of u=v=0.125 is close to optimal in minimising both diffusion and dispersion
errors. The complete absence of spurious oscillations is noteworthy.

Boris and Book (1976) recommend that v in (14.73) and y in (14.74) be chosen to
minimise dispersion errors produced by the discretised equations. This can be done
by considering the truncation error as in Sect. 9.2. The specific formulae depend on
the underlying scheme to which the flux-corrected transport is applied. Boris and
Book (1976) analyse such schemes as upwind differencing, Lax-Wendroff and
leapfrog and consider both explicit and implicit antidiffusion steps. For (14.73-77)
the following values are recommended:

1 C? 1 C?

v—6+ 3y M= (14.79)
The flux-correcting concept is also applicable in multidimensions. Extensions of
the method are given by Zalesak (1979, 1987) and by Book (1981, pp. 29-41).
Zalesak provides an alternative interpretation of the FCT algorithm. The first step,
replacing (14.73), is made with a low-order scheme guaranteed to produce a non-
oscillatory solution. The antidiffusive fluxes, replacing (14.75), are constructed as
the difference between a high-order discretisation of the flux and the same low-
order discretisation as used in the replacement of (14.73). The limiting of the
antidiffusive fluxes, equivalent to (14.76), then ensures that the solution is obtained
with the high-order flux evaluation except where this would introduce spurious
oscillations.

Although the flux-correcting concept is effective for generating non-oscillatory
shock profiles it is difficult to place it in a suitable theoretical framework. The
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theoretical development of shock-capturing schemes (Harten et al. 1983) has been
guided by the requirement that numerical schemes for scalar conservation equa-
tions, like (14.28), must be monotonicity preserving if they are to converge to .the
physically relevant solution. For example, the numerical scheme must reject
solutions associated with expansion shocks (Fig. 14.28). Schemes that select the
physically relevant solution in the presence of discontinuities, shock waves or
contact discontinuities, are said to be entropy-satisfying.

The concept of a monotonicity preserving solution is closely linked wit.h the
idea of preventing only spurious maxima or minima, i.e. oscillations, appearing in
the solution as time is advanced. Thus if the initial data, uj-’ are a monotonic
function of x;, solutions at a later time, uj, should remain monotonic functions
of x;. ) .

However, monotone schemes cannot be more than first-order accurate in space.
Consequently such schemes are highly diffusive, shock profiles are smeared and
accurate solutions cannot be obtained without unreasonable grid refinement. Thus
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the price of guaranteed theoretical convergence is an inaccurate solution on a finite
grid.

An improvement in accuracy, without losing the strong theoretical foundation,
can be achieved by replacing the monotonicity preserving requirement with the

total variation diminishing (TVD) requirement (Harten 1983). The total variation

of the numerical solution is defined by

00

TV@W)= Y, luly, —ull . (14.80)

j=—

Consequently a numerical scheme is TVD if
TV H<TV@W") . (14.81)

TVD schemes do not generate spurious oscillations and can achieve second-order
accuracy where the solution varies smoothly. However, they require additional
restrictions to be entropy satisfying. A typical way that the higher-order accuracy is
achieved is by the addition of an “antidiffusive flux” that is limited to ensure
satisfaction of the TVD condition.

Clearly there is some conceptual similarity with the flux-correcting strategy.
The similarity can be illustrated by considering the Lax-Wendroff scheme, i.e.
(14.73) with v=0. This can be written as

oI =01 —C(e1 =01 )— (fa 12 —fi-12) » (14.82)

where f;.,,,=0.5C(1 — C)(g;, ; — 0,) and similarly for f;_,,.

Equation (14.82) can be thought of as replacing (14.73 and 74). Thus the first-
order upwind-differenced term replaces (14.73). If the term (f;;,, —f; - 12) were not
present, (14.82) would be monotonicity preserving (and hence TVD). The term
(fj+ 1,2 —fj-1,2) is made up of anti-diffusive fluxes, equivalent to (14.74 and 75) with
an appropriate choice of u. However, the complete Lax—Wendroff scheme is not
TVD,; it produces oscillatory solutions in the presence of strong shocks. In the
present interpretation the anti-diffusive fluxes inherent in the Lax-Wendroff
scheme are too large and lead to the oscillatory behaviour. If they could be limited
in some way the result would be a streamlined FCT algorithm. An effective way of
limiting the antidiffusive fluxes is to introduce

F+12=0r)05C(1 - O)I(Qj+1—0)) » (14.83)

and a similar expression, f$_, ,, to replace f;_ , , and f; ;, in (14.82). The function
¢(r;) is the limiter. The parameter r; measures the ratio of contiguous gradients, 1e.

= mt (14.84)
Qj+1—0Q;

The function ¢(r;) should be chosen so that the anti-diffusive terms are as large as

possible subject to the constraint that (14.82), with (14.83), is TVD. Sweby (1984)

provides the following restrictions on ¢(r):
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0<¢(r)<min(2r,2) for r>0,
é(r)=0 for r=<0. (14.85)

The restrictions are satisfied by first- and second-order TVD schemes. To ensure
second-order spatial accuracy, except at extrema (r <0), it is necessary that ¢(1)=1.
Roe (1986) recommends the choice

¢(r)=min(2, r) for r>1,
=min(2r, 1) for O<r=1, (14.86)

=0 for r<0 .

Sweby (1984) shows that the flux-limiting algorithms of Van Leer (1974), Roe and
Baines (1982) and Chakravarthy and Osher (1983) can be cast in the form of (14.82),
with (14.83). The different algorithms correspond to different choices for ¢(r).

It is clear that (14.82) with (14.83) is a one-step procedure in contrast to the two-
step nature of the FCT algorithm. In addition the disposable parameters of the
FCT algorithm are now concentrated into the choice of the limiter ¢(r). The simple
form of ¢(r) and the one-step nature of the flux limiting algorithm enhances
economical implementation. The one-step nature also permits efficient implicit
TVD schemes to be developed (Yee et al. 1985) that are suitable for steady flow
problems (Sect. 18.5), both inviscid and viscous, that involve shock waves.

For unsteady flow problems explicit TVD schemes are to be preferred since the
linearisation introduced to make the implicit TVD schemes efficient, i.e. to permit
exploitation of the Thomas algorithm (Sect. 6.2.2), renders the transient solution
non-conservative.

It is desirable, as noted above, that the discrete form of the governing equation
should be conservative, if discontinuous solutions are expected. An appropriate
finite volume discretisation of (14.28) is

t
u;?*l:u;?——x( 2= Fio1) . (14.87)

However, although this scheme is conservative in the differential sense it is
desirable that it be equivalent to the integral or weak form (5.6) of the conservation
law so that the jump conditions across any shock be correctly predicted. Equation
(14.87) can be interpreted as a discrete integral statement if

iz

ui= _f u'(x)dx ,

Xj 152
Le. the grid point value u; is interpreted as the average value over the interval
Xj12SXZX;1y2. To be consistent with this interpretation F;,,,, is called a
numerical flux function and is considered to be some appropriate function of local
nodal values, i.e. Fj, y,,=F(u;_, 4y, .. ., 4;4,). Equation (14.83) provides a simple
example, since (4t/4x)f;=Co;, etc.
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The flux-limiting scheme (14.82, 83) can be expressed in the form of (14.87) as-i

n+1

Q;j

fj+ 12— O‘S(fj +fj+ 1)—0.5 J(fj+ 1 _f,) +0.5 (]5(7')(0’ - C)(fj+ 1 _f,) (14.89)‘:

and o =sgn C;, ,,. This scheme allows for positive or negative u. However, moré
accurate solutions are obtained if (14.84) is replaced by

r.:Qj+1—o'—Qj—a'

! Qj+1—0; , (14.90)
Le. the ratio of contiguous gradients is evaluated from upstream. In (14.89) the first
two terms contribute to the upwind difference in (14.82). The last term is related to
the limited flux (14.83). For (14.72) with constant u, f=ou in (14.88).

The above second-order TVD schemes can be extended to nonlinear systems of
equations, like the Euler equations (14.43), by decomposing the Euler equations
into characteristic form. The TVD schemes, e.g. (14.88), are applied to the individ-
ual characteristic components. The solution to the Euler equations is obtained
from the summation of the contributions from the characteristic components.
However, there is no theoretical guarantee, as there is for a scalar equation, that the
solution will be TVD; but in practice shock profiles are non-oscillatory.

The characteristic component form of (14.43) can be written

3 de, 0
mzl am<3t_+$(lmem)>_0 ) (14-91)

where «,={0.5/y, (y —1)/y, 0.5/y}, the eigenvalues 4, ={u—a, u, u+a}, and the
corresponding characteristic vectors

e Q Q
€,= Q(u—a) » ou > Q(u+a) 3 (14.92)
o(H —ua) 0.50u? o(H +ua)

with H=(E + p)/o.

Each component of the solution q, has a contribution from each characteristic
component, i.e. q:Zil= | %m €. The scalar TVD scheme, equivalent to (14.88), is
applied to each characteristic component in (14.91). Thus

At o ~
n+1 _
€m.j _e"m,j_B(Fm,jH/z—F;,jﬂ/z) >

where F,,=1,e,,.

The upwind direction will depend on ¢ =sgn(4,,) in the equivalent of (14.89), so
that different characteristic fields involve different grid point values and it is
possible to use different limiters, ¢(r), for different characteristic fields.

At~ ~
= Q?—E(f;u 12—fj-12) » where (14.88)«‘
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Characteristic decompositions lead to sharp shock profiles that propagate at
the correct speed. Characteristic decompositions are used by Roe (1981, 1986) and
Yee et al. (1985). The same type of decomposition is used with the characteristic
Galerkin finite element method (Morton and Sweby 1987). If such decompositions
are applied to each directional flux separately they can also provide accurate
predictions in two, or more, dimensions. Thus Yee (1986) applies a flux-limiting
TVD scheme to compute the solution for a shock wave passing over an inclined
aerofoil. Fletcher and Morton (1986) apply a characteristic Galerkin finite element
method to the problem of unsteady oblique shock reflection associated with
Supersonic inviscid flow over a wedge.

A more advanced description of high-accuracy TVD schemes is provided by
Chakravarthy (1986) and the references cited therein, particularly Chakravarthy

and Osher (1985).

14.2.7 FCT: Propagating Shockwave by an FCT Algorithm

In this section an FCT algorithm similar to that described in Sect.14.2.6 will
be applied to the propagating shock problem considered in Sect.14.2.3. The
FCT algorithm can be treated, almost, as additional steps to be added to the
MacCormack or Lax—Wendroff schemes used in Sect. 14.2.3. The present de-
scription will follow the phoenical Lax-Wendroff FCT scheme given by Book et al.

(1975, p. 258).
The solution generated by (14.50) or (14.52) is interpreted as q**. Then the
phoenical FCT algorithm consists of the following six steps:

1) Generate diffusive fluxes:
f?+ 12=Vi+12(Q5+ 1 —9q7)

1) Generate antidiffusive fluxes:
fz}‘i 12=Hjv1)2 (qﬁkl - q}"*)

iii) Diffuse the solution:
Q=g+ 151

iv) Calculate first differences of qf**:
AqHH* = qiF, — g

v) Limit the antidiffusive fluxes:

d
S=sgnfii;

f;iduz'—_s max [0, min {SAQ}"ff/z’ lf?iuzh SA‘I?:S"/Z}]
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vi) Antidiffuse the solution:
IARES HAES FTPE S ey

In steps i) and ii) the diffusion v and antidiffusion y coefficients are functions of
position. This follows from the generalisation of (14.79) to

At)\? At \?
Vit12=No+ 1y uj+1/22; s MHjr12=Mo+N; uj+1/2ﬂ (14.93)

where u;, ,, =0.5(u;+u;, ;) and, typically, n,=1/6, n,=1/3, n,= —1/6. Clearly
steps i)-vi) represent a direct extension of the scalar, constant coefficient algorithm
described in Sect. 14.2.6.

The diffusive fluxes, calculated at time level n, are evaluated in program
SHOCK (Fig. 14.17, lines 88 and 99). All the other steps are implemented after
computing q** and are collected together in subroutine FCT (Fig. 14.24). The
various parameters used in subroutine FCT are described in Table 14.4.

Table 14.4. Parameters used in subroutine FCT (and
program SHOCK)

Parameter Description

ADF antidiffusive flux, f2¢ and f<*¢
DF diffusive flux, f¢

EMU antidiffusion coefficient, y;. ,,,
ENU diffusion coefficient, v;, ,,
ETA, ET1, ET2 Nos M1s M2, (14.93)

DQ Aq***

Q q**, q***’ q"* 1

Typical results for the propagation of a strong shock are shown in Fig. 14.25.
For this case 100 spatial nodes and 4 x=0.01 have been used. The shock strength is
p1/p2=5.0 and y=14 which produce a shock propagation speed u,,=2.104.
Initially, the shock is located at x’ =0.501. After 100 steps of At=0.001 the shock is
located at x'=0.711 and it is this solution that is shown in Fig. 14.25.

It is clear that the FCT algorithm has produced a sharp shock profile with
negligible oscillation. For comparison, solutions produced with the Lax-Wendroff
scheme and artificial viscosity, v=1.0 in (14.54) are also shown in Fig. 14.25. These
solutions were obtained with 200 time-steps of 0.0005. This was necessary to obtain
a stable solution. Although the artificial viscosity is effective in eliminating spurious
oscillations, it is clear that the shock is smeared over a wide region. This problem
can be reduced by going to a finer grid, but then the execution time may become
excessive. If a locally fine grid is used, typically adaptively, the overall scheme must
be made implicit to avoid severe stability restrictions on A4t.

A comparison of artificial viscosity, FCT and higher-order Godunov schemes is
provided by Woodward and Colella (1984) for one- and two-dimensional, steady
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SUBROUTINE FCT(NXM,ETA,ET2,DTR,Q,DF,U)

1
2¢C
3C APPLIES FLUX-CORRECTED TRANSPORT ALGORITHM TO Q(J,K)
aC
5 DIMENSION Q(101,3),DQ(101,3),U(101),DF(101,3),ADF(101,3)
6C
7¢C COMPUTE ANTIDIFFUSIVE FLUXES
8 C
9 EMU = ETA + 0.25%*ET2*((U(1)+U(2))*DTR) **2
10 pDO1K=1,3
11 1 ADF(1,K) = EMU*(Q(2,K)-Q(1,K}))
12 po 3 J = 2,NXM
13 EMU = ETA + 0.25%ET2* ((U(J)+U(J+1)})*DTR} **2
14 DO 2K =1,3
15 ADF(J,K) = EMU*(Q(J+1,K)-Q(J,K))
16 C
17 C DIFFUSE THE SOLUTION
8 ¢
19 Q(J,K) = Q(J,K) + DF(J,K) - DF(J-1,K)
20 2 DQ(J-1,K) = Q(J,K) - Q(J-1,K)
21 3 CONTINUE
22 DO 4 K=1,3
23 4 DQ(NXM,K) = Q(NXM+1,K) - Q(NXM,K)
24 C
25 C LIMIT ANTIDIFFUSIVE FLUXES
26 €
27 DO 6 J = 2,NXM
28 DO 5 K = 1,3
29 S = SIGN(1.0,ADF{J,K))
ADF(J,K) = ABS(ADF(J,K))

DUM = $*DQ(J~1,K)
ADF(J,K) = AMIN1(ADF(J,K),DUM)
DUM = S*DQ(J+1,K)

30

31

32

33

34 ADF (J,K) = AMIN1(ADF(J,K),DUM)
35 ADF(J,K) = AMAX1(ADF(J,K),0.)
36 ADF(J,K) = S*ADF(J,K)

37¢

8 C ANTIDIFFUSE THE SOLUTION

39 ¢

40 Q(J,K) = Q(J,K) - ADF(J,K) + ADF(J-1,K)
11 5 CONTINUE

42 6 CONTINUE

43 RETURN

44 END

Fig. 14.24. Listing of subroutine FCT

and unsteady flows in which very strong shock waves and contact discontinuities
occur. A contact discontinuity is a surface across which the density is discontinuous
but velocity and pressure are continuous. In the evolution of a shock tube flow the
boundary between the initially high and low pressure fluids develops as a contact
discontinuity.

Woodward and Colella (1984) find that higher-order Godunov schemes pro-
duce more accurate solutions than FCT algorithms, but are more complicated to
code and more expensive to run. As might be expected, FCT algorithms are more
accurate than using artificial viscesity. Although not tested by Woodward and
Colella it seems likely that the later flux-limiting algorithms (e.g. Yee 1986), which
may be interpreted as developments of the FCT concept, would produce solutions
much more economically than the Godunov schemes and possibly almost as
accurately.
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E Fig. 14.25. Propagating strong shog
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Various methods, from the addition of artificial viscosity to the implementation
of full Godunov formulations, offer a considerable variation in execution time. For
unstea@y 'ﬂows the accurate computation of both the shock strength and shock
speed is important and greater complexity in the computational algorithm is
warranted. For steady flows containing shocks accurate solutions can often be
obtained with less complex algorithms.

14.2.8 Implicit Schemes for the Euler Equations

Exp.licit schemes for solving the Euler equations have been considered in previous
sections f.or flows where either strong shocks were expected or where the flow was
supersonic everywhere so that, for steady flow, the solution could be obtained with
a single coordinate sweep. In this section implicit schemes are considered for the
Euler equations governing transonic flow.

Fgr steady transonic flow there is evidence (Rizzi and Viviand 1981) that, for
certain cpnditions where shocks are expected, the fully conservative potential
formulation, described in Sect. 14.3.3, can produce shocks in the wrong location
and even multiple solutions for the same boundary conditions. Consequently
where ‘the prediction of the location and strength of a shock is crucial, e.g. a lifting
acrofoil, solutions of the Euler equations are considerably more reliable.

' For steady transonic flow, solutions of the Euler equations are usually obtained
via a pseudo-transient formulation (Sect. 6.4). The major problem is in achieving
rapid convergence of the transient process. Viviand (1981) provides a review of the
problem and possible strategies.

Explicit finite volume schemes based on the MacCormack discretisation
scheme are described by Rizzi and Eriksson (1982) and Lerat and Sides (1982).
However, explicit schemes typically require a large number of iterations (time-
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steps) to reach the steady state due to CFL restrictions on the time-step for
stability.

Implicit schemes, based on splitting or approximate factorisation techniques
(Chap. 8) permit much larger time-steps and consequently reach the steady state in
far fewer iterations. A specific comparison for the flow about a NACA-0012
aerofoil at «=1.25° and M, =0.80 can be made. Rizzi (1981), using an explicit
scheme, reports needing 4900 iterations to reach convergence on a 141 x 21 grid.
Pulliam (1985), using an approximate factorisation (implicit) technique, obtains
solutions on a 161 x 33 grid in close agreement with Rizzi’s resuits in approxi-
mately 250 iterations. However, when explicit algorithms are combined with a
multigrid strategy (Sect. 14.2.9) they are more competitive.

Here we develop a typical implicit algorithm for marching the Euler equations
in time. In two dimensions the Euler equations can be written in conservation form

as

oq OF 0G
AT 470 h 14.94
o Tax Ty 0 Wi (14549
o Qu QU
24 uv
= | " PP 6= (1495)
n ouv QU +p
w(E+p) (E+Dp)

where m= ou, n=gv, and for an ideal gas
p=@—1DE-050w?*+v?)] . (14.96)
Because of the particular structure of these equations it is possible to write
F=4Aq and G=Bq, (14.97)

where 4 and B are the flux Jacobian matrices, i.e.

OF; 0G;
A== B,=—. 14.98
ij 5‘], aﬂd ij aqj ( )
Matrices 4 and B are
0 1 0 0
e 0.5(y — 3)u*+0.5(y — 1)v? (B—y)u —y—v (-1
T 4 —uv v u 0 ’

ul—yE/o+(y— D +v%)] yE/0—0.5(— DB’ +v?) —(y—uv yu

(14.99)
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0 0 1 0
B —uv v u 0
T | 05— Du?—053—y*  —(—Du B—yp (7—1)

o[ —vE/o+ (3 — Du?+0v)] —(y—Duv yE/o—0.5(y— 1)(u? +3v%)  yv

To introduce the implicit scheme, (14.94) is discretised as

Aqn+1 AAqn_

14+
e TR

_(1_B)(Lan+LyGn)_ﬁ(Lan+l+LyGn+1) ,
(14.100)

where Aq**'=q"*!—q", and y and f are parameters that will provide different
marching schemes. Previously L, and L, were defined as central difference oper-
ators, e.g.

1
Lij,k:<Z1;>(Fj+1,k - Fj—l,k) .

Here they will be left undefined since alternative spatial discretisations may be
preferred in supersonic regions of the flow.

It is assumed that the solution q is known at time-level n and (14.100) is to be
used to advance the solution to time-level n+ 1. The broad strategy follows that of
Sects. 8.2,9.5.1 and 10.4.2. That is, a linear system of equations is developed for the
correction to the solution, Aq"*!. The terms F"*' and G"'' are nonlinear
functions of ¢"* 1. These terms may be linearised by expansion about time-level n as
a Taylor series, i.e.

Fn+1:Fn+4"‘Z—‘:At+O(m2)
(14.101)
=F"+A"Aq"" ' +0(41>) and
Gn+1=Gn+Bn Aq"+1+O(A[2) , (14102)

where 4" and B" are the flux Jacobian matrices (14.99) evaluated at time level n.
Substitution into (14.100) gives

pAt At y
I+ —{L.A"+L,B"} |4 o L F'+ LG +——Aq" . 14.103
[‘ 1+y{ - »B"} 149 1+y{ yG") 1+7y 1 ( )

In (14.103) the notation . . . L, B"}]Aq""" implies L,(B"Aq""").

If only the steady-state solution is of interest the choice y=0, f=1.0 is seen to
give rise to an augmented Newton’s method (Sect. 6.4.1). The only difference from a
conventional Newton’s method is the additional diagonal term coming from the
unit matrix I. As 4t — oo, the conventional Newton’s method is recovered.
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However 7, B and At are chosen, (14.103) is computationally expensive to solve
at each step, in its present form. Because of (14.101), (14.103) is only accurate to
0(41?) at best. For particular choices of 7 and f, e.g. the “Newton” choice y=0,
p=10. (14.103) is only accurate to O(41).

The accuracy is not changed, to 0(4¢?), if the term

2
EA(t Lx AnLanAqu-l
JE -

is added to the left hand side of (14.103). The result is

pAt pAt ‘1 At ¥
PALp || 1+ 255 LB (Aqt = — — {LF"+ L,G"} +— 4q" .
[!+1+v - 14+y ¥~ g 1+y{ vG'} 147y 4
(14.104)

Equation (14.104) provides an approximate factorisation of (14.103) which is
implemented as a two-stage algorithm. The first stage is
[ pat

] At v
1+ 7 LA |Aq*=— = {(LF"+L,G"} + —— 4q" , 14.105
B __q 1+v{ ,G"} el ( )

and the second stage,

[ B4t
1 L B lAq"" ' =A4q* . 14.106
_‘+1+v &4 q q ( )

Equation (14.105) is a 4 x 4 block tridiagonal system of equation associated with
each grid line in the x direction. Block tridiagonal systems of equations can be
solved very efficiently using an extension of the Thomas algorithm (Sect. 6.2.5). The
same algorithm is applicable to (14.106), which is a 4 x 4 block tridiagonal system
of equations associated with each grid line in the y direction.

It is possible to factorise 4 and B into the form

A=T,A,T;" and B=TyA,T;" , (14.107)
where diagonal matrices 4, and 4 contain the eigenvalues of 4 and B, ie.

diag. A,={u,u,u+a,u—a} and diag Ag={v,v,v+a,v—aj , (14.108)

and a is the local sound speed. Pulliam and Chaussee (1981) show that use of the
factored form (14.107) permits a single 4 x 4 block tridiagonal system to be split
into four scalar tridiagonal systems that can be solved sequentially. This produces
an overall saving in execution time of about 30%. However the technique intro-
duces an error of 0(4t) in unsteady solutions.

Equations (14.105 and 106) are equally applicable to unsteady or steady
problems. For unsteady problems the choice y=0, f=0.5 produces a “Crank-
Nicolson” algorithm which is accurate to O(At?). Where (14.105 and 106) are used
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as the basis of pseudo-transient algorithms for steady problems the choices
) y=0, =10
i) y=0.5, f=1.0 three-level, fully implicit, O(4¢?)

augmented Newton, O(41),

are effective. At first sight it might appear that the augmented Newton’s methoy
with a very large 4t would be optimal for pseudo-transient calculations. Howevej
the approximate factorisation introduces a term of O(4t?) and this effectivel
destroys the expected quadratic convergence of Newton’s method. '

A von Neumann (linear) stability analysis indicates that the algorithm given by
(14.105, 106) is unconditionally stable. However, nonlinear instability can stii
occur, particularly associated with strong shocks. If the spatial operators L. and L
in (14.105 and 106) are represented by central differences it is the practice to adc
artificial viscosity. However, this must be added to both sides of equation (14.105)
The artificial viscosity may be second-order (as in Sect. 14.2.3) or fourth-orde
(Sect. 18.5.1).

Alternatively L, and L, can be constructed as upwind differences in the
supersonic region. Thus

1 1

L;Fj‘kzﬂ{Fj,k—Fj,lvk} and L;Gj,k=E{Gj,k—G,~,k_1} ,  (14.109
assuming the local velocity is in the positive x and y directions. Such a discretis:
ation is seen to introduce dissipation (Sect. 9.1) if it is interpreted as a second-orde;
discretisation. An example for a one-dimensional shock tube problem is given by
Steger and Warming (1981, Fig. 1) and is seen to produce a heavily smoothed ous
shock and contact discontinuity. It is possible to construct a second-order upwing
differencing scheme that can be combined with the two-stage implicit algorithn
(14.105, 106) in the supersonic regions. Pulliam (1985, pp. 520-523) describes such ¢
scheme, adapted from Warming and Beam (1976), and shows that sharp shocks are¢
generated without upstream oscillations (as in the MacCormack and Lax-
Wendroff schemes, Sect. 14.2.3). However, combining with central differencing it
the subsonic region requires the introduction of switching functions (as it
Sect. 14.3.3) and special procedures at the interface (i.e. the sonic line and the
shock).

Specification of the boundary conditions and their numerical implementatior
when solving the Euler equations is an important part of the overall algorithr
construction. At solid boundaries the normal velocity must be set to zero to satisfy
conservation of mass. Typically pressure is obtained from the normal momentur
equation and density follows from holding the total enthalpy, H=(E + p)/e
constant.

Boundaries through which flow can take place are categorised as inflow o1
outflow boundaries (Fig. 11.18). For internal flow problems, the classification is
unambiguous. For flows external to an isolated body parts of the farfield boundary
may change from being an inflow to an outflow boundary during the course of the
solution.
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Fortunately characteristic theory provides guidance as Fo the number and form
of the boundary conditions. Physically information is. carried alqng the .character-
istics. Therefore characteristics entering the computational domain require bound-
ary conditions to be specified. . . .

The one-dimensional unsteady Euler equations have eigenvalues given by
A={u, u+a, u—a}". The situation for one-dimensional subsonic and super-

sonic inflows and outflows is shown in Fig. 14.26.

a
Inflow Outflow
v, v v,
—_
vea usa
u-a v-0
29
m<1 M<1
u v
- v — >
—_—
v+Q u+Q
v-a v-a Fig. 14.26. Number of boundary
conditions from characteristics
M>1 M>1 theory.

Thus a subsonic inflow requires boundary conditions on two variables and
requires the third variable to be computed from the boundary values and interior
solution. At a subsonic outflow two characteristics point out of the computational
domain and one points into the domain. Consequently one boundary condition
must be set at a subsonic outflow.

For a supersonic inflow all characteristics point into the domain, therefore
boundary conditions are required on all variables. Conversely at a supersonic
outflow all characteristics point out of the domain so that no boundary conditions
may be specified.

The above approach can be extended to multidimensions if u is interpreted as
the velocity component normal to the boundary surface. This fits in conveniently
with the use of generalised curvilinear coordinates (Chap. 12) since the direction
normal to the boundary is usually a generalised coordinate. For an application see
Steger et al. (1980).

For subsonic flow in the farfield there is some choice as to which dependent
variables, or combinations, should have prescribed values. Typical boundary
conditions for subsonic inflow are to specify the flow direction, entropy and total
enthalpy. The density is obtained from the interior solution by using the charac-
teristic compatibility relationship. At a subsonic outflow it is appropriate to specify
the pressure, extrapolate ou, ov and E from the interior solution and obtain ¢ from
(14.96).
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The boundary conditions should be implemented implicitly to ensure that th;‘;
overall algorithm is not subject to CFL stability restrictions on the time step. Ye(
(1981), Pulliam (1981), Chakravarthy (1983) and Rai and Chaussee (1984) providé
appropriate implicit implementations. ':

The numerical formulation of the farfield boundary conditions are important in‘
rf:lation to the convergence of steady-state solutions in the minimum number of
time steps. At any intermediate point (in time) the solution can be conceptually split
into a transient part and a steady-state part. The solution algorithm, e.g. (14.10s;

106), can be interpreted as seeking to destroy the transient solution in the minimum .

number of time steps. The transient solution consists of the propagation of waves
about the computational domain. It is desirable to construct farfield boundary

conditions that transmit the transient solution out of the computational domain

without reflection.

An effective technique, developed by Bayliss and Turkel (1982) for external flow,
is to linearise the Euler equations about uniform flow,ie. u=U_, v=0, p=p_ and
©0=0,. Then a boundary condition is derived which matches the solution of the
linearised equations. For subsonic outflow conditions with the flow parallel to the
x-axis, Bayliss and Turkel recommend the boundary condition

1 P o.ay xdu yov 1

where d*>=(1—M2)x* + y°. In application, (14.110) requires knowledge of o, U,
and a,. Bayliss and Turkel (1982) indicate that these can be taken from the
solution at the preceding time step. Clearly as the steady state is approached
(14.110) forces p=p,,, where p,, is the specified outflow pressure.
' An alternative outflow boundary condition due to Rudy and Strikwerda (1981)
is

op du

E—Qwaq;a%wc(p—pw):o , (14.111)
where typically «=0.3 for rapid convergence. Bayliss and Turkel found the use of
(14.110) superior to (14.111) for most problems.

For farfield boundaries that are solid surfaces e.g. a wind-tunnel wall, one
boundary condition should be applied. If the wall is parallel to the x-axis, Bayliss
and Turkel recommend the following boundary conditions:

op ov
7 9un g =0 (14.112)

The equations in the interior can be modified to accelerate convergence to the
steady state. It is convenient to write the governing equations (14.94) as

L

Y oatate Y (14.113)
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where NV is a matrix constructed to enhance convergence. Viviand (1981) has
reviewed pseudo-transient algorithms that fall into the class of (14.113) for tran-
sonic inviscid flow.

Turkel (1985) introduces a form for N such that if all terms in (14.113) were
factored in the manner of (14.107) the resulting eigenvalues, equivalent to (14.108),
would be independent of the sound speed a.

If N is diagonal (14.113) reduces to choosing a different time step for each grid
point. Pulliam (1985) indicates the following formula is effective in compensating

for a spatially varying grid:

Aty
Tl 14.114
1+ (4114

where J is the Jacobian (12.3).
Alternatively A4t,,, be chosen to keep an effective CFL number constant, ie.

4 tloc =

A 1/2
Ax Ay~ (14.115)

Atloc:k
w+a

where w=(u?+v?)!/? and k is O(10), typically.

For steady flows with stronger shocks it is advantageous to construct flux-
limited TVD schemes (Sect. 14.2.6) that are implicit and use pseudo-transient
approximate factorisation algorithms conceptually similar to (14.105 and 106) to
obtain the steady-state solution. Typical algorithms are described by Yang et al.
(1986) and Chakravarthy (1986).

Implicit schemes for the Euler equations are also appropriate, with minor
modifications, to the Navier-Stokes equations. Thus many of the techniques
described in Chap. 18 are also applicable to the Euler equations.

14.2.9 Multigrid for Euler Equations

For steady-state solutions of the Euler equations it is possible to use muitigrid
techniques (Sect. 6.3.5) to accelerate the convergence. Here an algorithm due to Ni
(1982) will be described which uses an explicit scheme to march the unsteady Euler
equations in time until the steady state is reached. By using a multigrid strategy the
effective time-step limit associated with the explicit scheme is not restrictive since
marching on coarse grids allows rapid propagation of the transient solution.

The algorithm combines one-step Lax-Wendroff time differencing (10.10),
which is second-order in time, with a finite volume spatial discretisation (Sect. 5.2).
The algorithm will be illustrated for a uniform Cartesian grid, Fig. 14.27, but the
extension to a non-uniform grid is straightforward (Ni 1982; Hall 1984). The
starting point is the two-dimensional unsteady Euler equations

q.= —(F,+G,) , (14.116)

where the components of q, F and G are given by (11.117) without the 7 and Q
terms.
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Fig. 14.27. Correspondence between contad
volumes and grid points
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Application of the finite volume method (Sect. 5.2.1) to the control volume
(j+1/2, k+ 1/2) and first-order time differencing gives the following algorithm for
the correction to q at the centre of the control volume (Fig. 14.27). :

At
A1 12, k412= _O'SE[(Fj+l,k+Fj+1,k+ D= (F+F;41)]
At
—0~SE[(GJ',I<+1 +Gji1k+1) (G + Gy 1)] - (14.117)

Equivalent expressions to (14.117) can be obtained for the four control volumes
surrounding grid point (j, k).

When the steady state is reached both sides of (14.117) go to zero so that
491 1,2,k+1,2 1S proportional to the steady-state residual associated with the
(j+1/2,k+1/2) control volume. This correspondence will be exploited in con-
structing the multigrid algorithm to be described later in this section.

The value of the gridpoint correction, dq; 4, can be obtained as the average of
Aq for the four surrounding control volumes. However, it is also desirable to
introduce second-order time-differencing. This can be achieved by introducing a
one-step Lax—Wendroff scheme (10.10). Thus the time discretisation of (14.116) at
node (j, k) becomes

204 = —AUF+Gy)y #0540 {[AF+ G)L+[BF.+G)], )y . (14119)

where 4 and B are the Jacobians, 0F /0q and 0G/0q, and F, = 9F/dx, etc. The first
term on the right-hand side can be evaluated as an average over the surrounding
control volumes using (14.117) to give
—41(F,.+G, ik =0.25(4q;_ 113 k-1 +A44;- 12,6412
+qu+1/2,k+1/2+qu+1/2.k—1/2] . (14.119)
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Using (14.116),
A(Fx‘l'Gy):‘/th and l_’(Fx+Gy):_Bqt -

Introducing q,= 4q/At leads to
At["_‘! (Fx+ (;y):]xz _("L‘Aq)xz _(A F)x and
At[E(Fx_’_Gy)]yz‘(BAq)yz_(AG)y >

where AF and AG denote the changes in F and G during the current time-step

sponding to the correction 4q. o . .
corr"[(?hré terms (4F),, (4G), centred at grid point (, k) are evaluated1u51qg tPe ﬁmlte
volume method based on a control volume bounded by (j - Lk—3),(j+3.k—3),
(j+4, k+1) and (j—3%, k+73), as indicated in Fig. 14.27. This produces the result

2

(14.120)

(AF)xz[OS(AF1+ 1/2,k+1/2+AFj+ 1/2,k—1/2)

1
121
_O'S(AF]‘—1/2.k+1/2+AFj—1/2,k—1/2)]E (14.121)

d an equivalent result for (4G),. » '
v Subst?tution of (14.119-121) inyto (14.118) produces the following algorithm for

the correction to g; x:

At At
= AR +5- 4G
5qj,k_0.25{[Aq+Ax AP+ ]

j—1/2,k—1/2

At At
—AF ———AG
+[Aq+Ax Ay ]

j—1/2,k+1/2
At At
——AF —— AG:|
+|:Aq a4x Ay j¥1/2.k+1/2
At g+ A (14.122)
——AF+—AG] } |
+[Aq Ax Ay jH1/2,k—1/2

Clearly (14.122) can be interpreted as givir}g the correction to q; in tt;;r;zs of ftl;z
average of the corrections occurring in adjacer{t cgntrgl volumes. Ni .( ) refe

to the individual contributions in (14.122) as dlstrlbu.tlon formulge, since one can
traverse each control volume in turn and distribute its effect to its four adjacent
grldTP})lZntl)Ss‘ic algorithm consists of (14.117) to obt?in the c.ontrol yolume corre;:
tions and (14.122) to obtain the grid point corrections. This algquthm is secon

order accurate in time and space. However, for stability the following restriction on

the time step is necessary:

4x 4y } (14.123)

Ar= min{(|u|+a) * {ol+a)
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It may be noted that the dependent variables are defined at the vertices of thé
control volume rather than at the centre of the control volume as in Sects. 5.2 and
17.2.3. It is also possible to construct a finite volume discretisation of (14.1 16) with
grid-point values of the dependent variables defined at the centres of the contro}
volumes (Jameson et al. 1981).

However, the identification of control volume vertices with grid points hag
inherent advantages (Morton and Paisley 1986). First, for a given nonuniform grid
the accuracy is usually higher for the vertex grid-point form. The centred grid-point
form is sensitive to the appearance of oscillatory solutions (Sect. 17.2.3). If
staggered grid is not used then it is usually necessary to include additional
dissipative terms to suppress the oscillations (Jameson et al. 1981). The vertex grid-
point form is much less sensitive to spurious oscillations, although additiona}
dissipative terms are recommended (Ni 1982) if shocks are present.

Probably the greatest advantage is associated with the implementation of
boundary conditions, which can be imposed directly with the vertex grid-point
form since grid points coincide with the boundary, which is not the case for centred
grid-point control volumes (Sect. 17.1.3).

To accelerate convergence to the steady state one would like to use larger time
steps than permitted by (14.123) for a grid fine enough to achieve acceptable
accuracy. The multigrid strategy (Sect. 6.3.5) achieves this by evaluating (14.122) on
successively coarser grids with correspondingly larger values of At o (14.123),
Thus unwanted transient disturbances are rapidly propagated through the com-
putational domain and expelled through the farfield boundaries, leaving the
converged steady-state solution. In contrast to the multigrid algorithms described
in Sect. 6.3.5, simpler multigrid algorithms to obtain the steady-state solution of the
Euler equations are usually preferred. Here we briefly describe the algorithm of Ni
(1982).

For an intermediate grid, the control volume correction A4q™ is not obtained
from (14.117). Instead it is obtained from a restriction of the grid-point corrections
3q™*! on the next finer grid, i.c.

Aqr=1I5, . 6q"" 1, (14.124)

where I}, | is the restriction operator (Sect. 6.3.5).

Successively coarser grids are constructed by deleting alternate grid lines so
that control volume centres on the coarser grid coincide with grid points on the
finer grid. From the form of (14.117 and 122) it may be noted that the restriction of
the corrections in (14.124) is equivalent to the restriction of the residuals in (6.85).

Given Aq™ from (14.124) the corresponding grid-point corrections dq™ are
obtained from (14.122). The corrections are then either prolonged (interpolated)
onto the finest grid M to give a new fine grid correction

oqM =1 oq™ (14.125)

or are used to give the control volume corrections on the next coarser grid, i.e.
using (14.124) again with m=m — 1.
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A subcycle of the multigrid algorithm starts with the finest grid M aqd
progressively restricts through each coarser grid using (14.124;) and marching in
time using (14.122) until the mth grid is reached. Then the solution on the mth grid
is interpolated back to the finest grid using (14.125). Each subcycle is a'sa’wtooth
cycle in contrast to the V-cycle illustrated in Fig. 6.21. The complet'e multigrid cycle
consists of the solution of (14.117 and 122) on the finest (M) grlq followed by a
sequence of nested sawtooth cycles until the coarsest grid (m=1) is refiched.

Ni (1982) uses a nest of four grids (M = 4) with the finest grid having 65 x 17
points. For transonic channel flow past a bump Ni requires 900 time-steps to reach
the steady state, i.e. (14.117 and 122) are used on the finest grid only. If the above
multigrid algorithm is used, 130 multigrid cycles are required with a reduction in
the execution time by a factor of 4, approximately. Ni also applies the above
algorithm to the transonic flow around an axisymmetric nacelle and past a cascade
of turbine rotor blades.

Johnson (1983) describes the extension of the Ni algorithm to utilise any of the
two-step Lax—Wendroff-like explicit algorithms (Sect. 14.2.2). Davis et al. (1984)
and Chima and Johnson (1985) provide extensions of a Ni-type algorithm to obtain
solutions of the compressible Navier-Stokes equations.

Jameson (1983) describes a control-volume discretisation of the Euler equations
based on placing grid points at the centre of the control volumes and using a four-
stage Runge—Kutta scheme (Sect. 7.4) in place of the Lax—Wendroff scheme de-
scribed above. Jameson’s multigrid implementation is similar to Ni’s except that a
single sawtooth cycle extending to the coarsest grid is used and the prolongation to
the finest grid is made via each intermediate grid.

Mulder (1985) combines an implicit time-marching method with a multigrid
correction algorithm and flux-vector splitting (Steger and Warming 1981). A flux-
limiting procedure is used to produce sharper shocks. Hemker (1986) applies the
FAS multigrid scheme (Sect. 6.3.5) with Gauss-Seidel relaxation to the steady Euler
equations after introducing a second-order finite volume discretisation based on
centred control-volume grid points. Rapid convergence of the multigrid algorithm
is facilitated by using a first-order TVD scheme (Sect. 14.2.6) until convergence is
almost achieved. The second-order flux-limiting improvement is only introduced as
final convergence is approached.

14.3 Transonic Inviscid Flow

The category of transonic inviscid flow is considered separately since it is amenable
to special treatment via a potential equation, as long as shocks are weak. Transonic
inviscid flow is characterised by the occurrence of regions of subsonic and super-
sonic flow (Fig. 11.15). Techniques for solving the steady potential equation will be
emphasised. The extensions necessary to solve flows governed by the unsteady
potential equation will be described briefly.
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14.3.1 General Considerations .

If the flow is irrotational, a velocity potential can be introduced (11.102) and the
Euler equations can be reduced to a single partial differential equation and an ‘
auxiliary algebraic equation. In two-dimensional steady flow the governing equa-
tion in terms of the velocity potential is :

(@* —ud) D, —2uv®,, +(a* —v*)P,, =0, (14.126)

and the sound speed a is given by (11.104). If (14.126) is written in natural
coordinates (s, n), that is, s is parallel to the local flow direction and n is normal to it,
the result is

(1-M>)D,+ D, =0, (14.127)

where the local Mach number M = g/a, and g% = u? + v*. Clearly (14.127) changes
from an elliptic to a hyperbolic partial differential equation if M is locally greater
than unity, ie. if the flow is locally supersonic. As indicated in Fig. 11.15, the
supersonic region is usually terminated in the flow direction by a shock wave.

Since the derivation of (14.126) is based on the assumption of irrotationality,
Crocco’s theorem (Liepmann and Roshko 1957 p. 193) indicates that the flow must
also be isentropic for the flow around a body in a uniform freestream. However,
although the Rankine-Hugoniot conditions across the shock, e.g. (11.110), require
that mass, momentum and energy are conserved, there is an increase in entropy
proportional to the third power of the shock strength [ ~(M, — M,)*]. If the
normal Mach number ahead of the shock (M, ) is less than 1.1, it is acceptable to
treat the change in the flow conditions through the shock as approximately
isentropic, and to seek the flow solution via the velocity potential.

Equation (14.126) is usually solved in the equivalent, nondimensional con-
servative form (i.. the steady continuity equation)

(D), +(0'Dy), =0 (14.128)

where @ = ®/(U, L) and L is a characteristic length. The nondimensional density
is obtained from (11.104) as

( Q_ u 2 v 2 1/(y—1)
o= &= freoso-me1-(7) (&) ) e

where 7 is the specific heat ratio and M, is the freestream Mach number.

If conservative discretisations are introduced into (14.128), the solution will
satisfy the weak form, ie. (5.6), of (14.128). Consequently “shock-like” discon-
tinuities in the solution will be captured. However, the discontinuous solutions will
conserve entropy, energy and mass, but not momentum. Thus the Rankine-
Hugoniot conditions are satisfied only approximately. Jameson (1978, p. 3) notes
that the momentum jump across the computed shock provides a measure of the
wave drag.

Il
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Computational solutions to (14.128 and 129) can be obtained very efficiently,
and working computer codes are widely used in the aircraft industry for the design
of aircraft that operate in the transonic flow regime, where only weak shocks may
be expected. For flows with stronger shocks or large regions of rotational flow, e.g.
the wake of an aerofoil or turbine blade at angle of attack, it is necessary to solve
the full Euler equations (11.22-24) typically by a pseudo-transient method
(Sects. 14.2.8,14.2.9). However, such methods are usually considerably slower than
methods based on the solution of (14.128 and 129). The disparity in economy is
even more marked for three-dimensional or unsteady flow.

Since (14.126) governs isentropic, inviscid flow it does not distinguish between a
compression shock and an expansion shock (Fig. 14.28). Computational schemes
must incorporate special procedures to prevent expansion shocks (physicaily
untenable) from appearing. This can be done by using upwind differencing, or by
introducing artificial viscosity, in the supersonic region. Both of these techniques
provide dissipative mechanisms that block the appearance of expansion shocks.

compression shock expansion shock
sonic _. -~ ) & ~ sonic

Fig. 14.28. Compression and expansion shocks

14.3.2 Transonic Small Disturbance Equation

For the flow about slender bodies it is possible to simplify (14.126) further o obtain
(11.107) governing the disturbance potential ¢. If the body profile is given by
y = tf(x), where 1 is assumed small, it is possible to write (11.107) as (Cole 1975)

ey

i 0, (14.130)

0

o [K9x =050+ D{d)* ]+
where K = (1 — M2)/1%® and ¢, = d¢/dx. In (14.130) y has been scaled by 7'/* and
¢ by 17213,

Equation (14.130) is referred to as the transonic small disturbance equation.
Consistent with (14.130) the jump conditions across the shock are

(0,1~ 2 (K.~ 056+ D9} =0 . (14.131)

where [ ] denotes the jump in value and dy/dx is the shock slope. It is also
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consistent to apply the boundary condition, of d¢/0n = 0 at the body surface, 0n3
the x-axis in the form 3

op df

o " dx at y=0. (14.132)

Equations (14.130-132) provide an accurate description of the flow at transonic

speeds around slender bodies except in the immediate neighbourhood of blunt:

leading edges. This is because the velocity perturbation u is of the same order as the
freestream velocity U, in this region. For supersonic speeds, say M,, > 1.3,(14.130)
can be simplified further since 0.5(y + 1) {¢,}* < K¢,. Consequently (14.130) re-
duces to (11.109), which is linear and amenable to solution with a panel method
(e.g. PAN-AIR) as in Sect. 14.1.6.

In conservation form, which is necessary to ensure that the correct shock
solution is obtained, (14.130) can be written compactly as

oF + oG _ 0 14.133

ox oy (14.133)
where F = K¢, —0.5(y + 1) {¢,}* and G = d¢/dy .

Central difference operators on a half-grid are defined as

Pj,k — [Fj+ 1/2,kA‘ij—1/2,k] nd Q, L= [G} k+1/2Aij,k—1/2] ' (14‘134)'

If G is substituted into (14.134) and central difference operators introduced again,
the result is

(jxs1—20; 5+ D x—1)
Ay? ’

Qj.k =

and similarly for P; ;. Using (14.134) an algorithm suitable for discretising (14. 133)
in transonic flow can be written as

P+ Qi Pix+ -1 xPi1 k=0, (14.135)
where

#; , = O at subsonic points, i.e. K > (y+1)¢, ,

=1 at supersonic points, i.e. K <(y+1)¢, .

In the supersonic region it is clear from (14.135) that the term 0F/dx in (14.133) is
being represented by a three-point upwind scheme (Fig. 14.29), in contrast to the
centred-difference representation in subsonic regions. The difference formulae used
in the supersonic region properly simulate the hyperbolic requirement of no
upstream influence. If the sonic line (Fig. 11.15) or the shockwave (Fig. 11.15) lie
between points (j— 1,k) and (j, k), (14.135) takes the form
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a kel b kel
k K
k-1 k-1

j-1 j i -2 -1t i+l
Fig. 14.29a, b. Active nodes in (14.135). (a) Subsonic point (j, k) (b) Supersonic point (j, k)

sonic line: Q;, =0,
(14.136)
shock wave: P, +P;_; +0;,=0.

These special forms are necessary to allow the governing equations to be solved
efficiently and the shock to be represented accurately. After converting (14.135) to
an equivalent velocity potential form, the resulting equation can be solved iterat-
ively. Special techniques to do this will be indicated in Sect. 14.3.5. The above
formulation is essentially due to Murman (1973).

A Taylor expansion of P;_ , about the node ( j, k) indicates that it is consistent
with ¢F/éx but introduces an artificial viscosity proportional to 4x. Thus rather
than switch to upwind formulae in the supersonic region it is possible to introduce
explicit artificial viscosity in the supersonic region. This technique has also been
used with the finite volume method (Caughey 1982).

14.3.3 Full Potential Equation

For steady transonic inviscid flow more accurate solutions are obtained by solving
the full potential equation (11.103) written in nondimensional conservation form.
In two dimensions this is given by

o[ o KA
( 6x>+6y<g ay>_0’ (14.137)

where ¢’ is the disturbance potential and the density o' is given by (14.129). In the

rest of this section the prime is dropped for clarity. To suit (14.137) the boundary

condition of zero normal velocity at the body surface, d¢/én = 0, must be applied

at the surface. Far from the body the disturbance potential ¢ goes to zero.
Equation (14.137) is discretised as

Six+ T, =0, where (14.138)

e
! 0X )iv1/2.k ox J-1/2.k Ax
a(p) < ad)) :| 1
+1lo4- o5~ - (14.139)
[( 0y Jik+1s2 0y Jik-1214y
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with (00¢/0x);4 12,6 = 0.5(0;+ 0j+1)(¢;+ 1 — ¢;)/4x, etc. T; , provides the artificig]
viscosity required in the supersonic region. If the flow direction in the supersoni
region is nearly parallel to the x-axis it is sufficient to introduce artificial viscosity
in the x-direction only. Thus

_ [Pjs1j2,6— Pi- 12,41
Ax ’
P = _(#j,kAx)[Lxx((i’j,k_3¢j—1.k)] and
(Dj-1.x— 20,6+ D 1.4
Ax? ’

As before, p is the switching function but now given by

2
4 = min [0,9(1 —-u—2>] .
a

Thus u varies smoothly and is only non-zero in the supersonic region.
The parameter ¢ is defined by

e=1—14x ,

T«

where (14.140)

Lxx¢j,k =

which makes (14.138) second-order accurate. The additional dissipative terms T; ,
represent dP/0x where

P = —/1[(1—8)Ax¢xx+8dx2¢xxx] ’

ie. T is proportional to 0%u/dx>.

A particular problem develops with the full potential equation if the flow
direction deviates too far from the x-axis. It is then possible for supersonic points to
occur such that u? < a®? <u® +v% In turn this leads to negative artificial viscosity
being introduced.

The solution to this problem is to relate the additional dissipative terms, like
T, in (14.138), to the local flow direction. This is most easily illustrated with
reference to (14.126), which becomes (14.127) in natural coordinates with

¢ - [uz¢xx + Zuvd)xy + Uz¢yy]
ss 2 .
q

At supersonic points centred difference formulae are used to represent ¢, but the
following upwind formulae are used to represent the ¢,,, ¢,, and ¢,, contributions
to ¢

(14.141)

(k= 20— 1,6t Pj-2.e]

d)xx = sz P

[P Pk P11 ]
bxy = ddxdy =, (14.142)
6. = [9jx =201+ Pji-2] ‘

Ay?
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Fig. 14.30. Active grid points for (14.142)

The active gridpoints are shown in Fig. 14.30. The corresponding scheme to suit
(14.137) 1s more complicated but is provided by Jameson (1978, pp. 17-19).

Artificial viscosity can also be introduced by modifying ¢ in (14.139). Holst and
Ballhaus (1979) show that (14.140) is equivalent to replacing terms like Q;; 12, IN
(14.139) by

(14.143)

Oivipa=0 V) Q12,6 T VikQi-1/2,k >
jt1/

where v = max {0, [1 —a?/q*]} and ¢* = u? +v>. An advantage of modifying the
density, as in (14.143), is that this often permits the algorithm for solving the
discretised equations to be implemented more easily.

14.3.4 Transonic Inviscid Flow: Generalised Coordinates

The need to compute the flow about bodies like aerofoils and turbine blades has led
to the introduction of body-fitted coordinates, Chap. 12, so that in the com-
putational domain (Fig. 14.31) the body surface coincides with a constant value of
the transform variable, e.g. # = 1,. Techniques for choosing an appropriate grid of
points x(&, 1) and y(&,#) are discussed in Chap. 13.

In the (&, ) plane (14.137) and (14.129) become

%(Q*U°)+(%(Q*V°)=0 and (14.144)
3 Y= 1)
o* =~]7{1+045(v—1)Mi [1—<U°g—€+ V%ﬂ} , (14.145)

where U®, V* are the (contravariant) velocity components in the & and # directions
and are related to the velocity potential by

o6 . 0o o, 0

Ty A3; , Ve = A3§+A2 6;,, , and (14146)
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a
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Fig. 14.31a, b. Generalised coordinates. (a) Physical domain. (b) Computational domain

A =848, Ay =n2+n}and Ay = En, +Eyny, (1212). J is the Jacobian (deter-
minant) of the transformation and given by (12.3). The metric quantities, like ¢, are
defined by the mapping (Chap. 13).

Equation (14.144) is discretised in a manner similar to (14.139), i.e.

[(@*Uc)j+1/2,k—(ﬁ*Uc)j—1/2,k] _+_[(@*Vc)j,k+l/2_(@*Vc)j,k—llz] —0
A An -

(14.147)

In (14.147) 3* and @* are upwind evaluations of p*. Thus 0% 12,k IS given by
(14.143) if U*¢ is positive, with o* replacing . An equivalent upwind expression,
based on @, 32 4, is used if U is negative. Equivalent expressions to (14.143) based
on the #(k) direction are used for g. Upwinding of the density avoids the need for
additional dissipative terms like 7}, in (14.138).

The densities are obtained from (14.145), which requires J, U° and 0¢/d¢, etc.,
to be evaluated at the half grid points like (j+ 3, k). For example

Uj+1/2,k=A1|j+1/2,k4——”1'26 L +A3|j+1/2.kd)ﬁl;z'kHZA’j)JH/z‘k 1) )

(14.148)
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where
¢j+1/2,k+1 = 0'5(¢j,k+1 +¢j+1.k+1) .

Thus the ¢ solution is stored at grid points. The metric quantities, 4;-A; and J, are
evaluated using standard second-order formulae (Sect. 12.2.1) and stored at the half
grid points. The overall accuracy is sensitive to the metric quantities being
evaluated without averaging (Flores et al. 1983).

14.3.5 Solution of the Algebraic Equations

The algebraic equations that arise from discretisation of equations like (14.130 and
137) are amenable to solution by a modification to the SOR technique (Sect. 6.3)
called successive line over-relaxation (SLOR). The SLOR technique [e.g. (6.64, 65)]
solves an implicit system for the corrections to the solution, A¢"it =i — e
on each line in the y direction (constant value of j) at a particular iteration level
n+ 1. The tridiagonal solver, Sect. 6.2.3, is used for this purpose.

In the subsonic region the evaluation of the equations for A¢7' requires

knowledge of ¢, and ¢}, as well as points on the jth grid line. In the

supersonic region knowledge of @775 and ¢ 1 « as well as points on the jth grid
line is required. Such a scheme works well with the transonic small disturbance
equation (Murman 1973) but needs to be modified for the full potential equation.

It is useful to interpret relaxation schemes in a general framework, i.c. similar to

(6.51),
NA¢" ' = —wR , (14.149)

where ¢ is the vector of grid point values ¢; . In (14.149), R is the residual when ¢
is substituted into the discretised equations, w is a scaling factor and N is a
discretised linear operator that is economical to factorise (invert). If V @" is a close
approximation to R then convergence to the solution will be rapid.

An equivalent time-dependent interpretation would be

oo Ax
F—+ — JL¢p=0, 14.150
- Ct w<At> ¢ ( )

where L is the operator in the steady differential equation being solved. Comparing
(14.149) and (14.150) gives the equivalences

0 F
R=L¢ . A¢=At£-, N= (14.151)

Then N should be chosen so that (14.150) represents a convergent time-
dependent process.

Based on this concept, a typical relaxation scheme for (14.126), when discretised
with centred difference formulae in the subsonic region and (14.142) in the
supersonic region, is
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1 [A¢;x— 41, J+ T2 [APj 4y —24¢, + AP 1+ T3¢, = R;
(1415

where 7, = 1/4x%, 1, = 1/Ay* and 15 = 2/w—1)(z;+1,), and w is a relaxatwn?
factor. Jameson (1978 p. 21) shows that this scheme is equivalent to solving !

(1= M)y + G = 2590+ 2B+ 70 (14153

where o, f and y depend on t,, T and ;. Equation (14.152) is effective in the-
subsonic region but in the supersonic region it is necessary, for the diagonal
dominance of N in (14.152), to evaluate ¢,., ¢,, and ¢,, in such a way that
(1 — M?)¢,, in (14.153) is replaced by

(1- )¢ss+2< ; )(1 —M?) {A“x jy} b (14.154)

A similar approach of augmenting the equivalent time-dependent form (14.150)
is effective for the conservation equation (14.137). Relaxation methods as a general
class converge rapidly initially but become very slow as the equivalent steady-state
solution is approached, as is noted in Sect. 6.3.5.

An alternative approach is the approximation factorisation scheme of Ballhaus
et al. (1978) in which N in (14.149) is split into two factors, each of which is
economical to ‘invert’. The same technique applied to (14.150) is equivalent to the
approximate factorisation scheme given by (8.23, 24). Here (14.149) is factorised,
with R;  the residual of (14.147) after substitution from (14.148). The result is

a— LI (8*A,)L; f{a— LT (9*A,)L, } A9iL' = awR;, . (14.155)
é 4 Js
where
fis1—1; N I
L= K="
and

Lg( *AL; fi= {(@*A1)j+1/2fjt'é_ﬁ—(@*Al)j—x/ij_Ajz_l }/Aé ’

Equation (14.155) is implemented in two stages:

Ist stage: {oz—Lé+ (0*A,)L; } A¢¥, = awR;, , (14.156)

2nd stage: {a— L, (0*¥A,)L, } Ad;, = Ap* . (14.157)

For the first stage (14.156) represents a tridiagonal system of equations that can
be solved along each gridline in the ¢ direction in turn, using (6.29-31). For the
second stage (14.157) gives a tridiagonal system that can be solved along each
gridline in the #» direction consecutively.
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Equatlons (14.156 and 157) constitute the AF1 algorithm of Ballhaus et al.
(1978) and is clearly of similar form to the ADI and approximate factorisation
schemes for time-dependent problems described in Sect.8.2. However, a more
efficient implementation of (14.155) is available as the following two-stage al-
gorithm (AF2):

Ist stage: {a— L, (0%A,)} A%, = awR; , (14.158)
2nd stage: {aL, — L7 (3*A4,)} 453" = A%, . (14.159)

The first stage provides a set of bidiagonal equations that are swept in the negative
n direction. The second stage is in the form of a set of tridiagonal equations in the ¢
direction which are solved progressively in the positive # direction. Holst (1985)
discusses the practical implementation of both the AF1 and AF2 algorithms.
The parameters « and w are chosen to accelerate convergence; o has to be in the
range 6 < w < 2 for stability and is usually chosen to be as large as possible (say @
= 1.8-1.9). The parameter o can be interpreted as 1/4t so that, conceptually, the
steady state would be reached in the smallest number of iterations by making « as
small as possible. This tends to remove errors of small frequency but not those of
high frequency. Therefore a better strategy is to use a sequence of values of «, say

2 \1AN=1)
%, =o0,a"" ! with o, =4y and a:<——> ,
4y

where N is the number of steps in the sequence, typically N = 11. Different
approximate factorisation schemes and analysis of optimal choices of « and w are
provided by Catherall (1982).

The above scheme can be made even more efficient by embedding it in a
multigrid iteration procedure (Sect. 6.3.5).

Equation (14.147), after substitution of (14.148), can be written

AM¢M =0, (14.160)

where superscript M denotes the finest grid on which the solution is sought, as in
Sect. 6.3.5. For any intermediate solution on a coarser grid, A" "' ¢™*' = R™* 1,
ie. a non-zero residual occurs. Jameson (1979) uses a modified FAS algorithm
(Sect. 6.3.5) in which only the residuals are restricted from the finer to the coarser
grid. Equation (6.90) is replaced by

4m¢m‘a:4m¢m_12+1Rm+l , (14161)

where ¢™ is the existing solution on the mth grid. As in the FAS algorithm ¢™* is
obtained by relaxation and further restriction to the coarsest grid, exact solution
and relaxation and prolongation back to the mth grid as in Fig. 6.21b. The new
solution on the (m + 1)-th grid is given by

¢m+1,a _ ¢m+1 +1$+1(¢m’a—¢m) ) (14.162)
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The restriction and prolongation operators I in (14.161, 162) are described in
Sect. 6.3.5. .
Jameson uses a modified form of the approximate factorisation scheme (14.156,
157) as a relaxation algorithm, with R; , in (14.156) replaced by the right-hand side:
of (14.161). In Jameson’s scheme the parameter « in (14.156, 157) is replaced by §

where

S=ag+o, Ly +a,L,; (14.163)
and L; and L, are upwind operators, defined after (14.155). This modification is
introduced to handle the embedded supersonic region more efficiently.

A complete V-cycle (Fig. 6.21b) consists of one relaxation using (14.156, 157 and
163) and the restriction of the residuals onto the next coarser grid until the coarsest
grid is reached, on which the exact solution is obtained. Then a prolongation using
(14.162) and one relaxation step are carried out on each grid until the second finest
grid is reached. The finest grid solution is then obtained from ( 14.162). The V-cycle
is repeated until (14.160) is satisfied.

A single V-cycle of the present algorithm can be compared with a complete
cycle through a range of o values in the conventional approximate factorisation

algorithm, e.g. (14.158 and 159).
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Jameson (1979) indicates that the multigrid implementation with six levels of

grid refinement requires about a quarter of the number of operations per cycle
to implement the conventional approximate factorisation scheme. In addition
roughly 10 complete cycles are required to produce the converged solution (to
engineering accuracy) of the flow about an inclined aerofoil with an embedded
shock as indicated in Fig. 14.32. This is comparable with approximately 80-100
iterations of the conventional approximate factorisation algorithm (Holst 1985).

Thus the introduction of the multigrid strategy is giving about a fourfold improve-
ment in computational efficiency.

14.3.6 Non-isentropic Potential Formulation

Klopfer and Nixon (1984) introduce an interesting non-isentropic potential formu-
lation that greatly improves the accuracy of (14.137) when stronger shocks occur.
The formulation essentially improves the calculation of the density in (14.129) to
allow for changes in entropy across the shock. Equation (14.129) is replaced by

[1+0.5(; —)ME(1—g*)]"0" D
0/0x = KUo=D : (14.164)

where g% = (u? +v?)/U2. K is an entropy-related function given by

2'\M2 —'—1 "—1M2 2 Y
y E;H()/ )<(/ )M3, + ) (14.165)
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where M, , is the local Mach number based on the upstream velocity component
normal to the shock. For the flow external to an aerofoil Klopfer and Nixon'
indicate that it is sufficiently accurate to set M, , = u/a. For points ahead of the
shock, K = 1. Downstream of the shock K is constant along each streamline and
these must be tracked approximately.

With the above modifications made to the full potential code of Holst (1979) a -
typical improvement in shock location, and hence pressure distribution, is shown
in Fig. 14.33. Clearly a solution closer to that given by the Euler code (Pulliam
1985) is produced.

Since the modifications required to implement (14.164 and 165) do not greatly
increase the execution time, the non-isentropic formulation of Klopfer and Nixon is
a computationally efficient extension to the methods based on a velocity potential
to accurately predict the flowfield when shocks of moderate strength are present.
Hafez (1985) also discusses non-isentropic potential formulations.

14.3.7 Full Potential Equation, Further Comments

The general status of transonic potential flow solvers is reviewed by the papers in
Habashi (1985). Finite difference, finite element and finite volume methods are all
successful in obtaining accurate solutions (Rizzi and Viviand 1981) to the transonic
full potential equation. Spectral methods (Hussaini and Zang 1987) are also

effective if shock-fitting is employed to isolate the jump in the solution at the shock.

from the smooth behaviour elsewhere.

As long as the flow is irrotational except for the presence of weak shocks,
accurate solutions of the transonic full potential equation can be obtained very
economically. As a result these methods are being applied to relatively complicated
three-dimensional geometries (Caughey 1982).

A comparison (Flores et al. 1985) for transonic inviscid flows indicates that, for
comparable accuracy, computer codes based on the full potential equation (€.g.
Holst 1979) are an order of magnitude faster than the implicit Euler codes (e.g.
Pulliam 1985) if the shocks are weak. However, as the shocks become stronger the
Euler codes become more competitive since, in general, the isentropic full potential
codes lose accuracy in predicting the shock strength and location.

A disturbing feature of conservative formulations of the full potential equation
is that under certain conditions muitiple solutions are generated for the same
boundary conditions (Salas et al. 1983). For the flow around a NACA-0012 aerofoil
at M = 0.83 and small angles of incidence, up to three solutions are possible
leading to a variation of lift coefficient with incidence which is physically incorrect.
It is conjectured (Hafez 1985) that the proper allowance for viscous effects may
remove the non-uniqueness. The non-uniqueness does not occur with non-con-
servative formulations; however, typically mass is not conserved across the shock
and drag predictions are inaccurate for non-conservative formulations.

For steady transonic flows, particularly in two-dimensions, possible problems
of non-uniqueness and the difficulty of accurately predicting flows with shocks of
moderate strength have caused a significant shift towards computing with the
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Euler equations. However, for unsteady flows, e.g. associated with flutter, the
economic advantages of working with a potential formulation are considerable,
although the problem of non-uniqueness must still be overcome.

For two-dimensional unsteady potential flow the governing equations are

do 0 ( 0d\ O f 0p)_
E+ax<gax>+ay<‘)@ =0 (14.166)

in place of (14.128) and

[ Ox = | 0 5 ) ] 2 ] | 2 6(1) u 2 v 2 \ 1/(y—1)

in place of (14.129). Goorjian (1985) describes implicit approximate factorisation
techniques that are effective for solving (14.166 and 167).

14.4 Closure

By organising the various computational techniques according to the class of flow
problems being considered, it is apparent that, for restricted classes of flows, the
equations reduce to relatively simple forms for which very efficient computational
methods are available e.g. the panel method considered in Sect. 14.1 for (incom-
pressible) potential flow.

For supersonic inviscid flow the major difficulty is in representing shock waves
efficiently. Because of the unknown shock location, shock-capturing methods,
based on conservatively discretised schemes, are preferred to shock-fitting
methods. If the shock waves are very strong special techniques are required, as in
Sects. 14.2.6 and 14.2.7. Supersonic inviscid flow with strong shocks requires the
use of the full Euler equations.

By contrast, many transonic flows feature only weak shock waves and con-
sequently can be solved accurately using the full potential equation in the form of
(14.137 and 129). Because of the mixed subsonic, supersonic flow regimes, special
computational procedures must be introduced to suit the changing character of the
governing equation and to provide dissipation in the supersonic region. The
relative economy of the potential flow formulation makes it particularly suitable
for unsteady and three-dimensional flows involving complex geometric domains.

For steady transonic flows the use of the potential equation permits relatively
efficient techniques, e.g. multigrid, to be used to accelerate the solution to con-
vergence; such techniques are also effective for the Euler equations. The devel-
opment of acceleration techniques remains an important area of research interest
fgr compressible inviscid flow computations based on the unsteady Euler equa-
tions. The greater reliability of computations based on the Euler equations makes
this the preferred approach for steady two-dimensional inviscid transonic flows.
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3§

Finite difference and finite volume methods have been the more widely us“ﬁ
techniques for both supersonic and transonic flow computa.tion. However, ﬁnite;?
element methods have been applied (e.g. Deconinck and Hirsch 1985; Ef:er and
Akay 1985; Jameson and Baker 1986) with considerable success to both interna]
and external transonic inviscid flows. For flows with strong shocks characteristic
finite element methods (Morton and Sweby 1987; Fletcher and Morton 1986;
Hughes and Mallet 1985) permit efficient TVD algorithms to be c.onstructed.
Spectral methods (Hussaini and Zang 1987) are effective when used with a shock-

fitting strategy.

14.5 Problems

Panel Method (Sect. 14.1)

14.1 a) Use program PANEL (Fig. 14.7) to obtain the pressure distribution
for the flow around a circular cylinder at M, = 0 with 4, 8, 16 and 32
panels and compare the results with the exact pressure distribution.

b) Repeat step a) for an ellipse with minor/major ax.is ratio = 0.5 and 0.2.

¢) Comment on the improvement in accuracy with increasing numbers of
panels with reducing minor/major axis ratio. .

142 Apply program PANEL to the flow about a NACA-'OOIZ agrofoﬂ at zero

incidence. The coordinates for the NACA-0012 aerofoil are given by (13.70):

a) Obtain solutions with 8, 16 and 32 panels for M, = 0.4. Compare the
solutions with those shown in Fig. 14.4. .

b) For 16 panels obtain solutions at M, = 0.4 with more p.anels in Fhe nose
region, more in the tail region and less over the mid-section. Dec1de vyhat
is the best distribution for achieving the highest accuracy with a given
number of elements. How does this ‘optimal’ distribution relate to
gradients of the solution? . '

c) Repeat part b) for NACA-0006 and NACA-0018 aerofoils and deter.mme
whether the more severe curvature associated with the nose of thmper
aerofoils influences the ‘optimal’ distribution of elements. Use a solution
with 32 panels to give the ‘target’ solution. . . ’

143 Replace the direct solver (subroutines FACT and SOLVE) with an iterative

solver based on SOR (Sect.6.3) and obtain solutions for 8, 16 and 32

elements representing a circle. Assume the SOR iteration has converged

when the rms algebraic equation residual is less than 1 x 10 3. From the
results deduce a relationship

NITER = kN” |

where NITER is the number of iterations to convergence and N is the

number of panels. o N
144 Carry out an approximate operation count (only multlpllcatlons. and divi-
sions) for program PANEL and related subroutines as a function of the

number of panels N.
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a) Compare the approximate operation count with that for the case where a
SOR solver replaces the direct solver (subroutines FACT and SOLVE) to
solve (14.6) for the source strengths o;.

b) Compare the approximate operation count for N panels with that for
program LAGEN (Sect. 12.4.1) applied to the flow past a circle. Assume
that the computational domain for LAGEN has N x N grid points
external to the half-circle.

145 Modify program PANEL to obtain solutions about lifting aerofoils by
implementing the procedure described in Sect. 14.1.4. Test the program
modifications by obtaining solutions for a NACA-0012 aerofoil at M, =0
and « = 0, 2 and 4° incidence.

Modify program PANEL to integrate the pressure distribution to
evaluate the lift coefficient and compare with the theoretical results

Cp = 2na. Determine approximately the number and disposition of panels
for an accurate solution.

Supersonic Inviscid Flow (Sect. 14.2)

146 Apply program SHOCK with the MacCormack scheme to the propa-
gating shockwave problem with a pressure ratio = 2.5. Compare the results
for NX = 101 with the Lax—Wendroff results shown in Fig. 4.18.

147 An alternative form of the artificial viscosity correction (Lapidus 1967)
replaces (14.54) with

=g+ (j—i) A[|dur¥, | Aq¥F, ] . (14.168)
Implement this form of the artificial viscosity and obtain solutions for
moderate shock (p,/p,=2.5) and strong shock (p,/p,=10) propagation.
Compare solutions with those shown in Figs. 14.18 and 14.25 for two cases:
1) (14.168) applied to all components of q,

ii) (14.168) applied to the second and third components of q.

148 Program SHOCK is to be modified to obtain the solution for the flow in
a shock tube, before any reflection from the end walls has occurred.

A shock tube initially contains high pressure fluid at rest separated from
low pressure fluid at rest by a diaphragm. At t = 0 the diaphragm is broken
and the resulting flow quickly develops into a shock wave propagating into
the low pressure region.

Behind the shock is a contact discontinuity which is the current location
of the initial boundary between the high and low pressure regions. Across the
contact discontinuity pressure and velocity are continuous but density is
discontinuous.

Behind the contact discontinuity and spreading into the high pressure
region is an expansion wave across which pressure, density and velocity
smoothly change from the conditions of the high pressure fluid at rest. The
head of the expansion wave moves into the high pressure region. The
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physical behaviour of shock tube flow is described by Liepmann and Roshko -
(1957, pp. 79-83). This example has been used to compare various computa-

tional methods by Sod (1978).
The flow in the shock tube is, to a good approximation, one-dimensional,

unsteady and governed by nondimensional equations (14.43, 44). Obtain

solutions for the following initial conditions:

pi=PL=10 for x<0305,
P> (14.169)

x = 0305,

u’1=0, Q’1=80a

w,=0, ¢,=10, p,=10 for
where p,/p, is the pressure ratio (PRAT in program SHOCK). Equation
(14.169) also provides boundary conditions at x = 0 and 1.0. Obtain sol-
utions with NX = 101 for NT = 170 and DT = 0.100, with the Lax-
Wendroff scheme and artificial viscosity. The general character of the flow
may be compared with numerical solutions given by Sod (1978). The exact
solution to this problem is given by Liepmann and Roshko (1957, pp. 79-83).
The two most difficult parts of the solution to predict accurately are the
contact discontinuity and the shock.

Obtain solutions for moderate (p,/p,=2.5, Fig. 14.18) and strong (p,/p,
= 5.00, Fig. 14.25) shock propagation using the FCT scheme with the
following choices for the diffusion and anti-diffusion parameters in (14.93):

)ne=0125, n, =0, n,=0,
ii) 5, =0500, #n, =0, #5,=0,
i) no=1/3, nm=1/3, n=-1/6,
iv) 7o =1/6 , m=13, n=-13.

Compare the shock profiles for these various solutions.

Apply the FCT algorithm to the shock tube flow of Problem 14.8. Compare
the solutions with those of the Lax-Wendroff scheme plus artificial viscosity
(Problem 14.8) with particular reference to the shock and contact discon-
tinuity profiles.

Transonic Inviscid Flow (Sect. 14.3)

14.11

14.12

The solution to the flow past a slender body defined by y = 7(x? —1)%,
~1<x<1 is governed by the transonic small disturbance equation
(14.130) for the domain and boundary conditions shown in Fig. 14.34. Use
the finite difference discretisation given by (14.135) to obtain solutions for
1=01 and M_ =0.8 and 09, on a 41(NX)x2I(NY) grid. Use SOR
iteration to obtain the converged solution to the discretised equations.

Obtain the solution to the problems shown in Fig. 14.34 using the discretised
form of the full potential equation (14.129, 138, 139). Use (14.143) to provide
the dissipative mechanism in the supersonic region. The boundary condition
on AB, ¢, = f,, may be interpreted as a specified injection velocity profile.

éx=

14.13

14.14
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C y=1 Fig. 14.34. Model problem for potential

equation

éx=0

\“ T
I x=1 ¢y=ox-2

¢Y=o
&y=fy =4Tx (x2-1)

Solve the resulting discretised equation by an approximate factorisation
method like (14.156, 157), but based on a pseudo-transient equivalent of
(14.137). Obtain solutions on a 41(NX)x21(NY) grid for t=0.1 and
M, =0.8 and 0.9. Compare the solutions with those of Problem 14.11.
Discretise Laplace’s equation 0%¢/0x? +8?¢/0y* =0 on a rectangle
0 < x £1,0 £y < 1 for boundary conditions ¢(0, y) = cos(0.5xy), ¢(1,y) =
exp(n/2) cos (0.57y), ¢(x,0) = exp(0.57x), ¢(x,1) = 0, using centred differ-
ences.

Obtain solutions to the discretised equations using

i) approximate factorisation, equivalent to (14.156, 157),

ii) approximate factorisation plus multigrid (14.156, 157, 161, 162),

and compare the efficiency of the two methods taking into account the
number of iterations to convergence and the approximate operation count.
The exact solution for the present problem is ¢, = exp(0.57nx)cos(0.57y).
Apply approximate factorisation plus multigrid on a 65 x 33 grid to Prob-
lem 14.11 and compare, approximately, the efficiency of the method with
approximate factorisation applied on the finest grid.



15. Boundary Layer Flow

Traditionally it has been useful to consider boundary layer flow as a separate
category (Table 11.4 and Sect. 11.4). From a computational perspective it is con-
venient to classify boundary layer flow as a flow for which viscous diffusion is
significant only in directions normal to the surface on which the boundary layer
occurs (Fig. 15.1) and for which the normal momentum equation can be replaced
with the condition that the pressure is constant. For such flows the governing
equations are non-elliptic, if the pressure solution is given. This permits very
efficient single-pass marching algorithms to be introduced (in the x direction in
Fig. 15.1).

u=ue(x)
Y j+l t
) ] 5
ulY, j_] l
. u=v=0
T n=1"n"n¥

Fig. 15.1. Boundary layer flow

Boundary layer flows contain severe velocity gradients in the direction normal
to the surface. This makes it desirable to introduce a transformation to render the
gradients less severe in the transformed coordinates. The more effective transform-
ations are described in Sects. 15.2 and 15.3. In addition, grids that grow geo-
metrically in the direction normal to the surface provide an efficient way of
achieving good resolution close to the surface (Sect. 15.1.2).

The equations governing three-dimensional boundary layer flow have a hyper-
bolic character in planes parallel to the surface on which the boundary layer
develops. This introduces the complication of domains of influence and depen-
dence (Sect. 2.2.1) in planes parallel to the surface. The domain of influence affects
the allowable step-size for explicit marching schemes (Sect. 15.4).

Turbulent boundary layers are solved using the same computational techniques
as laminar boundary layers. However, the increased severity of the normal velocity
gradient adjacent to the surface can require the use of a very refined grid in the
normal direction. This problem is avoided by adopting the Dorodnitsyn formu-
lation (Sect. 15.3) of treating the streamwise velocity component (u) as the indepen-
dent variable. An alternative way of avoiding the use of fine near-wall grids is to
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incorporate wall functions that effectively provide a local analytic velocity profile
adjacent to the wall. Wall functions are discussed in Sect. 18.1.1.

The neglect of the streamwise diffusion and the transverse momentum equation
is also appropriate to the treatment of jets, wakes and developing flows in pipes.
Thus these thin-shear-layer flows can be computed efficiently with essentially the
same computational techniques as are appropriate to traditional boundary layer
flows.

15.1 Simple Boundary Layer Flow

The governing equations for steady laminar incompressible two-dimensional flow
(Sect. 11.4.1) can be written as

ou Ov
—_ — = 0
é’x +5y and (15.1)

ou N ou . due_1~ 0*u -
—t v —=U 5 +V .
“ox T Vay T Yeax TV ayr (15.2)

where the Bernoulli equation (11.49) has been used to introduce the known velocity
distribution u,(x) at the outer edge of the boundary layer, Fig. 15.1. Since the
equation system (15.1, 2) is mixed parabolic/hyperbolic with x having a time-like
role, both initial conditions,

“(xo,,V) = uO(y) > (153)

and boundary conditions,
u(x,00=0, v(x,00=0 and wu(x,9) = u.(x) (15.4)

are required.

The momentum equation (15.2) may be compared with the one-dimensional
diffusion equation considered in Chap.7, and the one-dimensional transport
equation considered in Sect. 9.4. The major differences are the nonlinear nature of
the convective terms and the coupling with the continuity equation through the
normal velocity v. Since u.du,/dx is known it behaves as a source term with little
influence on the choice of the computational method.

Any of the schemes described in Sects. 7.2 or 9.4 are potential candidates to be
applied to (15.2). Explicit schemes (Sect. 7.1) are excluded since they lead to an
unacceptable restriction on the marching step size Ax for stable solutions.

Both the Crank—Nicolson scheme (Sect. 7.2.2) and the three-level fully implicit
scheme (Sect. 7.2.3) are unconditionally stable and are second-order accurate (in 4t,
Ax) for the diffusion equation. To achieve second-order accuracy in Ax when
solving (15.2) will require a second-order treatment of the nonlinear terms udu/0x
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and vdu/dy. For the Crank-Nicolson scheme this requires iteration at each

downstream location. For the three-level fully implicit scheme (Sect. 15.1.1) iter-
ation is avoided by projecting u and v from upstream (15.6).

15.1.1 Implicit Scheme

To develop a computational algorithm, uniform-grid finite difference expressions
are introduced for the various terms in (15.1 and 2) as follows:

ou  (L5uj™' —2uj+0.5u5" h

—= 0(4x?) ,

0x Ax +0(4x%)

o w@riowth

- +0(4y%) , 15.5
oy 2y (4y%) (15.5)
u_ -2 At o

ay? 4y*

The grid identification (Fig. 15.1) and super/subscripting in the above expressions is
introduced to accentuate the time-like role of the x-coordinate.

To permit a linear system of equations for u"t! to be obtained, the un-
differentiated velocity components, u and v, appearing on the left-hand side of (15.2)
are extrapolated using

Wit = 2u - +0(4x?), vl=20—v7! +0(4x?) . (15.6)

Substitution of the above expressions into (15.2) and rearrangement gives the
following tridiagonal system of equations associated with the grid line n+1 across
the boundary layer:

a4+ bt +cuiil =d; . where (15.7)
a; = —%(ZU;—vj‘l)—vj—;,

b, = ].5(2u;—u§_1)+2v%€5,

cj=%(21);?—v;?‘1)—vj4;, and

du n+1
dj=(2u;-'—u;f_1)(2u;?—0.5u;5_1)+Ax<ueT;> .
Equation (15.7) is not applied at j=1(y =0) or j = JMAX (V = Ymax)- For the
equation formed at j = JMAX-1, uyyax = Ue, therefore d; in (15.7) is replaced by
d;—c;u;”" and ¢; is subsequently set equal to zero. For the equation formed at
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j=2,u = 0. Equation (15.7) can be solved efficiently using the Thomas al-
gorithm (Sect. 6.2.2).
Once u}* ! is available, v+ is obtained from (15.1) in the discretised form

1

n+l __ ot
! =01

Uj

4
~0.5 ﬁ [(15u8 " —2ul+0.5u ™)+ (15wt —2u), +0.5u)- )]
(158)

with v +1 = 0. The combination of (15.7) and (1 5.8) is second-order accurate in Ax,
Ay, unconditionally stable (in the von Neumann sense), robust and efficient, but
must be supplemented by a one-level algorithm to start the downstream march, i.e.
when n = L. Alternatively two levels (n—1 and n) of initial data (15.3) must be
provided.

If a Crank—Nicolson scheme is introduced to solve (15.2) the solution u" ' is
not made use of. This reduces the storage requirement and necessitates only
one level of initial data. However, the projection (15.6) is replaced with urt = uj
+0(4x) and v"*! = v} + O(4x). To achieve an overall second-order accuracy in
Ax an iteration is required at each downstream location. After solution of the
equivalent of (15.7 and 8) the current iterative solution, w1 v s used in place
of (15.6), and the equivalent of (15.7 and 8) are re-solved. At the start of the
iteration, u* = u" and v* = v". The iteration is terminated when ufr} = uf, to some
acceptable tolerance and u" 1, v"*! are set equal to u*™, vt

In practice it is more efficient not to iterate at each downstream location but to
reduce the step size 4Ax to achieve the required accuracy, even though this will
degrade the formal convergence rate.

The main problem with using a uniform grid in x and y is that special
procedures must be introduced to allow for boundary layer growth and a very
refined grid in y must be used to accurately predict the velocity distribution close to
the wall. This problem is particularly severe for turbulent boundary layers.

1

15.1.2 LAMBL: Laminar Boundary Layer Flow

The implicit scheme, described in Sect. 15.1.1, is used to obtain the flow solution in
the boundary layer that is produced by a uniform flow past a two-dimensional
wedge (Fig. 15.2).

This problem is a member of the Falkner-Skan family (Schlicting 1968, p. 150)
of boundary layer flows that produce similar velocity profiles. That is, the velocity
components are a function of a single variable

u(x) \?
=yl 1 159
! y(e—mw> (139
and the governing equations (15.1, 2) can be reduced to a single equation
an aZf af 2
—=+f=—5 1—{ = =0 15.10
a’,’3 +f6112 + ﬁ 611 :| ’ ( )
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Fig. 15.2. Flow past a wedge

where f(n) is related to the streamfunction ¥ by

¥ = [2—Bu.vx12f(n) . (15.11)

For the flow past a wedge, the velocity u.(x) at the outer edge of the boundary layer
is given by

u, = cxh2=h (15.12)

Accurate numerical solutions for f(n) for various values of the wedge angle f§ are
given by Rosenhead (1964, p.234). Here these tabulated values will be used to
provide the initial data for u and v and also to provide an ‘exact’ solution further
downstream with which to compare the computational solution.

It is computationally efficient to introduce the following nondimensionalisation
into (15.1, 2).

X =2 y’=%Re“2, W= v'=%Re“2, (15.13)

r T

where the Reynolds number Re = U, L/v, and L and U, are the characteristic length
and velocity, respectively. For the wedge flow problem U, is the value of u, (15.12)
at x = L.

The advantage of (15.13) is that the nondimensional y coordinate and the
nondimensional normal velocity are scaled (by Re'’?) to be of the same order as X'
and u, respectively. With the aid of (15.13), (15.1 and 2) can be written (dropping
the prime) as

ou 0
“+_0 and (15.14)

ox dy

Ju ou du. 0*u
ou o, e O 15.15
P PR e (15.15)
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Initial and boundary conditions are given by (15.3 and 4) interpreted as non-
dimensional equations. However, the boundary condition u = u.(x) is applied at
Y = Ymax Where yp,.> 8, the boundary layer thickness.

For the flow past a wedge the nondimensional velocity at the outer edge of the
boundary layer is given by

u, = xFe=H (15.16)
To permit the use of a variable grid in the y direction, the various y-derivatives in

(15.15) are discretised as in (10.30 and 32)

+1 +1 +1
du_ gt gt -ty

= 2

3y (7)) Ay (4y7) (15.17)
1 n+1

. 2[u;r}—<1+>u;“+@

Fu_ 2 v o

oy? (1+r,)4y* +OUY) .

where the grid growth ratio r, = (yj+,—¥;)(y;—;-1). The term cu/ox is dis-
cretised as in (15.5).
Substituting (15.6 and 17) into (15.15) produces the tridiagonal system

a2+ bt 4+ cuii =d; , where (15.18)
Ax
p=e—v
Lo (14 4y
J = 24x
(1—i—ry)Ay2 ’
a;= —r,p—q ,
n n—1 1 1
b, =15Qui—u;" H+lr,—— p+{1+-)aq,
¥y ¥y
P q
Sl
y y

d
dy= A, S Q= 0502~ )

At the wall u, = 0 and at y = .., Umax = Y- Equation (15.18) is repeated at the
JMAX-2 interior nodes forming a tridiagonal system of equations that can be
solved using the Thomas algorithm (Sect. 6.2.2) for u}*".

The continuity equation (15.14) is integrated across the boundary layer to give
"1 using (15.8). The solution for the velocity distribution in the boundary layer
is obtained by solving (15.18) and (15.8) sequentially at each downstream
location x"*!.
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1

2C

3 ¢C LAMBL USES AN IMPLICIT MARCHING ALGORITHM TO COMPUTE

4C THE SOLUTION TO A FALKNER-SKAN LAMINAR BOUNDARY LAYER (BETA = 0.5)
5¢C

6 DIMENSION UP({65),U(41),UM(41),V(41),VM(41)},Y(41) ,RHS(65)

7 1,B(5,65) ,UBX{41) ,UB(24),VB(24) ,YZ(24)

8 DATA UB/0.0000,0.0903,0.1756,0.2559,0.3311,0.4015,0.4669,0.5275,
9 10.5833,0.6344,0.6811,0.7614,0.8258,0.8761,0.9142,0.9422,0.9623,
10 20.9853,0.9972,0.9995,1.0000,1.0000,1.0000,1.0000/

11 DATA VB/0.,0.,-0.0003,-0.0011,-0.0027,-0.0052,-0.0089,-0.0142,
12 1-0.0211,-0. 0298 -0.0406,-0.0688,-0.1065,-0.1541,-0.2114,-0.2778,
13 2-0.3521,-0.5198,-0.8008,~1.0965,-1.3954,-1.6954,-2.0954, -2.4954/
14 DATA Y2/0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0,1.2,1.4,1.6,
15 11.8,2.0,2.2,2.6,3.2,3.8,4.4,5.0,5.8,6.6/

16 OPEN(1,FILE="LAMBL.DAT")

17 OPEN(6,FILE='LAMBL.OUT")

18 READ(1,1) JMAX,NMAX,DYM,RY,XST,BETA,RE, DX

19 1 FORMAT(215,4F5.2,2E10.3)

20 C

21 WRITE(6,2)BETA

22 2 FORMAT(' FALKNER-SKAN SOLUTION, BETA=',F5.2)

23 WRITE(6,3) JMAX,DYM,RY

24 3 FORMAT(' JMAX= ',I3,' DYM= ',F5.2,' RY= ',F5.2)

25 WRITE (6,4)NMAX,DX,XST,RE

26 4 FORMAT(' NMAX= ',I3,' DX= ',E10.3,' X§T=',F5.2,' RE=',E10.3
27 1.//)

28 Y(1) = 0.

29 DY = DYM/RY

30 DO 5 J = 2,JMAX

31 DY = DY*RY

32 Y{(J) = Y{(J-1) + DY

33 5 CONTINUE

34 JMAP = JMRX - 1

35 AJP = JMAP

36 RYP = RY + 1.

37 BETP = BETA/(2. - BETA)

38 SQRE = SQRT(RE)

9 ¢

40 C SET INITIAL VELOCITY PROFILES

41 C

42 UEST = XST**BETP

43 FALKS = SQRT({2.-BETA)*XST/UEST)

44 CALL LAG(YZ,UB,Y,UM,XST, FALKS,6JMAX}

45 CALL LAG(YZ,VB,Y,VM,XST,FALKS, JMAX)

46 X = XST + DX

47 UE = X**BETP

48 FALK = SQRT({(2.-BETA)*X/UE}

49 CALL LAG(YZ,UB,Y,U,X,FALK,JMAX)

50 CALL LAG(YZ,VB,Y,V,X,FALK,JMAX)

51 C

52 DO 6 J = 2,JMAX

53 UM(J) = UM(J)*UEST

54 U(J) = U(J)*UE

55 VM(J) = VM(J)/FALKS

56 6 V(J) = V(J}/FALK

57 UP(1) = 0.

58 U(1) = o.

59 UM(1) =

60 V(1) = 0.

61 VM(l) = 0.

62 DO 10 N = 1,NMAX

63 X=X+ DX

64 UE = X**BETP

65 UEX = BETP*UE/X

Fig. 15.3. Listing of program LAMBL
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66 DO 7 J = 2,JMAP
67 DY = Y(J) - Y{J-1)
68 M =J -1
69 P = (2 *y{J) - VM(J))*DX/RYP/DY
70 Q = 2.*DX/(RYP*DY*DY)
7 B(2,JM) = -P*RY - Q
72 B{3,JM) = 1.5%(2.*U(J) - UM(J)) + Q*RYP/RY + P*(RY-1./RY)
13 B(4,J4) = P/RY - Q/RY
74 RHS (JM) = UEAUEX*DX + (2.0%U(J) ~ 0.5*UM(J))*(2.0*U(J)-UM(J))
75 7 CONTINUE
76 RHS(JM) = RHS(JM) - B(4,JM)*UE
71 B(4,J4) = 0.
78 B(2,1) = 0.
79 C
80 C SOLVE BANDED SYSTEM OF EQUATIONS
81 C
82 CALL BANFAC(B,JM,1)
83 C
84 CALL BANSOL(RHS,UP,B,JM,1)
85 C
86 UP (JMAP) = UE
87 C
88 C OBTAIN V BY INTEGRATING CONTINUITY
89 C
90 DUM = 0.
91 SUM = 0.5%(Y(2) - Y(1))
92 DO 8 J = 2,JMAX
93 DUMH = DUM
94 VM(J) = V{J)
95 DY = Y(J) - Y(J-1)
96 DUM = 1.5*UP(J-1) - 2.*U(J) + 0.5%UM(J)
97 V{J) = V(J-1) - 0.5%(DY/DX)*{(DUM + DUMH)
98 uM(J) = U{J)
99 U(J) = UP(J-1)
100 IF(J .EQ. JMAX)GOTO 8
101 SUM = SUM + 0.5*%{1. - U{J)/UE)*(Y(J+1)-Y(J-1))
102 8 CONTINUE
103 DISP = SUM/SQRE
104 UYZ = (RYP*U(2) - U(3)/RYP)/RY/(Y(2)-Y(1)
105 CF = 2.*UYZ/SQRE/UE/UE
106 FDD = 0.9278
107 DUM = 0.25*X*UE*RE*{2.-BETA)
108 EXCF = FDD/SQRT (DUM)
109 WRITE(6,9)N,X,EXCF,CF,DISP,UE
110 9 FORMAT(' N=',I3,' X=',F4.2,' EXCF=',F9.6,' CF=',F9.6,2X,
111 1' DISP=',F9.6,' UE=',F6.3)
112 10 CONTINUE
13 ¢
114 o COMPARE SOLUTION WITH EXACT
5¢C
116 FALK = SQRT{(2.-BETA)*X/UE)
117 CALL LAG(YZ,UB,Y,UBX,X,FALK, JMAX)
118 ¢
119 SUK = 0.
120 DO 11 J = 2,JMAX
121 UBX(J) = UBX(J)*UE
122 11 SUM = SUM + (U(J)-UBX(J))**2
123 RMS = SQRT(SUM/AJP)
124 WRITE(6,12) RMS

125 12 FORMAT(' RMS= ',E10.3)
126 13 CONTINUE

127 STOP

128 END

Fig. 15.3. (cont.) Listing of program LAMBL
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Table 15.1. Parameters used in program LAMBL
Parameter Description
JMAX number of gridpoints in the y direction
NMAX number of gridpoints in the x direction
DX Ax
DY Ay =y;—yj-1
DYM Ay adjacent to the wall, y, —y,
XST Xo
XY X,y
RE Reynolds number, Re
BETA f
UE, UEX u,, du,/dx
UM, YM wn pnt
U v u", v"
UP un +1
UB, VB Falkner-Skan solution for u, vat x =1
YZ natx=1and u, =1 o .
LAG interpolates Falkner-Skan velocity components to suit grid points (.yj)
B tridiagonal matrix, with components, a;, b;, ¢; in (15.18); factorised in BANFAC
DUM, DEM p, g, after (15.18)
RHS d;, (15.18)
DISP displacement thickness, J*
CF skin friction coefficient, ¢;
EXCF exact skin friction coefficient, ¢,
UBX exact u velocity solution, u,,
RMS ”u_ubx ”rms
1
2 SUBROUTINE LAG(YZ,QB,Y,Q,X,FALK, JMAX)
3jc¢C
4 C APPLIES LAGRANGE INTERPOLATION TO THE INITIAL FALKNER-SKAN
5¢C PROFILE TO OBTAIN THE F.S. PROFILE (U,V) AT DIFFERENT X
6 C
1 DIMENSION YZ(24),YB(24),QB(24),Y(41),Q(41)
8 DO1I=1,24
9 1 YB(I) = YZ(I)*FALK
10 Q1) = 0.
11 DO 6 I = 2,JMAX
12 DO54J=1,23
13 IF(J .EQ. 23)GOTO 2
14 IF(Y{I) .GT. YB{J})GOTO S
15 238 =4
16 IF{(JS .LT. 2)J§ = 2
17 Q(I) = 0.
18 D0O4K=1,3
19 CcL = 1.
20 KK =38 - 2 + K
21 D03 L=1.3
22 LL=JdS - 2+1L
23 IF(LL .EQ. KK)GOTO 3
24 CL = CL*(Y{I) - YB(LL))/{(YB(KK) - YB(LL))
25 3 CONTINUE
26 4 Q(I) = Q(I}) + CL*QB(KK)
27 GOTO 6
28 5 CONTINUE
29 6 CONTINUE
;g ?::'SURN Fig. 154. Listing of program LAG
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The scheme described above is coded in program LAMBL {Fig. 15.3). Since
du/dx is represented by a three-level formula (15.5), two levels of data for u and v are
required as initial conditions. In the program LAMBL the initial uo(y) and vy(y)
profiles are given by the Falkner—Skan solutions

uo(y) = u.fn) and  vo(y) = —(u./2—B)/x)'"*[f+(B—-1)nf,] .

Strictly vo(y) should be determined from the discrete form of (15.14 and 15) after
substituting u = u,(y) and eliminating du/dx (Krause 1967). However, this more
general procedure would not alter significantly the solution for the present
problem.

Program LAMBL is written for any value of . However, the specific data
given in lines 8-15 is appropriate to f=0.5. The variables UB and VB correspond
to f(n) and 0.5y f, —frespectively and YZ is equivalent to n. To obtain the values of
uf and v} it is necessary to interpolate UB and VB. This is done using Lagrange
interpolation in the subroutine LAG (Fig. 15.4).

The parameters used by program LAMBL are given in Table 15.1 and
typical output is indicated in Fig. 15.5. As well as producing u(y), v(y) at each
downstream step, program LAMBL also calculates the skin friction coefficient
¢;and the displacement thickness 5*. The skin friction coefficient is calculated from

(15.19)

2 a n+1 2 1 , n+t1l .n+1 ]
T = | 5y | = e i AR50
Rel'2u2| oy |-, Re'"?u; [ro(y2—y1)]
FALKNER-SKAN SOLUTION BETA= .50

JMAX= 21 DYM=
NMAX= 19 DX=

.40 RY= 1.00
.100E+00 XST= 1.00 RE= .100E+06

= 1 X=1.20 EXCF= .004243 CF= .004242 DISP= .003343 UE= 1.063
= 2 X=1.30 EXCF= .004022 CF= .004024 DISP= .003430 UE= 1.091
= 3 X=1.40 EXCF= .003828 CF= .003832 DISP= .003512 UE= 1.119
= 4 X=1,.50 EXCF= .003656 CF= .003660 DISP= .003591 UE= 1.145
= 5 X=1.60 EXCF= .003502 CF= .003506 DISP= .003668 UE= 1.170
= 6 X=1.70 EXCF= .003364 CF= .003367 DISP= .003742 UE= 1.193
= 7 X=1,80 EXCF= .003238 CF= ,003241 DISP= .003813 UE= 1.216
= 8 X=1.90 EXCF= .003123 CF= .003126 DISP= .003881 UE= 1.239
= 9 X=2.00 EXCF= .003018 CF= .003021 DISP= .003947 UE= 1.260
= 10 X=2.10 EXCF= .002922 CF= ,002924 DISP= .004011 UE= 1.281
= 11 X=2.20 EXCF= .002832 CF= .002835 DISP= .004072 UE= 1.301
= 12 X=2.30 EXCF= .002750 CF= .002752 DISP= .004132 UE= 1.320
= 13 X=2.40 EXCF= .002673 CF= .002675 DISP= .004191 UE= 1.339
= 14 X=2.50 EXCF= .002601 CF= .002603 DISP= .004248 UE= 1.357
= 15 X=2.60 EXCF= .002534 CF= .002536 DISP= .004303 UE= 1.375
= 16 X=2.70 EXCF= .002471 CF= .002473 DISP= .004357 UE= 1.392
= 17 X=2.80 EXCF= .002412 CF= .002414 DISP= .004409 UE= 1.409
= 18 X=2.90 EXCF= .002356 CF= .002358 DISP= .004461 UE= 1.426
= 19 X=3.00 EXCF= .002303 CF= .002305 DISP= .004511 UE= 1.442
RMS= -674E-03

Fig.15.5. Typical output from program LAMBL
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This is compared with the “exact” (Falkner-Skan) skin friction coefficient

4
2-p)

For the case § = 0.5,

1/2
cfex=f,,,,(0)< ) (Rexu,)™ ' . (15.21)

Cry = 1.5151 (Rexu,) 172 . (15.22)

At the end of the downstream march, program LAMBL calculates the exact u
velocity component u,, by interpolating UB and computes the rms error between u
and u,,. As is apparent from Fig. 15.5 the computed solution is in close agreement
with the Falkner—Skan solution.

15.1.3 Keller Box Scheme

An alternative means of discretising the boundary layer equa?ions (15.1, 2) is
provided by the Keller box scheme. A feature of this method is that only first
derivatives are allowed to appear. Consequently (15.2) is replaced by

ou ou du, ot
4y —=u —+-—, where (15.23)
" ox T dy “edx dy

ou
T = ua—y . (15.24)

Thus an additional auxiliary variable, the shear stress 7, appears in the formulation.
The discretisation is carried out within a ‘box’ as indicated in Fig. 15.6.

B

~ x/ Ao
/ } /A j-1
|
|
n n+l» n+l Fig. 15.6. Grid for Keller box scheme

Since only first derivatives appear in the governing equations, centred differ-
ences and two-point averages can be constructed involving only the four corner
nodal values of the ‘box’. For example, if w represents any of the dependent
variables u, v, 7, then (Fig. 15.6)

[wlitl,=05w;i+w;"!) and (15.25)

(w42 = 0.5([wl- 12+ [WIi51) -
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Derivatives are represented by

I Wit —wit])

_ay_j—l/Z (Yj_,Vj—1) ’

. In+1/2 n n+1

al = 05([@] +[6w:| > , (15.26)
_a)’_j—uz dy ji—1/2 Oy j—1/2

_a“"i_n+1/2=0'5 ([W ;‘jll/z—[W];-lfl/z)

LOx Jj-152 (Xns1—Xn)

An advantage of the above discretisation is that non-uniform but rectangular grids
can be used without affecting the accuracy of the discretisation.
The expressions (15.25, 26) are substituted into (15.1, 23 and 24) to give

au n+1/2 51) n+1/2
[J +[] ~0, (1527)
0x i-1/2 ay i—1/2
au n+1/2 au n+1/2 du n+1/2 a,r n+1/2
N e e
e =172 e dy i—1/2 dx i—1/2 Oy i—1/2
(15.28)
ou |"
(edi-12 = DV]i-1p2 |:6_] . (15.29)
Y l1ji-1,2

A Taylor series expansion about (j—1/2, n+ 1/2) indicates that (15.27-29) are
accurate to O(4x2, 4y?).

Application of (15.27-29) at each of the grid points,j = 1, . . ., J, gives a system
of 3J nonlinear coupled equations in 3J+3 unknowns, uj*', v}*' and 7j*!.
However, wall values u}** and vf,*! and boundary-layer edge value u*! = u"*!
are known. Newton’s method (Sect. 6.1.1) is applied to this system and produces the
following system of linear equations for the corrections Aw**!:

JEAWkTT = Rk | (15.30)

where Aw**! = w*" ! —w¥ w; = (u;, v;, 7;)7, and k represents the iteration level.
Thus, at the beginning of the iteration, w}) = wj, and at the end of the iteration,
wi*1 = wk*1 Typically three to four iterations are required to obtain w"* ! at each
downstream step. However, due to the discretisation (15.25, 26) the Jacobian is
block tridiagonal and (15.30) can be solved efficiently using the algorithm given in
Sect. 6.2.5.

The Keller box scheme is described by Keller (1978) and in more detail by
Cebeci and Bradshaw (1977, Chap. 7).
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15.2 Complex Boundary Layer Flow

For boundary layer flows involving adverse pressure gradients (pressure increasing
in the flow direction) the boundary layer thickness grows rapidly. For any type of
boundary layer the velocity component in the main flow direction, u, changes
rapidly across the boundary layer.

It is therefore desirable to transform the governing equations into new indepen-
dent and dependent variables that are less sensitive to the above effects. If the grid is
closer to uniform in the transform domain the errors introduced during discret-
isation (Sect.3.1) will be correspondingly less. The general problem of using
variable grids and the associated errors are discussed by Noye (1983, pp. 297-316).

15.2.1 Change of Variables

It is generally possible to transform the equations governing boundary layer flow
to obtain a particular advantage. The Mangler transformation (Schlicting 1968,
pp. 235-237) reduces an axisymmetric boundary layer to an equivalent two-
dimensional boundary layer. The Howarth, Illingworth, Stewartson trans-
formation (Schlicting 1968, pp. 324-328) reduces a compressible boundary
layer to an equivalent incompressible boundary layer. A Blasius transformation
compensates for boundary layer growth and greatly simplifies the governing
equations if the problem possesses a similar solution.

The Levy-Lees transformation (Blottner 1975a), to be examined in Sect. 15.2.2,
combines features of the Howarth, Mangler and Blasius transformations. The
Dorodnitsyn transformation (Sect. 15.3) makes use of u as an independent variable
and casts the equations in an integral form which facilitates the introduction of
Galerkin finite element and spectral formulations. In the Dorodnitsyn formulation
a nondimensionalised normal velocity gradient is introduced as the dependent
variable. This permits accurate predictions to be obtained for the wall shear stress,
and hence skin friction coefficient, (11.66).

15.2.2 Levy-Lees Transformation

The starting point for the Levy-Lees transformation are the equations governing
steady laminar compressible two-dimensional (Sect. 11.6.2) or axisymmetric flow:

é . o .
cont: o (ri ou) + 3 (r{iovy=0 (15.31)
ou Ju dp, 0 ou
mtm: ou GO dpe O U 532
X-mmtm ous + ov o I +8y <u (3y> (15.32)

oT oT dp, 0 [ [ucy\oT ou\?
: OTN e, O (Hee) oL 15.33
energy 0¢, (u L @y> u- +6y [(Pr & +u o ( )
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For two-dimensional flows j = 0. For axisymmetric flows j = 1 and ry is the body
radius. In (15.31-33) x is measured along the surface of the body from the tip or
stagnation point and y is measured normal to the surface. In (15.32, 33) p, is the
known pressure at the outer edge of the boundary layer. For compressible flow,
(15.31-33) must be supplemented by an equation of state, for example (11.1) and a
viscosity temperature relationship u(7).

For the equation set (15.31-33) the following are appropriate initial conditions:

u(xo,y) = uo(y),  Tlxo,¥) = To(y) (15.34)
and boundary conditions:

u(x,0) = v(x,0) = 0 for no mass flow at the wall,

oT .
T(x,0) = T,(x) or a(x,o) = —Qu(x), (15.35)
u(x,8) =u,(x) and T(x,9)=T.(x) .

The Levy—Lees transformation defines new independent variables as

X

¢ 2i [ K\127>
E(x) = K [ (@Weeruerdldx’ , n(x,y) = ueri <25> [ody . (15.36)
0 > 0

where K is a constant determined by the particular flow being investigated. New
dependent variables are defined as

u h T
F:_ = — = —
w ThoT
én ovri
2\ F—4 75
L é( 6x+(2£/1<)”2>
K( Qu)refuerﬁj ’ (1537)
so that (15.31-33) become
256—F+6V+F—0
Gt e TF=0. (15.38)
OF oF d [ OF
UF —+V—+p(F—O)—— (1) =
37 P B( ) @11(1511> 0 (15.39)
and
00 06 éF\* 1 6 ([ a6
UF —+V——al|— ) ——=—{ 1| =
Tt m “(%) Pr@n<16n> 0 (1549
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where

ol 2¢ _op
oA = E R ﬁ < > di and | = (Q'u)ref . (1541)

The boundary conditions (15.35) become

F=V=0 and 0=0, at n=0 and
F=0=1 at n=1,. (15.42)

Initial conditions are obtained by setting & = 0 in (15.38—40). If terms containing ¢
derivatives are set equal to zero the equations governing similar flows (e.g. the
Falkner—Skan flows, Sect. 15.1.2) are obtained automatically (Blottner 1975a).
The Levy—Lees transformation has the following desirable features:
(i) Compressibility effects are suppressed; ¢ does not appear explicitly.
(ii) Axisymmetric flows are treated as equivalent two-dimensional flows.
(iii) The use of the n coordinate compensates for boundary layer growth.

15.2.3 Davis Coupled Scheme

Here we describe the Davis coupled scheme (DCS), applied to (15.38-40), for
incompressible boundary layer flow. For this case [ = 1 and # = 1 and only (15.38
and 39) need be considered. The DCS was recommended by Blottner (1975Db) after
comparing the accuracy and efficiency of a number of Crank- Nicolson schemes.
The coupling refers to the simultaneous implicit treatment of both the continuity
and x-momentum equations, in contrast to the sequential solution of (15.7 and 8).
If (15.39) is written as
oF? OF | 0*F

¢S =RHS = —V———f(F?

il 1543
PR on + o ( )

then a marching algorithm is constructed from a Crank-Nicolson differencing
about (n+ 1/2, j). That is, (15.43) is replaced by

{ }n +1 {FZ }31 _
48
The n derivatives in (15.43) are evaluated as three-point centred difference formulae

(Fig. 15.7). The nonlinear implicit terms in (15.43 and 44) are linearised using a
Newton—-Raphson expansion, i.e.

0.5(&m+ ¢ty 0.5(RHS"+ RHS™*1) . (15.44)

(F2}k+1 = 2F*FA* 1 (F2}% and (15.45)

EF kH:Vk+1 C'ii k+Vk ai k+1_ VQE k’
817 on on on
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_’IAE |<_ Fig. 15.7. Boundary layer grid in
(¢, n) space
»] = rl e F= 1
L j+1
A .
n ¥ j
j-1
na
» v F=0,V=0
T n=1""n "4l -

where an iteration over k is carried out at each step n in the downstream direction.
Convergence of the k iteration yields the solution at n + 1. After introducing (15.45)
into (15.44) it is possible to write down a system of linear equations for F**1and
Vk+1 as

akF¥* 1+ bA PR 4ok KPR LVt =dy, j=2,3,...,J—1, where

(15.46)

ak = —0.5(1+0.5V%4y) ,
(én_+_€n+1)
b§=1+Aﬂ2[ﬂ"+l+T F;‘ s
k= —0501-0549V%) ,
q’; 025A’7(F§+1 F?—l) s
4k = —a"F*_, —c"F%,  —[1+ 054> f"F11F7+0.54n7 [f"+ p" ']
(F2)3+(F)%) ), (Fh —F5)
+05A2 n+ n+1{ J J Vk jt1 Jj-1 kFZk' .

The continuity equation (15.38) is differenced as
§n+1/2[ Fnﬂ )+(F;!j11_ *1)]+[(V}l+1_ V?jll)+(V;_ V;‘lvl)]
24¢ 24n
+025[(F! '+ Fir 1)+ (F1+F;-1)1=0 . (15.47)

Equation (15.47) is rewritten as an algorithm for V4¥*! as

Vljc_+1=Vj+ (Fk+11_+_Fk+1) t. , j:2’3’..."] (1548)

J
where s; = 24n(0.25+ "+ 12/ 4%)
n+1/2
AE

Equations (15.46 and 48) are solved simultaneously by using a development of the

t; = —2An<0.25— )[Ff-i—Fle]—(Vf—V’;l).
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tridiagonal algorithm (Sect. 6.2.2). The first sweep is from the outer edge of the
boundary layer to the wall. At the boundary layer edge,

E;=G,=0 and e;,=10.
For decreasing values, j=(J—1),(J—2), ...,

T=bj+c;E; +5,(c;Gjyy +9;)

E;= —[a;=5(c;Gjs1 +9) )T, (15.49)
G;=—1[c;G;+1+9;1/T, and

e; = [d;—(c;Gjs1+g)ti—ciejs11/T .
At the wall F; = V, = 0 and for increasing values j = 2,3, ...,J

Fi=EF,_+GV,_, +e

J J I

V=V —s;(F,_ +F) =1, . (15.50)

In practice, equation systems (15.46 and 48) are solved repeatedly until sol-
utions F¥*1 and V¥*! do not differ from F% and V%, respectively. To start the

2
10 :

v

X

/X/l ITERATION
10 x/ —
19 ITERATIONS

1 -

/-

x/
/®
ol an-02 -
: ’ }CNS
X

® DCS -8B
(1 ITERATION)

ABSOLUTE % ERROR OF (aF/ar”WALL

10

-1 1 Fig. 15.8. Convergence of the DCS scheme
(after Blottner, 1975b; reprinted with per-
at mission of North-Holland)
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iteration F5 = F1, etc., and after convergence Frt1l = Fk*1 etc. The major advan-
tage of DCS is that the strong coupling between the continuity and the momentum
equations permits second-order convergence in ¢ with only a single iteration in k. If
the equivalent scheme is solved with the continuity and momentum equations
uncoupled (CNS in Fig. 15.8) 19 iterations are required to obtain second-order

-convergence. The convergence results shown in Fig. 15.8 correspond to a linearly

retarded outer-edge velocity u. /U, = (1 —x/L). The term (0F/0# )y 1 propor-
tional to the skin friction coefficient, ;.

Blottner (1975b) indicates that DCS is computationally more efficient than
other Crank-Nicolson schemes, including the Keller box scheme, for a typical
laminar flow problem using a uniform grid.

15.3 Dorodnitsyn Boundary Layer Formulation

For some laminar flows and almost all turbulent flows it is necessary to use a
nonuniform grid close to the wall to obtain accurate solutions. However, the use of
a nonuniform grid can be avoided by treating u (in two dimensions) as an
independent variable. This is a central feature of the Crocco (Blottner 1975a) and
Dorodnitsyn formulations.

The Dorodnitsyn formulation converts the governing equations into integral
form. This implies that a weighted residual (Chap. 5) interpretation is possible. Two
interpretations will be described here, a Galerkin finite element formulation in
Sect. 15.3.1 and a Galerkin spectral formulation in Sect. 15.3.3.

The Dorodnitsyn formulation will be developed for incompressible two-dimen-
sional turbulent boundary layer flow (11.73-75). If an algebraic eddy viscosity v is
introduced to represent the Reynolds shear stress the resulting equations can be
written (in nondimensional form) as

du 0

My -0 and (15.51)
ox Oy

Ju du du 1 0 vy \Ou

kU PR (F P K 15.
“ax+”ay uedx+Re 6y[< +v)6y} (1552

with initial and boundary conditions given by (15.3, 4).
To implement the Dorodnitsyn formulation the following variables are intro-
duced:

¢=x and 75 =Re?uy, (15.53)

v . nu'du
V2 and w=uu+——r .
U, u, dé

'

u ’
u =—-, U:Re
u
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Consequently (15.51 and 52) can be written

ou’ +5W 0. (15.59)
o¢
o’ o' u, O v1>8u’:|
b . + — 1 +— = s 15.55
u o¢ +w6n U, 611[( v ] on ( )

where u ., = du./d¢. The boundary conditions become
Ww=w=0 at n=0 and w =1 at np=0o©
A weighted sum of (15.54 and 55) is formed as

d ’
fk(u’)x(15.54)+< J:;Sj)

> x(15.55) =0,
where f,(u') is a weight (test) function to be chosen. The result is (after dropping the
prime)

2uf) A0R) (w2 dh
& an _<uf>{1 Y

dfi| ¢ Ou 15.56
+“e{du} on [<1+ >6J ) ( )

An integration is made fromn = 0 to n = oo and f, is restricted so that f(0) =
The variable of integration is changed from 7 to u and the result is

iuﬁ@du-(f)f{df"} (1—u?)Odu

€ 0 M

+uej{df"} [( V:)r]w, (15.57)
1 Ou

_ o (15.58)
r ® 0o

Rl

where

Equation (15.57) is the Dorodnitsyn turbulent boundary layer formulation. In
(15.57) T and © are the dependent variables and x and u are the independent
variables.

The Dorodnitsyn formulation is attractive primarily because a uniform grid in
the u direction automatically places most points adjacent to the wall where the
solution is changing most rapidly (Fig. 15.9). This is particularly important for
turbulent boundary layers. The uniform grid in u automatically captures down-
stream boundary layer growth. An additional advantage is that the normal velocity
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Fig. 15.9. Laminar and turbulent boundary layer velocity distributions

does not appear in (15.57), so that only one equation need be solved. The solution
for v can be recovered subsequently if required. Since the wall value of T is directly
proportional to the shear stress (at the wall), the Dorodnitsyn formulation provides
accurate solutions for the skin friction (11.66).

15.3.1 Dorodnitsyn Finite Element Method

Here we will describe the Dorodnitsyn boundary layer formulation applied with
the Galerkin finite element method (Sect. 5.3). The following approximate (trial)
solutions are introduced for ® and (1 +v/v)T in (15.57):

f /(1 -uw0,(¢) and (15.59)

1 +v;/WT f 1= )N, ) {1 +v7/v},7;(0) - (15.60)

In (15.59 and 60) the factor (1 —u) ensure that ® and T have the correct behaviour at
the outer edge of the boundary layer. The terms N,(u) are one-dimensional
interpolating functions, typically linear or quadratic (Sect. 5.3).



220 15. Boundary Layer Flow

It is apparent, from (15.60) that the approximate solution has been introduced
for a group of terms. This is a particular example of the group finite element
formulation (Fletcher 1983) which is described in Sect. 10.3. For the present
application the eddy viscosity vy is a complicated function of u and #, (11.77-79). By
including vy in the group, the evaluation of vy is only required at nodal points. Thig
makes a substantial contribution to the economy of the Dorodnitsyn finite element
formulation.

The weight function f,(u) in (15.57) has the form

Jelw) = (1 —uN,(u) , (15.61)

which ensures that f,(u) = 0 at u = 1, thus avoiding the explicit appearance of v in
(15.57).

Substituting (15.59-61) into (15.57) produces a modified Galerkin method
(Fletcher 1984). Evaluation of the various integrals produces the following system
of ordinary differential equations:

M i . "
Z kj df = ué Z EFkJBj+u Z AAk;( VT>jrj . (1562)

e j= i=

The coefficients CC,;, etc., are evaluated, once and for all, from
i L dN,
CCyy= [ N;Nudu, EF; =[N, (I—u)= % = N |(1+u)du
0 0 u

and

AAkj=i<@(1—u)—N>(d—Ni‘(1—u) k)du : (15.63)

o\ du

Although 6; and 7; appear separately in (15.62) the nodal values are requited to
satisfy 0; = 1/7;.

Since CC is tridiagonal for linear elements and pentadiagonal for quadratic
elements it is straightforward to construct an efficient implicit scheme as follows:

M
Y. CCA0T " = AC[BRHS"* ! +(1 — HRHS"] , (15.64)
j=1
where
RHS = e Z EFkJ91+u Z AAk} (1 Y ) (15.65)
e j= i= J

46771 = 6771 — 07 and f = 0.6 for stable solutions (determined empirically).

The term RHS"*! is expanded about RHS" as a Taylor series which is
equivalent to the Newton—Raphson expansion (15.45) when truncated with an
error O(A¢?). Consequently (15.65) is rearranged to give the following linear system
of equations for 407*!:
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M +1
Y CCCuA03"! = Py, where (15.66)
~

u, n+1
CCCy; = Cij—ﬁAé[(uf) Eij_u:HAAUGj] ’

and

u n+1 n M
P = Aé{[ﬁ(f) +(1 —ﬂ)( ) ] 2, EFy0]
M Vv
+[But (1=l ). AAU<1 +TT> r;} .
i=1 j

Equation (15.66) can be solved efficiently using the Thomas algorithm (Sect. 6.2.2).
To maintain maximum economy no iterations are made at each location &". For
laminar boundary layer flow (v; = 0), (15.66) demonstrates a convergence rate of
0(4u?, Ax), Fletcher and Fleet (1984a). However, of greater practical significance is
the ability of the method to generate accurate solutions on relatively coarse grids.

Typical results for the turbulent skin friction coefficient and boundary layer
thickness variation in the flow direction, produced by a zero pressure gradient, are
shown in Figs. 15.10 and 15.11.

Also shown are results produced by the Dorodnitsyn spectral (DOROD-SPEC)
formulation (Sect. 15.3.3) and a typical finite volume code, STANS, which is based
on the GENMIX code of Patankar and Spalding (1970). It is apparent that all three

[+ ] 4 r
oo o 0 Coles & Hirst

DOROD-FEM
— -——DOROD-SPEC

0001 |-

Fig. 15.10. Skin friction comparison
for zero pressure gradient

10 2:0 30 40 50

|
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Fig. 15.11. Displacement and
. &* momentum thickness comparison
T for zero pressure gradient

0-010
[ O Coles & Hirst

DOROD-FEM
— —— DOROD-SPEC

methods are demonstrating comparable accuracy. STANS and GENMIX are
based on a von Mises transformation (Schlicting 1968, p. 143) of the governing
equations in which the streamfunction y replaces the normal coordinate y as an
independent variable.

However, it is clear from Table 15.2 that DOROD-FEM is an order of
magnitude more economical than STANS. This benefit comes partly from the
ability to represent the velocity distribution across the boundary layer with a
quarter to a third of the number of nodal points and partly from requiring less steps
in the downstream direction.

Table 15.2. Comparison of DOROD-FEM and STANS

Zero pressure gradient Adverse pressure gradient

DOROD-FEM STANS DOROD-FEM STANS

Grid pts. across b.l. 11 33-39 11 47-48

No. of steps, Ax/L 205 401 294 660

Ax/L .0001-.071 0004-.031  .0001-.049 .0002-.0039
Relative exec. time 1 8.99 1.55 17.70

The Dorodnitsyn finite element formulation, described above, has been applied
to laminar (Fletcher and Fleet 1984a) and turbulent (Fletcher and Fleet 1984b)
incompressible boundary layer flow. It has also been applied to compressible
turbulent boundary layer flow (Fleet and Fletcher 1983) and to boundary layer
flows with surface mass transfer (Fletcher and Fleet 1987) and internal boundary
layer flows with swirl (Fletcher 1985).
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15.3.2 DOROD: Turbulent Boundary Layer Flow

In this section a computer program, DOROD, is described which implements the
Dorodnitsyn finite element method (Sect. 15.3.1). The structure of program
DOROD is indicated in Fig. 15.12 and a listing is provided in Fig.15.13. Par-
ameters used in program DOROD are described in Table 15.3.

B

Read Read i.c.: TURVS: compute FEPAR:
control <] T(Es,u) eddy viscosity, o | compute CC,AA
parameters and b.c.: vi/v and ] and EF,
Ue (B),due/dE d(v/v) /28 (15.63)
\
Check and BANFAC/ ABCD: compute Compute ug
adjust - BANSOL: solve CCCy;j and Py and v/ ug
AE (15.66) <= i (15.66) < at " t
for A"
AN
\
Compute Cy, Dis. ~.| TURVS: compute n No .
Th. and Mom. Th. eddy viscosity >] s8> Emax ="+ A8

U,Yes

Fig. 15.12. Structure of program DOROD

An initial profile for t(x,, u;) is required corresponding to u;. This is obtained
by evaluating du/dn, (15.58), at equal intervals of y (and hence 1) and interpolating
to obtain t at equal intervals of u;.

Prior to starting the downstream integration the eddy viscosity distribution
}'T(y)/v is obtained from subroutine TURVS (Fig. 15.14). The parameters used
in subroutine TURVS are described in Table 15.4. The eddy viscosity data evalu-
ated in subroutine TURVS is based on the two-layer algebraic eddy viscosity
formulation described in Sect. 11.4.2. That is, a mixing length prescription is
applied near the wall and a Clauser formula (11.79) is used in the outer region of the
boundary layer. To evaluate G, (in subroutine ABCD), d(vy/v)/00 is also evaluated
in subroutine TURVS.

The coetficients CC, EF and AA defined by (15.63) are evaluated in subroutine
FEPAR (Fig. 15.15) from the following (interior) formulae:

Uu._ Uu: u. ;
cc,.,,._1=—f%, cc“:?’, CCp 1= 1*6“2 , (15.67)
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Table 15.3. Parameters used in program DOROD

Parameter Description
IMAX number of steps, 4¢
NMAX number of grid points across the boundary layer
U, DU u, Au
X, DX g, A
DXMI, DXMA A& ins Al ax
DXCH A€ increment for printing solution
X0, XMAX Eos Emax
XUE ¢ location at which u, and u,; given
UEE, UEX U, ., velocity data at boundary layer edge {input)
UE, UEP e, ut !
DUEDXU {(du,/dE)/u,}"
DUEDXP {(du,/dE) u !
TAU 1
DTHETA 46
RAT A07 107,
RATCH v
ABC CCC in (15.66)
D P in (15.66)
BETA B, controls the degree of implicitness, (15.64)
REL Re,, reference Reynolds number
CF ¢, skin friction coefficient
DELTA &*, displacement thickness
THKMOM om°m momentum thickness
SHPRTR H = §%/6™™, shape factor
RTH u,8™™ Re, , momentum thickness Reynolds number
1—u? 1+ Au
EE;;o =05~ 405~
(15.68)
1—u? 1—A4u

EF;j= =23 . EFjju=—05— T+05u-——

and
l—u;_, 1
AA; ;= _(1‘“,-)71;2‘—5 (15.69)
2
4j=29_lgl+g, A”+1:_41_u)1_ﬂ:i_1.
’ Au 3 7 I Au? 3

Equations (15.67-69) are obtained by evaluating (15.63) with one-dimensional
linear elements and dividing by Au. At the wall and at the edge of the boundary
layer only one element contributes and u; =0 and 1 respectively. The correspond-
ing formulae are given in subroutine FEPAR (Fig. 15.15).

At the start of each downstream step the values of u?, uf*!, u/./uf and
w71 /ult 1 are interpolated from the boundary values read in, u,(¢) and du (¢)/d&-

el
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DOROD USES THE FINITE ELEMENT METHOD TO SOLVE
THE DORODNITSYN BOUNDARY LAYER FORMULATION

s N eNel

DIMENSION ABC(5,65),D(65),TAU(41),DTHETA(65)
DIMENSION TRUD{(41),TRV(41),DTRV(41)
DIMENSION CC(41,5),AA(41,5),EF(41,5)
DIMENSION XUE(24) ,UEE(24) ,UEX(24),TITLE(8)
COMMON CC,AA,EF,ABC,D,TAU, TRV,DTRV

L I O S

OPEN(1,FILE='DOROD.DAT')

OPEN (6, FILE="DOROD.OUT')

OPEN (2, FILE='DOROD.STA')

READ(1,1)NMAX, IMAX,BETA,AKP,APZ,PCON,ATR,REL
FORMAT (215,4F5.2,2E10.3)

READ (1, 2) DX, DXMI, DXMA, DXCH, X0, XMAX, RATCH
FORMAT (7E10.3)

WRITE (6,3) NMAX, IMAX

FORMAT (' NMAX,IMAX = ',2I5)
WRITE(6,4)REL, X0, XMAX, DXCH, RATCH

FORMAT(' RE =',E10.3,' X0 =',F6.3

1,' XMAX=',F6.3,' DXCH=',E10.3,' RATCH=',E10.3)
WRITE(6,5) DX, DXMI,DXMA,BETA

FORMAT(' DX=',6E10.3,' DXMI=',E10.3,' DXMA=',E10.3,' BETA=',E10.3)
WRITE(6,6)AKP,APZ,ATR, PCON

[ N

B DU BRI B B BO B DO DO BD B bt b b e o e e
CWEVANUT R LRI OWE-DAU B WO W
(2]

o =

6 FORMAT(' AKP=',E10.3,' APZ=',E10.3,' ATR=',E10.3,' PCON=',E10.3,/)
IMAP = IMAX - 1
KCT = 1
IREF = 1
RSQ = SQRT(REL}
REQ = SQRT(RSQ)}
ilc¢
2 ¢ READ IN STARTING VELOCITY PROFILE AND EXTERNAL VELOCITY PROFILE
3¢
34 READ(2,7)TITLE
35 READ(2,8)CFST, REL, DELTA, THKMON, NPG
36 READ (2, 9) TAUD
37 READ(2,10) (XUE(N) ,N=1,NPG)
38 READ{2,10) (UEE(N),N=1,NPG)
39 READ(2,10) (UEX(N) ,N=1,NPG)
10 7 FORMAT (8A4)
11 8 FORMAT(4E10.3,15)
42 9 FORMAT(10F8.5)
43 10 FORMAT(13F6.3)
44 UE = UEE(1)}
45 DUEDXU = UEX (1) /UEE(1)
46 IDEL = 1
47 IF(IMAX .EQ. 6)}IDEL = 8
48 IF(IMAX .EQ. 11)IDEL=4
49 IF(IMAX .EQ. 21)IDEL = 2
50 DO 11 I = 1,IMAX
51 IA =1 + (I-1)*IDEL
52 11 TAU(I) = TAUD(IA}
53 WRITE(6,12)
54 12 FORMAT(' INITIAL TAU PROFILE')
55 WRITE(6,13) (TAU(I), I=1,IMAX)
56 13 FORMAT(' TAU=',8E12.5)
57 WRITE(6,14) TITLE
58 14 FORMAT(' ',8Aa4)
59 WRITE(6,15) IMAP
60 15 FORMAT(® ',12,' LINEAR FINITE ELEMENTS, TURBULENCE MODEL:'
61 1' MIXING LENGTH + VAN DRIEST DAMPING'

Fig. 15.13. Listing of program DOROD
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C
c SET INITIAL TRV
o
CALL TURVS(REL,DELTA, IMAX,UE,DUEDXU, TAU, TRV, DTRV,AKP,
1APZ,ATR, PCON)
c
DO 16 1 = 1,IMAX
DTRV(I) = 0.
16 CONTINUE
c
c COMPUTE CC,AA AND EF
C
CALL FEPAR({IMAX)
C
DO 18 I = 1,IMAX
DO 17 J = 1,5
17 ABC(J,I) = O.
18 CONTINUE
o
C BEGINNING OF DOWNSTREAM LOOP
C
XCH = XO
X = X0
AIM = IMAP
DU = 1./AIM
KH = 2
DO 27 N = 1,NMAX
KST = KH
o
[« COMPUTE PRESSURE GRADIENT PARAMETERS
C
DO 19 KA = KST,NPG
K = KA
IF{X .GT. XUE(K))GOTO 19
KH = K-1
IF(K+1 .GT. NPG)K = NPG-1
DUM = XUE(K+1) -~ XUE(K)
XI = (XUE(K-1)-XUE(K))/DUM
X4 = (X - XUE(K))/DUM
X5 = (X + DX - XUE(K))/DUM
DUM = UEE(K-1)-UEE(K)-XI*XI* (UEE(K+1)-UEE(K))
Al = DUM/XI/(1.-XI)
A2 = UEE(K+1)-UEE(K)-Al
UE = UEE(K) + A1*X4 + A2*X4*X4
UEP = UEE(K) + AL*X5 + A2*X5*X5
DUM = UEX(K-1)-UEX(K)-XI*XI*{UEX(K+1)-UEX(K))
Al = DUM/XI/{1.-XI)
A2 = UEX(K+1)-UEX(K)-Al
DUEDXU = (UEX(K)+A1*X4+A2*X4*X4) /UE
DUEDXP = (UEX(K) + A1*X5 + A2*X5*X5)/UE
GOTO 20
19 CONTINUE
C
c CALCULATE TRIDIAGONAL TERMS
c
20 CALL ABCD(IMAX,DX,DUEDXU,DUEDXP,UE,UEP,BETA)
C
CALL BANFAC(ABC, IMAX,1)
CALL BANSOL(D,DTHETA,ABC, IMAX,1)
c

. 15.13. (cont.) Listing of program DOROD
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123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
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154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
1717
178
179
180
181

Fig.
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21

22

23

24

25
26

27
28
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RAT IS THE TYPICAL FRACTIONAL CHANGE IN THETA

RAT = ABS{TAU(IREF)*DTHETA(IREF))
IF(0.5*DX .LT. DXMI)GOTO 21
IF(RAT .GT. RATCH)DX = 0.5*DX

UEP = 0.5*(UE+UEP)

DUEDXP = 0.5* (DUEDXU+DUEDXP)
IF(RAT .GT. RATCH)GOTO 20
X=X+DX

IF(1.5*DX .GT. DXMA)GOTO 22
IF(RAT .LT. 0.1*RATCH)DX = 1.5*DX
CONTINUE

EVALUATE NEW TAU ARRAY

DO 23 I=1,IMAX

TAU{I} = 1./(1./TAU{I)+DTHETA(I))
CF = 2.*TAU(1)/SQRT(REL)
IF(TAU(1) .LT. 0.)GOTO 25

CALCULATE DISPLACEMENT AND MOMENTUM THICKNESS

DELTA = 0.
THKMOH=0.

IH = IMAX/2

DO 24 IA = 1,IH

DELTA = DELTA + 2./TAU(I) + 4./TAU{I+1)

THKMOM = THKMOM + 2.*UI/TAU(I) + 4.*(UI+DU)/TAU(I+1)
CONTINUE

DELTA = (DELTA+1./TAU(IMAX)-1./TAU(1))*DU/3.

THKMOM = (THKMOM+1./TAU(IMAX))*DU/3.

SHPRTR = DELTA/THKMOM

DELTA = DELTA/UE/SQRT (REL)

THKMOM = THKMOM/UE/SQRT (REL)

RTH = REL*UEP*THKMOM

CALCULATE EDDY VISCOSITY

CALL TURVS(REL,DELTA,IMAX,UEP,DUEDXP,TAU,TRV,DTRV, AKP,
1APZ,ATR, PCON)

IF(X .LT. XCH)GOTO 27

XCH = XCH + DXCH
WRITE(6,26)N,DX,X,TAU{1) ,CF,DELTA, THKMOM, SHPRTR ,RTH, TRV (4)
FORMAT(' N=',I3,' DX=',F5.3,' X=',F4.2,' TAU(1l)=',F5.3,
1' CF=',F7.5,' D-TH=',F6.4,' M~-TH=',F6.4,' SH=',F5.3,
2' RTH=',E10.3,' TRV{(4)=',F5.3)

TEST FOR SEPARATION AND X .GT. XMAX

IF(TAU(1) .LT. 0.)GOTO 28
IF(X+0.001 .GE. XMAX)GOTO 28
CONTINUE

CONTINUE

STOP

END

15.13. (cont.) Listing of program DOROD
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1 SUBROUTINE TURVS (REL,DELTA, IMAX,UE,DUEDX, TAU, TRV, DTRV,AKP,
2 1APZ,ATR, PCON)

3¢

4cC CALCULATE EDDY VISCOSITY, TRV AND DTRV

C

2 DIMENSION TRV(41),YP(41),TAU(41),DTRV(41),UP(41)
Z g TRVO IS THE EDDY VISCOSITY IN THE OUTER REGION(CLAUSER FORMULATION)
9 C
10 RSQ = SQRT(REL)

11 REQ = SQRT(RSQ)

12 TRVO = ATR*UE*REL*DELTA

13 IMAP = IMAX - 1

14 AIM = IMAP

15 DU = 1./RAIM

16 YP(1) = 0.

17 UP(1) = 0.

18 UT = SQRT(TAU(1)})/REQ

19 PP = ~DUEDX/UE/REL/UT/UT/UT

20 EN = 1. + PCON*PP

21 AP = APZ/EN

22 RUT = UT*RSQ

23 UP(2) = DU/UT

24 YP(2) = UP(2)

25 TRV(1) = 0.

26 C

27 DO 2 K = 2,IMAP

28 AK =K -1

29 U = AK*DU

30 IF(K .EQ. 2)GO TO 1

31 UP{K) = U/UT

32 UX = 1./{(1. - U + 2.*DU)

33 UY = 1./(1. - U + DU)

34 Uz = 1./(1. - U)»

35 DEM = DU*(UX/TAU(K-2) + 4.*UY/TAU(K-1) + UZ/TAU(K)}/3.
36 YP(K) = YP(K-2) + DEM*RUT

37 1 DUM = 1. - EXP(-YP(K)/AP)

38 EL = AKP*YP (K)*DUM

39 TRV(K) = EL*EL*TAU(K)*{1.-U)/TAU(1)

40 IF(TRV(K) .GT. TRVO)GOTO 3

41 DTRV{(K) = -(1.-U)*EL*EL*TAU(K)*TAU(K)/TAU(1)
42 2 CONTINUE

43 3 D0 4 L = K,IMAX

44 DTRV(L) = O.

45 TRV(L) = TRVO

16 4 CONTINUE

47 RETURN

48 END

Fig. 15.14. Listing of subroutine TURVS

Subroutine ABCD (Fig. 15.16) evaluates the terms in the tridiagonal system of
equations (15.66) and subroutines BANFAC and BANSOL (Sect. 6.2.3) solve the
system for the corrections 46"" L . '
Prior to computing the new solution 6" %' = 6" + A6"* ! the marching step size
A& is examined for possible alteration, depending on the size of A0%*1/6%,. Ff
A0+ /07 >y, AE is halved as long as this will exceed the minimum AE. If AZ 1s
halved, u’, etc., are recomputed leading to a new solution correction 40"**. A
typical value of y is 0.02. If 467571 /6%" ! < 0.1y the step size, A is incre.ased by SQ°A:
as long as the maximum step size is not exceeded. The step size changing
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Table 15.4. Parameters used in subroutine TURVS

Parameter Description
TRV vr/v
0
DTRV %(VT/ V)
TRVO (V4/V)ouer» Clauser formulation
ATR Clauser constant, Sect. 11.4.2
AKP x, von Karman constant
APZ Ag basic van Driest damping parameter, Sect. 11.4.2
AP A™ pressure-adjusted van Driest damping parameter
PCON pressure control parameter,
YP, UP y*,u’, Sect. 18.1.1
UT u,, friction velocity
EL I, mixing length
DLTH aljeo

mechanism permits small step sizes when 6 is changing rapidly and larger step sizes
when 0 is changing more slowly.

Program DOROD calculates the skin friction coefficient ¢, directly from the
value of 7 at the wall, as

g =21(1)/Ref? , (15.70)
where the reference Reynolds number Re, = U, L/v. The displacement 8* and

momentum ¢™°™ thicknesses are obtained by numerically integrating, by Simpson’s
rule, the expressions

1 1
#*=——fa
1 1
“‘°'“=W£(u/r)du : (15.72)

Program DOROD is applied to the computation of boundary Jayer flow with
an adverse pressure gradient. Experimental results (Bradshaw 1967) are available
as part of the 1968 Stanford conference (Coles and Hirst 1968) on turbulent flows.
These results have been used to construct the input data (Fig. 15.17) to program
DOROD. Typical tabulated output for this case is shown in Fig. 15.18. It is clear
from Fig. 15.18 that the step size (Ax = A¢) increases as the solution develops in x.
This is consistent with the reduced rate of change of the solution. It is also clear that
the step size A¢ changing algorithm is prevented from sustaining a premature
increase in the step size A¢.

The variation of skin friction coefficient and the boundary layer thicknesses
with downstream position are shown in Figs. 15.19 and 15.20. The results indicate
that DOROD-FEM (the present method) is producing solutions of comparable
accuracy to DOROD-SPEC (Sect. 15.3.3) and to a representative finite volume
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1 SUBROUTINE FEPAR (IMAX)

2 ¢C

3¢ COMPUTES VALUES OF CC,AA, AND EF ACROSS BOUNDARY LAYER (15.3.13)
4C

5 DIMENSION €C(41,5),AR(41,5),EF(41,5),ABC(5,65),D(65)
6 1,TAU(41),TRV{41) ,DTRV{41)

7 COMMON CC,AA,EF,ABC,D,TAU,TRV,DTRV
8 SI = 1./6.

9 TI = 1./3.
10 TTI = 2.*TI
11 IMAP = IMAX - 1

12 AIM = IMAP

13 DU = 1./AIM

14 DUS = DU*DU

15 ¢

16 C AT WALL
17 ¢

18 cc{1,1) = 0.

19 cc(1,2) = bu/l2.

20 cC(1,3) = bu/i2.

21 AA(1,1) = O.

22 AA(1,2) = 1./DUS + TI

23 AA(1,3) = -AA(1,2) + 1./DU

24 EF(1,1) = O.

25 EF(1,2) = ~0.5/DU - TI

26 EF{1,3) = -0.5/DU - SI*(1.-DU)
27 ¢

28 C AT OUTER EDGE OF B.L.

29 C

30 CC(IMAX,1) = SI*(1. - 0.5*DU)
31 CC{IMAX,2) = TI*{(1l. - 0.25*DU)
32 CC(IMAX,3) = 0.

33 AA(IMAX,1) = -TI

34 AA(IMAX,2) =TI

35 AA(IMAX,3) = 0.

36 EF{IMAX,1) = TI*(1. - 0.5%DU)}
37 EF (IMAX,2) = -TI

38 EF(IMAX,3) = O.

39 ¢

40 ¢ AT INTERIOR NODES

4 ¢

42 DO 1 J = 2,IMAP

43 AJ = J-1

44 U = AJ*DU

45 CC{J,1) = SI*{U - 0.5*DU)

46 CC{J,2) = TTI*U

47 CC(J,3) = SI*(U + 0.5%DU)

48 DUM = (1. - U)/DU

49 DUS = DUM*DUM

50 AA(J,1) = - DUS - DUM - TI

51 AA(J,2) = 2.%DUS + TTI

52 AA(J,3) = - DUS + DUM - TI

53 DUM = 0.5*(1. - U*U)/DU

54 DUS = 0.5%U - SI

55 EF(J,1) = DUM + DUS - SI*DU
56 EF{J,2) = - TTI

57 EF(J,3) = - DUM + DUS + SI*DU
58 1 CONTINUE

59 RETURN

60 END

Fig. 15.15. Listing of subroutine FEPAR
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1 SUBROUTINE ABCD(IMAX,DX,DUEDXU,DUEDXP,UE,UEP,BETA}
2 ¢
ic COMPUTES ABC,D ACROSS BOUNDARY LAYER (15.3.16)
4C
5 DIMENSION CC(41,5),AA(41,5) ,EF(41,5) ,ABC(5,65)
6 1,D(65),TAU(41),TRV(41) ,DTRV(41)
7 COMMON CC,AA,EF,ABC,D, TAU, TRV,DTRV
8 C
9 DO 2 K = 1,IMAX
10 JST =1
11 JFN = 3
12 IF(K .EQ. 1)JST = 2
13 IF(K .EQ. IMAX)JFN = 2
14 DIM = 0.
15 po 1 3 = JST,JFN
16 JP=J +1
117 KD=K-2+J
18 DOM = DUEDXP*EF (K, J)
19 DEM = AR(K,J)*(1. + TRV(KD))
20 DAM = TAU(KD)* (DEM*TAU(KD)- AA(K,J)*DTRV(KD) ) *UEP
21 ABC(JP,K) = CC(K,J) + BETA*DX*(DAM-DOM)
22 DOK = DUEDXU*EF (K,J)*(1.-BETA) + DOM*BETA
23 DIM = DIM + DOM/TAU(KD) + DEM*TAU(KD)* (UE*(1.-BETA)+UEP*BETA)
24 1 CONTINUE
25 D(K) = DIM*DX
26 2 CONTINUE
27 RETURN
28 END

Fig. 15.16. Listing of subroutine ABCD

500 11 0.60 0.4125.0021.00 0.168E-01 1.601E+06

0.001E~00 0.001E-00 0.100E-00 0.200E-00 0.938E-00 3.810E+00 0.020E-00

BRADSHAW FLOW C: ADVERSE P.G.
.265E-02 .160E+07 .733E-02 .532E-02 22

-

.53116 1.39436 1.26574 1.10231 .95764 .81205 .67268 .55842
.31169  .23790 .18126 .09885 .07391 .05997 .04830 .03961
.22949 .03254 .03581 .04051 .04739 .05840 .07624 .10474
.44260

.938 1.063 1.188 1,313 1.438 1.563 1.688 1.813 1.938 2.063 2.188
.563 2.688 2.938 3.188 3.313 3.438 3.563 3.688 3.813

.011  .989 .968 .949 .925 .904 .890 .872 .859 .847 .835
.800 0.790 0.774 0.760 0.750 0.742 0.736 0.729 0.726

.119 -.196 -.181 -.167 -.156 -.141 -.126 -.113 -.105 ~-.098 -.093
.076-0.072-0.067-0.064-0.061-0.059-0.057-0.056-0.055

(B =N

[=3

Fig. 15.17. Input data to program DOROD

.67653 1.71531 1.75605 1.79910 1.82957 1.85014 1.83343 1.80281 1.

72612 1.63548

.45748 .38151
.03327 .02981
.15709 .28916

2.313 2.438
.822 .813
-.086 -.081

231
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NMAX,IMAX = 500 11
RE = .160E+07 X0 = .938 XNAX= 3.810 DXCH= .200E+00 RATCH= .200E-01
DX= .100E-02 DXMI= .100E-02 DXMA= .100E+00 BETA= .600E+00
AKP= .410E+00 APZ= ,250E+02 ATR= .168E-01 PCON= .210E+02

PROFILE
%“AX‘:.(IZIAI.‘,1§:25E+01 .18296E+01 .17261E+01 .12657E+01 .67268E+00 .31169E+00 .73910E-01 .33270E~-01
TAU= .35810E-01 .76240E-01 .44260E+00
BRADSHAW FLOW C: ADVERSE P.G.
10 LINEAR FINITE ELEMENTS, TURBULENCE MODEL: MIXING LENGTH + VAN DRIEST DAMPING
N= 1 DX= .001 X= .94 TAU(1)=1.666 CF= .00263 D-TE= .0073 M-TH= .0053 SH=1.380 RTH= .860E+04 TRV(4)= ¢
N= 61 DX= .011 X=1.14 TAU(1)=1.435 CF= .00227 D-TH= .0090 X-TH= .0064 SH=1.409 RTH= .996E+04 TRV(4)=1.y
N= 79 DX= .011 X=1.34 TAU(1)=1.314 CF= .00208 D-TH= .0106 K-TH= .0074 SH=1.427 RTH= .112E+05 TRV(d)=1,68y
N= 97 DX= .011 X=1.55 TAU(1)=1.229 CF= .00194 D-TH= .0123 X-TH= .0086 SH=1.441 RTH= .124E+05 TRV(4)=l, )
N=114 DX= .011 ¥=1.74 TRU(1)=1.179 CF= .00186 D-TH= .0139 H-TH= .0096 SH=1.448 RTH= .135E+05 TRV(4)=2,0%}
N=123 DX= .026 X=1.94 TAU(1)=1.138 CF= .00180 D-TH= .0154 K-TH= .0106 SH=1.453 RTE= .146E+05 TRV(4)=22.2¢4
N=131 DX= .026 X=2.15 TAU{1)=1.107 CF= .00175 D-TH= .0170 M-TH= .0117 SH=1.456 RTH= .157E+05 TRV{4)=2,38%
N=139 DX= .026 X=2.35 TAU(1)=1.082 CF= .00171 D-TH= .0187 M-TH= .0128 SH=1.459 RTE= .168E+05 TRV(4)=2.51§
N=147 DX= .026 X=2.56 TAU{1)=1.062 CF= .00168 D-TH= .0204 X-TH= .0139 SH=1.460 RTH= .179E+05 TRV{4)=2.62§
N=155 DX= .026 X=2.76 TAU(1)=1.043 CF= .00165 D-TH= .0220 K-TH= .0151 SH=1.462 RTH= .190E+05 TRV(4}=2,74)
N=162 DX= .026 X=2.94 TAU{1)=1.026 CF= .00162 D-TH= .0235 M-TH= .0160 SH=1.463 RTH= .199E+05 TRV(4)=2,85)
N=170 DX= .026 X=3.15 TAU(1)=1.005 CF= .00159 D-TH= .0251 K-TH= .0172 SH=1.466 RTH= .210E+05 TRV(4}=3.018
N=178 DX= .026 X=3.35 TAU(1)= .985 CF= .00156 D-TH= .0270 ¥-TH= .0184 SB=1.469 RTH= .220E+05 TRV{4)=3.173
N=186 DX= .026 X=3.56 TRU(1)= .967 CF= .00153 D-TH= .0288 N-TH= .0196 SH=1.471 RTH= .231E+05 TRV{4}=3,331
N=194 DX= .026 X=3.76 TAU(1)= .948 CF= .00150 D-TH= .0307 X-TH= .0208 SH=1.475 RTE= .242E+05 TRV(4)=3.53)
K=201 DX= .026 X=3.94 TAU(1)= .930 CF= .00147 D-TH= .0320 X-TH= .0317 SH=1.478 RTH= .252E+05 TRV({4)=3.708

Fig. 15.18. Typical output produced by program DOROD

X x Bradshaw
0003 |- o © Coles & Hirst
°o s STANSB
DOROD-FEM
0002k — ——DOROD-SPEC
o T‘\“‘Q—_:_:_:Q:
f B3
0001}
1 1 L
10 20 x 30
L

Fig. 15.19. Skin friction comparison for adverse pressure gradient
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030
o [ © Coles & Hirst ,'/o
------- STANS s
.
DOROD-FEM 7 "
—--— DOROD-SPEC L
s&
T
8
L
0020
0010 [

1-0 x 30
L

Fig. 15.20. Displacement and momentum thickness comparison for adverse pressure gradient

code, STANS (Reynolds 1976). Other pressure gradient cases, taken from the 1968
Stanford Conference, have been computed using program DOROD and the
results are given by Fletcher and Fleet (1984b).

15.3.3 Dorodnitsyn Spectral Method

The Dorodnitsyn turbulent boundary layer formulation (15.57) can be interpreted
as a Galerkin spectral method if particular choices are made for the weight function
f and the approximate solution for ©.

The spectral method is implemented with (15.57) written in the form
0§ Uee ¢ dfy

— =1 =(1-u?)Od

aéiufk@du . g (1 —1?)Odu

L2
— U, A T —uefdﬁ‘<1+v7T

- — Tdu .
du u=0 5 du? !

(15.73)

The development of the spectral method depends on the introduction of ortho-
normal functions g;(u) in place of the weight functions f, () and in the approximate
solution for ©.
The orthonormal functions g;(u) are generated from the weight functions f(u)
by _
J
gi) = Y efil) |

k=1

(15.74)
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where the coefficients ¢, ; are evaluated via the Gram-Schmidt orthonormalisation
process (Isaacson and Keller 1966, p. 199) so that the functions g; satisfy

fgi(u)gj(u)w(u)du=1 it oi=j,
0
=0 if i#j.

The function w(u) in (15.75) depends on the class of problems being solved. An
appropriate form to suit (15.73) will be indicated below. The coefficients ¢,;, and
hence the orthonormal functions g;, can be evaluated once and for all. The
following approximate solution is introduced for © in (15.73):

1 N—-1
®=’[bo+ bjgj(u)] , (15.76)
1

1—u =

where the coefficient b, is retained to ensure that © has the correct physical
behaviour at the outer edge of the boundary layer. Substitution of (15.76) into
(15.73) with g, replacing f, produces the result

N-1 u

d 1
a g; = k=1,...,N 15.77
Zbot X big e T du=Cy . : (15.77)
where
& dgi dg, 1
Ck={ueé/ue}g(a>(l—u2)®du—ue|iw6 -
172
—uebf%{1+vr/v}/®du : (15.78)

A comparison of (15.75) and (15.77) indicates that, to exploit the orthogonal
character of g;(u), the following choice is appropriate:

W)= —— . (15.79)

—u

Consequently (15.77) becomes

db, db,
o T*k_C,, k=1,...,N-1 15.80)
Vk dé +dé k (
where
1
V= | gelw)w(u)du . (15.81)

0

(15.75)
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When k=N,
db
E&q =Cy/Vy (15.82)
so that (15.80) can be replaced with
db, Ve
k_C,—Cy—, k=1,...,N—-1. 15.83
- Oy, (15.83)

Equations (15.82 and 83) provide an explicit system of equations for the coefficients
appearing in (15.76). This system can be integrated efficiently using the variable
order, variable step-size, predictor-corrector scheme due to Gear (1971).

Typical solutions obtained with the Dorodnitsyn spectral formulation
(DOROD-SPEC) are shown in Figs. 15.10, 11, 19, 20. These solutions were ob-
tained with N =6 in (15.76) and a variable marching step size 0.000015 < 4¢
(= Ax) £0.14. These results illustrate the ability of the Dorodnitsyn spectral
method to obtain high accuracy with relatively few unknowns in the approximate
solution (15.76).

The method has been applied to incompressible (Fletcher and Holt 1975) and
compressible (Fletcher and Holt 1976) laminar boundary layer flow and to
incompressible turbulent boundary layer flow (Yeung and Yang 1981; Fletcher and
Fleet 1984b).

15.4 Three-Dimensional Boundary Layer Flow

Two major additional problems arise in computing solutions to three-dimensional
boundary layers. First, although the system of governing equations has a dominant
parabolic character, the occurrence of two (surface) coordinate directions to
describe the boundary layer development introduces a *hyperbolic’ character to the
problem. Second, since practical three-dimensional boundary layers occur on
curved surfaces typically, it is necessary to introduce surface-fitted coordinate
systems.

Here steady three-dimensional boundary layers will be considered. The exten-
sion of the present techniques to unsteady three-dimensional boundary layers is
provided by Dwyer (1981) and the references cited therein. For steady incompress-
ible laminar flow the three-dimensional boundary layer equations are

ou Ov ow

ou  ov oW _ 15.

6x+5y+6z 0. (2
2

ou o ou_1dp. 0u (15.85)

x eyt e oy

6w+ 6w+ ow 1dp, 0*w
Uu— UV— W—=— Vs,
0x 0y 0z o 0z oy?

(15.86)
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where x and z are Cartesian coordinates locally parallel to the three-dimensiona].
surface and y is the normal component. No-slip boundary conditionsu=v=w=(

are required at the body or wall surface y =0. The known pressure p,, or the
equivalent velocities u, and w, through the Bernoulli equation (11.49), provide the
boundary conditions at the boundary layer edge.

Initial conditions may be required at a single point, as for a slender inclined
body of revolution, or along a stagnation line, as for a finite swept wing. In
principle the distribution of all three velocity components across the boundary
layer is required. These are obtained, normally, by solving a reduced form of the
equations appropriate to the initial location (Blottner 1975a).

15.4.1 Subcharacteristic Behaviour

An inspection of (15.84-86) indicates that, in the x and z directions, only convection
occurs. In the y direction both diffusion and convection occur. Formally (ie.
following the procedures given in Chap.2), (15.84-86) are non-elliptic. In
addition it is possible to define subcharacteristics associated with the convective
operator (ignoring the normal flow component v)

¢ 0

0
Ly rw— . 15.
95 u@x+waz (15.87)

The subcharacteristic direction is given by the projection of the streamline into
the plane of the surface i.e. dz/dx = w/u. But w/u varies across the boundary layer.
Since disturbances propagate over the full y domain for a given (x, z), it is necessary
to define domains of influence and dependence as shown in Fig. 15.21. For an
arbitrary point P at some intermediate depth in the boundary layer the introduc-
tion of a disturbance will be felt everywhere in the downstream region bounded by
the planes containing the normal coordinate through P and, on one side, the

domain of - external < region of
dependence l ~ - - streamline | influence
~
| 2 A
L - /% ~<7 "\
/ 7 ~ i -~ ,,/—E' 7~ ~
J@e=——un A
~ \ -
= // _ \\y =
fm— =7 -
_ ___/_\> - pnd
—— £ V= —
— ~  limiting surface = —
AA——————— streamline

body surface

Fig. 15.21. Domains of influence and dependence
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limiting streamline at the wall surface and, on the other side, the projection of the
streamline at the boundary layer edge.

The hyperbolic nature of the problem, in the (x,z) plane, has important
ramifications for the prescription of the initial data. If initial data, uo(y) and wy(y),
are specified on a surface §; normal to the wall surface (Fig. 15.22), the solution can
be obtained in the downstream region bounded by subcharacteristics S, and S,
(and the wall and boundary layer edge). The subcharacteristic directions S, and S,
are given by appropriate limiting values of the wall-surface or external flow
streamlines. Attempting to compute the solution to the left of S, or to the right of
S, (looking upstream) violates the Raetz-influence principle (Krause 1973) since the
local solution depends on the data lying outside S,. As indicated in Sect.2.2.3 if
additional boundary conditions, say on S, or S5, are provided, the solution may be
obtained anywhere in the downstream region bounded by the initial and boundary
conditions.

body surface

Fig. 15.22. Initial and boundary data

Computationally the hyperbolic behaviour is particularly significant if a
marching algorithm is utilised that is explicit in the z direction. Just as for two-
dimensional boundary layers, there is almost universal use of implicit schemes to
discretise in the y-direction.

To obtain stable solutions it is necessary to obey the Courant—Friedrichs-Lewy
(CFL) condition (Sect.9.1.2) which requires that the computational domain of
dependence in the (x, z) plane should include the physical domain of dependence
implied by the governing partial differential equations. This effectively limits the
relative size of Ax and 4z (Krause 1973).

To compare different schemes it will be assumed that x is the approximate
inviscid flow direction and z is a cross-flow direction, e.g. along the span of a wing.
In treating x as the primary marching direction u is presumed positive but w may
be positive or negative.



238 15. Boundary Layer Flow

A direct extension of the Crank—Nicolson scheme to three dimensions is t(,y_3
centre the discretisation at (k—1/2, n+ 1/2) in the x—z plane (Fig. 15.23) and to
construct two tridiagonal systems of equations from the x and z momentum
equations for u and w along the (k, n+ 1) gridline, i.e. in the y direction. The CFL
condition requires that w is positive and for stability it is necessary that Ax ig
limited to |wAx/udz| < 1. The active nodes for the three-dimensional Crank~
Nicolson scheme are shown in Fig. 15.23.

Fig. 15.23a, b. Active (x-z) grid points. (a) Crank—Nicolson, (b) Krause zig-zag

The z sweep is in the direction of increasing k. If w is always negative the z sweep
is made in the decreasing k direction. Thus the three-dimensional Crank-Nicolson
scheme is restricted to domains where w does not change sign.

This restriction can be avoided by adopting the Krause zig-zag scheme (Krause
1973). In this scheme the discretisation is centred at (k, n+1/2). However, z
derivatives are evaluated using the zig-zag pattern (Fig. 15.23), e.g.

n n n+1 n+1
W Wiia  — Wikt Wik —Wik-

0z 24z
For a z sweep in the increasing k direction only the term w?! is unknown in
(15.88). Consequently it contributes to the tridiagonal system formed from the j
nodes on grid line (k, n+1). If w is positive there is no restriction on 4x. Ifw
becomes negative then Ax must satisfy |wAx/udz| <1 for stability.

The Crank-Nicolson and Krause zig-zag schemes can be thought of as semi-
implicit schemes, since they are effectively explicit in the crossflow direction. The
CFL restriction on 4x can be avoided by introducing a fully implicit scheme
(Sect. 15.4.3), i.e. implicit in both the y and z directions.

(15.88)
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15.4.2 Generalised Coordinates

To account for the rapid change in the velocity solution close to the surface and to
allow for compressibility effects it is customary to introduce coordinate transform-
ations. Blottner (1975a, pp.3-35) discusses Levy-Lees type transformations
(Sect. 15.2.2) and Dwyer (1981) discusses modified Blasius transformations that are
also suitable for unsteady boundary layer flows.

However, prior to introducing these specialised transformations it is necessary
to express the equations in surface-fitted coordinates. Here we will introduce
generalized nonorthogonal coordinates (Chap. 12) on the surface (Fig. 15.24) such
that ¢ is approximately in the flow direction, { is an approximate crossflow
direction and # is in the normal direction.

Fig. 15.24. Surface-fitted generalised coordinates

Equations (15.84-86) are rewritten in conservative vector form as

E_OF 0G_ o 1
ax tay T 0 Where (15.89)
u v w
E= u2+& , F=| w-1,|, G= o )
Q , 2 Pe
oW — T, we+—
uw 0
Tyx Ju T, ow
7, ==y~ and 1,=S=v_—.
oo dy e Oy

Introducing coordinates (¢, #, {) into (15.89) gives

oE oF oG

E-}-%—FE:O , where (15.90)
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Pe Ve
E=J"" o |, F=J'| uve—n,, and
Pe WVC—nyr/yz

G=J"! (15.91)

In the expressions for fE, etc., the contravariant velocities U, V¢ and W*° in the
direction of increasing &, n and {, respectively are related to the physical velocities u,
v and w by

Uc-_—éxu+§zw b VC:” v s Wc=cxu+CZW and

y

J T =y, (xezp—x,2;) (15.92)

Transformation parameters like x; can be evaluated directly from the grid co-
ordinates (Sect. 12.2.1). Subsequently terms like £, are evaluated from

éx:‘]yz 3 6z=_‘]yx ’ n =1/y s
neg g y n (15.93)
{e=—Jy,z and (,=Jy,x; .

The above generalised coordinates are the same as described in Chap. 12, except
that here # is assumed to be orthogonal to the surface containing x and z, which
simplifies the expressions in (15.91-93).

15.4.3 Implicit Split Marching Algorithm

An efficient marching algorithm can be constructed by writing (15.90) as

(1+9)[{E}" 1 —{E}"]—y[{E}"— {E}"1]

= A¢[PRHS" ' + (1 — B)RHS"] , (15.94)
where
oF oG
RHS= —— ——— .
S on o

This is essentially the three-level scheme discussed in Sects.8.2.3 and 9.5.1. The
choice y =0, = 0.5 produces a Crank—Nicolson scheme and the choice y = 0.5,
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p=10 produces the 3LFI (three-level fully implicit) scheme. For problems re-
quiring a single march in the ¢ direction, as in the present situation, the dis-
advantage of the extra storage is usually outweighed by the greater robustness of
the 3LFI scheme. The marching algorithm (15.94) relies for its effectiveness on the &
direction coinciding approximately with the flow direction.

To implement either scheme it is necessary to construct a linear system of
equations at the implicit level n + 1. Here this is constructed by a truncated Taylor
series expansion about level n. Thus

(E}"* ' ={E}"+ 44§"""  where

s Ex 0 ¢,
A= 7 = | 2¢6u+é,w O Eu ,
1 Eow 0 &u+2iw

=

{ii‘}n+1 — {fr}n+BA(’in+1 Where

p— _‘ n
¢x Ny 0
oF e C 0
. —
E = Ar = rl,\’ 67] r’y 3
aq 2
0 nw  Ve—vn, a

(G}"*' = {G}"+CA"*"  where

R {x 0 £

G=J " "{uo,w}"T and AG"'=q"'-q".

Substituting the above expressions into (15.94) produces the following linear
systems for 4¢"*":

ag aC An+ 1
[(1 +y)4 +ﬁA£{%+6_C}:|Aq

oF G L e
- ae S - B (1595)

With three-point centred difference formulae to represent 6/dn and 0/0( the above
scheme can be split or factored to O(4¢?) and implemented in two stages. For the
first stage,
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p N R PP
[“M{M}LCC]A“ N {(1+y)}{L"F+L4G}

7 oan oan-1
+{(1+v)}[{E} —{E}""'1, (15.96)

and for the second stage,

ﬁ An+1 Ak
[4+A§{M}Ln§:|ziq = AAG* . (15.97)

During the first stage (15.96) constitutes a tridiagonal system of equations as-
sociated with each { gridline which can be solved using the Thomas algorithm
(Sect. 6.2.2). During the second stage only terms associated with # gridiines appear
implicitly. As long as the terms /0y in B are evaluated as three-point centred
difference formulae for L,, B',(15.97) also produces a tridiagonal system that can be
evaluated efficiently.

Dwyer (1981) discusses a possibly more stable differencing of 6V /0y and Schiff
and Steger (1980) discuss the implementation of schemes like (15.96 and 97). A
similar scheme is considered in Sect. 16.3.1. The implementation of three-dimen-
sional boundary layer computer codes require many ad hoc procedures depending
on the problem in question. For the boundary layer flow over swept wings McLean
and Randall (1979) provide insight into such pragmatic considerations.

15.5 Closure

The equations governing boundary layer flow have a dominant parabolic charac-
ter. Consequently implicit marching algorithms are appropriate to obtain the
downstream development of the solution. The marching algorithms should be first
or second-order accurate in the marching direction and at least second-order
accurate across the boundary layer. Methods that achieve higher (typically fourth-)
order accuracy across the boundary layer are described by Peyret and Taylor
(1983, pp. 31-37). Iteration at each downstream location is less efficient than using
smaller marching steps with a non-iterative algorithm.

Boundary layer flows contain severe velocity gradients normal to the marching
direction. Therefore it is advantageous to use a nonuniform grid which has the
smallest grid size adjacent to the wall and a geometrically growing grid away from
the wall (Sect. 15.1.2). In addition working computer codes usually operate on
transformed independent and dependent variables that produce less severe gradi-
ents, and consequently more accurate discretisations, in the transform domain.
Such changes of variable (Sect. 15.2) are also useful for computing compressible
and axisymmetric boundary layer flows efficiently.

15.6 Problems 243

The Dorodnitsyn transformation (Sect. 15.3) inverts the role of the velocity
component u from a dependent to an independent variable. This permits accurate
solutions to be obtained with relatively few grid points across the boundary layer.

Three-dimensional boundary layer flows can be solved efficiently using the split
schemes (Sect. 8.2) as long as the time-like marching direction coincides approxi-
mately with the flow direction at the outer edge of the boundary layer. This
requirement can be satisfied readily when using generalised coordinates
(Sect. 15.4.2).

Boundary layer calculations find practical application as a means of deter-
mining the displacement thickness contour to correct the pressure distribution
calculated by inviscid algorithms (Sect. 14.1.4) and as a component of viscous,
inviscid interaction algorithms (Sect. 16.3.4). Such techniques can even permit small
separation bubbles to occur (Carter 1981).

Most of the methods described in this chapter have been based on finite
difference discretisation. The exception is the Dorodnitsyn formulation (Sect. 15.3)
which lends itself to both a finite element and spectral interpolation. However the
STANS code referred to in Sect. 15.3 is based on a finite volume discretisation
(Patankar and Spalding 1970). In addition the finite element method has been
applied to the two- and three-dimensional primitive variable boundary layer
equations (Baker 1983, Chap. 5).

15.6 Problems

Simple Boundary Layer Flow (Sect. 15.1)

15.1 A general two-level implicit algorithm for (15.2) can be written

f———(u;t‘x_ ) +oi[ALu} P+ (1= A)L,u}]

AT, 7 (1= [t 1"+ VAL, U+ (1= )L, ] (15.98)
where

wh=aut (L= Au), of=AfT (1=},

I u =(”j—1'—2uj+uj+1)

(U —Uj-y)
Lyuy=—t———— yy%j Ay?

Yy sz k] and 0§;.§1

Show that (15.98) can be written as a tridiagonal system of equations at each
iteration level k

aut T+ bt ol =d; , where (15.99)

4j=—A(+0) . b=ui+240 . =My=0),
Ax Ax

'}7'—_0517;2); . 5=VTy2 s U;Z;vul;+(1—;~)u;'
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15.2

15.3

15.4
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and

. . Ax
d;=ujuj—0.5(1—A)vj (Ty>(u;?+1 —u;f_l)+Ax).[ueuex]n+1
Ax

+Ax(1 = ) [ueue ] +(1 = Ay <Ayz

) (- —2uf+ufe ] .

At each iteration v¥*! is obtained from (15.8). At the beginning of the
iteration u%=u; at the end witt=ufth

Modify program LAMBL (Fig. 15.3) to incorporate the above scheme
for the Crank—Nicolson case (A=0.5) and the fully implicit case (4=1.0).
Obtain solutions corresponding to Fig. 15.5 but with

(a) JMAX=41 i) DX=0.10,

i) DX=0.20,
iil) DX =040 ,

NMAX=20,
NMAX=10,
NMAX=5,

b) DX=02, NMAX=100 i) JMAX=21,

i) JIMAX=11,

i) JMAX=6 .

From results a) determine the approximate convergence rate with Ax. From
results b) determine the approximate convergence rate with Ay.

Modify program LAMBL to obtain the solution to boundary layer flow
over a flat plate. This corresponds to f=0. The following data statements,
replacing lines 8-15, provide the similarity (Blasius) solution which is used as
a starting solution and as the “exact” solution:

DATA UB/0.0000, 0.0931, 0.1876, 0.2806, 0.3720, 0.4606, 0.5453,
0.6244, 0.6967, 0.7611, 0.8167, 0.8633, 0.9011, 0.9306, 0.9529,

0.9691, 0.9880, 0.9959, 0.9988, 0.9997, 0.9999, 1.0000/

DATA VB/0.0000, 0.0094, 0.0375, 0.0840, 0.1479, 0.2276, 0.3206,
0.4234, 0.5318, 0.6410, 0.7466, 0.8443, 0.9310, 1.0047, 1.0648,
1.1116, 1.1716, 1.2001, 1.2115, 1.2153, 1.2165, 1.2167/

DATA YZ/0.0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8, 2.0,

2.2, 24, 26, 2.8, 3.0, 34, 3.8, 42, 46, 50, 54/

The skin friction coefficient may be compared with the “exact” value,
Cren=0.664(Rex)™ 1% .

Modify program LAMBL to introduce a mechanism to change the
streamwise step size Ax in response to changes in the solution as in program
DOROD. For JMAX =21 compare the number of streamwise steps to

15.5

15.6

15.7
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achieve comparable accuracy to the fixed step size algorithm in the range
1 £ x <3 for Axgiyeq=0.10, 0.20.

In program LAMBL y,,,, is chosen sufficiently large as to exceed the
expected boundary layer thickness at X, Devise and implement a pro-
cedure to extend y,,,, adaptively in response to the increase in boundary
layer thickness. One way would be to require that Vmax > k0* where k is an
empirical constant.

Determine the leading terms in the truncation error of the formulae for ou/dy
and 0%u/@y? in (15.17). For the 8*u/dy? formula determine a restriction on r,
to reduce the truncation error to second order. What would be the restric-
tion on r, to make the following formula second order:

6’u~(uj+1_uj—1)
dy  (I+r)Ay

Discuss the possibility of expanding the Taylor series about a point other
than y;. Consider how the convective terms might be handled and whether a
higher-order truncation error for the equation as a whole could be achieved
on a nonuniform grid.

Apply the Keller box scheme, described in Sect. 15.1.3, to the problem of the
boundary layer flow over a wedge (Sect. 15.1.2).

Complex Boundary Layer Flow (Sect. 15.2)

158

For the flow over a flat plate a Crank-Nicolson discretisation of (15.14, 15)
gives

W—vj-y) o @ et | )
0.52—"22405- J +0.5- J
Ay Ay Ax
utl—yt
+0.5(f—12x—“—):0 , (15.100)
non ui™t —uf) oW —u—1)
0.5(uj+uj+1)/j—A—xL+0.25Uj—J—‘2y—j‘—
o W —wth)
+0.25vj“—’—A—’——
y
(u'_, —2u"+u%, ) Wit =2ut +ull )
=0.5- ) 0.5 . ! . 15.101
Ay? + 4y? (15.101)
Nonlinear terms at location x"*! are linearised about x”", i..
O /At DU U 1)
O.S(uj+uj+1)—’7x—’%uj"A;—J— and
vt gt At w4 W )



246 15. Boundary Layer Flow

Show that the resulting (15.100 and 101) can be manipulated into the form of’
(15.46 and 48) to permit a coupled solution to be obtained.

159 Implement the application of (15.49, 50) to the equations developed in{«i

Problem 15.8, with the addition of the u.du./dx term from (15.15). Obtain

solutions for the wedge flow (f=0.5) and compare with those produced by .

program LAMBL.

Dorodnitsyn Boundary Layer Formulation (Sect. 15.3)

15.10 Obtain solutions using program DOROD corresponding to Fig. 15.18
but with RATCH=0.01 and DXMA =0.01 and for three cases: i) NMAX
=6, i) NMAX =11 and iii) NMAX =21. Compare the solutions for ¢, and
6* with the tabulated experimental data given by Coles and Hirst (1968),
Case 3300.

15.11 Obtain solutions using program DOROD corresponding to Fig. 15.18
for three cases: i) RATCH =0.01, ii) RATCH =0.02, iii) RATCH =0.05. Set
DXCH sufficiently small to observe the behaviour of the step size (4x)
changing mechanism. Note the effect of RATCH on the accuracy and
economy of the computational solution.

15.12 Modify program DOROD to obtain the velocity distribution across the
boundary layer. This is done most conveniently in terms of y* and u*
(Sect. 18.1.1) where

1/2
y*=u,yRe , u*=u/u,, uz=<w>

1 j du’
Rel? ) (1—u)e(w)

15.13 Discuss, in broad terms, what changes would be required to introduce
one-dimensional quadratic elements (Sect. 5.3.2) into program DOROD.
Exact evaluation of (15.63) is possible but tedious. Numerical evaluation
based on Gauss quadrature (Zienkiewicz 1977, Chap. 8) is straightforward.
Experience (Fletcher and Fleet 1984a, b) indicates that quadratic elements
are more efficient than linear elements for laminar boundary layers but are
less effective for turbulent boundary layers.

and y=

300 11 0.60 0.4125.0021.00 0.168E-01 2.167E+06
0.001E-00 0.001E-00 0.100E-00 0.200E-00 0.187E-00 5.000E+00 0.020E-00

WIEGHARDT AND TILLMANN: Z.P.G.

.424E-02 .217E+07 .726E-03 .498E-03 12
3.12439 3.19838 13.27596 3.35807 3.44456 3.51442 3.57650 3.60822 3.60776 3.57723
-48747 3.39341 3.25916 3.13512 2.93587 2.76024 2.53211 2.32607 2.09397 1.87966
.66462 1.40086 1.19528 1.02369 .87114 .66700 .54118 .45518 .40517 .38367
.36750 .36443 .36441 .36767 .38060 .43723 .51183 .61285 .90873 1.55564
.02850
.187 .387 .637 .937 1.237 1.687 2.287 2.887 3.487 4.087 4.687 4.987
1.000 1.000 1.006 1.003 1.006 1.003 1.006 1.006 1.006 1.006 1.009 1.006
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

[N

N

Fig. 15.25. Input data to program DOROD for flat plate turbulent layer flow
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15.14 Starting data for turbulent flow over a flat plate are provided in Fig. 15.25.
These results are based on the Wieghardt and Tillmann data given by Coles
and Hirst (1968). Apply the program DOROD to this case and compare the
predicted skin friction coefficient ¢, and displacement thickness 6* with the
results tabulated by Coles and Hirst (Case 1400).

3D Boundary Layer Flow (Sect. 15.4)
15.15 Starting from (15.85 and 86) develop expressions for the coefficients a;, b;, c;

j* Y
and d; in
a; Frrl +b "+1+cJFJ"I11k—d

a; fj-r, itk

where F=uor w (15.102)

and (15.102) are the tridiagonal systems of equations associated with the
grid line (k, n) in Fig. 15.23. Obtain the coefficients of a,—d; for the i) Crank—
Nicolson scheme and ii) Krause zig-zag scheme.

15.16 Apply the Krause zig-zag scheme to the laminar boundary layer flow over a
flat plate on which is placed a circular cylinder of radius a, centred at x=x,
and z=0. The inviscid velocity distribution ahead of the cylinder is given
accurately by potential flow theory (Sect. 11.3) as

ol [T
el

where r? =(x—x,)? + 22

The adverse pressure gradient associated with the circular cylinder is suffi-
cient to make the boundary layer separate ahead of the circular cylinder.
Starting well upstream of the cylinder with a flat plate boundary layer profile
at all z locations, march the solution towards the cylinder until close to
separation at z=0. A flat plate boundary layer solution may be assumed at
Z=Z,.,. Solutions may be compared with those of Cebeci (1975) who
applied the Keller box scheme to this problem.



16. Flows Governed by
Reduced Navier-Stokes Equations

In this chapter categories of viscous-inviscid flow equations, intermediate between
the full Navier-Stokes equations and the boundary layer equations will be con-
sidered. These intermediate categories are called reduced Navier-Stokes (RNS)
equations.

For flows with thick viscous layers or with significant streamline curvature the
boundary layer approximation produces inaccurate solutions primarily because it
fails to account for the transverse pressure variation. However, from a com-
putational perspective, the boundary layer equations possess the considerable
virtue of being non-elliptic in the flow direction, thereby permitting accurate
solutions to be obtained in a single downsteam march and, consequently, in an
economical manner. The RNS equations are constructed to retain the economy of
the boundary layer equations while accurately modelling physical processes that
would otherwise require expensive solutions of the full Navier-Stokes equations.

As is implicit in the above description the RNS category is less sharply defined
than either the full Navier-Stokes equations (Chaps. 17 and 18) or the boundary
layer equations (Chap. 15). Not surprisingly other intermediate categories have
been identified in the literature that share some features of the RNS equations
described in this chapter.

Thus Lomax and Mehta (1984) refer to composite equations as the broad
intermediate category which includes both inviscid and viscous approximations to
the full Navier-Stokes equations. The composite equations include thin-layer,
slender-layer and conical Navier-Stokes equations. These categories are associated
with certain physical flow features, which permit particular approximations. Davis
and Rubin (1980) refer to Non-Navier-Stokes viscous flow equations as defining a
category essentially equivalent to composite equations.

Rubin (1981) refers to ‘parabolised’ Navier-Stokes equations emphasising that
it is the computational advantage of being able to march parabolic equations
(Chap. 7) that is the most important property of the intermediate category. This
same philosophy is present in the work of Rudman and Rubin (1968), Lin and
Rubin (1973), Lubard and Helliwell (1974) and Lin and Rubin (1981). More
recently Rubin (1985) has referred to this intermediate category as reduced
Navier-Stokes equations; it is essentially this categorisation that we follow here.

The above labelling has often been introduced in conjunction with external flow
problems. For internal flows intermediate categories of equations govern ‘para-
bolic’ flows (Patankar and Spalding 1972), ‘partially parabolic’ flows (Pratap and
Spalding 1976), ‘semi-elliptic’ flows (Ghia et al. 1981) and ‘partially elliptic’ flows
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(Rhie 1985). However, just as for external flows, parabolised (Anderson 1980) and
reduced (Kreskovsky and Shamroth 1978) Navier-Stokes equations, are referred
to. In this chapter we will use the intermediate category, reduced Navier-Stokes
equations, to describe both internal and external flows, although the precise form
of the equations will often differ slightly in the two cases.

The distinguishing features of RNS equations and the flows that they govern
will be discussed in Sect. 16.1. Additional approximations and formulations for
internal flows, e.g. in diffusers and ducts, are considered in Sect. 16.2. For flows
external to a body (or bodies) the inviscid equations (Chap. 14) provide an excellent
farfield approximation. For the viscous domain, close to the body, it is useful, in
considering RNS systems of equations, to distinguish between supersonic and
subsonic flow (Sect. 16.3).

To complete the picture for external flows, some developments of the tra-
ditional inviscid, boundary layer splitting for handling more difficult flows will be
described. Here more difficult flows include phenomena like small separation
bubbles and shock/boundary layer interaction. The more advanced inviscid,
boundary layer formulations are often of RNS type rather than strictly boundary
layer type.

16.1 Introduction

In Chap.1 it was noted that the rapid development of computational fluid
dynamics has been caused, inter alia, by its widespread use in the design process.
The design of equipment involving fluid flow (usually air or water) often involves
choosing one condition at which the flow equipment, e.g. turbine, diffuser or even
complete aircraft, is to operate at maximum efficiency and choosing a family of
closely related “off-design” conditions, for which the reduction in performance
should not be too great.

The main role of computational fluid dynamics in the design process is to
determine the detailed steady flow behaviour at the design conditions by solving an
appropriate system of governing equations and related boundary conditions.
Many practical design problems involve flows with a dominant flow direction.
With an appropriate Cartesian coordinate system, this implies u > v, w, if the flow is
predominantly in the positive x direction. An examination of the governing
equations (Sect. 16.1.1) indicates that the viscous diffusion terms in the main flow
‘direction are much smaller than the transverse viscous diffusion terms, and can be
1gnored.

This last feature is a key element of the boundary layer equations (Chap. 15). If
the pressure variation across the boundary layer is negligible, that is in the absence
of significant streamline curvature, the local solution can be obtained very ef-
ficiently via a single downstream march.

Thus it is not surprising that the design of flow equipment is often based on a
two-stage process, i.e. inviscid flow plus boundary layer correction. In the first stage
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the flow is assumed inviscid and non-conducting and the solution (Chap. 14)
provides the pressure distribution at the body surface, typically. The second stage
adjusts the velocity and temperature fields close to the body surface to take account
of the viscous and thermal boundary layer behaviour (Chap. 15). The boundary
layer solution provides the shear stress and heat transfer at the body surface and,
with the contribution from the pressure distribution, the drag on the body. If
necessary the pressure distribution can be adjusted for the displacement thickness
effect (Sect. 14.1.4).

The trend in the design of flow equipment is towards higher efficiency so that
the equipment can be smaller to perform a given task, leading to lower costs. This
trend is exposing some of the inherent weaknesses in the traditional inviscid flow,
boundary layer correction approach to the flow equipment design process. The
difficulty can be appreciated with reference to aircraft design, where maximum
range is closely related to the maximum lift/drag ratio of the individual wing
sections (Kuchemann 1978).

The characteristic variation of lift and drag with wing section incidence is
shown in Fig. 16.1. The maximum lift/drag ratio occurs at a large angle of attack
and not too far from stall. At this optimal angle of attack, the viscous layer over the
leeward side of the wing section is thick, particularly downstream of any shock
wave that may occur. Close to the trailing edge there will be significant pressure
gradients transverse to the freestream direction (Nakayama 1984) associateq vyith
the merging of the windward and leeward streams. For some off-design conditions
the wing sections will operate even closer to a stall condition, with a consequent
further thickening of the viscous layer on the leeward side. Solutions to the
boundary layer equations are not accurate for such conditions (Horstman 1984).

Recourse to solutions of the full Navier-Stokes equations is possible, but
uneconomic in the context of requiring solutions for parametric variation of the
design variables: angle of attack, body geometry, Reynolds number, Mach numl?er,
etc. What is required is a category of equations that is able to model the ph){s1f:al
processes (almost) as accurately as the full Navier—Stokes equations while retaining

|
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Fig. 16.1. Lift and drag variation with incidence
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(almost) the economy of the boundary layer equations. This category we will call
the reduced Navier-Stokes (RNS) equations.

The looseness of the categorisation implies that a number of different systems of
equations can be interpreted as RNS equations. However, three features are shared
by all RNS system of equations. These are:

i) There is a dominant flow direction aligned approximately with one coordinate
direction.
ii) Viscous diffusion and heat conduction in the marching direction can be ignored
compared with transverse viscous diffusion and heat conduction.
iii) The RNS equations reduce to the Euler equations when transverse viscous
diffusion and heat conduction are negligible.

The construction of the basic RNS equations is made on an order-
of-magnitude basis (Sect. 16.1.1) similar to that used to derive the boundary layer
equations (Sect. 11.4). But the transverse momentum equation is retained, in
approximate form, since a non-negligible transverse pressure gradient is often to be
expected, on physical grounds. For external flows it is important that all terms in
the Euler equations are retained exactly so that the RNS equations are applicable
throughout the computational domain. In practice alternative computational
techniques may be used in the inviscid region but the use of a globally applicable
set of governing equations facilitates the matching of the solutions in the inviscid
and viscous regions.

The requirement of an economy approaching that of the boundary layer
equations implies that the solution to the viscous region should be obtained in a
single downstream march. In turn this implies that the equation system should be
non-elliptic in the marching direction. Consequently no downstream boundary
conditions can be applied.

For internal flows and for supersonic external flows an accurate solution can
usually be obtained with a single downstream march. The use of RNS equations for
subsonic external flow usually requires repeated (iterative) downstream marches,
particularly if small regions of reversed flow (separation bubbles) are present. For
subsonic external flow the equation system has an elliptic character requiring
prescription of downstream boundary conditions. However, the RNS strategy is
still economical since relatively few iterations (downstream marches) are required,
as long as any separated flow regions are small.

Reduced Navier-Stokes equations will be discussed in this chapter in relation
to steady flow only, since this is where the main application is. However, it is
possible to envisage certain classes of unsteady flow having a dominant flow
direction, that could be computed more efficiently by introducing an RNS approxi-
mation.

Historically, the determination of whether a particular RNS system of
equations permits a stable solution to be obtained in a single downstream march
has often been approached in the empirical manner of introducing a particular
approximation and examining the numerical solution. If a realistic solution is
found it is assumed that the RNS system is stable. Briley and McDonald (1984)
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have used a more systematic strategy of testing whether the RNS system of
equations is elliptic with respect to the marching direction. As noted in Chap. 2 thig
approach requires the construction of an enlarged system of first-order partial
differential equations, which may possess a singular characteristic form causing the
analysis to be inconclusive.

In this chapter we prefer to use the more direct approach of a Fourier analysis
(Sect. 2.1.5) applied to the governing equations. In Sect. 16.1.2 a Fourier analysis is
used to determine, a priori, if the RNS system will produce a stable solution, in a
single downstream march. Like the characteristic analysis (Chap. 2) the Fourier
analysis determines the formal character of the system of governing equations.
However, Fourier analysis has the considerable advantage of pinpointing which
terms in the equations are responsible for any elliptic behaviour. It will turn out
that additional approximations, often associated with the pressure, may be
required to ensure non-elliptic behaviour, e.g. Sect. 16.2.2. The mechanics of
applying the RNS strategy are demonstrated, in a practical way, in Sect. 16.1.4 for
the prediction of the temperature profile at the entrance of a two-dimensional duct.

16.1.1 Order-of-Magnitude Analysis

In this section RNS equations will be derived from the steady two-dimensional
Navier-Stokes equations for both incompressible and compressible laminar flow.
The RNS equations will need to be modified for turbulent flow. However, the
method of obtaining turbulent mean flow RNS equations remains essentially the
same, i.c. an order-of-magnitude analysis.

The development of reduced forms of the Navier-Stokes equations (RNS)
follows broadly the derivation of boundary layer equations (Cebeci and Bradshaw
1977). That is, significant viscous effects are presumed to be confined to a layer of
thickness d (Fig. 16.2), which is small compared with a characteristic length L in the
flow direction.

For laminar boundary layers, §/L is O(Re™'/?). For a typical Reynolds number,
Re = 108, this implies /L ~0.001. One motivation for deriving RNS equations is to
cope with viscous layers that are typically thicker than occur in boundary layers.
Thus values of §/L in the range 0.1 to 0.01 may be expected to require RNS
equations. In turn, this implies that terms in the full Navier-Stokes equations of
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Fig. 16.2a, b. Typical viscous layer thicknesses for (a) external flow and (b) internal flow
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0((6/L)*) may be dropped whereas terms of O(5/L) should be retained. In contrast,
the derivation of the turbulent boundary layer equations is based on discarding
terms of O(S6/L).

The incompressible Navier—Stokes equations are given by (11.81). For steady
laminar flow in two dimensions, the nondimensional form of (11.81) is

~

du dv

ax Ty (16.1)
(3u+ 6u+(7p 1 /0% 0%u
u— v— - | —
ox 3y éx Re\ox? ay*)’ (16.2)
6’v+ 5v+6p 1 (3% o

v —_— | — 4 —
“ox "oy oy Re\ax? oyt ) (16.3)

where the Reynolds number Re=pU, L/u. Equations (16.1-3) have been non-
dimensionalised as in (11.42).

To establish the relative size of terms in (16.1-3) it is assumed that J/0x is O(1),
d/¢y is O((L/&)) and ¢%/dy? is O((L/8)*) when applied to u and v. Since u is O(1) and
(16.1) cannot be simplified further, v is O(6/L). All terms on the left-hand side of
(16.2) are O(1). On the right-hand side of (16.2), 8%u/éx? is O(1) whereas d%u/dy? is
O((L/3)*); consequently 0%u/dx? can be discarded.

In the classical boundary layer approach, 1/Re is O((5/L)?). However, in a
typical RNS application with Re large we expect 1/Re < O((6/L)?). To quantify this
we assume 1/Re is O((§/L)*), so that (1/Re)d?u/dy? is O((6/L)). All terms of the left-
hand side of (16.3) are of O(6/L). On the right-hand side of (16.3), (1/Re)d?v/dx? is
0((8/L)*) whereas (1/Re)d*v/dy? is O((6/L)*). Thus ¢?v/0x* can be discarded.
Consequently the resulting RNS equations are

é‘u +0v_0
ax oy (16.4)

ou du op 1 0%

”a"‘vafy‘*'a—?eﬁ , (16.5)
u@_v+vav+0p_ 1 3%
ox oy @_y—ﬂmyhz' (16.6)

In classical boundary layer analysis (16.6) is discarded and replaced by dp/dy=0.
However, for thicker viscous layers for which the RNS equations will be required it
1S appropriate to retain (16.6). If significant streamline curvature occurs (16.6)
should also include an additional centrifugal term. However, this term arises
naturally when generalised curvilinear coordinates (Chap. 12) are used, which are
usually preferred for non-simple computational domains.

According to the above order-of-magnitude analysis the term (1/Re)d%v/dy? is
O((6/L)?*) and could be ignored, as is recommended by Rubin (1984). We prefer to
retain this term in the basic RNS formulation as it does not contribute to any
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elliptic interactions (Sect. 16.1.3) but does provide additional dissipation which
may be useful computationally.

The RNS equations (16.4—6) reduce to the Euler equations when the viscous
terms are negligible. This would be the case far from an isolated body in an
otherwise undisturbed flow.

Appropriate boundary conditions to suit the incompressible RNS equations
will depend on the mathematical character of the system (16.4-6); this is examined
in Sect. 16.1.3.

The two-dimensional steady compressible laminar Navier-Stokes equations
(Sect. 11.6.3) can be written in nondimensional form as

0 d
el - =0, (16.7)
QW+ ay(Qv)

ou  ou op 1[0t arxy] (168

= = +—2, .8)
Quax+gv(3y+8x Re[ ox 0y

ov ov dp 1 [0t aryy> (169)

bl Tt A + =2 .
Qu6x+gvay+6y Re( Ox 0y

oT oT 2(.0p  Op
Q(ua+v$>—(y—l)Mw<uax+vay
_ 2
Pr Re| 0x\  0x dy\  dy Re

1+yM2p=0T . (16.11)

The nondimensionalisation used to obtain (16.7-11) is the same as in Sect. 11.2.5
except that p™=(p’—p,)/0. U2 here. In (16.8 and 9), 1,,, etc., are the viscov.}s
stresses and related to the velocity gradients by (11.27), which is the same in
nondimensional form. In (16.10) the viscous dissipation @ is given by (1 1.39). The
relative order-of-magnitude of the various terms in (16.7-11) will be considered as
for (16.1-3).

The magnitude of the velocity components u and v and derivatives ofu,vand p
are as for incompressible flow. The terms T and 07/0x are O(1) as are @ and dg/0x.
If the wall temperature T, is specified then 07/0y and do/dy are O(L/9). Howeve_r,
if an adiabatic wall condition is imposed, i.e. T/dy|,-, =0 and the flow is subsonic
or transonic, it is more appropriate to consider average values for 67/dy and 0g/0y
across the layer as being O(1) or even O(6/L). Consequently in deriving the reduced
form of the compressible Navier-Stokes equations, two cases will be considered:

(i) Specified wall temperature}@_T oo

, — are O(L/d) ,

or supersonic flow dy dy &/

(1) AdlabaFlc wall an‘d 6_T ’ 6_@ are O(1) .
subsonic/transonic flow § dy dy

Case (i) corresponds to large temperature changes through the computational

domain driven by large temperature differences between the wall and freestream of
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by significant compressibility due to the motion (large Mach number). Case (i)
corresponds to smaller temperature changes through the computational domain
driven solely by compressibility. As the Mach number is reduced, in the absence of
external heating, derivatives of ¢ and T reduce to zero.

For case (i) all terms in (16.7) are O(1) and must be retained. In (16.8) all terms
on the left-hand side are O(1). On the right-hand side of (16.8) 7., is O(1). The
nondimensional viscosity behaves approximately like the nondimensional tem-
perature. The shear stress component t,, = u(du/dy + 0v/dx), which is O(L/3) from
the du/dy contribution. By comparison dv/0x, which is O(6/L), can be neglected.
Consequently (1/Re)d(udu/dy)/0y is the only one term that need be retained on the
right-hand side of (16.8).

On the left-hand side of (16.9) all terms are O(5/L). On the right-hand side
1,, X u0u/dy and parts of other terms can be amalgamated when converted to
equivalent velocity derivatives. When combined with (1/Re) many of the terms on
the right-hand side of (16.9) are O((6/L)?).

On the left-hand side of (16.10) all terms are O(1) except vdp/dy which is
0((8/L)*). However, this term is retained as it may become O(1) in the inviscid
region. On the right-hand side of (16.10) d(kdT/0x)/dx/PrRe can be neglected and
the only term in the viscous dissipation that makes an O((5/L)) contribution is
1(0u/dy)?*/Re. Consequently, as discussed above, the following reduced Navier—
Stokes equations are obtained:

0 0
a(eu)+5;(9v)=0 , (16.12)
QUox e dy 0x Redy uf)y ’ (16.13)
u@v+ 6v+6p 148 ov LB 0u 16.14
—tov—+—=—| | u)+x .
T e T Re | 35p\ Py ) T3 ey | (16.14)
oT . oT\ | L( op  op
Q(“ax +v$>—(y—1)Mm<uE+vé;
1 o/ 0T\ (=DM [ou\?
= ko e ) 16.15
PrRe 6y<k 6y>+ Re ' Oy ( )

These equations retain all the ‘inviscid’ terms in (16.7—-11) and are appropriate when
large temperature changes are expected in the computational domain.

For the second case when an adiabatic wall 1s used in subsonic or transonic
flow the major difference is in the right-hand side of (16.14). It may be noted
that vdg/dy in (16.7) is small when dg/dy is O(1). Consequently if & in 7, is
substituted from (16.7) the following equation replaces (16.14):.

v ov dp 1| of Ov\ ufou\(fdo
bl e = e 2 EE . 16.16
Qu6x+gv<9y+6y Re[@(“@y) 3<@y><5X>/Q] (1619
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For the second case, even though v07/dy and vdp/dy are small in (16.10) these
terms are retained to recover the Euler equations in the inviscid region.
Ignoring the temperature dependence of the viscosity and the density variation
the x-momentum equation is the same for compressible flow (16.13) as for
incompressible flow (16.5). The terms on the right-hand sides of (16.14 and 16) are
O((6/L)?) if 1/Re is assumed to be O((8/L)). Consequently, as with the right-hand
side of (16.6), terms on the right-hand sides of (16.14 and 16) can be dropped.
However, to O((6/L)?), (16.14 and 16) can be put in a form equivalent to (16.6), i.e.

dv dv dp 1 \o%v

With the exception of the viscous dissipation term in (16.15), all dissipative terms in
(16.13, 15, 17) have the same form. It is apparent from the above exampies that the
RNS equations differ from the full Navier-Stokes equations only in the dissipative
terms retained.

16.1.2 Fourier Analysis for Qualitative Solution Behaviour

If the solution to the reduced Navier-Stokes equations is to be obtained by a single
march in the x-direction it is necessary that the system of governing equations, e.g.
(16.4-6), be non-elliptic with respect to the x-direction. This could be determined,
using the techniques of Sect.2.1.4, after constructing an equivalent first-order
system of equations, in place of (16.4-6).

However, more information can be deduced about the qualitative solution
behaviour by introducing a complex Fourier series representation for the depen-
dent variables. This approach can be illustrated by a suitably simplified form of the
energy equation,

oT | oT T &T

- 16.18
ox | dy | oxE 6 Pt ( )

where u and v are constants of O(1) but may be positive or negative. The parameters
6 and & are positive constants, with J, e<1. Equation (16.18) is a steady two-
dimensional transport equation (Sect. 9.5). A comparison with (2.1 and 2) indicates
that (16.18) is elliptic. Typical boundary conditions are shown in Fig. 16.3.

It is assumed that the solution of (16.18) can be represented by a complex
Fourier series, i.e.

Z z Tkjexp[l o,);xJexpli(o,)y] . (16.19)
== j— -
However, since (16.18) is linear, only one component of (16.19) need be considered
to determine the qualitative behaviour, i.e.

T:

(io,x)explio,y) , (16.20)
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-1 T{x,1)=0 Fig. 16.3. Typical boundary
Y= - conditions for (16.18)
T(o.y)
T, (y) 3T/3x(c0.y) =0
YA
Y= > %=
xzo0 ¥ dT/dy(x,0) =0 x=00

where T can be interpreted as the Fourier transform of 7. Substitution into (16.18)
produces a polynomial in o, and o,

o002 +iuc,+eg} +ive, =0 . (16.21)

Equation (16.21) is sometimes referred to as the symbol of (16.18). Equation (16.21)
will be used to obtain the value of ¢, for any real choice of ¢,. Substitution into
(16.20) indicates the corresponding solution behaviour. Whether a particular mode
present in (16.20) will contribute to the actual solution depends on the boundary
conditions. The solution of (16.21) is

¢o; +1va 172

Since § < 1, this can be simplified to

.u U €0y, +1va
= — —+ _— _— .
g, 126—l2<5< +26 " )

2 2 s
g,=ity DY o —i<—+f“;—y>+ay3. (16.22)
u

Given that g, is real, the first root indicates that the behaviour of the T solution,
from (16.20), is oscillatory in x from —o,v/u and has a diminishing exponential
behaviour in x from ica?/u, if u is positive. If u is negative there is an exponential
growth. The second root indicates an oscillatory solution that grows exponentially
if u is positive. Thus considering both roots it is clear that T will be oscillatory in x
and grow exponentially whatever the sign of u. However, since (16.18) is elliptic the
boundary condition at x=co is available to prevent the exponentially growing
mode appearing in the actual solution of (16.18), subject to the boundary con-
ditions indicated in Fig. 16.3.

The approximation that produced the reduced Navier-Stokes equations,
Sect. 16.1.1, is equivalent to neglecting 3627/dx? in (16.18). The resulting equation
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is parabolic in x (Sect. 2.3) so that the boundary condition at x = oo is not available, \;

Introducing (16.20) produces the following equation in place of (16.21):
iuo, +¢02 +ivo,=0 or

G =it (16.23)

u u

which coincides with the first root in (16.22). The corresponding solution for T,
from (16.20), will have a diminishing oscillatory behaviour in x as long as u and ¢
have the same sign. If not, an exponentially growing oscillation will occur, which
will preclude the use of a single march in the positive x direction to obtain the
solution. The parameter ¢ is equivalent to the viscosity or thermal conductivity,
which are always positive. Therefore for stable solutions it is necessary that u is
positive. Since (16.18) with § =0 is parabolic, positive u corresponds to information
being convected in the positive time-like direction.

It is clear from the above example that the Fourier analysis of the governing
equation gives quite precise information about what type of solution may be
expected and which terms in the governing equation are responsible. In particular,
in relation to the reduced Navier-Stokes equations, the present analysis indicates
whether exponential growth in x is to be expected, which will prevent the use ofa
single downstream march to obtain a stable solution.

There is an obvious parallel with the use of Fourier analysis to determine the
character of the solution of the discretised equations (Sect. 9.2.1). To the extent that
the solution of the discrete problem converges to the solution of the continuous
problem, it is expected that the results of the Fourier analysis applied directly to the
governing partial differential equations will give comparable solution behaviour to
the Fourier analysis of the discrete system of equations. However, where Fourier
analysis is used to examine the stability of the discrete system of equations, ie. the
von Neumann stability analysis of Sect. 4.3, it is not known whether an apparent
instability is a property peculiar to the discrete system of equations or a physical
instability inherent in the solution of the governing equation and associated
boundary conditions.

The present use of Fourier analysis identifies possible unstable growth patterns
inherent in the governing partial differential equations. In principle the physical
boundary conditions could be introduced into the Fourier representation so that
the resulting solution, equivalent to (16.19), would constitute a valid Fourier
approximation of the true solution. This is essentially the approach used to study
analytically the stability of various flow phenomena, e.g. Stuart (1963) or Drazin
and Reid (1981). However such a comprehensive approach goes beyond what is
required to identify suitable reduced forms of the Navier—Stokes equations.

The present use of Fourier analysis may be compared with the traditional
characteristic analysis of the governing partial differential equation (Chap. 2). In
the traditional characteristics analysis only the highest derivatives are retained and
the governing equation is reduced to characteristic form, ie. a characteristic
polynomial is obtained, e.g. (2.36). It may be noted that if all but the highest
derivatives are suppressed in the present Fourier analysis, the resulting polynomial
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in 0y, 0,, €.g. (16.21) is identical with the characteristic form (also see Sect. 2.1.5).
Thus the characteristic form of (16.18) can be obtained from (16.21) as

do2+e02=0 ,

which has imaginary roots, so that (16.18) is classified as an elliptic partial
differential equation.

However, in the present application of determining whether possible ex-
ponential growth nodes are present in the governing equation, Fourier analysis is
preferred to characteristics analysis for the following reasons:

i) It takes into account all terms in the governing equations, not just the highest
derivatives.

ii) The contribution of specific terms in the governing equation to possible
exponential growth can be identified directly.

iii) The analysis is more robust, in that the possible failure to produce a result
through degenerate systems (Sect. 2.1.4) is avoided.

iv) The solution of the eigenvalue problem, e.g. (16.21) has more direct physical
significance than the solution of the characteristic polynomial, e.g. (2.36).

16.1.3 Qualitative Solution Behaviour of the Reduced Navier—Stokes Equations

The various approximations to the Navier-Stokes equations can be examined, in a
similar way to (16.18), after local linearization. That is u and v in the convective
parts of (16.5 and 6) are assumed frozen at their local value. Thus the present
analysis takes no account of any behaviour arising from nonlinear interactions.
From the similarity of (16.5 and 6) with (16.18), when 6 =0, it might be expected that
the solution to the reduced Navier—Stokes equations will demonstrate comparable
streamwise growth/decay patterns to those of (16.18) with § =0. Whether this is, in
fact, the case or not will be indicated below.

The application of Fourier analysis, as in Sect. 16.1.2, to the RNS equations,
Sect. 16.1.1, implies consideration of a system of equations rather than a scalar
equation, e.g. (16.18). The extension of Fourier analysis to systems of equations will
be illustrated by starting with the incompressible Navier-Stokes equations for two-
dimensional steady flow (16.1-3). In place of (16.20) it will be assumed that

u~uexp(io,x)exp(io,y) ,
v~iexp(io.x)explio,y) , (16.24)
p~pexplio.x)explio,y) ,

where ~ is taken to mean that the solutions will be of the form indicated.
Equations (16.24) are substituted into the frozen form of (16.1-3) producing

io, io, 0 i
iA+(c2+02)/Re 0 io, |6 ]=0, (16.25)
0 iA+(c2+0?)/Re io, || P

where A=uo,+vo,.
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To obtain the solution to a homogeneous system of equations like (16.25) it is
necessary that det[ ]=0. For (16.25) this generates the following polynomial
in o,

1
(oi+of)[i(uax+vay)+i{-e(a§+a§)]=0 . (16.26)

The second factor has the same form as (16.21) and has roots
o,=i02/(uRe)—o,v/u and —i[uRe+o;/(uRe)J+o,v/u .

Exponential growth is produced by the first root if u is negative and by the second
root if u is positive. The first factor has roots ¢, = *ic,. The negative imaginary
root will cause exponential growth in x, after substitution into (16.24).

The system of equations (16.1-3) is elliptic. This can be established by intro-
ducing auxiliary variables for the second-derivative term, and constructing an
equivalent system of first-order partial differential equations. This system is
analysed using the technique described in Sect. 2.1.4, leading to the characteristic
polynomial (2.39).

The present Fourier analysis produces the identical polynomial if the lower-
order terms, i(uo,+va,), are suppressed in (16.26). This is consistent with the
classification of partial differential equations being based on the highest derivative
in each independent variable.

In (16.26) it will be seen that imaginary roots still occur when i(uo,+va,) is
suppressed, confirming that the system (16.1-3) is elliptic. Consequently boundary
conditions are required on all boundaries, Sect.2.4. The boundary conditions
prevent the exponential growth, implied by the roots of (16.26), appearing in the
solution to (16.1-3).

If the above analysis, from (16.24) onwards, is applied to the reduced Navier—
Stokes equations (16.4-6) the following polynomial is obtained in place of (16.26):

(624 a2)[i(uo, +va,)+(1/Re)a;]=0 . (16.27)

The neglect of the streamwise diffusion terms, 6%u/0x? and 9%v/0x?, has a similar

effect on the second factor of (16.26) as occurred for the model problem leading to

(16.21). That is, the following root is obtained from the second factor in (16.27):
2

o, =i u“l;e—oyg : (16.28)

As long as u is positive, no modes with exponential growth in x occur. Thus the
reduced form of the Navier-Stokes equations is effective in suppressing the
exponentially-growing mode in the convection, diffusion operator.

However, the reduced form of the Navier-Stokes equations has no impact on
the first factor in (16.26) which is retained in full in (16.27). The first factor in (16.27)
has a negative imaginary root and will produce exponential growth in the x
direction. Suppression of the lower-order terms, i(ug,+va,), in (16.27) does not
affect the imaginary roots of the first factor. This indicates that the reduced
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Navier-Stokes equations (16.4-6) are mixed elliptic/parabolic, with the elliptic
behaviour coming from the first factor in (16.27) and the parabolic behaviour
coming from the second factor.

Any elliptic behaviour is sufficient to upset the time-like, single march strategy
that motivates the interest in reduced forms of the Navier—Stokes equations. If the
contributions to the first factor in (16.27) are traced back to the governing
equations (16.4-6) it will be seen that the source of the elliptic behaviour is the
interaction of the pressure terms in the momentum equations with the terms in the
continuity equation. If there were some way of suppressing dp/dx or dp/Cy in the
governing equations, the elliptic behaviour would be avoided.

The Fourier analysis of the reduced Navier—Stokes equations for compressible
flow (16.12-15) leads to a more complicated characteristic polynomial, in place of
(16.27), which cannot be interpreted so precisely. An intermediate category, suitable
for transonic Mach numbers, can be considered by starting from (16.12, 13, 17) and
neglecting the dissipative terms in (16.15) as in Sect. 18.1.2. Consequently (16.15)
can be replaced by (11.104), which can be written nondimensionally as

1+yM2
SRR 14 05— DML -2 4 02)]) (16.29)

This equation is used to eliminate p, in favour of g, # and v, from (16.13 and 17).
This approximation is consistent with the observation that for transonic Mach
numbers the temperature variation in the computational domain will be small if an
adiabatic wall boundary condition is imposed.

In terms of o, u and v the governing equations are

do 0o Ou v

uﬁx+vay+gax+06y_o ' (16:30)
a’*do (ou\ou ou (y=1) ov 1 0%u

R o B

y 0x <*y >(7x Q”ay Y €V5x  Re oy* 0, (16.31)

y dy Y

atdo (y—1) ou ov v\ov 1 02
oy ol (N Ty (16.32)
oy ox y

dy Re ﬁ_
In the above equations the dependence of the viscosity p on temperature is
neglected and the nondimensional sound speed is defined by

1 yp
2_ L
a —QM30+ 0 (16.33)
If undifferentiated terms like a2, ou, ov, etc., in (16.30-32) are frozen and a complex
F ourier series introduced for g, u and v, as in (16.24), the following polynomial in o,
1s obtained:

2

Qf. o . Yo
ll A y A2_ 2¢.-2 2y _
y<1g +Re>[ a“(c;+o0;) IQRC

where A=uo, +vo, . (16.35)

2
y

(uax+vay):|:0 s (16.34)
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For external flow problems far from an isolated body the reduced Navier-
Stokes equations coincide with the Euler equations governing inviscid flow. This
situation corresponds to setting Re=co in (16.34), which reduces to

A
<i92 ;)[(uaﬁvay)z—az(ai +03)1=0 . (16.36)
The first factor has roots ¢,/a,= —v/u and the second factor has roots
o w  adM*-1)'?
x_ + 16.
¢ w—a®?—  ur—a® (16.37)

where the local Mach number, M = (u?+v?)!/?/a. It is apparent from (16.37) that if
the flow is locally subsonic, i.e. M <1, a negative imaginary root will arise leading
to exponential growth in the marching (x) direction. This corresponds to the
inviscid equations being elliptic if M <1, but hyperbolic if M>1.

For the general viscous case (16.34) is directly applicable. The first factor has the
same behaviour as the second factor in (16.27). That is, no exponentially growing
modes are produced as long as u is positive. The second factor is quadratic in g
producing the following values for the roots:

0. w_ iyuo,
o, u—d 20Re(u? —a?)
@’ 2 0.5yu,\? _ iyvo, |''* 16.38
iuz—az[(M —1)_<QRea2 oRea? ' (16.38)

For large values of Re, [ 1'% is dominated by the (M?—1) terms leading to strongly
growing exponential behaviour for subsonic flow.

For flows with 1< a, the second term on the left-hand side of (16.38) produces a
weak elliptic behaviour, as does the last term in [ 12 for any flow velocity. Thus
the viscous terms are producing weak exponential growth in the x direction,
although of reducing magnitude as Re increases. However, this result might be
modified for the equivalent turbulent form of the RNS equations.

It is seen that for both the inviscid and viscous cases, approximately subsonic
flow will produce a strong exponentially growing mode in the x direction. How-
ever, if it were possible to suppress dp/0x in (16.13), there would be no ex-
ponentially growing inviscid modes in x as long as u is positive.

For compressible flow with no restriction on the local Mach number the
reduced Navier-Stokes equations are given by (16.12-15). The pressure can be
eliminated in favour of the temperature and density via the nondimensional
equation of state

1+yM2p=0T . (16.39)

Complex Fourier series, as in (16.24), are introduced for o, u, v and 7. Substitution
into the governing equations generates the following polynomial in place of (16.34):
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of. ar \(- ¥ 2202, 2
—; 1QA+;Re 1QA+———ere [A*—ad*(ei+0})]
2.2
Lofat [y—1 oufy—1
" )Ac3(s2+02 2 | L JA? =0 . .
+lPrRe< . > cloZ+o})+o 6y<yRe> 0,0,=0 (16.40)

In deriving (16.40) isolated terms containing 1 /Re? have been ignored as has the
temperature dependence of the viscosity p. The last term on the right-hand side
contains du/éy which comes from the nonlinear dissipation term in (16.15).

For large values of Re it can be seen that the solution behaviour will be
dominated by the product of the first three factors in (16.40). The first two factors
produce the same behaviour as the second factor in (16.27) and will not generate
exponential growth in x as long as u is positive. However, the third factor is the
same as the second factor in (16.36) and leads to the same result. That is, for
subsonic flow exponentially growing modes in the x direction will occur. The
inclusion of the other terms in (16.40) is not expected to significantly change this
conclusion.

As with the transonic flow case governed by (16.30-32), if dp/0x (16.13) can be
suppressed the goal of obtaining stable solutions with a single spatial march can be
achieved. Of course arbitrary suppression of the dp/0x term will lead to non-
physical solutions of the resulting system of equations.

The results for the various categories of reduced Navier-Stokes equations are
summarised in Table 16.1. The broad conclusion is that the neglect of streamwise
dissipative terms is effective in suppressing exponential streamwise growth as-
sociated with convection diffusion interactions. However, it does not overcome the
essentially elliptic behaviour associated with pressure terms for subsonic flow
conditions.

Table 16.1. Dominant solution behaviour for reduced Navier-Stokes equations

Incompressible Subsonic Supersonic
M~0 O<M<t M>1

Elliptic behaviour due to Strong elliptic behaviour due to  Hyperbolic behaviour from
pressure/continuity pressure. inviscid terms
interaction Weak elliptic behaviour from Weak elliptic behaviour from
pressure/viscous interaction pressure/viscous interaction

If there is some additional mechanism for “neutralising” the elliptic influence of
the dp/dx term in the x-momentum equation, the goal of obtaining an accurate
solution in a single downstream march can be achieved throughout the range of
Mach numbers. Many of the techniques described in Sects. 16.2 and 16.3 will, to a
greater or lesser extent, exercise control over the influence of the Jp/dx term.

16.1.4 THRED: Thermal Entry Problem

In Sect. 9.5.2 the problem of a ‘cold’ fluid entering a ‘hot’ two-dimensional duct is
solved using a pseudo-transient formulation to provide the steady spatial tem-
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perature distribution for a given velocity distribution. This same problem will be
utilised here to illustrate the mechanics of setting up and solving an equivalent
“reduced” formulation.

Using the nondimensionalisation given in (9.91), this problem is governed by
the low-speed two-dimensional energy equation

0 0
E(u T) +@(UT) —a

o*T  o*T
"ﬁ_%ﬁ:o , (16.41)
where «,=10/(PrRe?) and a,=1.6/Pr. The boundary conditions for (16.41) are
(Fig.9.12)

aT

7(0,y)=0 on x=0, ——
0x

=0 on X=Xg., »

and (16.42)
T(x, +1)=1 on y==+1.

Except very near the duct entrance, x =0, the longitudinal temperature diffusion is
very much less than the transverse temperature diffusion; consequently o, 0% T/0x?
can be dropped from (16.41). The resulting “reduced” equation is written as

0 0T 0

ax(uT)—ocy P ay(vT) . (16.43)
Since (16.43) is parabolic in x, no boundary condition is allowed at x=x,,,,. The
other boundary conditions are given by (16.42).

This problem is to be solved in the computational domain 0<x<2.00,
—1.0<y<1.0 by marching in the positive x direction starting from the known
solution at x=0. Thus x has a time-like role and the temperature distribution
T(0, y) provides the ‘initial’ conditions.

The group finite element formulation (Sect. 10.3) with linear interpolation is
introduced in the y direction and combined with Crank-Nicolson discretisation for
the x derivatives in (16.43). The resulting algebraic equations can be written

A T r!+l
M AT sy L (T T ) —0S L LT+ 0T T (16.44)

y AX yyy
where n, j are the grid indices in the x and y directions, respectively. The operators
L, and L, are the three-point centred difference operators
{1, =2, 1}7

_o -yt L -1 (16.45)

L 3 >
y 2Ay yy Ay2

and M, the mass operator, is defined for both finite difference and finite element
formulations:
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12 1T
M,= {8’ 3 6} , for the finite element formulation,

M,={0,1, 0},  for the finite difference formulation. (16.46)

It is assumed that the velocity field (u, v) is known. Consequently the following
linear system of equations for AT}*Y(=T%"'—T?%) can be constructed, after
appropriate linearisations about the solution T'}:

[M,u2* ' +0.54x(L,v}* ' —a,L,,)]1AT ;!

= Axa, L, T"— AxL (0" V2 T — M, T 4w+ (16.47)

Y=y g J

To compare with the semi-exact solution of Brown (1960) the fully developed
velocity distribution is assumed,

u=151-y%, v=0. (16.48)

For this choice of velocity distribution, which is independent of axial (x) location.
(16.47) simplifies to
[M,u;+0.54x(L,v;—a,L,,)]4 Ti ' =Ax[a, L, T~ L(v;T})] . (16.49)
Equation (16.49) is implemented in program THRED (Fig. 16.4). The main
parameters appearing in program THRED are described in Table 16.2. To
avoid the discontinuity in 7'(0, + 1) implied by (16.42) the following ‘initial’ data on
x=0 is prescribed in program THRED:

T(0, y)=y*>* . (16.50)

The computed centreline solution (y=0) is compared with the semi-exact solution
of Brown (1960). Brown obtained a separation of variables solution of (16.43 and
48) based on an exponentially decaying solution in x and an eigenvalue/eigen-
function expansion in y. The first ten terms of Brown’s solution, specialised to the
centre-line, are evaluated in the subroutine TEXCL (Fig. 16.5) to provide the semi-
exact solution TEX.

A typical solution, with 4x =0.05, 4y =0.20, produced by THRED is shown in
Fig. 16.6. The computed temperature solution is symmetric about y =0 so that only
the temperature solution corresponding to —1<y<01is shown. The extreme right-
hand column of T is the centre-line (y=0) value and may be compared with the
semi-exact value TEX. For the relatively coarse-grid solution shown in
Fig. 16.6 it is clear that the solution displays an oscillation close to x~0, y~ — 1.0.
This oscillation is associated with a rapid change in the boundary condition for T’
close to (0, + 1.0). The amplitude of the oscillation reduces with increasing x. For a
finer grid in x or y the oscillation does not occur.

It may be noted that solutions, e.g. AF-FEM, produced by program
THERM (Fig.9.13) on an 11x 11 grid (4x=0.20, 4y=0.20) do not produce
a significant oscillation adjacent to (0, +1.0). However, program THERM is
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1cC THRED SOLVES THE REDUCED FORM OF THE THERMAL ENTRY PROBLEM
2cC BY C.N. MARCHING
3¢C
4 DIMENSION T(41),DT(65),U(41),v(41),R(65),B(5,65) ,EM(3)
5 1,ALF (10} ,DYFL(10)

6 DATA ALF/1.6815953,5.6698573,9.6682425,13.6676614,17.6673736,
7 121.6672053,25.6670965,29.6670210,33.6669661,37.6664327/

8 DATA DYFL/-0.9904370,1.1791073,-1.2862487,1.3620196,-1.4213257,
9 11.4704012,-1.5124603,1.5493860,-1.5823802,1.6122503/

10 OPEN(1,FILE='THRED.DAT')

11 OPEN(6,FILE="THRED.OUT')

12 READ(1,1)NY,NXMAX,ME, DX, DXP,XMAX, PR

13 1 FORMAT(3I5,4E10.3)

14 C

15 IF (ME .EQ. 1)WRITE(6,2)

16 IF(ME .EQ. 2)WR1TE(6,3)

17 2 FORMAT(' REDUCED THERMAL ENTRY PROBLEM BY C.N.-FEM',/)

18 3 FORMAT(' REDUCED THERMAL ENTRY PROBLEM BY C.N.-FDM',/)

19 WRITE(6,4)NY,NXMAX, DX, XMAX, PR

20 4 FORMAT(' NY=',I3,' NXMAX=',I5,' DX=',E10.3,' XMAX=',F6.3,' PR=",

21 1F6.3,/)

22 C

23 NYP = NY - 1

24 NYH = NY/2 + 1

25 NYPP = NY - 2

26 ANY = NYP

27 DY = 2./ANY

28 ALY = 1.6/PR

29 CA = 0.5*DX/DY

30 CCA = ALY*DX/DY/DY

31 IF(ME .EQ. 1)EM(1) = 1./6.

32 IF(ME .EQ. 2)EM{1) = 0.

33 EM(2) = 1. ~ 2.*EM(1)

34 EM(3) = EM(1)

35¢C

36 C SET U,V AND T INITIAL DATA

37 ¢

38 DO 5 K = 1,NY

39 KM =K-1

40 AK = KM

41 Y = -1. + AK*DY

42 U{K) = 1.5%(1. - Y*Y)

43 V{K}) = 0.

44 5 T(K) = Y**32

45 C

46 C SET UP TRIDIAGONAL COEFFICIENTS AND FACTORISE B

47 C

48 DO 6 K = 2,NYP

49 KM =K -1

50 KP =K + 1

51 B(1,KM) = O.

52 B(2,KM) = EM{1)*U(KM) - O.5*CA*V(KM) -~ 0.5*CCA

53 B(3,KM) = EM(2)*U(K) + CCA

54 B(4,KM) = EM(3)*U(KP) + 0.5*%CA*V(KP) - 0.5*CCA

55 B(5,KM) = 0.

56 6 CONTINUE

57 B(2,1) = 0.

58 B(4,KM) = 0.

59 C

Fig. 16.4. Listing of program THRED
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CALL BANFAC(B,NYPP,1)

X=0.

XPR = 0.

NCT = 0

SUMT = 0.

NCT = NCT + 1

GENERATE R.H.S.

Do 8 X = 2,NYP

KM =K -1

KP =K+ 1

R(KM) = CCA*{T(KM)-2.*T(K)+T(KP)) - CA*(V(KP)*T(KP)-V(KM)*T(KM))

CALL BANSOL(R,DT,B,NYPP,1)

9 K = 2,NYP

) = T(K) + DT{K-1)

X + DX

EXACT C/L SOLUTION

CALL TEXCL(X,TEX,PR,ALF,DYFL)

DMP = T{(NYH) - TEX

IF(NCT .GT. 2)SUMT = SUMT + DMP*DMP
IF(X .LT. XPR)GOTO 11

WRITE(6,10)X, (T{K),K=1,NYH),TEX
FORMAT(' X=',F4.2,' T=',6F6.3,' TEX=',F6.3)
XPR = XPR + DXP '~ 0.0001

IF(X .GE. XMAX)GOTO 12

IF(NCT .GE. NXMAX)GOTO 12

GOTO 7

ANCT = NCT - 2

RMS = SQRT{SUMT/ANCT)
WRITE(6,13)NCT,RHS

FORMAT(' NCT=',I5,' RMS=',E10.3}
STOP

END

Fig. 16.4. (cont.) Listing of program THRED
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based on the solution of (9.90), which includes the term ¢°T/dx?. This term
introduces a smoothing effect and prevents an oscillation adjacent to (0, +1.0)
from occurring.

Centre-line solutions (RED-FEM) produced by program THRED are

compared in Table 16.3 with those produced by program THERM and with
the semi-exact solution by Brown (1960). The rms errors calculated for the RED-
FEM solutions have omitted contributions from locations x =0, 4x to be consist-
ent with the procedure adopted for program THERM (Sect.9.5.2). With
sufficient grid refinement in the x direction the RED-FEM solution can be made
more accurate than the approximate factorisation finite element method (AF-
FEM) solution. However, of greater significance is the economy of the RED-FEM
solution, arising from the single downstream march required to obtain the solution.
The RED-FEM solution with Ax =0.05 is an order-of-magnitude more economical
than the AF-FEM with Ax=0.20 while achieving about the same solution ac-
curacy.
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Table 16.2. Parameters used in program THRED

Variable Description

ME =1, linear finite element method

=2, three-point finite difference method

NY number of points in the y direction
NXMAX maximum number of points in the x direction
DX, DY Ax, Ay

DXP Ax increment for printing temperature solution
XMAX downstream extent of computational domain
PR Prandtl number, Pr

ALY a,=1.6/Pr

EM M,

T; U,V temperature, velocity components in the x, y directions
B tridiagonal matrix; left-hand side of (16.49)

R right-hand side of (16.49)

RMS I Teii— TEX Y ims

TEXCL calculates TEX for given x and Pr

ALF, DYFL arrays required by subroutine TEXCL

1

2 SUBROUTINE TEXCL(X,TEX,PR,ALF,DYFL)

3¢

4C FOR GIVEN X AND PR COMPUTE EXACT CENTRE-LINE

5¢C TEMPERATURE DISTRIBUTION

6 C

7 DIMENSION ALF(10),DYFL(10}

8 ZD = -3.2*X/PR/3.0

9 T8 = 0.

10 po1I=1,10

11 DUM = ZD*ALF(I)*ALF(I)

12 IF(DUM .LT. -20.)GOTO 1

13 DUM = EXP(DUM)

14 CF = ~-2./ALF(I)/DYFL(I)

15 TB = TB + CF*DUM

16 1 CONTINUE

17 TEX = 1. - TB

18 RETURN

19 END

Fig. 16.5. Listing of subroutine TEXCL

REDUCED THERMAL ENTRY PROBLEM BY C.N.-FEM

NY= 11

= .05
= .20
= .40
= .60
= .80
X=1.00
X=1.20
X=1.40
X=1.60
X=1.80
X=2.00
NCT=

NXMAX=

T= 1.000
T= 1.000
T= 1.000
T= 1.000
T= 1.000
T= 1.000
T= 1.000
T= 1.000
T= 1.000
T= 1.000
T= 1.000
41 RMs=

50 DX= .500E-01 XMAX= 2.000 PR= .700

1.076 .477 .188 .074 .046 TEX= .058
,701  .767 .614 .520 .495 TEX= .493
.868 .917 .827 .801 .793 TEX= .786
.937 .972 .924 .918 .913 TEX= .909
.969 .992 .966 .967 .963 TEX= .962
.984 .999 .985 .987 .984 TEX= .984
.992 1.001 .993 .99% .993 TEX= .993
.995 1.001 .997 .998 .997 TEX= .997
.997 1.001 .998 .999 .999 TEX= .999
.999 1.001 .999 1.000 .999 TEX= .999
.999 1.000 1.000 1,000 1.000 TEX= 1.000

.350E-02

Fig. 16.6. Typical output from program THRED
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Table 16.3. Centre-line solutions for thermal entry problem, 4y=0.20

rms
X0.000 0.200 0.400 0.600 0.800 1.000 1.200 1.400 1.600 1.800 2.000 error

(Semi-) exact 0.000 0.493 0.786 0910 0962 0984 0993 0997 0999 1.000 1000 —
AF-FEM

Ax=0.20 0.000 0462 0.794 0910 0963 0984 0994 0.997 0999 0999 1.000 0.003
RED-FEM,
Ax=0.050 0.000 0495 0.793 0913 0.963 0984 0993 0997 0999 1.000 1.000 0.0035
RED-FEM,
Ax=0.010 0.000 0497 0.789 0912 0963 0984 0.993 0.997 0999 1.000 1.000 0.0019

16.2 Internal Flow

Many internal flows, e.g. in pipes, diffusers, ducts, engine intakes, can be described
accurately by using reduced forms of the Navier-Stokes equations. However, as
indicated in Table 16.1, the basic form of the RNS equations is likely to be elliptic.

For steady internal flow the total mass flow past any downstream station is
constant. This property provides an additional piece of information that can be
exploited to construct a non-elliptic RNS system of equations. Examples of this will
be provided in Sects. 16.2.1 and 16.2.2. For flows in highly-curved ducts an
alternative strategy, based on splitting the transverse velocity field, will be de-
scribed in Sect. 16.2.3. The split velocity approach still permits an accurate viscous
solution to be obtained in a single downstream march.

Flow in straight pipes and ducts can be categorised into four types (Rubin et al.
1977) depending on the distance from the entrance, as indicated in Fig. 16.7. The
Reynolds number associated with the duct flow is based on the hydraulic diameter
D, and the mean velocity U,,. The four categories are:

A. TImmediate entrance flow, x,is O(Dy/Re).

B. Entry region flow, xg is O(Dy).
C. Fully viscous flow, xc is O(DyRe).
D. Fully developed flow, xp> DyRe.

At the immediate entrance to the duct the flow behaviour demonstrates very
severe velocity gradients adjacent to the duct lip, under the influence of viscosity
reducing the inflow velocity to zero at the duct walls. A very fine local grid and the
full Navier-Stokes equations are required to compute this domain accurately. In
region B boundary layers develop on the duct walls and the flow field can be
determined by a coupled inviscid flow (Chap.14) and boundary layer flow
(Chap. 15) analysis. Such a formulation is provided by Rubin et al. (1977). However,
region B could also be computed accurately with an RNS formulation.

Sufficiently far downstream, region C (Fig. 16.7), the “boundary layers” merge
so that the flow, everywhere in the duct cross-section, must be considered viscous.
That is, the magnitudes of the viscous terms in the governing equations are
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Fig. 16.7. Flow classification for flow:
in straight ducts :

In flow; }‘\2b\.|‘{ Dy =4ab/(a+b)

Re = oUmDp/p

everywhere non-negligible. For this region a reduced form of the Navier—Stokes is
appropriate to obtain the solution.

Even further downstream, region D, the flow behaviour becomes independent
of downstream location x. In marching the reduced Navier—Stokes equations the
downstream coordinate, x, has a time-like role. Consequently the solution to the
reduced Navier-Stokes equations in region D is equivalent to the steady-state
solution of a (pseudo-)transient formulation (Sect. 6.4).

For many internal flows the duct (or equivalent passage) terminates in regions
B or C. The diffuser flows considered in Sect. 16.2.1 are in this category. For a fully
developed flow, region D, the introduction of an obstruction in the interior or on
the wall generates a new region C downstream of the obstruction. Further
downstream a new region D occurs.

For internal flows in ducts whose centreline is curved, secondary flows are
present and region C persists. A typical transverse streamline pattern (i.e. based on
secondary velocity components v and w) is shown in Fig. 16.8. The duct axis is
curving to the right of the local primary flow direction. For flows with mild duct
axis curvature the techniques discussed in Sect. 16.2.2 are effective in making the
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\\ I / Fig. 16.8. Typical transverse flow
vV pattern in a curved duct
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governing equations non-elliptic with respect to the downstream direction. For
more severe curvature the techniques described in Sect. 16.2.3 are appropriate.

As indicated in Sect. 16.1.3 the basic reduced Navier-Stokes equations are
elliptic for subsonic flow due to the pressure interaction. Additional constraints or
approximations to the RNS equations are required to produce a non-elliptic
system. These are illustrated here for axisymmetric incompressible laminar flow in
a pipe (i.e. a circular duct). The appropriate RNS equations, equivalent to (16.4-6)
but in polar coordinates, are

ou Ov v

BT 16.
ety ’ (163
ou ou ¢ép 1 (% 10u

“a*“aﬁa—ﬁ(af @) (1652
v, v op L (0% Tov v 16.53)
“ox T Var T ar Re\ar ror 2/ (16.

For internal flows with small transverse velocity components the transverse
variation of the pressure is small and its gradient in the marching direction (x) can
be ignored in the corresponding momentum equation. Thus for axisymmetric flow
the pressure can be split as

p=peu(x)+p(x,r) , (16.54)

where p,,, denotes the centreline pressure and pis a correction to account for the
radial variation. Substitution into (16.52 and 53) indicates that dp°/dx is O((5/L)*)
whereas the dominant terms in (16.52) are O(1). Here 6 is the thickness of the
viscous layer (=0.5D, downstream of the merging of the viscous layers, Fig. 16.2), D
is the local pipe diameter and L is a characteristic length along the axis of the pipe.
Consequently dp¢/dx is dropped and (16.52) becomes

6u+ 6u+dpc/, 1 62u+1 du 16.55
Uu—-+v— =—|—+-{=—]1-

ox dr dx Rel|ar? r\or (16:55)
In the radial momentum equation (16.53) the pressure gradient is Jp°/dr since
dp.,,/0r =0. Consequently the three governing equations contain four dependent
variables.

However, an additional equation can be obtained by observing that, for steady
flow, the overall mass flowrate #1 is constant. The mass flow rate is given by

R
m=2ng urdr (16.56)
(4]

Thus ém/ox =0, i.e.

i _

2 f M =0 16,57
ax  elTa =T (16.57)
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which is a more useful form for combining with (16.51, 53 and 55). It may be noted
that (16.57) is also obtained by integrating the continuity equation (16.51) over the
pipe cross-section.

Equations (16.55 and 57) together provide u}* " and pt; ' as follows. Equation
(16.55) is discretised in the x direction as

unAun+1/Ax:J(un+1/2’ U"+1/2, r)—APZf;l/Ax , (1658)
where
1 /0%u 10u ou
(e 2y 16.59
I Re<5r2+rﬁr> Yor ( )

At iyt oy @t 2=05w 4wt and o"THP=1.50"-050""1

The indices n and j define the grid points in the x and r directions, respectively.
With three-point centred difference expressions introduced for the r derivatives in
(16.59), a linearisation of (16.58) about downstream location x" as in Sect. 10.1.3

gives

aJ
<u"—0.5AxaTj>Au;?“_—_Ade(u;?, VY2 ) — APt (16.60)

where J, is the discretised form of J. Equation (16.60) is tridiagonal and can be
readily factorised into upper, U, and lower, L, triangular form (e.g. using BANFAC,
Sect. 6.2.3). Consequently (16.60) can be written as

At = Ax UL g~ U LT Al (16.61)

The application of (16.57) in discretised (e.g. trapezoidal) form gives an explicit

expression for 4p%;!.

Axfrl_]’ll_f‘Jddr
d
jrl_]‘ll,_‘dr
d

Consequently (16.60 and 62) constitute a modified tridiagonal system at each
downstream location x"*! that gives u}*' and p?}'.

The splitting of the pressure (16.54) and the introduction of the mass flow
constraint (16.57) produce a system of four equations in four unknowns. Appli-
cation of the Fourier analysis, described in Sect. 16.1.2, indicates that the u solution
will be made up of two components, one oscillatory and one with a diminishing
exponential behaviour in x. Consequently a stable marching algorithm in x will be
obtained and, in fact, the system is non-elliptic. The crucial step that makes the
system non-elliptic is the dropping of the term dp°/dx from the x-momentum
equation to generate (16.55).
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As long as this approximation is acceptable, accurate solutions can be obtained
in a single march for internal flows governed by reduced forms of the Navier—
Stokes equations. This will be the case for internal swirling flow, discussed in
Sect. 16.2.1, and for flow in a straight duct, Sect. 16.2.2. However, for flow in highly
curved ducts the transverse pressure gradients are significant, requiring an alter-
native means of generating a non-elliptic system of equations. How this can be
done is discussed in Sect. 16.2.3.

16.2.1 Internal Swirling Flow

This problem is motivated by the experimental observation (Senoo et al. 1978) that
the addition of a small amount of swirl, w(r), to the flow entering a conical diffuser
is sufficient to prevent separation of the flow at the walls for cone angles that would
otherwise just produce separation (= 15°). As a result the pressure recovery
through the diffuser is greater for a given energy expenditure required to overcome
viscous losses.

This problem is governed by the incompressible turbulent Navier-Stokes
equations (Armfield and Fletcher 1986). In a reduced form these become

cu v v

et (16.63)
u%ﬂgﬁgy:I:e@_i;%g_ﬁ_a;_?_(u;v’) | o6
aaprc:sz ’ (16.65)
u%;:—ﬂ?ﬁ?ﬂ:e(%v i?:—rf)—f(—;—;wf—)*zﬁ (16.66)

In obtaining the momentum equations (16.64-66) the streamwise diffusion terms
are second-order in §/L and have been neglected. In forming (16.64 and 66) some of
the turbulence terms are sufficiently small that they have been dropped. In
modifying the radial momentum equation (16.65) the convective and dissipative
terms are second-order and have been deleted. It may be noted that the pressure
splitting (16.54) has been incorporated into (16.64 and 65).

The turbulence quantities in (16.64 and 66) can be related to the mean flow by

P - A
u'v' = —vxa—l: and v’w’=v¢<—?:+‘:)> , (16.67)
where v, and v, are eddy viscosities which can also be related to the mean flow
quantities. The specific algebraic relations are given by Armfield and Fletcher
(1986).

Equations (16.63-67) and (16.57) provide a system of five equations in five
unknowns, u, v, W, p,;, p°, to be obtained as functions of x and r. In the actual
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computation, the region in the diffuser is described in spherical coordinates ‘

(Armfield and Fletcher 1986).

Application of the Fourier analysis described in Sects. 16.1.2 and 16.1.3 in-
dicates that the system (16.63-67 and 57) is non-elliptic with respect to the x
direction. Therefore ‘initial’ conditions are specified at one upstream location x,,
ie. u(xq, r)=uo(r), w(xo, r)=wo(r). At the diffuser wall (r=r,), u(x, ry)=v(x, r,)=
w(x, r,)=0. Along the diffuser centreline (r=0), du/or=v=w=0.

Because of the pressure splitting (16.54), two almost independent systems can be
constructed from (16.63-67). After discretisation, (16.63, 64) and the mass flow
constraint (16.57) are used to obtain u"*1, p2t* and vj*". Given "' and v}*!,
(16.65 and 66) provide w"*! and p©"*'.

The computational domain and the corresponding grid description are in-
dicated in Fig. 16.9. The discretisation of (16.63-67) proceeds in two stages. First all
r derivatives in (16.64 and 66) are discretised by

@ _1g+ourn=2 =0t oary

ar Fiv1—Tjoy

o v%: L,.(v})+0(4r?) (16.68)
or or

=2|:vi+1/2<M>‘v1—1/2<@_—¢g>]/("1’+l_rj*1)+O(Ar2) ,
Fjv1—7; Fi—=Fji-1

where ¢ and v are generic variables and j denotes the grid location in the radial
direction. The form of discretisation indicated in (16.68) is appropriate for a
nonuniform grid. In the present problem a refined grid, in the r direction, is
required adjacent to the duct wall where severe radial gradients are to be expected.

Equations (16.63 and 65) will be marched in the radial direction. The required
form of discretisation of the radial derivatives is indicated in (16.74 and 79).

Discretisation of the x derivatives in (16.64 and 66) is made to facilitate the
construction of an efficient marching algorithm. Thus (16.64) is written in discrete
form as

Aut*t Apiit

unAxf'H+Ax"+1=J3+1/2+O(Ax’Arz) ’ (16.69)

where
AWt t=utt Wt =05+t
1t 12 =(140.5r )0} —0.5r 07!

and

1 1 Vi
Jy4 =%|:L,,u}-+<:>L,uJ]+L,,(vxu)j-q— <7>'L,ujr~ v;Lu; . (16.70)

J J
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Cylindrical Section
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Fig. 16.9. Computational domain and grid notation for internal swirling flow

In (16.69) 4p";'=pii' —pr, and vi*1/2 is projected from upstream values like
v7* 12 The grid growth ratio r, is defined by

rxz(xn+1__xn)/(xn_xn—l):Axn+1/Axn .

By projecting v"* /2 and v* /2 from upstream but treating u"**/? implicitly, a
linear, scalar system of equations for 4u}*! can be constructed from (16.69). To

achieve this, J4(u}*") is expressed as a Taylor series expansion, as in (8.19),
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n+1 n aJ d n+1
J5u] )=Jquj)+ E L Autt +0(4x?) . (16.71)

So that (16.69) becomes

J,
<u —0. SAxa—>Au"“—Ade( ot U ey Aprit (16.72)

Equation (16.72) is a tridiagonal system of equations which could be solved
conventionally, e.g. as in Sect. 6.2.2, if Ap::‘,fl were known. Equation (16.72) is
manipulated to provide an explicit expression for 4pg;; 1 by introducing the mass
flow constraint as in (16.60-62). Thus the centre-line pressure adjustment is given
by

11><§rl_f_1L_1Jd(14’-l vt ) dr

J* 7
d
rU YL dr
)e

where U and L are the upper and lower triangular factors of the left- hand side of
(16.72). To be consistent with the discretisation given in (16.68), the integrals in
(16.73) are evaluated by a trapezoidal formula

JMAX -1

j‘Fer z 0.5(Fj+FjH)(er—rj)+0(Ar2).
a =1

Given "' and pZ;' from (1672, 73) the radial velocity component "t is

obtained from the continuity equation (16.63) written in discrete form as

n+1/2 _on+1)2 nt1
TR Ui St/ M BRPROVI SR NSV VL REVEY (16.74)
+U412=— 4 ) ’
Arjiq X

where v11/3=0.5"""?+v}7{’?). Thus an explicit formula for v71] can be

obtained from

2o _’j+1/2A“3111/2 12 05— Fi+1/2 054 i1z Fiv1/2 (16.75)
i+ Ax Ax Ar;.

with
+1/2 +1 +1/2
i*Y2=0 and U}I{=20311"—0],, .
Equation (16.75) provides the solution p"*! via a one-dimensional radial march

from the centre-line.
n+1

The circumferential momentum equation (16.66) is used to obtain w as
follows. First, {16.66) is discretised to give
AW'!+1
wy e = Gawy T, Wit 2 p g O(AX?, A7) (16.76)
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where G4 contains all the discretised radial derivatives, l.e.

1 1 ; VeW
Gd R (L,.rWJ+ j L W rj >+L’r(V¢W)j-Lr<T>J
w v
+2v7¢Ler—2<vf7>6v,-Lrwj—<7w>. : (16.77)
J 7

Expanding w}* ! about w?, as in (16.72), allows the following tridiagonal system for
Awi*! to be constructed

0Gy
|: 05Ax——:|AW"+1 AX Gy(wWh w12 ot Y2 k)4 0(AX?, Ar?)
(16.78)

which can be solved efficiently using subroutines BANFAC and BANSOL,
Sect. 6.2.3.

Finally the radial pressure correction, p¢, is obtained from (6.37) in the discrete
form

Fivi—F;
(P Rii=(p it + (Wil ) L 0(4r?) (16.79)

Fivi/2

(P t=0, where w;,,,=05(w;+w;iq) .

Equation (16.79) is marched from the centre-line to the duct wall to provide the
pressure correction (p®)*” 1

The overall algorithm obtains the solution sequentially at each downstream
location without iteration in the radial direction. The solution in the x direction is
obtained in a single downstream march. Consequently the method is very econ-
omical. A non-uniform grid is used in both the radial and marching direction. The
truncation error of the overall scheme is O(4x, 4r?).

The flow through the conical diffuser, Fig. 16.9, uses the above formulation in
the pipe region upstream of the diffuser. In the diffuser itself spherical polar
coordinates are used. The equivalent form of the above algorithm in spherical polar
coordinates is discussed by Armfield and Fletcher (1986).

Typical results for the axial velocity distribution are shown in Fig. 16.10. These
velocity profiles are for a seven degree conical diffuser with a Reynolds number of
3.82 x 105 based on the entrance diameter. The average swirl at inlet, w,, /u,,=0.3,
corresponds to the experimental data of So (1964). The computational results have
been obtained with 50 points in the radial direction and 150 points in the x
direction. The minimum radial step size is 0.001D and occurs at the wall, where D is
the upstream duct diameter. The radial step size increases by 10% in moving
towards the centre-line.

The experimental data at x/D =0.6, which is just inside the diffuser, has been
used as starting data for the computation. Comparisons are made with the
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s ®=RESULTS OF SO Fig. 16.10. Axial velocity profile for ’
= swirling diffuser flow
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experimental results at x/D=6.3. The turbulence has been modelled with an
algebraic eddy viscosity model, as indicated above, and with a k-¢ turbulence
model (Sect. 11.5.2). Clearly both representations lead to close agreement with the
experimental data.

The corresponding swirl velocity distribution is shown in Fig. 16.11. As with the
axial velocity distribution good agreement with the experimental data of So is
achieved using either turbulence model.

®=RESULTS OF SO

0.38

Fig. 16.11. Swirl velocity
profiles in a conical

0.80 B.25 8.50 8.75
T diffuser

The broad conclusion is that the reduced Navier-Stokes equations (16.63-66)
are effective in providing an accurate and economical solution to the internal
swirling flow problem. However, it should be noted that too large an inlet swirl will
cause a flow reversal at the axis in the diffuser.

For larger values of swirl, with or without axial flow reversal, the RNS
equations given by (16.63-67) will provide accurate solutions if repeated down-
stream marches are made with dp/dx retained in (16.64) but discretised with
forward-differences (as in Sect. 16.3.3). This necessitates storing the full pressure
solution from one downstream march to the next. In addition, for strongly swirling
flows close to reversal, it is found necessary to construct a Poisson equation for the
pressure, as in Sect. 17.1.2, and to obtain v from the radial momentum equation. If
local axial flow reversal occurs it is necessary to use upwind differencing for the
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axial convective terms and to store the velocity field corresponding to the reverse
flow region. The problem of swirling flow in a diffuser has also been investigated by
Hah (1983) using a method similar to that described in Sect. 17.2.3.

16.2.2 Flow in a Straight Rectangular Duct

Compared with the problem of internal swirling flow this problem has two
independent variables (y, z) in the transverse direction. In developing the reduced
form of the Navier-Stokes equations it will be assumed that the secondary
(transverse) velocity components, v, w, are small compared with the primary
(streamwise) velocity component, u. This implies that the curvature of the duct axis
is small. In fact solutions will be presented in Figs. 16.13 and 16.14 for the flow in
straight ducts using the formulation to be described in this section. The present
formulation will be described for incompressible laminar flow; the extension to
compressible and turbulent flow being straightforward.

The flow geometry and associated grid parameters are indicated in Fig. 16.12. It
is assumed that a preliminary inviscid solution is available providing and “inviscid”
pressure distribution p™ (x,y,z). The reduced form of the nondimensional
Navier—Stokes equations (16.4-6) can be written in three dimensions as

0.5H
Transverse
(secondary)
flow plane
N,
N o
- A,
0.5Wr On,
-0.5H GC’/;DO Fig. 16.12. Three-dimensional duct
-0.5W and associated grid definition
¢u Ov Ow
— —=0, (16.80)

o taoto =
éx Oy 0z

(B (@ oy
ox Re\dy?  dz? Qy Yoz ox Tox ) (1681)
ua—b——l—(&—ké v dv [op™ dp
ax Re\ay: o) oy Ve ey Tay) (16.82)
u(?_w_L @+62w ow ow  (ep™ opt 16.8
ox Re\ay? o) oy Ve e Tz ) (16:83)

where Re is given in Fig. 16.7.
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The momentum equations (16.81-83) contain a “viscous” pressure correction
p', which is the difference between the pressure for viscous flow and the inviscig
pressure p™, which is treated as a known source term. In a similar manner to that
for the internal swirling flow problem, Sect. 16.2.1, the pressure correction p* is split
into two parts,

Pix, ¥, 2)=pea()+p"(x, y, 2) (16.84)

Substitution into (16.81-83) indicates that &p* ¢/éx in (16.81) is of O((6/L)?) and can
be neglected in comparison with the other terms which are of O(1). In addition, for
uniform inviscid flow through a straight duct, p'** is constant so that its gradient is
zero. Consequently for the rest of the present description, the p'™ terms will be
dropped from (16.81-83). In addition, p{,,, p* ¢ will be written as p_,,, p°.

With the above pressure splitting the system of governing equations is non-
elliptic in x and suitable for a single-march solution. Since the axial coordinate (x)
is time-like, initial conditions are required at the starting location x,. Thus
u=uy(y, z), p=py(y, z); the initial transverse velocities vy, w, are adjusted to match
Uy, Po and the interior algorithm. Boundary conditions are provided by the no-slip
condition at the duct surface, e.g. u=v=w=0 at y= +0.5H. No boundary con-
dition is required, or allowed, at the downstream boundary of the computational
domain.

The three momentum equations can be written

u(;quO +8, , where (16.85)
ox

0={u,v,w}T,
_ 1[0 P\ 0 o
" Re\dy? ' oz?

S E{Aapcu @ _5PC}T .

v——w— and
dy oz

P ox oy oz

The transverse derivatives in A0 are discretised by three-point centred difference
formulae

0j+1.6—0;-1.0)
'0: J s J s
L 24y

(001,20, 40,1 )
L 0=—1": VI

+0(4y?) ,

¥y + O(Ayz) >

and similarly for L_0 and L..0. These formulae are suitable for a uniform transverse

grid. If a nonuniform grid is used, (16.68) provides an appropriate discretisation.
An equivalent discrete form of (16.85) suitable for marching along the duct (in

the x direction), can be written
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A0n+l
Ax

A0n+1=0n+1_0n , 0n+1/2=0.5(0n+0n+1) ,

= A30" 124 450" 12 48" | where (16.86)

u

1
A§0n+1/2:<F6>Lyy0n+l_U"Ly0"+l/2 and

A§0n+ 1/2:<_Rl_e>L220n+1/2_wnL20n+1/2 .

Equation (16.86) can be linearised using the equivalent of (16.71) giving
[u"—0.54x(A5+ A9]A0"" ' = Ax(L}+ L;)0"+ AxS", . (16.87)

This system is linear but the structure of the left-hand side of (16.87) does not lend
itself to efficient solution. However, if the term +0.254x? A343540" " is added to
the left-hand side of (16.87) a factorisation, as in (8.22), is possible which permits the
following two-stage algorithm to be constructed:

(u"—0.54xA3)40% = Ax(A}+ A5)0"+ AxS"  and (16.88)
(W' —0.54x A5)A0"* 1 = A9* . (16.89)

Equations (16.88, 89) have the same tridiagonal structure as (9.88 and 89) and can
be solved by the same techniques, ie. subroutines BANFAC and BANSOL
(Sect. 6.2.3).

Equations (16.88 and 89) have a truncation error of (4x, 4y?, 4z?) and produce
a solution u"**, v"*', w"*! for the velocity components, very economically. The
first component, u"* 1, is obtained from Au"*! in conjunction with the centreline
pressure correction, 4p?}?, in the following way. The nondimensional mass flow

constraint, equivalent to (16.57), can be written

n+1

A = autitdy dz=0 , (16.90)
dd

where Au] ! is obtained from the solution of (16.88 and 89). However, for arbitrary

P21, and hence arbitrary S,(1), (16.90) will not be satisfied. If S,(1) is written as

~PZ/J; ! =D

Sy(D)= Ax

+0(4x?) , (16.91)

n+1i,m

Am"*1is f(pzi?) and an iterative algorithm can be constructed to adjust per
until (16.90) is satisfied. Thus a discrete Newton’s method gives

n+l,m__ .n+1,0
n+1l,m+1 ntl,m__ pc/l pc/l

D =p/" : m n
" R —f (P 0)

Jgtmy (16.92)
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which converges, typically, in two or three iterations of the m loop (Briley 1974),%
Each iteration requires a fresh 4u"* '™ from (16.88a and 89a).

After convergence of (16.92) and the solution of (16.88 and 89), the values oﬂ?
piit and u}}! are available. However, the solutions for the transverse velocity’
components v and w from (16.88 and 89) are considered provisional since conti-
nuity (16.80) is not satisfied. Consequently the transverse velocity components are
split as

Prl=P4° and w'tl=wP4we (16.93)
where the predicted values, v® and wP, are obtained from (16.88, 89). The correc-

tions, v° and w¢, are calculated to ensure that the continuity equation (16.80) is

satisfied.
As in Sect. 17.2.2 the velocity corrections are assumed to be irrotational so that
a velocity potential ¢ can be introduced such that

v°=% , wcz% . (16.94)
dy 0z

If (16.93 and 94) are substituted into (16.80) a Poisson equation for ¢ is generated,
ie.

Vip=—-—"— ——=f, (16.95)

which in discrete form becomes

Aun+1

(Lyy+Lzz)¢n+l = _< A

. -i—Lyv"+sz">=fd . (16.96)
Since the right hand side is known from the solution of (16.88, 89), (16.96) can be
solved by the methods described in Sect. 6.2 or 6.3. An SOR or ADI iteratiop
(Sect. 6.3) is constructed easily and converges rapidly if the converged solution ¢" is
used to start the iteration.

Alternatively a direct Poisson solver (Sect. 6.2.6) can be used, if the grid is
uniform. If the duct cross-section remains the same at all downstream stations the
left-hand side of (16.96) need only be factorised once, assuming that sufficient
storage is available. Solution of (16.96) at successive downstream locations then
requires a matrix multiplication with different right-hand sides which is very
economical.

In solving (16.96), homogeneous Neumann boundary conditions, i.e. d¢p/on=0,
are specified at the duct walls. However, d¢/0s is not zero, in general, at duct walls.
Consequently although w®=0 at z=constant walls and v° =0 at y=constant walls,
the no-slip velocity boundary condition is not completely satisfied. Briley (1974)
recommends solving (16.88 and 89) with no-slip boundary conditions on v* and wP.
Monitoring the errors in satisfying the no-slip boundary conditions for v"*1, w"**

through (16.93) then provides a test for reducing the streamwise step size 4x.
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Alternatively it would be possible to force v, w® to be zero at the duct walls after
solving (16.96) or to adjust the wall boundary conditions on »P, wP to cancel
o " we " values, as in Sect. 17.1.6.

In solving (16.95) it is necessary that Green'’s integral theorem (Gustafson 1980)
be satisfied, i.e.

ob
/f{fdA—gads_o , (16.97)

where ¢ is a contour enclosing an area A, with s measured along ¢ and n the
outward normal to c¢. Thus A is the duct cross-sectional area and ¢ coincides with
the duct walls. The discrete form (16.96) will not satisfy (16.97) identically. Conse-
quently fy in (16.96) is replaced by

. 1 ¢
fd=fd+ALjfdA—!%dsl . (16.98)

A failure to satisfy (16.97) typically produces a slow divergence of the iterative
scheme (Briley 1974).

The transverse pressure correction p® in (16.84) is obtained by constructing a
Poisson equation from (16.82 and 83). In discrete form this becomes

(Lyy+ L )(p°) ' =L,Fi+ L. Fi=f; , where (16.99)
n+l__ ..n
Fie e ") Axv)+Adv"“ and (16.100)
b U
Fﬁ:—u"i(w Y w)+Adw”“.
x

In (16.100), v"*! and w"*! are obtained from (16.93) and the operator 4 is defined
after (16.85). Consequently the source term, f; in {16.99), can be evaluated explicitly.
The computational boundary for solving (16.99) is taken as the row of grid points
just inside the wall. On this boundary Neumann boundary conditions on p°® are
specified by

op° op*
dy a of oz

=Fj, (16.101)

where F} and Fj are known from (16.100).
To satisfy Green'’s integral theorem, f; in (16.99) is replaced by

c 1 ap°
fd=fd+A[£fdA—§%ds]d : (16.102)

[

The numerical solution of (16.99) is carried out with iterative or direct methods, as
for (16.96).
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The complete computational algorithm can be summarised as follows. The
solution of (16.80-83) is undertaken in a single downstream march. At each

downstream location x"*! the following sequence is required to produce urt

+1 +1 n+1 c,n+ 1.
R AR 9 and p :

i) (16.88, 89 and 92) provide u"* ', pt}', v* and wP,
ii) (16.96, 94 and 93) give v"*' and w"*,
iii) (16.99) provides p>"*1.

The overall algorithm is O(4x, 4y?, 4z*) and is efficient even though some steps
of the algorithm are iterative. Compared with the internal swirling flow problem,
Sect. 16.2.1, the presence of two independent transverse coordinates requires a
more complicated solution procedure for the transverse velocities, v and w, and
pressure correction, p°, via Poisson equations. For the internal swir.ling flow
problem the radial velocity and transverse pressure correetions were obtained frorr
one-dimensional radial marches.

Briley (1974) has obtained solutions for the laminar entry flow in ducts of aspec
ratio 1:1 and 2:1. Typical results for the flow in a 2: 1 aspect ratio duct are showt
in Figs. 16.13 and 16.14. The Reynolds number, based on the mean axial velocit

v

VELOCITY SCALE,

o8 w A (v/U_)Re or (w/U )M
' N\m - COMPUTED
°oMEASUREMENTS 0.5
0.4}~ gTF itnnnow. -
2:1 ASPECT .
RATIO !
0.3 j
1
o1k (x/D)/Re = _ N
0.0038
° o 20 = |
0 0 1.0
0 u/U >

i (B)

0.5 o Tor ¢+ 1 1T 1 1 11
o O — COMPUTED
©MEASUREMENTS
0.4] 01F_ i{Annow, -
2:1 ASPECT E .
RATIO

0.3} .

0.2} o .

o1k (x/D)/Re = A |

' 0.0038 0.077 -0.5

-0.5 0.5
eo 1 0 1 5 L1 A1 1 z/w

u/vu 1.0 2.0
n Fig. 16.14. Secondary flow velocity
profiles in a duct of aspect ratio 2:1
(after Briley, 1974; reprinted with
permission of Academic Press)

Fig. 16.13. Axial velocity distribution in a duct of
aspect ratio W/H =2.0 (after Briley, 1974; reprinted
with permission of Academic Press)
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U,, and the hydraulic diameter, Fig. 16.7, is Re=1333. The solutions are obtained
on a 21x21 grid in each transverse plane and require 75 streamwise steps,
typically. The transverse distribution of the axial velocity component at various
downstream locations compares well with the experimental resuits of Sparrow et
al. (1967), as indicated in Fig. 16.13. The corresponding secondary velocity com-
ponents (Fig. 16.14) are seen to be rather small. Larger secondary velocity com-
ponents are generated when the walls of the duct are heated differentially and
buoyancy terms are included in the vertical transverse momentum equation. Briley
(1974) considers this case also.

The algorithm described above has been used, in a slightly modified form, for
laminar incompressible flow in straight polar ducts by Ghia et al. (1977) and in
curved rectangular ducts by Ghia and Sokhey (1977). The extension to flow in
curved polar ducts is described by Ghia et al. (1979).

The general problem of computing duct flows with a single downstream march
is considered by Patankar and Spalding (1972), Rubin et al. (1977), Kreskovsky and
Shamroth (1978), Anderson (1980) and Cooke and Dwoyer ( 1983), amongst others.
For flows in ducts with an internal constriction, sufficient to cause streamwise
separation, Ghia et al. (1981) demonstrate that reduced forms of the Navier-Stokes
equations Jead to accurate computational solutions as long as the single down-
stream march is replaced by a repeated downstream-marching iteration in which
the pressure field is stored and upgraded from one iteration to the next. This
iterative use of an RNS formulation is conceptually similar to that described in
Sect. 16.3.3.

16.2.3 Flow in a Curved Rectangular Duct

For the flow in rectangular ducts with small curvature of the duct axis the
foermulation described in Sect. 16.2.2 is effective. The small curvature implies that
the transverse velocity components v and w are small compared with the stream-
wise velocity component u. This corresponds to a relatively small variation of the
pressure correction p*° in (16.84), particularly in the streamwise direction. This
allows the neglect of dp* ¢/dx in the streamwise momentum equation.

For flows with large curvature of the duct axis the transverse velocity com-
ponents v and w can be of the same order as the streamwise velocity component u.
Consequently significant transverse pressure variation occurs and the pressure
splitting introduced in Sect. 16.2.2 is inappropriate as a means of making the
system of equations non-elliptic, since it will not lead to accurate solutions in a
single downstream march,

An alternative non-elliptic approach, which is suitable for flows with large
curvature, is provided by Briley and McDonald (1984). In this formulation an
inviscid solution for the same duct geometry provides a preliminary approximate
solution U', VY, W and p', which is modified by the subsequent solution of the
RNS equations to predict the viscous flow behaviour in the duct.

The transverse velocity is split as follows:

v=Vito, 4o, , w=Witw,+w,, (16.103)
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or, in vector notation,
v=Vitv,+v, , (16.104)

where each v term has components (v, w). The potential velocity correction
ve={v,, w,} is generated primarily by the streamwise velocity gradient ou/dx
and is necessary to satisfy continuity (16.80), as in (16.95). The rotational velocity
correction v, ={v,,w,} is generated by the streamwise vorticity €., which in
Cartesian coordinates is

oW’ ow, V' 0
L 7 (16.105)

Q =—- .
* 9y o0y 0z 0z

If the inviscid solution is also potential, W /oy—0oV/0z=0.

The non-elliptic character depends on the recognition that potential velocity
corrections v,, are small compared with the inviscid velocity field V' and with the
rotational velocity field v,. This follows from a consideration of the order-of-
magnitude of the various terms in the governing equations, as will be indicated
below.

The formulation will be described here for incompressible viscous flow in
orthogonal coordinates; the corresponding compressible viscous flow formulation
in orthogonal coordinates is given by Briley and McDonald (1984). The orthogonal
coordinates are (&, 7, () with local velocity components u, v, w along these co-
ordinates. The metric parameters h,, h, and h; are defined by (12.20), i.e.

hi=xt+yi+zd, hi=xi+yi+zi, hWi=xt+yl+z¢, (16.106)

and are evaluated once the grid is generated as in Sect. 12.2. The equivalent
Cartesian coordinate system is obtained by setting x,=y,=z,=1 and all other
transformation parameters equal to zero, so that h; =h,=h;=1.

The transverse velocity fields v, and v, are linked to a velocity potential ¢ and a
transverse streamfunction ¥ by

1 0¢ 1 0¢ 1 d(hyy) 1 athy)

YeZian > M Thyec Y Thhy, o 0 YT kg oy
(16.107)

For the purposes of comparing the orders of magnitude of various terms it will be
assumed that the streamwise coordinate ¢ coincides with the streamlines of the
inviscid solution, so that Vi=Wi=0. Consequently substituting (16.107) into
(16.103) gives

13 1 8(hy) 1o 1 amy) (16.108)

"Shoan ks o0 T h 0 hhy on

The order-of-magnitude estimates, as in Sect. 16.1.1, will assume that viscous effects
are confined to a layer of nondimensional thickness 6 that is small compared with a
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nondimensional axial length of O(1). A characteristic axial length L is used for the
nondimensionalisation. In the duct entry region (Fig. 16.7) J is the boundary layer
thickness; in the fully viscous and fully developed regions (Fig. 16.7) 6 is half the
hydraulic diameter Dy,.

In (16.108), h,, h, and h; are O(1). Close to a constant # wall (Fig. 16.15),

0 0
u, w,%, EZ are O(1) , wvis O(d) and (;is 0<(15> . (16.109)
77 174444797797994 97777974

va /]

cw

u,v,vy are 0(1)
W, Wy, Wy are o(®)
Vo i 0(32)

NAAARNRNRRRRRRNNNRREN

MTREKTETETEEEREETERERRRE

yaad ,
I TT7777777777777777/
u,w,wy are O

V) Vg, vy are 0(3)

W is 0(82) Fig. 16.15. Transverse geometry details

Close to a constant { wall,

uviia o1 is O da' :
0> 55" o re ), wisO() an 6—1505 . (16.110)

To be consistent with both (16.109) and (16.110) it follows that, in (16.107), ¢ is
0(6%) and y is O(3). Corresponding to (16.109)

Vg, Uy are 0(8) ,  w, is 0(6%) and w, is O(1) .
Whereas, corresponding to (16.110),
wy, Wy are 0(8) , v, is 0(6%) and v, is O(1) .

Since severe gradients may occur adjacent to constant { or constant n walls it
follows that

v, 18 O(0) ,  u,v, are O(1) . (16.111)

Thus the transverse potential velocity corrections v, are small compared with the
streamwise velocity component u, whereas the transverse rotational velocity field
v, is of the same order as the streamwise velocity field.
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The governing equations, equivalent to (16.80-83) can be written

V-u=0 and (16.112)

1
M=(u-Vju+Vp—o F=0. (16.113)

where u=(u, v, w), M is the vector of the three momentum equations and F is the
force due to the viscous stresses.

Substitution of (16.104 and 107) into (16.112) produces a Poisson equation for .

the velocity potential ¢. In Cartesian coordinates this is

3¢ u Vi oW
¢ ,4’_#<l N > (16.114)

v e\t T

As is expected from (16.107), the rotational velocity field v, does not appear in
(16.114). Equation (16.114) is equivalent to (16.95) and the same solution techniques
[discussed after (16.95)] are appropriate.

The small scalar potential assumption (16.111) leads to a simplification of
(16.113). The convective operator

ud v o wo

gt 0 vad wa 16.115
WV et an T o (16.113)

is retained in full. However, u, which it operates on, is replaced by u*, defined by
w={u, Vito, Witw,} , (16.116)

i.e. the transverse potential velocity components are dropped, based on (16.111).
The viscous force F can be written as

F=Vlu= —VxQ , (16.117)

where the vorticity, €=V xu. The order-of-magnitude analysis permits the
deletion of %u/dx? from F, and the deletion of x derivatives in the trans-
verse components of V x €. Thus F, and F; become

d(h,Q,) 0(h,Qy)

hihyF,=— T hihFy= el (16.118)
where the streamwise vorticity Q, is given by
-1 a i a i

Q,=(hyh3) a*n[hs(W +Ww)]_%[h2(V +u,)] ), (16.119)

which reduces to (16.105) in Cartesian coordinates.
If (16.116, 118 and 119) are substituted into (16.113) and the Fourier analysis of
Sect. 16.1.2 applied to (16.113 and 114) the following polynomial is obtained:
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o24+02\?
(af+af)<uax+vay+woz—1aykea > -0 . (16.120)

Neither factor produces any negative imaginary roots if u is positive, so that a
marching solution in the x direction will be stable.

In practice, the transverse momentum equations, M, =0 and M;=01in (16.113),
are not solved directly. Instead they are combined as (in Cartesian coordinates)

oM, 0M, oM, O0M,
= =0 d =0 16.121
0z dy an dy * 0z ( )
The first equation gives a transport equation for {; as
0Q, 09 Q, 1/0%Q, 0%,
—_— - =0 . 16.122
“ox TV dy T TRe oy? t 5 ( )
The second equation in (16.121) gives a Poisson equation
op  8*p 0 0
for the transverse pressure correction
P'=p—Peu - (16.124)

In solving the discrete form of (16.123), the procedure used to solve (16.99) is
followed. The centre-line pressure is evaluated from the mass flow constraint
(16.90) by (16.92). In the present formulation no additional approximation is
introduced in evaluating the pressure field from the splitting given by (16.124).
The rotational velocity field definition (16.107) is combined with (16.119) to
obtain the following Poisson equation for y (in Cartesian coordinates):
62 2 i i
_L/z/+§_l/2/=_ 1_6V +6W .
dy* 0z dz  dy

(16.125)

To satisfy the no-slip conditions, v=w=0, using (16.103) it is necessary to
couple (16.122) and (16.125) together by specifying the appropriate wall value of
Q,. The solution of (16.114) with d¢/dn =0 at the duct wall and (16.125) with y =0
at the wall ensures that the normal wall velocity is zero. At a wall of constant z ({ in
Fig. 16.15) the tangential velocity is

. 0 Y
= I/vl —t—= . N
v +5y +6z 0 (16.126)
The vorticity at the same wall is given by
ovi 3%y
Q=———.
L . (16.127)
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For a finite difference discretisation, equivalent to that in Sect. 16.2.2, (16.126) is
replaced by

i ¢j+1 k_d)j—l k lp} k+1_¢j k-1
l' > > 3’ ’ =0 s .
Vit 2y + e (16.128)

where grid point ( j, k— 1) lies outside the computational domain. Equation (16.127)
is discretised as

ov'
Ql,j,k+4

v Wi Wit Vi _g (16.129)

Az?

w

In (16.129) 0V/dz|,, can be evaluated using a three-point one-sided finite difference
expression (Chap. 3). The wall value ; , =0. Equation (16.128) is used to eliminate
Y -1 in (16.129), ie.

,. . A
ov _E'Mu%(y}ﬁw)_ (16.130)

Q= 0z Az? 24y Az

w

The imposition of (16.130) enforces the no-slip boundary condition on the v
component at a constant z wall. An equivalent expression can be obtained to
ensure that w=0 at a constant y wall, and similarly for orthogonal coordinates.
The ¢ values are evaluated at the known x" station.

The various equations are discretised in the same manner as in Sect. 16.2.2. Due
to the non-elliptic nature of the small potential approximation (16.111) the stream-
wise solution can be obtained in a single streamwise march, as in Sect. 16.2.2. At
each downstream station the following sequence is followed. First (16.122 and 125)
are solved as a coupled system. This produces 2 x 2 block tridiagonal systems of
equations in place of (16.88 and 89), which are solved using the algorithm described
in Sect. 6.2.5. If (16.122 and 125) were solved successively as scalar equations, the
boundary condition (16.130) would place a very severe restriction on the axial step
size. In discretising (16.122), the convective multipliers u, v and w are evaluated
at x".

The Poisson equation (16.123) for the pressure correction p’ is solved in the
same way as (16.99). The evaluation of the right-hand side terms is made at location
x" except for v, wy, which are evaluated from Y"1 via (16.107). The M, com-
ponent of (16.113) and the mass flow constraint (16.90) are solved iteratively as in
Sect. 16.2.2 to obtain u"*! and p2}'. Combined with the pressure correction
solution, p’, the complete pressure solution is obtained from (16.124). Finally the
continuity equation (16.114) is solved for ¢"*', and v} follows from (16.107).

Briley and McDonald (1984) provide the corresponding equations for com-
pressible, viscous flow in orthogonal coordinates. A special fine-step iterative
procedure is discussed by Briley and McDonald to allow the initial conditions to
adjust to each other and the discretised form of the equations prior to marching the
algorithm downstream. This helps to eliminate spurious streamwise oscillations.

Typical results for the flow in a square duct, whose axis turns through 90° to the
right, are shown in Fig. 16.16. The radius of the turn R/D,=2.3. Six stations are
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Fig. 16.16. Transverse pressure (top) and transverse velocity vectors (bottom) for flow through a 90° duct
bend

shown, with 90° corresponding to the exit of the turn. The inside of the bend is to
the right, the Reynolds number is Re=790 (Fig.16.7) and the viscous layer
thickness at the beginning of the bend is 6/D,=0.4.

The solution is symmetric about the z axis so that the cell of rotating fluid in the
transverse plane is reflected in the horizontal line y=0. This cell is seen to migrate
to the inner wall as the bend is traversed. The peak transverse velocity is 0.73 and
occurs at the 60° location. This strong secondary flow is associated with a
significant transverse pressure gradient dp/dz. Such a flow as this could not be
computed accurately using the pressure splitting described in Sect. 16.2.2. Such a
flow could be computed using techniques described in Sect. 17.2.3. However, this
requires repeated downstream marches which is much less economical than the
present single-march procedure.

It may be noted that Briley and McDonald (1979) developed an earlier version
of the current algorithm for a curved duct shaped like a turbine blade passage. In
the 1979 algorithm the pressure field was approximated in a manner similar to that
described in Sect. 16.2.2. In other respects the 1979 algorithm corresponds to that
described in this section. Kreskovsky et al. (1984) and Povinelli and Anderson
(1984) have used essentially the 1979 algorithm to investigate the mixer flow fields
in a turbofan exhaust duct. Detailed comparisons indicate excellent agreement with
experimental data.
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The physical aspects of flow in curved pipes, with emphasis on laminar flow, are?
discussed by Berger et al. (1983). Laminar flow in a square duct undergoing a 90°
bend has been computed by Humphrey et al. (1977) using a computational method
similar to that described in Sect. 17.2.3. The most significant difference from the
Briley and McDonald (1984) algorithm is the need to undertake repeated (iterative)
downstream marches. Turbulent flow solutions in the same square duct geometry.
undergoing a 90° bend, and using the same computational method, are given by
Humphrey et al. (1981). Calculations for laminar flow in a pipe undergoing a 180°
bend are reported by Humphrey et al. (1985). The computational algorithm is
similar to that described in Sect. 17.2.3 except that convective derivatives are
discretised by the higher-order upwinding construction of Leonard (1979), which is
described in Sect. 17.1.5.

Internal flows with strong streamline curvature have also been computed with
the repeated downstream march procedure of Pratap and Spalding (1976). In this
method, the pressure field is upgraded in each transverse plane essentially as in
Sect. 17.2.3. But after each downstream march a one-dimensional (streamwise)
global correction is made to the pressure field. The formulation has been extended
to compressible flow by Moore and Moore (1979). A more recent extension based
on generalised curvilinear coordinates and using a non-staggered grid is described
by Rhie (1985), for compressible turbulent duct and diffuser flows.

For internal flows in general, the extension of the basic RNS formulation
(Sect. 16.1) using either pressure splitting (16.52) or transverse velocity splitting
(Sect. 16.2.3), permits accurate solutions to be obtained in a single downstream
march, as long as the axial velocity component, u, is positive. If reversed axial flow
occurs then repeated downstream marches will be required. However, it is expected
(Ghia et al. 1981) that this will still be considerably more economical than solving
the full Navier-Stokes equations (Chaps. 17 and 18), as long as the reversed flow
region is small.

16.3 External Flow

For an isolated body, the flow behaviour far from the body is closely approximated
by the Euler equations (11.21). The construction of the basic RNS equations,
Sect. 16.1, is constrained to ensure that the Euler equations are recovered for
situations in which the viscous terms are negligible. Consequently, in principle,
external flows can be computed efficiently using an RNS strategy.

As might be expected from Table 16.1, supersonic external flow is well-suited to
solution via an RNS approximation. With an appropriate additional approxi-
mation to account for the subsonic surface layer (Sect. 16.3.1) the RNS equations
produce an accurate solution in a single downstream march.

For subsonic (Sect. 16.3.2) and incompressible (Sect.16.3.3) flow the RNS
equations are elliptic in the far field which necessitates a repeated downstream
marching strategy, even with no reversed flow. The greater efficiency with which
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the purely inviscid domain can be solved (Chap. 14) encourages the splitting of the
computational domain into nearfield and farfield subregions. The RNS equations
are used solely in the nearfield region with the farfield (inviscid) solution providing
boundary conditions. A similar strategy is used in the more traditional viscous/in-
viscid interaction approach (Sect. 16.3.4), except that the inviscid and viscous
domains overlap.

16.3.1 Supersonic Flow

From the analysis of Sect. 16.1.3, stable solutions from a single spatial march are to
be expected if the flow is locally supersonic. The weak pressure, viscous interaction
noted in Table 16.1 can usually be overcome by choosing a marching step that is
not too small (Sect. 16.3.2). For purely inviscid flow a single spatial march algor-
ithm is described in Sect. 14.2.4.

For viscous flow past a stationary surface, Fig. 16.17, there must always be a
layer adjacent to the surface where the flow is locally subsonic since the velocity
must be zero at the surface. In order to avoid exponential solution growth in the
subsonic sublayer while marching parallel to the surface it is necessary to introduce
an additional approximation. Typically this additional approximation is directed
towards the pressure gradient in the marching direction, dp/dx, which appears in
the x-momentum equation.

M>1 l RNS equations

non-elliptic
—_—
Psup
Flow —» ———‘T—'—' ————— ﬂ
RNS equation
d = q s
Yl pst dp/dy=0  M<I eliptic

YV

xu  TIITTTIITITIIIII I I I T 7T /u=v=o(M=0)

Fig.16.17. Sublayer geometry

One method for modifying the equations in the subsonic sublayer to produce a
stable streamwise march is to assume that the pressure variation across the
sublayer can be ignored (dp/dy~0 in Fig. 16.17) in the governing equations (Lin
and Rubin 1973). For flows that are parallel or almost parallel to the surface, the
subsonic sublayer will form the inner part of the surface boundary layer. For the
flow past slender bodies the boundary layer will be thin and the condition
dp/on~0 is valid throughout the boundary layer (Sect. 11.4). Thus the use of
dp/dy~0 across the subsonic sublayer (Fig. 16.17) is consistent with boundary
layer theory. In practice the condition dp/dy=0 is used to obtain the pressure in
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the subsonic sublayer by extrapolation from the adjacent supersonic layer, ie,

P,=P,, (Fig. 16.17).

The above sublayer approximation will be illustrated for two-dimensiona}
steady viscous (laminar) supersonic flow past a solid surface. The nondimensiona}
governing equations, equivalent to (11.116), can be written

AN (1613
dx oy ox dy’ 131)

where the dependent variable vector q has components
q={0 ou, ov, E}" . (16.132)

In (16.132) E is the total energy per unit volume (11.118). The components of F and
G are given by

F={ou, ou*+p, ouv, (E+pu}’ ,
@ } (16.133)
G={ov, ouv, ov*+p, (E+pp}T .

The components of R and S come from the viscous stresses (Sect. 11.6.3).

To facilitate the treatment of curved surfaces it is convenient to introduce
generalised curvilinear coordinates (Chap. 12). In the present example, since the
flow past slender bodies is of primary interest, it will be assumed that &= £(x) and
n=n(x, y), where the physical orientation of ¢ and # is indicated in Fig. 16.18.

y[ F' N q,Vc

X g, Uc

Fig. 16.18. Generalised coordinates
¢=&x), n=n(x,y)

TTTTTTT 7772 L L T T T I r

The governing equations (16.131) become
F oG R a5

R Wl Bt 16.134
& o T (1639

with q=gq/J and the Jacobian J=¢,#,. The simple form for the Jacobian follows
from the restriction ¢ = ¢(x), which implies £,=0 in (12.49).
The groups F and G are given by

. ¢ c U (E Us T
J J
& MF+mG _{oV* ouV +n.p oV °+n,p, (E+p)V<}T
J J ’
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where the contravariant velocity components
Ut=¢u and Vi=nu+no . (16.136)

The introduction of generalised curvilinear coordinates allows the coordi-
nates lines (constant #) to coincide with the local flow direction more closely than
would be the case with Cartesian coordinates. Consequently the basic reduced
Navier-Stokes approximation of discarding streamwise dissipative terms in com-
parison with transverse dissipative terms is equivalent to deleting ¢R/0¢ in (16.134)
and deleting ¢ derivatives in S. This approximation coincides with the thin layer
approximation (Sects. 18.1.3 and 18.4.1).

The components of S are given by

0
| 0%+ 13y + (1) 3) [ ctty + 1,0, 10,
5=Re U0+ 13)on+ (/3) [y +11, 04 11, , (16.137)

(n2 +n)0.5u(u* +v?), +(a?),k/(y —1)/Pr]
+{(u/3)nu+n,o)nu,+n,0,]

where u, =u/0n, etc. The particular structure of S follows partly from the deletion of
¢ derivatives, partly from the simplified nature of the generalised coordinates
(Fig. 16.18) and partly from the form of the nondimensionalisation. Velocities have
been nondimensionalised with respect to a, the freestream sound speed, density o
with respect to o, and total energy E with respect to g.a?%. Thus the Reynolds
number Re=p_a,L/u,, where L is a characteristic length.

With the introduction of the basic reduced Navier-Stokes approximation, it is
convenient to write (16.134) as
cF 0SS oG
a(f_@ﬂ on (16.138)

To invoke the sublayer approximation described earlier, it is necessary to replace F
(16.135a) in the sublayer with the expression

F, :?]—"FSl :i—" {ou, ou® + py, ouv, lE+py)}" , (16.139)
where p,, is the sublayer pressure. If u>a(l+e¢,), p, is obtained from the total
energy per unit volume (14.96), i.e.

py=(y—1D[E—-0.50(u*+v*)] . (16.140)
The small parameter ¢, is introduced so that the sonic condition u=a is avoided. If

u<a(l+¢,), pa=Psp .. an extrapolation is made along a constant £ line from the
adjacent supersonic region.
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To obtain the solution in a single downstream (£) march initial values for all
dependent variables are required on ¢=¢,. At the body surface u=v=0, the
pressure is obtained from the interior via dp/dn=0 and T or 0T/dn are specified.
Consequently ¢ follows from the equation of state. At the farfield boundary
1 ="ma the dependent variables are matched to the freestream values.

Since ¢ is a time-like coordinate it is convenient to discretise (16.138) with the
second-order three-level fully implicit scheme described in Sect. 7.2.3. Thus (16.138)
is replaced by

. AF" (24
AF"“—T=<T6>RHS"H where (16.141)
AR I =F" 1 _F" etc, and RHS=L,,§—L,,G , with
. G... —G._
L,G="11 L
K 24y

From (16.137) it can be seen that L,,g is of the form L, (¢ L,y), which is discretised
as

LALp)={djc1pjer— V)= -2 =) 140 (16.142)

where @41, =0.5(d;+¢;, 1), etc. In (16.141 and 142) indices n and j define grid
points in the ¢ and # directions, respectively.

To develop an efficient algorithm for marching (16.141) downstream it is
convenient to work in terms of the solution vector q and to linearise about the
known solution at downstream location &". A Taylor series expansion gives

ﬁ'n+1:ﬁ‘n+£nd(‘in+l , G"+1:G"+E"A(in+l , and

R o~ - OF - 3G - S
S"+IZS"+M'IA(]"+1 , where 1_45_; s 524* s M:—A , (16143)
q aq aq

and the " also denotes that components of § are evaluated at n whereas the metric
quantities are evaluated at n+1.

In the sublayer, F can be linearised by noting that l:"Sl = Fsl(fl, p,) when
u<a(l+¢,). Thus

. . oF, " . oF, "
F:‘Hng'{aﬂA“"H{ap]}"’:'“*“'
sl

~Fi+AdgA¢" +Fn (16.144)

where ﬁ‘;EApQI{O, 1,0,u}"(./Jy"* " and Apj”' has been replaced by Apj after
extrapolation from upstream. If u>a(l +¢,), 4,=4 and F;=0.

Substituting (16.143 and 144) into (16.141) produces the following linear system
for Aq""*:
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~ 24 ~ ~ 1 ..
|:Asl+_3§(LnB~LnM)j|Aqn+l
24 AF - .
=<Té>RHS"+—3i‘—Aé;‘lq"—AF';,-i-@q" . (16.145)

The additional terms, Ag;‘, and Af?';,, arise from the need to linearise A and ¥, at
both the n and n+1 levels. This ensures conservative differencing, which is
necessary for the accurate capturing of shocks (Chap. 14 and Schiff and Steger
1980). A fourth-order dissipative term, 2q", is added to suppress high-frequency
oscillations (Sect. 18.5.1). This term has the form

2§ =, A5 ")V, 4,)2(JQ)" (16.146)
where g,< 1/8 for stability and
(V4,20 =q,— 44} +64"—4q",  + )+ 2 - (16.147)

For the region outside of the sublayer, (16.145) is applicable except that /_i replaces
A, and F,=0.

With centred differences for L,, (16.145) produces a 4 x4 block-tridiagonal
system of equations with 2<j<JMAX-1 at each downstream station n+1. The
evaluation of the right-hand side of (16.145) involves only known terms at ¢
locations n and n—1. Boundary conditions at the surface (j=1) and farfield
(j=JMAX) provide appropriate values for 445" " and 4qjyax- Equation (16.145)
can be solved efficiently using the block-tridiagonal solver described in Sect. 6.2.5.

Schiff and Steger (1980) have applied the above algorithm to the two-
dimensional supersonic viscous flow past a parabolic-arc aerofoil for both laminar
and turbulent flow. The solutions give good agreement with a pseudo-transient
time-dependent code (Steger 1978) which also furnishes the initial data at x/c=0.10
where ¢ is the aerofoil chord.

However, if the marching step size (4¢ = A4x) is made too small (4x/c £0.005),
the marching algorithm diverges. This behaviour is consistent with the weak
elliptic behaviour associated with viscous terms (16.38). The divergent behaviour
can be overcome by repeated (iterative) downstream marches with the p distri-
bution provided by appropriate weighted combinations of previous iterations, 1.€.
it is necessary to construct a convergent global iteration. Schiff and Steger find that
the solution after three or four iterations is sufficiently accurate. It should be
stressed that for sufficiently large Reynolds number accurate solutions are obtained
in a single downstream march on a grid coarse enough to prevent divergence.

Schiff and Steger (1980) also obtain three-dimensional solutions based on the
same algorithm. Typical solutions for pressure and velocity profiles on an inclined
hemisphere-cylinder at 5° incidence are shown in Figs. 16.19 and 16.20. The
marching solution is obtained in the range 3.07 < x/Ry <40.0, where Ry is the nose
radius. Good agreement with the time-dependent code of Pulliam and Steger (1980)
and the experimental resuits of Hsieh (1976) is apparent for both surface pressure
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and axial velocity profiles. It is noted by Schiff and Steger that the time-dependent
code uses too coarse a grid in the range 9.0 < x/Ry < 14.0 with a resulting loss of
accuracy.

An alternative strategy for handling the subsonic surface layer is to weight the
pressure gradient in the marching direction momentum equation with a parameter
 such that the solution does not demonstrate exponential growth in a single
downstream march. A suitable expression for w is given by (16.153). If u>a the
pressure gradient is handled conventionally. This technique has been used for
supersonic viscous flow over delta wings by Vigneron et al. (1978), Tannehill et al.
(1982) and for the supersonic viscous flow past inclined cones by Rackich et al.
(1982).

The Vigneron strategy will be illustrated for the two-dimensional reduced
Navier-Stokes equations governing supersonic viscous flow, i.e. (16.12, 13, 15, 17),
but with p™=p?/0,U2 so that a?=yp/o in place of (16.33). The governing
equations can be written as

uop/0x+vdp/oy 2( da = da\ Ou Ov
; Aot ) e te =0 (16.148)
ou Ju op 1 d%u
Qua‘i'QUg}“}'wg“Ee‘W- » (16149)
0 ov 0 1 o2
d L d (16.150)

s — - ——— =0,
Q”ax“’"ay dy Re 9y?
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ou Ov I @4_3@_ 2 da 2+a62a +(y—1) u 2
b &“L@ ¥ ox ydy yPrRe| \ dy ay? yRe \dy/ ’
(16.151)

where ' =1—(y— )w/y. To facilitate a Fourier analysis, as in Sect. 16.1.2, density
and temperature derivatives have been eliminated in favour or derivatives in the
pressure, p, and sound speed, a. The dependence u(T) and k(7)) has been ignored.

A Fourier analysis will be used to determine the restriction on w such that
(16.148—151), or their equivalent in terms of u, v, o, p and T, will provide an accurate
solution in a single spatial march. The undifferentiated terms in (16.148-151) are
frozen and complex Fourier series of the form, u~u exp(io,x)exp(io,y), are
introduced for u, v, p and a, as in (16.24).

The ensuing eigenvalue equation for ¢, has a somewhat simpler form if v=0.
Thus it is assumed that locally the flow is in the x direction. This restriction
facilitates the extraction of a simple analytic expression for w,,, the critical value of
w separating exponentially growing (i.e. unstable) solutions (w>w,,) from stable
solutions (w < w,).

The resulting eigenvalue equation for ¢, can be written in approximate form as

QuUa

(02 {[y—(y—Dwlu*—wa*} —a’*c?)

)
_a;ypr(aﬁ{[1+0.5y—0.5(y_ Dowlu? —wa?} —a*e?)=0 . (16.152)

Far from the body surface the flow behaves as though the fluid is inviscid and the
second term in (16.152) can be ignored (i.e. let Re— c0). Stable solutions obtained
from a single spatial march require that ¢, should not have a negative imaginary
value. From (16.152) the critical value of w is

M}

= 16.153
Ccr,1 1+('))—1)M3 ( )

@

That is, if w < w,,, stable solutions are obtained. For M, > 1, dp/0x can be retained
in full (w= 1) without causing exponential growth in x.

If viscous effects are included we would expect from (16.38) that weak instabili-
ties may occur. However, an approximate limit on the dominant instabilities may
be obtained from (16.152) by approximating it with

us, . o
(an —1aRgPr>[Ca§—a2a§]=o, (16.154)

where C=[0.5+0.75(y—(y— 1)w)]Ju? — wa* and is the average of the two coeffi-
cients of o2 appearing in (16.152). From (16.154) no negative imaginary roots are
generated as long as u and C are positive. Thus for C>0

0.5+0.75yM?

= . (16.155)
Y T14075(— ) M?

,
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It can be seen that w, ,>w,, ; so that the dominant restriction on w when viscon&f;;
terms are included is not so severe as for inviscid flow. However, the sweepingf}
approximation required to obtain (16.155) does not exclude the possibility of weak
elliptic influences due to viscous terms being present with w <cw,, ,. Vigneron et a],
(1978) have also obtained (16.153), but from a characteristics analysis.

If no special procedure is introduced is handle the subsonic sublayer, stable
solutions in a single downstream march can be obtained as long as 4x > (4x),,,.
This has been found empirically for supersonic flow past an inclined cone by Lip
and Rubin (1973) and Lubard and Helliwell (1974). Lubard and Helliwell were able
to show from a stability analysis that (4x),,;,~4y,. Thus for a sufficiently thin
sublayer Ay,, accurate solutions can be obtained without introducing additiona]
approximations. Helliwell et al. (1981) provide the corresponding algorithm in
generalised curvilinear coordinates.

The economy inherent in the single-march RNS strategy permits complex
geometries requiring fine meshes to be considered. Thus Kaul and Chaussee (1985),
using the sublayer approximation, have obtained turbulent hypersonic flow sol-
utions about an X-24C research aircraft using a 61 x30 grid in each down-
stream plane. Good agreement is reported with the experimental data of Neumann
et al. (1978). Chaussee (1984) provides additional discussion on marching the RNS
equations for supersonic flow.

16.3.2 Subsonic Flow

The Vigneron strategy of including only part of the pressure gradient in the
marching direction is used to handle, in a stable manner, the subsonic layer that
occurs with a viscous supersonic flow past a solid surface (Sect. 16.3.1). The same
strategy is potentially useful for completely subsonic flow.

However, an important difference arises in using an RNS formulation in
external subsonic flow. The flow far from a body immersed in a uniform stream
behaves as though the fluid is locally inviscid. In subsonic inviscid flow the
equations are elliptic in character reflecting the physical role of pressure as a
mechanism for transmitting disturbances upstream.

Consequently even with a Vigneron strategy to stabilise each spatial march in
the downstream direction it will be necessary to make repeated spatial marches (in
an iterative manner) to obtain an accurate solution. But if the solution produced by
a single downstream march is sufficiently accurate, relatively few iterations will be
required, assuming that the repeated marching iteration is stable.

For subsonic flow with no external heating, temperature changes are relatively
small and accurate solutions can be obtained by replacing the energy equation with
the constant total enthalpy condition (11.104). For steady two-dimensional sub-
sonic viscous flow the RNS equations, incorporating the Vigneron approximation,
become

do do Ou v
) —=0 156
ox 6y+Q@x+Q@y 5 (16.156)
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2 _ A2
owtde, B oD ( o a0\ Lo
'T&wl‘&“’”ay y o T 9% )T Re 0y? ( )
a?do (y—1) du dv _ovdv_1 o

(16.158)

= QU =
y 0y y Qué‘y OUox y 0y Re dy?

where the pressure is nondimensionalised as p"*=p*/0, U .

In the above equations the constant enthalpy condition has been combined
with the equation of state to eliminate the pressure from the momentum equations.
Equations (16.156-158) with w=1 are the same as (16.30-32). A Fourier analysis
will be used here to determine the limitation on w for a stable downstream march,
just as in Sect. 16.3.1.

As in Sect. 16.1.2, complex Fourier representations are introduced for g, u and v
in (16.156-158). This produces the following equation for the eigenvalues o :

2 1" '
[(f;) {uzw—ww—1)J—wa2}+%{uvm+1>—w(~/—1)]—‘£fl‘fg}

. 2
2 2y lyo, R 2 16.159)
+{(b a’) oRe }:IQ[Q(MGX+LGY) Re 0. ( )

The second factor arises from the convection diffusion operator, as in (16.34), and is
associated with a stable single-march solution as long as u is positive. The Vigneron
weighting parameter o appears in the first factor of (16.159). Attention will be
restricted to the inviscid case (Re— o0) with v=0. The first factor leads to

L a S (16.160)
o, ~{uly—o(-1)]-wa}

To avoid a negative imaginary value for o, it is necessary that

M3 (16.161)

O -ME

lIA

This is precisely the same restriction as given by (16.153), which is to be expected
since the inviscid form of (16.151) is equivalent to the constant total enthalpy
condition. The use of different dependent variables to carry out the Fourier analysis
does not affect the resulit. o
If M, >1(16.161) introduces no approximation, but for M, <1(16.161) 1mplles
that the term (1 —w)dp/dx is neglected from the streamwise momentum equation.
Thus for subsonic flow past an isolated body the use of (16.161) throughout most of
the computational domain constitutes a much bigger approximation than that
required for a subsonic surface layer in an otherwise supersonic flow. '
The Fourier analysis of the governing equations (Sect. 16.1.3) has an obv1'ous
parallel with the von Neumann stability analysis (Sect. 4.3) o.f the dlsc.retnsed
equations. This poses the interesting question whether there is an equivalent
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stability restriction to (16.161) on the marching stepsize in the algorithm formeq
from the discretised equivalent of (16.156-158).

For a point in the flow where v=0, a fully implicit discretisation of the inviscid
form of (16.156-158) can be written

n+1 n+l__ n)

ui(o}" ' —of)  oflu U)o ower1

J JAx J + J JAx J +Qijvj+1_O , (16162)

waz n( ;+1_Q;x) u;+1_u;3

— ) L—"+ (o) ——=0, 16.1

< ¥ >j Ax (ew); Ax (16.163)

a2 " +1 74 \1 n+1 "U;+1—U;

o Lyoi™ = (QujLau™ " +(ew); ——=0, (16.164)
j

where u' =u[1—w(y—1)/y], 0'=0(y—1)/y, L,={1,0, —1}7/2A4y and indices n and
jindicate the increasing x and y directions respectively. To apply a Fourier analysis
to (16.162-164) the equations are linearised by freezing the terms multiplying the
difference expressions. Terms in the difference expressions are given a complex
Fourier representation in y only (Sect. 4.3). Thus

Q;+1~én+1eij0 , (16.165)

where @=mnAdy as in Sect. 9.2.1. With similar representations for u and v the
following matrix equation is obtained

4@n+1:Bﬁn , where (16166)

A

q={4,0, 0} and

u 0 00 u )
A= | wa*/y ouw 0 , B=| wa*y ou 0
oa’ly —aQu ou 0 0 ou

In 4 and B all terms are evaluated at x”, y;, and o =i(4x/4y)sin 26.
To ensure that (16.166) is stable it is necessary that all eigenvalues

ié—lgél.o, where (1616?)
[ (y—DoM2w'e®> yMZ?ow'o ]
_ 1,2 X X
1—w'ao?/B uf u
~ uc’ow y—1\ wo? wo
oy (V)T T (16169
wM?2
 UOWO), (- 1)M§gwa), YM2 oo,
op p B
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with o =1—w@r—=1)/y, B=c*+yMlow, o,=(l/o,—1/w) and ©,=yM?2/
[1+(—1MZ], ie. from (16.161). Introducing t=1—2 leads to the following
equation for the eigenvalues of 4 -1B,

t(prt—20%1+0%)=0 . (16.169)
Substituting for § and introducing &2 = —¢? =(Axsin 20/4y)* gives

[1+G-DMIJ(0-o,)?=(1-1)* . (16.170)
The two cases w<w, and w>w,, are of interest since they correspond to the
inviscid form of (16.156-158) with v =0, being non-elliptic and elliptic, respectively,

in relation to the proposed marching direction, x.
For w<w,,, (16.170) leads to

Tall2(1=A)=iei (16.171)
where a=[1+(y— 1)M2](w,,— w). Thus
1/2

. FalA(Fall?—ie)

(x+€?)

(16.172)

Since / is complex it is convenient to interpret (16.167) as 24 < 1.0, which gives

x
7=
ates

(16.173)

Since « is positive and ¢ is real, (16.173) is true without restriction on ¢ and hence
Ax. Thus for the non-elliptic case, w <w,,, there is no restriction on 4x. If an
explicit spatial discretisation had been used instead of (16.162-164) a stability
restriction of the form 4x <(4x),., would be expected, Sect. 9.1. However, such a
restriction comes from the numerical scheme rather than from the character of the
governing equations.

For o> w,,, (16.170) gives

Fal2(1—A)=éh , (16.174)

where a=[1+(y—1)M2](w —w,,). Therefore 4 is given by

. _ al/l

1/2

The condition i< 1.0 leads to ¢>a'/2. The condition A> — 1.0 leads to ¢>2a'/? or

Y|
X Ginfcosf>all? .
Ay
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On a finite grid, 6,,,,=A4y7n/y ., ~sin 8 and cos 8= 1. Thus

zymax

Ax>all or

Ax>{[1+(6 - DMIJ(0—ow)}'? % (16.176)

where y,., is the transverse extent of the computational domain..Equation (16.176)
indicates that when the governing equations are elliptic there is a step-size
restriction of the form Ax>(A4x),,;,, where (4x),;, is proportional to the degree of
ellipticity. If (A4x),,;, i too large then accurate solutions will not be possible with a
single spatial march.

The dependence of (A4x),;, ON Y. 1S similar to that found by Lubard and
Helliwell (1974) for the subsonic sublayer in an otherwise supersonic flow. However
Vmax iN (16.176) is typically much larger than y, in Fig. 16.17. Rubin and Lin (1980)
have obtained a restriction of the form Ax > ky,.., for incompressible flow. Rubin
(1981) conjectures that (4x),,, is required to overcome the upstream influence
inherent in the governing equations.

From the above analysis and the work of Rubin (1984), and references cited
therein, it appears likely that obtaining solutions to elliptic equations in a single
march will be subject to a stability restriction of the form Ax>(4x),,;, and that
(4x),.;, 18 proportional to the degree of ellipticity. However, these conjectures are
not yet proven in general.

As noted above it is necessary to make repeated (iterative) downstream
marches to obtain an accurate solution for subsonic external flow. The Vigneron
approximation can be embedded in such an iterative scheme in the following way.
Equation (16.157) is replaced by

du ou dp 1 *u ap)*
actovs tos —p o= —-w)y= 177
Qu@x+gvﬁy+wﬁx Re dy? ( w){ax ’ (16.177)

where o is chosen to satisfy (16.153). The term on the right-hand side of (16.177) is
evaluated as an under-relaxed combination of previous iterations or is taken as the
value at the outer edge of the viscous region.

The solution of a purely inviscid problem is usually much more economical
(Sects. 14.1 and 14.3) than the solution of an equivalent viscous problem. Conse-
quently it is more efficient to solve the subsonic RNS equations from the solid
surface to the location where the viscous terms in the RNS equations make a
negligible contribution. Qutside of this domain the governing equations are treated
as being purely inviscid permitting a panel method (Sect. 14.1) or full potential
method (Sect. 14.3.3) to be exploited. At each stage of the iteration the inviscid
problem is solved throughout the inviscid domain and the RNS equations are
marched downstream once.

As long as the viscous (RNS) region is relatively thin in the transverse direction,
the use of (¢p/dx) from the inner boundary of the inviscid region on the right-hand
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side of (16.177) is a reasonable approximation. Such an iterative scheme will be
described here. The alternative, of using local values of dp/ox from previous
iterations will be described in Sect. 16.3.3.

The implementation of a subsonic RNS formulation can be carried out more
conveniently if p appears explicitly. Thus (16.156-158) are replaced by the equiv-
alent system of governing equations

M+a(gv)=0 , (16.178)
ox dy

o, 0 1 0% ap \i

— — ———=1-o)| =], 16.179
aX(Qu +wp)+ ay(Q"U) Re 3y (1-w) Ew ( )
é PN B 16.180
C;;(quHay(Qv +p) Reay? O ( )

and
0=p L+ r—1 [1—(u2+v2)]}, (16.181)
M2 2y

where all groups in (16.179 and 180) have been nondimensionalised with oS (U< )%
Thus pd=p% /o, (U%)*=1/yM?% , which leads to (16.181) having a slightly differ-
ent form to (16.29).

For the present problem a change of notation is introduced. For the grid shown
in Fig. 16.21 a marching algorithm (in x) is constructed to obtain the solution at
X;:+;- A complete downstream march constitutes the (n+ 1)-th iteration. At each
downstream location x;,, the transverse solution, (, v, p, 0);+1,x i Obtained
sequentially. The notation shown in Fig. 16.21 may be contrasted with the notation
used in Sects. 16.2.3 and 16.3.1 where n is used to denote the downstream location.

Equation (16.179) is used to obtain uj; | after discretisation as

{(Quz)j+ 1,k_(Qu2)j,k} _ __{(qu)j+1/2,k+1 “(qu)j+1/2,k—1}
Ax 24y

4 {uj+1/2,k—1_2uj+ 12,6 T U+ 1/2,k+1}
Redy?

—W{Pj,k—l’j—1,k}/Ax_(1*w)O-S{P;’:z,k_P;':'IZ}/AX

(16.182)
k+1
k
Y
k-1
X Fig. 16.21. Grid for two-dimensional subsonic

RNS formulation
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In (16.182) all terms are evaluated at x;, ; if no superscript is shown. Superscript:§
denotes the inviscid value; thus pi" is determined from the previous invisci
iteration level at the outer edge of the viscous domain. The value of the Vigneroﬁ;
relaxation parameter is given by (16.181). !

Terms in (16.182) evaluated at x;, ;,, are linearised about x;, e.g.
(ouv); ~(ouv); ,+0.5 g Y|
QUD)j 4 172,k =LQUD); | TV E(qu) AUjs ks

J

where Au;,; ,=u;,, ,—u;,. The goal of the linearisation is to construct a linear
system of equations for Au,, , , from (16.182). Therefore the dependence of puv on @
and v is ignored in constructing the linear form. As a result (16.182) can be
manipulated into a tridiagonal system of equations,

A ATt B+ Co AU o =Dy (16.183)

where

Ax Ax
A,=-025— 05—
k Ay(QU)],k-l O'SReAyZ )

Ax
Bk=2(0u)1"-;‘+<ReAy2> ,

Ax Ax
C.,=0.25— ntl 05—
k Ay (0v)jk+1—05 Redy? ’

and

Ax

Ax
_ n+1 n
D= —[(ouv)} i} —(ouv);it110.5 E + (ReAy2

n+1 n+1
>(uj,k—1_2uj,k

+utih ) —o(pii =it ) 0.5 — o) (P —Pih) -
At the body surface u;, , , =0, so that Au;, , ; =0. At the outer edge of the viscous
region (k=K), Au}{ x=4u}!,, ie. Au}l] y is provided by the inviscid solution.
Equation (16.183) is solved efficiently using the Thomas algorithm (Sect. 6.2.2) so
that u}}{ , is obtained across the viscous layer at x; ;.

As the second stage of the downstream march at x;, ,, v7{ , is obtained by a
one-dimensional sweep from the body surface to the inviscid boundary. Following
1?1as;1 and Sinha (1985), (16.178, 180 and 181) are combined into a single equation of
the form

E--=F— )
5 =10 (16.184)

where E=p(1-M}), F=oM,M, and

Ou ufop\ yv 0%
G= 0 M +G—)M21+(— oM M+ 2 (L) + 1227
{6)( =DM+ —DeMM,+ 3{ = +Rea26y2 ;

with M. =%, M=".
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Equation (16.184) is discretised to 0(4x?, Ay*) and manipulated to give

[N

+1 n+1 Y _ _ n+1 n+1
U;!+1,k—|:Fj+;,k—%E(vj+l,k—l Vjk-1—Vjk) +24yGiis k-3

Ay
+E;ig17,k—§(vj+l,k—l+vj.k—1_Uj,k)n+1]/<E;I;l,k—Jz-_EF;Ié—,k—%) . (16.185)

In evaluating E" 4 ,_,, Fjii .y and G"+} .4 v, p, 0 and a are projected from
upstream. However, 'l 1 is available from (16.183). The value v} ] g at the outer
edge of the viscous domain provides a boundary condition for the inviscid region.

The pressure p’}} ., is obtained from an integration of (16.180) from the outer

~ viscous/inviscid boundary to the wall, using

n+1 —_antl n+1 n+1
Pitvik-1=Pi+1,ktPix —Pik-1

Ay
+1
+2Q;5+ 1/2,k—1/2[uj+1/2,k—1/2(vj+1,k—I/Z_Uj,k—l/Z)ﬂ

nt+1
F Vi 172,k 1/2(Uj+1/z,k“vj+1/z,k—1)]

2
n+1
ReAy(vj+%,k—1 _2Uj+%,k+vj+%,k+1) .

Finally the density follows from (16.181).

Once a single march (n+1) has been completed a new inviscid solution is
obtained. Typically this would be via a velocity potential formulation (Sects. 14.1
and 14.3). The outer inviscid solution is driven by the normal velocity, v}, g, at
the outer boundary of the viscous domain. The inviscid solution provides u7}] ,at
the outer boundary of the viscous domain, for the next inner solution. The interface
between the viscous and inviscid domains should lie outside of the viscous region
but its precise location is not critical. Since the inviscid solution can be obtained
more economically than the RNS (inner) solution, it is desirable to keep the
interface as close to the body as possible.

Chen and Bradshaw (1984) have used the same type of algorithm as above, but
expressed in surface-orientated curvilinear coordinates, in order to obtain the
viscous (turbulent) transonic flow past a two-dimensional aerofoil at small angles
of attack. Dash and Sinha (1985) have used a comparable algorithm to examine
turbulent subsonic, mixing layer problems. However, in both these applications
»=0, so that the axial pressure gradient in the axial momentum equations is
obtained from the inviscid solution, entirely. Both applications produce accurate
converged solution in relatively few (£ 10) downstream marches.

(16.186)

16.3.3 Incompressible Flow

For supersonic external flow (Sect. 16.3.1) the RNS equations can be solved
accurately with a single march if the sublayer approximation is applied adjacent to
solid surfaces. For subsonic external flow (Sect.16.3.2) there is an upstream
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influence, through the outer inviscid domain, which can be incorporated via g
repeated downstream march iteration. From a consideration of the Vigneron limig«
on the axial pressure gradient in the downstream momentum equation (16.161) it ig
expected that more downstream marches may be required for convergence of the
iteration as the freestream Mach number M is reduced.

In a sense, as the compressibility due to motion reduces (ie. reducing M ),
more upstream influence is present. This implies that for incompressible flow the
solution algorithm should incorporate greater coupling between different parts of
the computational domain. The coupling introduces upstream influence through
the interface with the outer inviscid (elliptic) domain and through the use of
forward differencing of dp/dx in the downstream momentum equation. If separ-
ation of the viscous layer occurs, the reverse flow also introduces upstream
influence via the convective terms.

If the computational domain contains massive separation or has no pre-
dominant flow direction the RNS strategy of a single or few downstream marches is
inappropriate. The RNS equations, ¢.g. (16.4-6), may still be an accurate approxi-
mation but a strategy based on repeated downstream marches is no more econ-
omical typically, than the use of a pseudo-transient strategy (Sect. 6.4). In this case
the strong global coupling for incompressible flow manifests itself via the need to
solve a Poisson equation for the pressure (Sect. 17.1 and 17.2).

In this section the algorithm of Rubin and Reddy (1983) will be described. In
this formulation a discrete Poisson equation for the pressure arises but it is coupled
directly with the velocity components so as to take advantage of the RNS multiple
downstream march strategy. The algorithm is effective even if small regions of
reverse flow occur. In the Rubin and Reddy algorithm the RNS equations are
applied throughout the computational domain. However, splitting of the domain
into an inner viscous (RNS) domain and an outer inviscid domain, as in
Sect. 16.3.2, creates no essential difficulty.

The incompressible RNS equations for two-dimensional laminar flow can be
written in conformal (Sect. 12.1.3) coordinates as

0 0

kR (hu)+—5’7 (hv)=0, (16.187)
é 0 oh ch ¢op 1 0/1 0

. h 2 o hz 2 — .
55( u )+5’7( uv)+uv—a’7 v vaé+h——aé Re —5'7 <—h2 —5'7 (hu)> , (16.188)
0 0 oh ch  dp

—(h — (hv? — —w—+h"=0. .
aé( uv)+a’1( v )+uvaé u a’1+ha’7 0 (16.189)

Following Rubin and Reddy no viscous term is retained in (16.189). Turbulent flow
RNS equations will be comparable if Reynolds stresses are represented via an eddy
viscosity construction (Sect. 11.4.2). Equations (16.187-189) are the continuity, &-
momentum and #-momentum equations, respectively. The velocity components
along ¢ and # lines are denoted by u and v, here. The orthogonal metric is defined
by (12.20). For conformal coordinates,
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hy=hy=h=(Z+y})" =0 +y)"? . (16.190)

The (&, ) coordinate system is constructed (Chap. 13) s0 that one & coordinat.e
line (11,) coincides with the body surface and othef £ coqrdmate lines are approxi-
mately in the local flow direction. The # coordinate lines are orthogonal to .é
coordinate lines and consequently are orthogonal to the body surface and approxi-
mately orthogonal to the local flow direction. The use of the. (¢, n) coordinate
system allows the marching direction to be closely ahgneq w1.th the local flow
direction, which increases the accuracy of the RNS approximation. .

Rubin and Reddy (1983) indicate that the neglect of the transverse viscous
terms in the 7-momentum equation is consistent with the neglect of the streamwise
viscous terms in the £&-momentum equation, for incompressible flow. However, Fhe
inclusion, or neglect, of the transverse viscous terms in the #n-momentum equation
has no effect on the character of the overall system of equations (Sect. 16.1.2).

Since (16.187-189) are to be marched in the positive & direction, all £ derivatives
of u and v are backward-differenced in non-separated regions. The term Op/OE is
discretised with a modified forward difference expression to introduce the required
upstream influence associated with the elliptic behaviour of p. This implieg that .the
complete p field must be stored so that it is available for the next (iterative)
downstream march. In contrast the velocity field is not stored, but is computed
anew on each downstream march, at least for non-separated flow.

For regions of separated flow upwind-differencing is used for the convective
terms. Since all é-marches are made in the positive & direction it is necessary to
store the velocity field from the previous iteration, but for the reverse flow region
only. .

For ease of exposition the discretised form of (16.187-189) will be presented in
non-conservation form on a Cartesian grid, with x as the marching direction. The
result is

Liul, 1o+ Ly v7,=0, (16.191)
n—1 n
_ . Pivia—Pl, 1 u
u' Ly u;{k+U;ykLyuj,k-i"%jﬁk:EL},yujvk , (16.192)
WLy Va0 Ly Ot Ly PG=0 (16.193)

where L, and L,, are three-point centred difference operators (Table 9.3), and L.,
L, are one-sided operators, i..
_ _(u',k—u'—l,k) - _(Uj.k_vj,k'l) 194
L, uj"‘:})A—;' , L, Uj‘k_—-(Ay . (16.194)
All terms are evaluated at iteration level n, except p75 { ,, which is from the previous
iteration. It can be seen (Fig. 16.22) that the discretised continuity and y-
momentum equations are centred (c, y) at (j, k—1 /2) whereas the 'x-momentuzm
equation is centred (x) at (j, k). This system has a truncation error of O(dx, Ay .);
Rubin and Reddy (1983) provide a closely related scheme that is second-order in
both x and y.
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}g Ax ¢I Fig. 16.22. Discretisatigy
" . o . ¢ + grid for (16.191-193)
Ay
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The present algorithm has been used to compute the incompressible laminar
and turbulent flow past a finite flat plate and an isolated symmetric aerofoil
Boundary conditions, Fig. 16.23, are u=v=0 at n=n, (body surface); v=0,
ou/0n=0 on a line of symmetry (n=7,). At the outer boundary (1 =#,,,,) pP=P,,
u=U, and no boundary condition is required for v. At the inflow boundary
(E=¢&4), u=Uy(y), 0v/0& =0 where Uy(y) is a prescribed velocity distribution. For
the finite flat plate this is a boundary layer profile linked to Uy, = U, in the inviscid
region. At the outflow boundary (é=¢ the pressure or dp/0¢ =0 is specified.

max)

€= 6 €% Emax
= Nmax p=Pw, vu=Uxn N=Nmax
U=Uo(y)
dv/d¢€ =
v/9g =0 3p/dg=o
— Computational domain

U=Vvz0 l
wmm /duso

n=no N=Ne
€€ €7 Emax

Fig. 16.23. Boundary conditions for symmetric aerofoil

At each downstream station, (16.191-193) are treated as a nonlinear system of
equations for q? , k=1, N, where q={u, v, p} . This nonlinear system is linearised
and solved iteratively using the Newton—-Raphson technique (Sect.6.1.1). The
Jacobian is block-tridiagonal so that each stage of the Newton—Raphson iteration
can be executed efficiently using the techniques described in Sect. 6.2.5. After
convergence of the Newton-Raphson iteration at the jth downstream station the
process is repeated at the (j+ 1)-th station.
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Each downstream march constitutes one iteration of a relaxation process
(Sect. 6.3.1). Rubin and Reddy (1983) apply a von Neumann analysis (Sect. 4.3) to a
linearised form (i.e. undifferentiated terms locally frozen) of (16.191-193). The
maximum eigenvalue has the form

A 2 2
;,~1—c1<” x) <XL> , (16.195)
ymax ymax

where C, is a constant of order one and the extent of the computational domain is
0<X < Xmao 0V S Yaxe Since A< 1.0 the relaxation procedure is stable but it
becomes unacceptably slow as 4 approaches one. This will occur for large y,,,, or
small Ax or x,,,.

The appearance of the group (mdx/ym..) is particularly interesting. For
subsonic inviscid flow it was shown (16.176) that a stable solution could be
obtained in a single march if (n4x/y,.)>a'"? For the present situation of
incompressible flow and w=1, «=1.0. Thus although a multiple march strategy
has avoided the stability restriction (16.176) any attempt to make ndx/y,,, <1
produces a very uneconomic algorithm due to the slow convergence of the
relaxation process. It might be expected from (16.176) that for more compressible
flows the convergence of the multiple march procedure will improve by using a
Vigneron-related strategy. This is confirmed by Rubin (1985).

To improve the convergence of the relaxation algorithm, Rubin and Reddy
adopt a multigrid iteration (Sect. 6.3.5). A severely stretched grid in the # direction
is required to represent the thin viscous region adjacent to the body surface
adequately. This reduces the effectiveness of the multigrid algorithm, primarily
because of interpolation difficulties. Consequently Rubin and Reddy apply the
multigrid algorithm in the & direction only.

The system of discretised equations (16.191-193) can be written as

LPQP=F" | (16.196)

where Q"(={u, v, p} ") represents a solution on a grid of typical size h(=4¢). It 1s
assumed that A¢ is constant over the downstream domain or slowly varying. The
right-hand side, F*, contains all the terms evaluated during the previous (n—1)
downstream march. That is, F" will contain p"~!, and 4"~ !, v"~ ! in the separated
region. The nth downstream march can be interpreted as a smoothing or relaxation
process, as in (6.84). When a converged solution of (16.196) is obtained, p"=p" ",
etc. Rubin and Reddy apply the FAS multigrid formulation (Sect. 6.3.5) to solve
(16.196).

Rubin and Reddy (1983) have used four levels of grids with two to three
relaxation sweeps on each grid and transfers in both directions. Once the finest grid
is reached only the two finest grids are used for the final convergence. For
unseparated flow the use of the multigrid construction produces one to two orders
of magnitude reduction in the number of iterations and execution time, even when
(nAx/y,.,,) is small. However, if regions of separated flow occur or if a highly
nonuniform 4¢ grid is used, Rubin and Reddy (1983) report that the multigrid
techniques is less effective.
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A typical conformal grid for the flow about an aerofoil at zero angle of attack is
shown in Fig. 16.24. The y-scale has been magnified to show the character of the
grid more effectively. Solutions have been obtained for laminar flow up to
Re=10000. The streamlines close to the trailing edge are shown in Fig. 16.25,
demonstrating the occurrence of a small separation bubble. Solutions have alsg
been obtained for turbulent flow (Re=35x 10%), making use of the two-layer
algebraic eddy viscosity model described in Sect. 11.4.2. Rubin and Reddy (1983)
present results for surface pressure and skin friction distributions and indicate good
agreement with experiments.

8.5 5" H
- Eu WL 1B
I
R B ! | 1
Vo4 — 1T ‘ LT
E . L M
R < g ! L]
T 4 wmul
1 =TT 1
Co.3 ol i
A - T .
L BEl L
e ) i
) I '
2 h smus {1
s 92 EaE a
A ] s o
N ] .
¢ Q.1 - »"‘E
£ = =2 Fig. 16.24. Conformal grid for
¥ flow about a NACA-0012
aerofoil at zero incidence
o0 T (afte}' Rubiq and Refld}', 1983;
1o -85 2.0 0.5 | o s 2.¢ reprinted with permission of
HORIZONTAL DISTANCE X Pergamon Press)

0.97 |

Fig. 16.25. Streamlines
near the trailing edge of

a NACA-0012 aerofoil;
Re = 10000 (after Rubin
and Reddy, 1983; reprinted
with permission of
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Broadly the use of an RNS strategy in incompressible external flow requires
more iterations (downstream marches) to obtain an accurate solution than is the
case for high subsonic or supersonic external flow. However, for incompressible
flows with a dominant flow direction an RNS strategy is still considerably more
economical than solving the full Navier-Stokes equations by a pseudo-transient
approach, for example as in Sect. 17.2.1.

16.3.4 Viscous, Inviscid Interactions

In the preceding sections of this chapter flow problems are considered for which the
boundary layer equations are inadequate to provide accurate solutions, even
locally. The inadequacy may arise because the thickness of the viscous layer is
greater than permitted by boundary layer theory (Schlicting 1968). Alternatively,
the streamline curvature in the problem implies a significant pressure gradient
across the thickness of the viscous layer.

However, for the flow around slender bodies, such as aerofoils and turbine
blades at small angles of attack, and hence with small pressure differences between
the windward and leeward sides, the boundary layer equations with a specified
inviscid pressure distribution provide an accurate solution for the local velocity
distribution. In turn this solution can be used to compute the displacement
thickness (11.67); that is, the amount by which the equivalent body contour should
be displaced to permit a more accurate recalculation of the inviscid solution. The
small adjustment to the inviscid pressure distribution usually leads to close
agreement with experimental pressure distributions, away from the trailing-edge
region and as long as reversed flow associated with separation does not occur.

Historically attempts have been made to extend the displacement thickness
concept to allow for the wake, and to make the combined viscous, inviscid solution
more accurate close to the trailing edge and if small separation bubbles occur
(Cebeci et al. 1984).

Even when the viscous, inviscid interaction is computed conventionally the
influence on the inviscid solution is incorporated more efficiently by using the
displacement thickness distribution to define an equivalent normal velocity at
the body surface (Lock 1981),

vilx, 0)=%(u65*) , (16.197)

where u, is the velocity at the edge of the boundary layer. This condition comes
directly from the incompressible continuity equation and the definition of the
displacement thickness 6* (11.67). In the wake region (16.197) is applied as an
effective source panel (Sect. 14.1.1) located on the wake centre-line. The advantage
of using (16.197) in recalculating the inviscid solution is that the computational grid
remains the same and (16.197) appears as a local boundary condition for the
governing equations in the inviscid domain. Using the displacement thickness
directly changes the grid in the inviscid domain at each iteration.
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The above viscous, inviscid interaction procedure can be repeated iteratively
refining the pressure distribution at the edge of the boundary layer and the
boundary layer displacement thickness at each step of the iteration. This is called a
direct iteration method and is described in Sect. 14.1.4.

The direct iteration method is based on the concept that the inviscid solution
drives the boundary layer solution through specification of the boundary con-
dition, u,.(x) or p.(x), at the outer edge of the boundary layer and that the influence
of the boundary layer solution, through the displacement thickness, on the inviscid
solution is rather weak.

Close to separation the character of the mutual interaction alters dramatically.
Attempts to compute a boundary layer solution up to and beyond separation fail if
p.(x) is prescribed. As separation is approached the computed boundary layer
normal velocity v demonstrates a singular behaviour (Goldstein 1948) which does
not occur physically.

This difficulty is overcome by using a so-called inverse method. That is, the
displacement thickness 6*(x) or the skin friction coefficient ¢;(x) is specified and
p.(x) is computed along with the boundary layer solution. When §*(x) is specified
the definition of the displacement thickness generates u.(x), and hence p.(x), as part
of the solution process, from

T u
§<1—~>dx=5*’5(x) . (16.198)
[¢) €

In practice, the inverse method requires iteration of the boundary layer
equations at each downstream station, x;, ;, until u, ;. , is obtained which satisfies
(16.198) for the specified displacement thickness 0*°. A discrete Newton’s method
(Sect. 6.1.1) can be used for this iteration. An auxiliary function, f™=46%*"—4%"%, is

defined. The iteration is advanced by computing u7}.!; from

m 0
ugyglzu:tjﬂ—%fo’—;i)fm, (16.199)
with u ;. , =uZ;. The iteration converges for m <10 and is very economical. The
inverse method for computing the boundary layer solution, with a reasonable
choice for 6*°(x), permits a stable integration to be made through separation and
into the region of reversed flow (Catherall and Mangler 1966; Klineberg and Steger
1974).

The inverse method for computing the boundary layer solution is combined
with an inviscid computation, with specified u.(x), in the outer domain to produce
an inverse iteration method to determine the viscous, inviscid interaction. The
direct and inverse iteration methods can be compared as follows.

It is convenient to write the relationship between the outer inviscid velocity
distribution u.(x) and the displacement thickness 6*(x) in the following symbolic
way:

For inviscid flow: u.=P[é*] ,

. (16.200)
For viscous (boundary layer) flow: u,=B[d*] .
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Thus the direct iteration method can be represented as
"t V=pP[6*™®] and *"*V=B 1[u*V] (16.201)

where n indicates the iteration level of the viscous, inviscid interaction. The inverse
iteration method can be represented as

S¥rU=p-1ry™] and ul*V=B[6*"* V] . (16.202)

The direct and inverse formulations can be combined into a semi-inverse iteration
method (Le Balleur 1978; Carter 1981)

uP=P[6*™], uP=B[6*™], and (16.203)
5*("+1)=R[u5, uf, 5*01)] ,
where R is an appropriate relaxation algorithm. The Le Balleur prescription of the
semi-inverse method is described for transonic flow in Sect. 16.3.6. The direct,

inverse and semi-inverse iteration methods are illustrated conceptually
in Fig. 16.26.

Inviscid Region Inviscid Region
Direct Inverse
5* p 5" P
Viscous Region Viscous Region
Direct Inverse

{a) Direct Method (b) tnverse Method

__| Inviscid Region
Direct _] Inviscid Region
Direct

|

[=2]
-
he)

8*| Relaxation |—
Procedure -

Viscous Region
Y - - &
Interaction Law

Viscous Region
Inverse

Fig. 16.26. Different methods for

{d) Quasi- Simultaneous calculating viscous, inviscid

(c) Semi-Inverse Method : i
Method interactions

An alternative formulation to the semi-inverse method is the quasi-
simultaneous iteration method (Veldman 1981) in which (16.200a) is replaced by

u.=I[6*], (16.204)

where I represents an interaction law that is an approximation to the full inter-
action of the inviscid flow with the viscous flow. The interaction law is constructed
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so that the local but not the global inviscid influence is accurately represented.
Consequently the quasi-simultaneous method can be represented symbolically by

u(en+1)_1[5*(n+ 1)]:1)[5*(")]—1[5*(")] ,

WD BL5E 0] —0 | (16.205)
Thus on convergence of the iterative process it is clear that (16.200) is satisfied. The
role of I[6*] is to allow the most important part of the inviscid interaction to
be considered simultaneously with the development of the viscous solution
(Fig. 16.26).

In comparing the four methods shown in Fig. 16.26 it may be noted that the
weakness of the direct method is that B~! in (16.201b) is almost singular when a
strong interaction occurs, ie. near a trailing edge. Although the inverse method
avoids this problem (P ~' is well-behaved), very slow convergence occurs because a
very small underrelaxation factor is required for a stable iteration in a weak
interaction region. Veldman (1984) finds that the underrelaxation factor is pro-
portional to Re™'/?, when Re is large.

The semi-inverse and quasi-simultaneous iteration methods achieve stronger
coupling, and hence faster convergence, by simplifying one of the interactions. In
the semi-inverse method the solution in the viscous flow region is represented by an
integral (Cebeci and Bradshaw 1977, Chap. 5) method, so that the viscous domain
solution can be interpreted as an extended boundary condition for the solution in
the inviscid domain. In the quasi-simultaneous method the inviscid solution is
represented in a simplified manner so that it can be considered an extended
boundary condition to the boundary layer solution. More detailed comparisons of
the four iterative methods, particularly in relation to the stability of the iterations,
are provided by Wigton and Holt (1981) and by Veldman (1984).

16.3.5 Quasi-Simultaneous Interaction Method

The application of the quasi-simultaneous iterative method to incompressible flow
is described in more detail in this section. A simplified inviscid solution is provided
by thin aerofoil theory (Thwaites 1960). At the outer edge of the viscous region, the
inviscid solution without interaction, u{”(x), is given by

o1 1% (dya/dd)
W=+ Iy

where yy is the body surface contour. Carter and Wornom (1975) model a viscous
correction, du,(x), to u(x) as

¢, (16.206)

u ()= | 1404707/

d .
) g Yo (16.207)

so that u,(x)=u'”(x)+ du.(x). In (16.207) the integration limits X,, X, are restricted
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to the region where the interaction is important. This ensures that the interaction is

of a local nature. . .
If the integral in (16.207) is evaluated approximately by the mid-point rule the

equivalent of (16.204) becomes

N
U, =u®+ Y ;0¥ +R, , where (16.208)
ji=1
s / k—j)—025] and
A= — | —k —j)—0. an
o <nAx>, L(k—))
1 (ugné*)o
— (0) §* _ N _ _ .
Ry=— [(ue 5*)y(k— N —0.5) s

In (16.208) j and k correspond to grid points in the downstream (x) direction. _
At each downstream march of the boundary layer equations in the quasi-
simultaneous method, u, and 6* are coupled together by (16.208) and are
obtained simultaneously with the boundary layer solution. During the nth down-
stream march (16.208) is implemented as a Gauss—Seidel (Sect. 6.3) process

k-1 N
0 Sk(n+1) *(n) (n)
WDy SO U=y Q1 Ny SOV Y g SEO LR (16.209)
j=1 j=k+1

Veldman (1981) notes that, since %, >0, a breakdown in the bqu.ndary layer
calculation at separation is avoided. The particular choice of %, arising .from the
numerical integration of the Hilbert integral in (16.207), leads to relatively few
(n~ 10) downstream marches to achieve convergence.

The global iterative process can be described as follows:

Step A) n=0. A conventional inviscid solution uging the 'pane.I rpethpd
(Sect. 14.1.1), for a body profile yg(x) gives the basic inviscid velocity dlstrlbutlop
u®(x) at the outer edge of the viscous region. The boundary layer SOluthIl.IS
marched downstream until the strong interaction region is reached. The d-IS-
placement thickness is extrapolated through the strong interaction region to give
the zero-th approximation, 6*(.

Step B) n=1,.... The boundary layer solution is marched downstream sim-
ultaneously with (16.209 and 198).

Step C). After each downstream march the following convergence criterion is
checked:

max |oFC T —§FM| <1074 . (16.210)
If (16.210) is not satisfied 6* is overrelaxed with w=1.5, typically. The iteration
proceeds with Step B).

For many flows the basic inviscid solution u{”(x) is sufficiently close to the
converged inviscid solution u{™ that the inviscid solution need not be recomputed.
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However, if u?” differs significantly from u{*) it would be appropriate to construct
an equivalent body, yz+0*®™, and to recompute u®(x) using the full inviscid
domain solver. The global iterative process then restarts from Step A.

A typical result for the surface pressure distribution through the separation
bubble formed in the Carter-Wornom trough (Fig. 16.27), produced by the quasi-
simultaneous method is shown in Fig. 16.28. Clearly accounting for the viscous,
inviscid interaction is crucial if accurate solutions are to be obtained based on the
boundary layer approximation.

0.02}—

DISPLACEMENT BODY
X =0 1 H \ ]

3
-------- s | ommtoemm”

-0.02)

’ ‘ REATTACHMENT

' BLASIUS FLOW | REGION OF INTERACTION I

Fig. 16.27. Dented plate for calculation of separation bubbles. The y scale is magnified (after Veldman,
1981; reprinted with permission of AIAA)

T 1
=== WITHOUT FTERACTION

—— Rex8x 10
~0.02f—= [ —e— Rea36x 104 -

Fig. 16.28. Pressure distributions
in a Carter-Wornom trough
(after Veldman, 1981; reprinted
with permission of AIAA)

2 3 X

The solutions shown in Fig. 16.28 were obtained on a 121 x 81 grid covering the
viscous domain and required about 10-20 iterations to satisfy (16.210) with &= 1.5.

Veldman (1981) shows that the above algorithm is consistent with triple-deck
theory (Stewartson 1974) which is relevant to the analysis of singular points, such
as separation and the trailing edge, as the Reynolds number approaches infinity.
Most significantly, triple-deck theory demonstrates that the viscous, inviscid
interaction, in incompressible flow, changes from direct to inverse form as the
singular point is traversed in the main flow direction. Although Veldman demon-
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strates the quasi-simultaneous interaction method for laminar flow, only, it is
expected that the same form of algorithm would be applicable to turbulent flow or
to shockwave, boundary layer interaction.

The extension to subsonic or transonic flow is straightforward if any shock
waves that are present are weak, so that the inviscid domain solution can be
computed from the transonic potential equation (Sect. 14.3.3). If shocks are suffi-
ciently strong that the Euler equations are required in the inviscid domain, the
interaction through the displacement thickness needs to be supplemented, as is
indicated in Sect. 16.3.7.

16.3.6 Semi-Inverse Interaction Method

This method is shown schematically in Fig. 16.26 which is based on (16.203). Le
Balleur’s (1981) formulation utilises a defect representation in the viscous region.
The defect representation of the governing equations is obtained by subtracting a
reduced form of the Navier-Stokes equations from the Euler equations. This is
appropriate since the inviscid domain overlaps the viscous domain. The defect
equations governing steady two-dimensional compressible flow can be written

é , é .
ax LW —(ew ]+ = [(ev)h—(ov)'h]=0 . (16.211)
X cy

0 4 0 . .
a—[(euz)‘ —(ou?)'] +;[(qu)‘h —(ouv)'h ]+ K [(ouv) —(ouv)"]
X 0y

J . ot
:_a(p _p)_@ , (16.212)
a i v (’: 21i 23w 2\i 2
6_[(qu) —(ouv)' 1+ —=[(ov*)h—(ov*)"h] — K[(ou*) —(ou®)']
X Cy
aJ .
=—h=—(p'-p"), (16.213)

oy

where the coordinate system is orthogonal to the body surface, h=h; =1+ Ky,
hy=hy=1and K(x) is the curvature of the body surface (y=0). In (16.212) 7 is the
shear stress, laminar or turbulent.

The farfield boundary condition for the viscous domain is that the inviscid and
viscous solutions coincide i.e.

lim [fi—f*]=0, f={uv,0p} . (16.214)

y=x
The nearfield boundary conditions for the viscous domain are
i) body surface: uw=v"=0,
1) wake centre-line: [w]=[v]=0, (16.215)

where [ ] denotes the jump.
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Nearfield boundary conditions for the inviscid domain are

: ;0 i
i) body surface: (Qv)’=$ {(ow)'—(ou)'} dy ,

O ey, 8

ii) wake centreline:  [(ov)i]= T [(ow)}—(ou)]dy and (16.216)

8 ;}"Q)

[r1=- | %(p'aﬂdy :
If 0(p'—p*)/&x in (16.212) is specified, the system (16.211-215) can be solved in a
single downstream march. Thus it is a reduced Navier-Stokes formulation nomin-
ally equivalent to (16.178-181).

However, Le Balleur (1981), perhaps guided by the additional economy as-
sociated with boundary layer integral methods (Cebeci and Bradshaw 1977),
prefers to integrate (16.211 and 212) over y and to add in empirical relations to
close the system. The result is a very economical marching algorithm for the
viscous region. However, the use of empirical relations implies that the overall
conditions, angle of attack, body geometry profile, etc., must be restricted to those
broad categories for which the empirical relations are valid. In contrast, the only
restrictions in the direct solution of (16.211-216) are those introduced in establish-
ing the reduced form of the Navier-Stokes equations, i.e. neglect of axial viscous
diffusion in (16.212) and all viscous terms in (16.213).

Le Balleur et al. {1980) have used the defect formulation and the integral viscous
method to establish the following coupling relationship between the inviscid and
viscous domains:

d
A4,0=4,0* d”“

A, , (16.217)

X

where © = {v/(u”+v%)},-, and A, 4,, A, and 5* are determined by the current
inviscid and viscous solutions. Equation (16.217) is an equivalent statement to
(16.200). In the direct mode, which is suitable for weak interactions, (16.217)
provides the injection velocity, ¢!, at the body surface to compute a revised inviscid
solution. At separation A, goes to zero which necessitates either an inverse
[equivalent to (16.202)] or semi-inverse [equivalent to (16.203)] approach
(Fig. 16.29).

In the direct mode (Fig. 16.29) the predicted flow angle @* from (16.217) is
under-relaxed to provide ®"*!. Close to separation and downstream a semi-
inverse method is used. A crucial part of this method is the form of the relationship

P dfl’ v_ dli
0*—0 _f[(dx> (dx>:| , (16.218)

where (dp/dx)’ and (dp/dx)' are the pressure gradients from the current (inverse)
viscous and inviscid solutions. Le Balleur (1981) applies a Fourier analysis to the
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Fig. 16.29. Semi-inverse
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system of equations underlying (16.217) to determine an explicit functional form for
(16.218). This is combined with the relaxation ©"*! = 0"+ w(0* — O") to give the
following overall semi-inverse algorithm

n+1 n__ C()ﬂ al V_ a‘p l

e _e"= — |:<6x> <@x>:| , (16.219)
{Ax b}

where f=(1—M2'2, b=A,6*/4, and 0<w <2. In the above, M, is the surface

(inviscid) Mach number. Le Balleur (1981) provides an alternative form to (16.219)

when the flow is locally supersonic. It may be noted that although A4, in (16.217)

goes to zero at separation, (16.219) is well-behaved.

Le Balieur (1981) provides the details of the above algorithm and presents
results for the flow around inclined transonic aerofoils that include turbulent
separation. Excellent agreement with experiments is indicated. Essentially the same
approach can be used to investigate shock/boundary layer interactions (Le Balleur
1984).

16.3.7 Viscous, Inviscid Interaction Using the Euler Equations

For flows where strong shocks are expected it is preferable to solve the Euler
equations in the inviscid region. This implies that additional attention must be
given to the matching between the overlapping inviscid and viscous domains,
Johnston and Sockol (1979) have adopted a procedure related to the interactive
defect formulation (16.211-213). In the Johnston and Sockol construction the
steady two-dimensional Euler equations are written as

oF G _
ox oy
The components of F' and G' are given by (14.95).

The steady two-dimensional Navier-Stokes equations, governing the flow
immediately adjacent to the wall, are written as

0. (16.220)

IF' G

0. 16.221
T 5 ( )
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The components of F* and G in (16.221) are given in Sect. 11.6.3. By integrating
(16.220 and 221) across the viscous layer § and combining, the following condition
is obtained:

0%
[(Fi—F)ay . (16.222)

va=o=GV—o+ao

y=

In the viscous layer it is assumed that the Navier-Stokes solution F" is approxi-
mated by F°=F'+F"—Fj_, (Fig. 16.30), where F® is an economical boundary
layer or reduced Navier-Stokes solution. Substituting for F¢ and F* in (16.222)
gives

Fig. 16.30. Composite F construction

o
G;=0=G;_o+iI(FL=o—F°)dy : (16.223)
(]

In practice, (16.223) provides boundary conditions for G'(1), G'(2) and G'(4) at
y=0. G'(3) at y=0 is the surface pressure and is obtained, typically, from the
normal momentum equation. It may be noted that Gi(1) at y=0 is just the injection
(normal) momentum and the relevant component of (16.223) is equivalent to
(16.197). The additional boundary conditions, G'(2), -0, etc., are required because
the Euler equations are used in the inviscid region instead of the transonic potential
equation. Le Balleur (1984) indicates that the additional boundary conditions
required by the Euler equations are an advantage in the sense that more efficient
coupling can be achieved between the inviscid and viscous domains. The Johnson
and Sockol matching is also used by Whitfield and Thomas (1984).

In conclusion one may note that the interaction techniques, described in
Sects. 16.3.4-16.3.7 have their origin in the classical idea (Lighthill 1958) of allowing
the viscous domain to influence the behaviour in the inviscid domain through the
displacement effect. However, the extension of this idea to cope with trailing-edge,
separation and shock/boundary layer effects leads to a conceptual approach (Le
Balleur 1984, pp. 446-447) very similar to the reduced Navier-Stokes philosophy
discussed earlier in this chapter.
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Reduced forms of the Navier-Stokes equations are useful for steady flows with a
dominant flow direction if they permit the computational solution to be obtained
in a single downstream march, or at worst, a few iterative downstream marches.

The primary simplification arises from an order-of-magnitude analysis which
indicates that terms associated with axial (downstream) viscous diffusion or heat
conduction can be dropped from the governing equations since they are much
smaller than transverse diffusion or heat conduction terms. This simplification
implies that the downstream direction is aligned, at least approximately, with a
particular coordinate direction. This may require the introduction of generalised
curvilinear coordinates (Chap. 12) to improve the alignment.

The use of Fourier analysis applied to a linearised form of the governing
equations (Sect. 16.1.2) allows the character of the governing equations to be
determined and establishes whether a stable solution can be generated with a single
downstream march. Except for the case of inviscid supersonic flow, the basic RNS
equations, ie. with axial diffusion neglected, are still predominantly elliptic. The
pressure is found to play a central role in causing the elliptic behaviour. Conse-
quently additional approximations to render the RNS equations non-elliptic often
focus on the pressure gradient term in the axial momentum equation.

For internal flows with transverse velocity components significantly smaller
than the axial velocity component it is useful to split the pressure into a centre-line
exponent p., and a transverse correction p°. An order-of-magnitude analysis
indicates that dp°/0x can be dropped from the axial (x) momentum equation.
Consequently p., is the only pressure appearing in the axial momentum equation
whereas p° is the only pressure appearing in the transverse momentum equations. It
is this establishment of separate pressures in the axial and transverse momentum
equations that leads to a non-elliptic system of equations. This type of splitting is
effective for axisymmetric weak swirling flow (Sect.16.2.1), and duct flows
(Sect. 16.2.2) as long as the curvature of the pipe or duct axis is small.

For ducts with significant curvature the transverse pressure gradient becomes
so large that the pressure splitting, utilised in Sects. 16.2.1 and 16.2.2, is inaccurate.
A splitting of the transverse velocity components, into a rotational part driven by
the streamwise vorticity and an irrotational (or potential) part driven by the need
to conserve mass, permits the construction of a non-elliptic system of equations,
even though the pressure terms are handled without approximation. However, it
should be stressed that the viscous solution, in the split transverse velocity
formulation (Sect. 16.2.4), is constructed as a correction to a preliminary inviscid
solution. For subsonic flows this preliminary inviscid solution will have an elliptic
character.

For external supersonic viscous flows an accurate solution can be obtained in a
single downstream march as long as the axial stepsize is not too small and as long
as the subsonic region adjacent to the solid surface is rendered “non-elliptic”. The
extrapolation of the pressure across the subsonic sublayer from the supersonic
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region is an effective “non-elliptic” strategy (Sect. 16.3.1). The alternative is to
introduce a Vigneron weighting on the dp/dx term in the axial (x) momentum
equation at grid points in the subsonic sublayer.

For external subsonic viscous flows the outer (i.e. away from an isolated body)
inviscid flow is elliptic so that it is necessary to construct an iterative procedure of
repeated downstream marches for solving the RNS equations. If the equations are
only slightly elliptic it is necessary that the ellipticity parameter nAx/ ., > «*'?, as
indicated in (16.176) for a stable single march (Sect. 16.3.2). For incompressible flow
(x=1), the group mAx/y,.« cannot be very much less than unity if the global
iteration is to converge after a few downstream marches (Sect. 16.3.3). Multigrid
techniques (Sect. 6.3.5) are effective in accelerating the iteration.

Most of the techniques considered in this chapter have been described in the
context of laminar flow. However, they extend to turbulent flow without altering
the non-elliptic nature of the various RNS formulations, as long as the turbulence
is modelled via an eddy viscosity construction. Although the qualitative analysis
(Sect. 16.1.2) mitigates against the computation of reversed flow with an RNS
formulation, the empirical evidence (Sect. 16.3.3) suggests that the RNS equations
are adequate if an appropriate iterative algorithm is used. However, if the separated
flow region is a significant proportion of the computational domain, the RNS
strategy of repeated downstream marches may offer no advantage over a more
conventional (Sect. 6.4) treatment of the full Navier-Stokes equations.

Since the equations governing inviscid external flow can be computed more
economically than the RNS equations it is usually more efficient to split the
domain into a (RNS) region adjacent to the body and an outer inviscid domain. In
the RNS formulation described in Sect. 16.3.2 these two regions do not overlap.
However, in the traditional inviscid flow, boundary layer splitting the two domains
do overlap. For computing strong inviscid/viscous interactions (Sect. 16.3.4) the
traditional approach can be modified to account for small regions of reversed flow
and the rapid axial variation in skin friction and pressure that occurs at a sharp
aerofoil trailing edge. As the traditional approach is extended to handle more
complicated flows, Sects. 16.3.5-16.3.7, the resulting formulations resemble more
closely the RNS formulation described in Sect. 16.3.2.

All the algorithms described in this chapter have been developed via finite
difference discretisation. Other means of discretisation, e.g. the finite element
method (Baker 1983, Chap. 7), are used with the RNS equations, but it is customary
to use finite difference discretisation in the time-like direction.

16.5 Problems

Introduction to RNS Equations (Sect. 16.1)

16.1 The time-averaged governing equations for incompressible turbulent flow
are given by (11.92-94). For a steady time-averaged turbulent flow near the
entrance of a two-dimensional duct parallel to the x-axis use an order-of-
magnitude analysis to determine a reduced form of the governing equations,
equivalent to (16.4-6). Assume that all Reynolds stresses are O(5/L).

16.2

16.3

164

16.5
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In orthogonal coordinates the incompressible Navier—Stokes equations are

0 0
W(hzu)‘*’g;(hl")zo s

0x
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Assuming that h,, h,, and K, and K,, are O(1) and that u>v, apply an
order-of-magnitude analysis to deduce the following reduced form:

A

‘<2u)+‘3{ he)=0 ,

ox
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Sketch and discuss the form of the solution 7" with x given by (16.20) for the
following cases:

1) u, vx1; ¢ 6 small,
1) ux1; v small; ¢ J small,
i) u small; vx1; ¢, 0 small,
iv) u small; v~ 1; ¢ small, J large,
v) usmall; vx1, ex1, §=0.
For incompressible laminar flow past a flat plate aligned parallel to the flow,
0p/0x =0 away from the leading edge. Carry out a Fourier analysis of:

1) (16.1-3) with ép/dx deleted from (16.2),
ii) (16.4-6) with ép/éx deleted from (16.5).

Discuss the expected character of the solutions in relation to whether the
system of equations are elliptic or non-elliptic.

It is sometimes proposed that the term e¢?0/¢y? is added to the right-hand
side of (16.30) as an aid to stabilising the computation. Here ¢ is a small
positive constant chosen empirically. Apply a Fourier analysis to (16.30-32)
with such a modification and determine whether the solution is expected to
behave differently from that indicated after (16.37 and 38).
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Obtain solutions using program THRED with ME =2, for the cases

i) Ax=0.20, A4y=020,
i) 4x=0.05, Ay=0.20 ,
iil) Ax=0.05, 4y=0.10,
iv) 4x=0.01, A4y=0.20 .

Compare the accuracy of the centre-line solutions with those produced by
RED-FEM and ADIFEM (Table 16.3). Compare the computational ef-
ficiency (Sect.4.5) via an approximate operation count and/or direct
measurement of the CPU-time.

Internal Flow (Sect. 16.2)

16.7

16.8

16.9
16.10

16.11
16.12

16.13

Introduce the pressure splitting (16.54) and show that dp°/dx in (16.52) is
O((6/L)*) Tt will be helpful to consider the magnitude of dp°/dr in (16.53)
first.

After introducing the pressure splitting (16.54) and deleting dp°/dx from
(16.52) use the Fourier analysis of Sect.16.1.2 to show that the modified
system (16.51-53) is expected to produce a stable computational solution in
a single downstream march.

Show that (16.60) can be obtained from the discretised form of (16.55).
Apply the Fourier analysis of Sect.16.1.2 to the system of equations
(16.80-83) with a constant p™™ and show that exponential solution growth in
the x direction is to be expected. Introduce the viscous pressure splitting
(16.84), drop 0p°/dx from (16.81) and show that the resulting system is
expected to produce a stable solution from a single march in the x direction.
Show that replacing f; in (16.96) with f5 from (16.98) satisfies (16.97).

Use the Fourier analysis of Sect. 16.1.2 to derive (16.120) from the system of
equations (16.113, 114, 116, 118 and 119). Obtain the equivalent polynomial
to (16.120) if (16.116) is not introduced in (16.113) and comment on the
expected stability of a single-march solution.

Obtain an expression for Q, ; ,, equivalent to (16.130) to ensure that w=0 at
a constant y wall.

External Flow (Sect. 16.3)

16.14

Consider the sublayer approximation in Cartesian coordinates with the
constant total enthalpy condition (16.181). The governing equations are

up,+vo,+ou,+ov,=0 ,
du ou op 1 J%u

o T o T Regyr
ua to au 1 0%
O o (3y Re ay ’

plus (16.181).

16.15

16.16

16.17
16.18
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Apply a Fourier analysis to derive the characteristic polynomial

: oy 2, 2y,2 22, VAN 2 -0
Q 1QA+§ (@*—u*)oi—(y+ Nuvo,0,—yv°0;, +1 @ o; |=0,

where A=uc,+va,. Show that the first factor does not produce a growing
exponential solution if u is positive. Show that, if the last term in the second
factor can be neglected, stable solutions in the x direction will be obtained.
For subsonic inviscid flow a Vigneron weighting applied to dp/dy gives the
following governing equations in place of (16.156-158):

0 0 0 0
u—9+v£+g u+ 0 =0,
X y

a*do oudu @_(y—l) dv _o
y ox oy Ox Jy Uox ’
a® do ov v (y=1 du 60)
T o 4?0 oy v )=0 .
wy 0y+9u6x+gvﬁy w 5 Q”ay Qv@y

Utilise a Fourier analysis of these equations to show that the following
characteristic polynomial is obtained:
2
(o, +v0,) (022 —a?) + 0,00 [+ D)~ (7~ Vo]
7
+o; (P [y—( - D] -d’w})=
Hence show that if v~ 0, there is no choice of w that will avoid exponential
growth in x if u<a.
The reduced incompressible Navier-Stokes equations can be solved in a
time-like iterative manner if they are written

ou ov

05
8x+
au+ au a_p+ %p _ng_u_
"ox tox Y%t Rear
av+ 6v+8_p 1 0%
" dy 0oy Re@y ’

where «d?p/0xdt is introduced to stabilise the time-like pressure iteration.
Apply the Fourier analysis to show that the time-like iteration will be stable
if o is positive.

Show that (16.184) can be derived from (16.178, 180 and 181).

Carry out Taylor series expansions of (16.191) about (j, k—1/2), (16.192)
about ( j, k) and (16.193) about ( j, k— 1/2) and show that all three equations
have truncation errors of O(Ax, A4y?).
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16.19 Derive (16.197) from the incompressible continuity equation and the defi-
nition of the displacement thickness (11.67). What would be the equivalent
expression for compressible flow?

16.20 Derive (16.223) from (16.220 and 221) and obtain explicit expressions for
Gi-p,i=1,2,4

17. Incompressible Viscous Flow

In this chapter no assumption is made about the relative magnitude of the velocity
components, consequently, reduced forms of the Navier-Stokes equations
(Chap. 16) are not available. Instead the full Navier-Stokes equations must be
considered; however, it will be assumed that the flow is incompressible.

The techniques developed in this chapter will be applicable to problems where
there is no obviously dominant flow direction, e.g. room ventilation. In addition,
for many flow geometries regions of reversed flow will occur. If these regions are
large or occur in conjunction with flow unsteadiness, e.g. flow past a bluff body, the
(repeated) marching techniques described in Chap. 16 are not suitable.

The restriction to incompressible flow introduces the computational difficulty
that the continuity equation (11.13) contains only velocity components, and there is
no obvious link with the pressure as there is for compressible flow through the
density. Two broad approaches to computing incompressible flow are available.

First the primitive variables, (4,v,p) in two-dimensions, are used and special
procedures are introduced to handle the continuity equation. The extension to
three spatial dimensions creates no additional difficulty. Appropriate compu-
tational techniques utilizing primitive variable formulations for unsteady flow are
considered in Sect. 17.1. Alternative primitive variable formulations better suited to
steady flow are described in Sect. 17.2.

In two dimensions the explicit treatment of the continuity equation can be
avoided by introducing the stream function. In addition, introduction of a transport
equation for the vorticity leads to the stream function vorticity formulation which is
described in Sect. 17.3. The extension of this formulation to three dimensions is not
straightforward, since a three-dimensional stream function is not available. Instead
it is necessary to consider the vorticity, vector potential formulation (Sect. 17.4.1).

Most flows of practical interest will be turbulent, unless the Reynolds number is
very small. The effects of turbulence on incompressible viscous flow are usually
accounted for either by an algebraic eddy viscosity representation (Sect. 11.4.2) or a
k—¢ turbulence model (Sect. 11.5.2). From a computational perspective the use of an
algebraic eddy viscosity construction causes little change to the corresponding
algorithm used for laminar flow. The differential equations for k and ¢ (11.95 and
96) are structurally similar to the momentum equations and are usually discretised
in the same way. Thus computational algorithms that are effective for incom-
pressible laminar viscous flow are also effective, with minor adjustments, for
incompressible turbulent flow. Consequently, no explicit attention will be given to
the computation of turbulent flow in this chapter.
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17.1 Primitive Variables: Unsteady Flow

In two dimensions the governing equations for unsteady incompressible laminar
flow are

Ju 00_

Lo, (17.1)
ou ou? 0 ép 1 {0*u O%u
RIRT P T 17.
ot ox +('By(uv)+6x Re{(}"xz-’_ay2 ’ 172
ov 0 o op 1 (3% %
5;+$(UU)+E+@—R—C{5F+W . (17.3)

Equations (17.1-3) are written in nondimensional form with the density absorbed
into the Reynolds number, Re. By making use of (17.1), the left-hand sides of (17.2
and 3) have been written in conservation form, as in (11.116).

For unsteady flow, initial conditions u=u(x, y), v =v4(x, y) are required that
satisfy (17.1). Boundary conditions at a solid surface require no relative motion
between the fluid and solid surface, which fixes the velocity components. No
boundary conditions are required for the pressure at a solid surface. If velocity
components are specified on all boundaries of the computational domain, e.g. as in
the driven-cavity problem (Sect. 17.3.1), it is necessary to ensure that the following
global constraint is satisfied:

jv-n ds=0, (174)

where c is the boundary of the computational domain. Equation (17.4) is the global
equivalent of (17.1), as can be seen from comparing (11.7) and (11.10) with constant
density o.

If the computational domain includes open boundaries, as in the backward-
facing step problem, Sect. 17.3.3, the number of boundary conditions required on
open boundaries can be obtained from Table 11.5. At an inflow boundary two
boundary conditions are required, typically specification of one velocity component
and pressure. At an outflow boundary zero velocity derivatives would be appropri-
ate with no boundary condition on the pressure. Since pressure appears only in
derivative form in the governing equations it is appropriate to specify the
magnitude of the pressure at one reference point.

It should be stressed that the above boundary condition specification is made
to ensure that the combination of the governing equations and boundary con-
ditions constitutes a well-posed problem with a well-behaved solution. However,
additional boundary conditions may be required to ensure that the discretised
equations, which are actually solved, lead to a well-behaved computational
solution.
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The methods described in this section will be based, primarily, on finite
difference discretisations and on the solution of a Poisson equation to determine
the pressure behaviour (Sect. 17.1.2). To obtain accurate solutions without excess-
ive grid refinement it is often necessary to discretise the convective terms more
accurately (Sect. 17.1.5). Many of the solution strategies described in this section in
a finite difference context are also applicable with other means of discretisation, e.g.
spectral methods (Sect. 17.1.6).

17.1.1 Staggered Grid

Computational solutions of (17.1-3) are often obtained on a staggered grid. This
implies that different dependent variables are evaluated at different grid points.
Peyret and Taylor (1983, p. 155) compare various staggered grids for the treatment
of the pressure. Haltiner and Williams (1980, p. 226) discuss the ability of different
staggered grid configurations to represent different Fourier modes (as in Sect. 9.2.1)
of the solution to the shallow water equations, which are analogous to the Euler
equations (Chap. 14). The preferred staggered grid configuration is that shown in
Fig. 17.1.

P

v
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i j+1
k+V2 k+ V2
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k k k k k
Vi Vil
k-1 k-,

Fig. 17.1. Staggered grid

It can be seen that pressures are defined at the centre of each cell and that
velocity components are defined at the cell faces. Such an arrangement makes the
grid suitable for a control volume discretisation (Sect. 5.2); this connection will be
exploited in Sect. 17.2.3. Discretisation of (17.1) on the staggered grid shown in
Fig. 17.1 gives

uj+1/2,k_uj—1/2,k+Uj,k+1/2—vj,k—1/2=O ’ (17.5)
Ax Ay
which can be rewritten as
Upr 12,6 AV 0 k12 AX—Uj— 112, AV =05 4= 12 Ax=0 . (17.6)

Equation (17.6) is a discrete form of (17.4), i.e. (17.6 and 5) conserve mass on the
smallest grid size. In addition a Taylor series expansion about the cell centre
indicates that (17.5) has a truncation error of O(4x?, Ay?), even though only four
grid points are involved.
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In discretising (17.2) finite difference expressions centred at grid point
(j+1/2, k) are used. This allows p/0x to be discrehsed as (1.6~ {’j,k)/Ax which
is a second-order discretisation about grid point (j+1/2, k). Similarly (17.3) is
discretised with finite difference expressions centred at grid point (j,k+1/2) and
dp/dy is represented as (Pjk+1— P/ Ay . .

The use of the staggered grid permits coupling of the u, v and p solutions at
adjacent grid points. This in turn prevents the appearance of oscillatory solgtions,
particularly for p, that can occur if centred differences are qsed to ci.lscret%se all
derivatives on a non-staggered grid. The oscillatory solution is a mamfe.:stauon of
two separate pressure solutions associated with alternate grid pomts, which the use
of centred differences on a non-staggered grid permits. The oscillatory behav'1our is
usually worse at high Reynolds number where the dissipative terms, which do
introduce adjacent grid point coupling for u and v, are small. Clearly, from (17.1-3),
there are no dissipative terms for p. .

An additional advantage of a staggered grid is that the Poisson equation for the
pressure (17.13) automatically satisfies the discrete form of the integral boundary
condition (17.4). This avoids additional adjustments to the right-hand side of the
Poisson equation, as is required in (16.98).

The use of staggered grids has some disadvantages. Cprpputgr programs bgsed
on staggered grids tend to be harder to interpret because it is dem'rable to associate
a cluster of dependent variables with corresponding storage locations. Thus arrays
storing u, v and p might associate storage locatipp (j, k) with u;, 12,40 and Vj k412
and p; , in Fig. 17.1. Generally boundary conditions are more dlﬁicult to impose
consisfently with a staggered grid, since at least one depenfient variable, u or v, will
not be defined on a particular boundary. If the grid is non-rectangular, gnfi
generalised coordinates (Chap. 12) are used, the incorporation of a staggered grid is

mplicated.
mO{FhCeOStfggered grid shown in Fig. 17.1 is used in the MAC method (Se'c't. 17.1.2).
In discretising (17.1-3) the following finite difference expressions are utilised:

— n+1 n
6“:| _ s Wezw) ooy
L Ot Jj+1/2.%

At
_@Z{I :M-%O(sz) ,
0x |+ 1/2. Ax '
_(?(uv):| z[(uv)jwz,w1/2—(““)141/2"«-1/2] +O(4y?) , (17.7)
| Oy jr12.k 4y

[ A2 ; — ; U;_
?il::l :(uj+3/2,k 2“,;1;2,1(4' j 1/2’k)+O(Ax2) i
_6’)‘ jHi/2.k X

'az-u:l :(uj+1/2‘k_1'—2uj+12/2,k+uj+l/2,.k+1)+0(Ay2) ,
»ayz j+1/2,k Ay

ﬂapjl :(pj+1.k—pj,k)+0(Ax2) '
_5x j+1/2.k Ax
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In the above expressions terms like u;,, , appear, which are not defined in
Fig. 17.1. To evaluate such terms averaging is employed, i.e.

Uy 1= 0500010 0T U4 32.0) -

Similarly (uv);, ;5 x+1,2 is evaluated as

(uU)j+1/2,k+1/2=[(uj+ 12,k T U4 1/2,k+1)/2] [(Uj+1,k+1/2+vj.k+1/2)/2] .

17.1.2 MAC Formulation

One of the earliest, and most widely used, methods for solving (17.1-3) is the
Marker and Cell (MAC) method due to Harlow and Welch (1965). The method is
characterised by the use of a staggered grid (Sect. 17.1.1) and the solution of a
Poisson equation for the pressure at every time-step. Although the original form of
the MAC method has certain weaknesses, the use of a staggered grid and a Poisson
equation for the pressure has been retained in many modern methods derived from
the MAC method.

The method was developed initially for unsteady problems involving free
surfaces. To allow the surface location to be determined as a function of time,
markers (massless particles) are introduced into the flow. The markers are con-
vected by the velocity field but play no role in determining the velocity or pressure
fields. They will not be discussed further here. The impressive ability of the MAC
formulation to give qualitatively correct simulations of complicated free-surface
flows is illustrated in Fig. 17.2, which shows the time history of a drop falling into a
stationary fluid.

In the MAC formulation the discretisations (17.7) allow the following explicit
algorithm to be generated from (17.2 and 3):

At
“;Ill/z,k'—'F;’H/z.k_ﬂ[l’;:f,k—l’ﬂ1 s (17.8)

where

Fr —y + At Ujp 32— 2Uj 12,6t Ui 12,k
i+12. k= W1 1/2,k
jt1/ jt1/ RCAXZ

2 2
+{“j+1/2,k~1 —2“j+ 1/2,k+uj+1j2.k+1} . {uj-#l‘k_uj,k}

ReAy? Ax
_{(“U)j+1/2,k+1/2_(”v)j+1/2,kI/Z}jln ) (]7'9)
4y
Similarly the discretised form of (17.3) can be written as
t
U?,;i1/2:G;.k+1/2‘7(l7;‘l;11_p;.il > (17.10)

Ay
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Fig. 17.2. Falling drop problem (after Harlow and Shannon, 1967, reprinted with permission of the
American Association for the Advancement of Science)

where

G — At {Uj+1.k+1/2'2vj.k+1/’2+vjfl,k+1/2}
Jk+1/2 i kt1/2 RCAX2

+{vj,k+3/2_2vj,k+1/2+vj,k*1/2} _{(uv)j+1/2,k+1/2_(uv)j—1/2,k+1/2}
Redy? Ax

@i =0 | (17.11)
Ay '
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In (17.8 and 10) p appears implicitly; however, p" " lis obtained before (17.8 and 10)

are used, as follows. The continuity equation (17.1) is discretised as

(“;I%/z,k_“;tf/z,k) +(U7,;1+1/2*U;’,;1—1/2):O , (17.12)
Ax Ay

n+1 __
Dj.k -

where D; , is the dilatation for cell (j, k).
Substitution for u}1{,, ,, etc., from (17.8 and 10) allows (17.12) to be rewritten as
a discrete Poisson equation for the pressure, i.e.

(o1 k=20 +Pie10) |, (Pik—1—2Pjk+Djk+1) nrl
p) + 7
Ax Ay
=i {F?H/z,k_F;ﬂ/z.k}+{G;",k+1/2‘G}',k—1/2} . (17.13)
At Ax Ay

If the various terms on the right-hand side of (17.13) are substituted from (17.9 and
11} the result can be written

RHS(17413) = Tjik‘_ [L,. “,g,k +2ny(uv)j,k +L,, sz,k

—(1/Re{L. .+ L, }D;,J" , where (17.14)
L. u?

xx Y,

w=(Fy =2+ uj g W)/ Ax? and
ny(uv)j,k = {(“U)j+ 1/2.k+1/2 _(“U)j— 1/2,k+1/2 _(uU)j+ 1/2,k—-1/2
+(uv);- 12,4~ 12/AxAy .

In (17.14) D},/At may be interpreted as a discretisation of —0oDjét|; . with
D7%'=0. Thus the converged pressure solution resulting from (17.13) is such as
to cause the discrete form of the continuity equation to be satisfied at time level
n+1.

Equation (17.13) is solved at each time-step, either using the iterative techniques
described in Sect. 6.3 or the direct Poisson solvers described in Sect. 6.2.6. Once a
solution for p"*! has been obtained from (17.13), substitution into (17.8 and 10)
permits w7 {,, , and v3},,, to be computed.

Since (17.8 and 10) are explicit algorithm for 4" " ! and v"*! there is a restriction
on the maximum time step for a stable solution (Peyret and Taylor 1983, p. 148),

0.25(|u| + |v|)* 4t Re<1 and
(17.15)

At/(Re Ax?)<0.25 , assuming that Ax=4y .

Solution of (17.13) requires boundary conditions on p (Dirichlet) or derivatives
of p (Neumann) on all boundaries. For the flow over a backward-facing step
(Fig. 17.14), it would be appropriate to impose Dirichlet boundary conditions on
AF and AB and Neumann boundary conditions on the walls FE, ED and DC.



336 17. Incompressible Viscous Flow

Typically the discretised form of the momentum equations are used to provide
Neumann boundary conditions. For boundaries like FE, where the primary flow is
parallel to the surface, the boundary layer assumption dp/dn=0 can provide an
appropriate Neumann boundary condition for p, if Re is large.

For internal flow problems Neumann boundary conditions are often prescribed
for the pressure on all boundaries. In this case it is necessary that an additional
global boundary condition be satisfied (as in Sect. 16.2.2). That is,

H(a Py p>d dy= apds : (17.16)

where the integral over ¢ is made along the boundary of the computational domain,
The left-hand side of (17.16) is evaluated in discrete form from the right-hand side of
(17.13).

If the discrete form of (17.16) is applied with the MAC method to an internal
cell, e.g. cell j, k in Fig. 17.1, it is satisfied exactly if dp/0n on the right-hand side of
(17.16) is evaluated from the momentum equations. If (17.16) is applied over the
complete computational domain it is necessary that mass is conserved globally, i.e.
(17.4) is satisfied, and that Op/On is evaluated on the boundary from the
momentum equations in a manner consistent with the interior discretisation, or as
dp/on=0, if appropriate.

Failure to satisfy the discrete form of (17.16) causes either very slow conver-
gence of the solution of (17.13) or even divergence. Even when (17.16) is satisfied the
occurrence of Neumann boundary conditions for the pressure leads to a slower
convergence of the iteration than if all boundary conditions are of Dirichlet type.

17.1.3 Implementation of Boundary Conditions

The grid is arranged so that boundaries pass through velocity points but not
pressure points. For example, Fig.17.3 shows the corner of a computational
domain for which it is assumed that BC is a solid wall and AB is an inflow
boundary.

Clearly v, 4, =0, 1,= ... =0,since BC is a solid wall. Evaluation of (17.9) at
node (3, 1) requires knowledge of u;, o. This can be obtained from the wall value,

u3/2,1/2=0=0-5(u3/2,1+“3/2,0) OF U3z 0= —Uzpg -

On AB, u and v are given. The component u is used directly but v, , is used to give
a value to v, ;. Thus in the evaluation of (17.11) at node (1, 3), v, 3/, is given by

Vo, 312 =201,2,32— 0y, 32 -

If AB were an outflow boundary, with u positive, typical boundary conditions
would be
ou

zlv
x| m

4B T o0x

=0. (17.17)

AB
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If (17.9) is evaluated on AB at node (3,2), (17.17) would be used to set
U3z, 2=U_y,2, ,. Similarly in evaluating (17.11) at node (0, 3), (17.17) would be used
to set vy 3,=003/2-

The evaluation of the Poisson equation for the pressure (17.13) requires values
of the pressure outside of the domain. When (17.13) is evaluated centred at node
(2,1) values of p, , and v, _,,, are required. p,  is obtained by evaluating (17.3)
centred at the wall, i.e. dp/dy=(0v/3y*)/Re, since v at the boundary is not a
function of time. In discretised form this becomes

P2,1—P2.0 :J—Uz, 32— 202 1202, 12
Ay Re Ay? '

To satisfy (17.1) at the wall, dv/dy=0 so that v, _,,=0v, 3, and

2Uz,:«x/z

P20=P2,1— Re Ay

Harlow and Welch (1965) and Viecelli (1971) discuss appropriate boundary con-
dition implementation at free surfaces.

17.1.4 Developments of the MAC Method

In the MAC method the pressure solution has the auxiliary task of satisfying
continuity. A simplified Marker and Cell (SMAC) method has been developed by
Amsden and Harlow (1970) in which a second Poisson equation for an auxiliary
velocity potential is solved to satisfy continuity more directly. A similar concept is
discussed in Section 17.2.2.
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In the original MAC formulation it is necessary to evaluate pressures outside
the domain using (17.2) or (17.3), when Neumann boundary conditions are
required for p. Easton (1972) showed that a homogeneous Neumann boundary
condition could be used instead, which is both more economical and easier to
implement.

In the current notation the justification for a homogeneous Neumann bound-
ary condition for p will be established for the node (1, 2) adjacent to boundary AB
in Fig. 17.3. The discrete Poisson equation for the pressure, centred at node (1,2)
can be written

[_P1,2+P2,2 +P1,1—2P1,2+P1,3:|"+1=(P1,2"P0,2)"+1

Ax? Ay? Ax?
i Fg/z,z—F"uz,z+G'i.5/z—G'i,s/z] . (17.18)
At aAx Ay

The Neumann boundary condition for the pressure centred at node (4, 2) can be
obtained from (17.8) as

+1 n n+1
(Py,,—Po )" Flp—Uip,.

(17.19)
Ax At

If (17.19) is used to eliminate (P ,— P, ;) from (17.18) the result is found to be
independent of F",, , and, hence, independent of any u or v values, outside of the
domain, that appear in (17.9). Since the solution is independent of F1,,,
the following substitution can be made in (17.18), F}, , =u}3',, and from (17.19),
P, ,=P, ,. Thus a homogeneous Neumann boundary condition is introduced for
the pressure. The term u}/,', is available as a boundary condition. The present
description broadly follows Peyret and Taylor (1983, p. 164) who also bring out
important similarities between the MAC method and the projection method
(17.22-24).

For many time-dependent problems the time-step restriction (17.15) required
by the explicit treatment of (17.8 and 10) is unnecessarily restrictive. The extension
of the MAC formulation to allow (17.2 and 3) to be marched in time with implicit
approximate factorisations of the velocity terms is provided by Deville (1974) for
very low Reynolds number flows and by Ghia et al. (1979) for high Reynolds
number flows. A general discussion is provided by Peyret and Taylor (1983,
pp. 164-166). '

The discrete equations to advance the velocity field (17.8, 10) can be written 1n
symbolic vector form as

u"+1=F"—A[VdP"+1 , (1720)

where F=(F, G)" and V, denotes the discrete gradient operator.
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The Poisson equation for the pressure (17.13) can be written as

1
ViPTti= VeET (17.21)

Equations (17.20 and 21) provide a concise description of the MAC method.

Alternative MAC-like methods are available. The projection method is closely
related to the MAC method and was proposed independently by Chorin (1968) and
Temam (1969). In the present notation the projection method splits (17.20) into two
stages

w*=F" and (17.22)
wt =t — ALV, P (17.23)

Substituting (17.23) into (17.12), written as V,u"*! =0, gives

1
ViPTT = Veur (17.24)

to ensure that u"* ! satisfies (17.1) as well as (17.2 and 3). In the projection method
(17.22) is solved for u*, (17.24) for P"*! and (17.23) for u"*'. Originally the
projection method wds formulated on a non-staggered grid. However, Peyret and
Taylor (1983, p.161) recommend that the projection method be used with a
staggered (MAC) grid (Fig. 17.1). It can be seen from (17.22 and 24) that the
projection method coincides with the MAC method in the interior. However, the
treatment of the boundary condition is slightly different. Peyret and Taylor show
that for the projection method the solution is independent of the prescription of u*
on the boundary. This is essentially equivalent to the cancellation of F1,, , from
(17.18) after substituting (17.19).

Goda (1979) has used the projection method to obtain the steady viscous flow
in two and three-dimensional driven cavities. To avoid the explicit time-step
restriction (17.15) Goda replaces (17.22) with

[ 1
_I + At<uLx —R—eLxx>:]u’ =u",

i 1
I+ At<vLy—ReLyy)]u” =u, (17.25)

i |
I+ At(sz — —Lzz)]u* =u" .
B Re

Equation (17.25) is an approximate factorisation, similar to those discussed in
Sects. 8.2 and 9.5, that leads to a sequence of tridiagonal systems of equations if L,
and L,,, etc., are three-point finite difference operators. Goda indicates the need to
apply a CFL-type restriction of the form Ar< Ax/|u,,,,| for stable solutions.
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Another variant of the basic MAC formulation (17.20 and 21) is that due to Hirt
and Cook (1972). In the present notation a preliminary velocity field is obtained
from (17.2 and 3) as

uk=F"—AtV,p" . (17.26)

A pressure correction, Sp=p"* ' —p", is evaluated from
5 1
Vdépszdu* . (17.27)

+1

The pressure correction is used to ensure that u"™* satisfies continuity, i..

1
W=t Vop (17.28)

Finally the new pressure is given by
prtl=p"+op . (17.29)

Boundary conditions are implemented as in the MAC formulation (Sect.
17.1.3). Hirt and Cook have used the above formulation to examine incompressible
(laminar) viscous flow past three-dimensional structures.

The Hirt and Cook formulation has been used to examine unsteady turbulent
flow in a ventilated three-dimensional room by Sakamoto and Matuo (1980) and
by Kato and Murakami (1986) with a k—¢ turbulence model (Sect. 11.52). A
comparison of the experimental and simulated flow behaviour in room model is
shown in Fig. 17.4. These results were obtained using a 20(x) x 24(y) x 15(z) grid,
which was the coarsest grid that gave a reasonable prediction of the main
recirculating flow and secondary flows. The flow is driven by an inlet in the roof.
The ensuing jet strikes the floor and causes a recirculation up the walls in the
symmetry planes, Fig. 17.4a and d. At floor level the outflow pattern, Fig. 17.4c, is
well predicted. At roof level, Fig. 17.4e, a return flow induced by the inlet jet is
apparent.

The description of the MAC-family of methods given above has assumed that
computational boundaries coincide with Cartesian coordinate lines. For compu-
tational domains of arbitrary shape it is possible to introduce boundary-fitted
curvilinear coordinates (Chap. 12), transform the governing equations to be func-
tions of the curvilinear coordinates and to apply the MAC formulation in the
uniform computational domain.

Patel and Briggs (1983) applied the original explicit MAC formulation, in
curvilinear coordinates, to the problem of unsteady two-dimensional laminar
natural convection. A staggered grid is used with the contravariant velocities
(12.65) defined at each cell face and the pressure defined at each cell centre. Because
pressure derivatives p; and p, appear in the equivalent of (17.13), Patel and Briggs
consider two overlapping grids to evaluate p. and p, using adjacent pressure values.
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Fig. 17.4. Room ventilation simulation (after Kato and Murakami, 1986; reprinted with permission of
Japan Soc. of Comp. Fluid Dynamics)

However, this means that the system of Poisson equations, equivalent to (17.13), is
twice as large as when a Cartesian grid is used.

17.1.5 Higher-Order Upwinding Differencing

The difference formulae (17.7) used in the original MAC formulation are centred
difference expressions. For convection-dominated flows the use of centred differ-
ence formulae for the convective terms leads to solutions with severe non-physical
oscillations (Sect. 9.3.1). Attempts have been made to stabilize the flow solution by
discretising the convective terms with two-point upwind difference expressions
(Sect. 9.3.1) or a weighted average of centred and upwind difference expressions
(Hirt et al. 1975). However, solutions are generally inaccurate particularly if the
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local velocity vector is oblique to the local grid and the local velocity gradients are
large. More accurate solutions are obtained if the convective terms are represented
by higher-order upwind schemes, such as the four-point upwind schemes discussed
in Sects. 9.3.2 and 9.4.3.

Davis and Moore (1982) use a primitive variable formulation for the incom-
pressible Navier-Stokes equations that is conceptually similar to the MAC
method. A staggered grid is used and a Poisson equation for the pressure is solved
at each time step using a direct solver (Sect. 6.2.6) due to Swartztrauber (1974).

A feature of the Davis and Moore formulation is that a multidimensional third-
order upwinding scheme is used to represent the convective terms. As well as
providing an accurate representation, the third-order upwind scheme is free of cell
Reynolds number limitations associated with centred differencing (Sect. 9.3.1) The
marching algorithm for the momentum equations is explicit and the empirical
stability restriction at high Reynolds number is that the CFL condition is satisfied,
ie.

uAt

At
A 10 and <10 .
ax Ay

The multidimensional third-order upwinding is a generalisation of the one-
dimensional quadratic upstream interpolation schemes introduced by Leonard

(1979). The one-dimensional third-order upwinding scheme can be be illustrated in
relation to the transport equation (9.56) written in conservation form,

oT owT) &T_

wt e O (1739

where u varies through the domain but is known. A conservative discretisation of
(17.30) is

T;-'H—T;+(VT)?+1/2—(UT);!—1/2 —a{ i1 —2T5+ T?+1}:0 '

At Ax Ax? (17.31)

The velocity field u is defined on the uniform staggered grid (as for the MAC
scheme, Fig. 17.1). However, T}, ,,, and T;_,,, are related to the T field as

q

T}—1/2=0'5(T;+ Tl_l)— (Tj_2—2T1_1+Tj) and (17.32)

I

Tiv12=05T;+T;, 1)—%1 (T;- 2T+ T4 1) - (17.33)
The above discretisation of d(uT)/dx is equivalent to the four point upwind scheme
(9.71, 72); the parameter g can be chosen to increase accuracy or to alter the
dissipation, dispersion characteristics (Sect. 9.4.3).

The choice g =0.375 corresponds to the QUICK scheme (Leonard 1979), which
is effective for steady or quasi-steady flows. The QUICK scheme has been widely
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used with SIMPLE-type algorithms (Sect. 17.2.3). However, for unsteady problems
it is desirable to choose g so that temporal as well as spatial errors are reduced (as
in Sect. 9.4.3).

The one-dimensional scheme QUICKEST introduced by Leonard (1979)
resembles a modified Lax-Wendroff scheme (Table 9.3) if u is a constant
(C=udt/Ax) in (17.30), i.e.

At
i — T;H—O.SC(T;?H—T;‘1)+<aF+O.SC2)(T;‘1—2T§+ T, )

IVCZ At n n n n n n
=C( g2 JUT I 2T+ T )= (T, =277+ T, (1734

where the additional terms on the right-hand side of (17.34) are introduced to give
an overall truncation error of O(4t?, Ax?). The convective terms are discretised to
0O(4x3) and the time derivative is discretised to O(4¢°) in the limit x—0.

Davis and Moore generalise (17.34) to two dimensions and allow for a variable
velocity field. Thus, for the two-dimensional transport equation,

oT oT) owT) ((?ZT 02T>=0 (17.35)

atax Ty et

Davis and Moore obtain the following explicit algorithm

)
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where the Courant numbers are given by

C. :Atujﬂ/z c. :Atujfl/2

Jjt1/2 Ax k4 j—1/2 Ax 9
Atvg 1) At _y)2

Ck+1/2: 7Ay s Ck~1/2="A7y , and
At At

BEEE s TR

In forming (17.36) some O(A4t?) spatial cross-derivatives have been omitted to
create a simpler algorithm. Formally this reduces the temporal accuracy of (17.36)
to O(4t). Consequently Davis and Moore (1982) employ small time-steps to
minimise the error associated with the neglected O(A4t?) terms.

For unsteady laminar flow past a rectangular obstacle (Fig. 17.5) Davis and
Moore have used an algorithm, equivalent to (17.36) on a uniform grid, to explicitly
march the discrete form of the momentum equation (17.2, 3) in time. In their 1982
formulation, Davis and Moore solve the Poisson equation for the pressure (17.13)
by an SOR technique (Sect. 6.3.1).

Fig.17.5. Grid for flow past an obstacle,
S5t x62 grid

Subsequently (Davis et al. 1984), a direct solver based on Swartztrauber’s (1974)
method is used to solve (17.13) at each time step. This improves the computational
efficiency considerably and permits continuity to be satisfied at each time-step to
much greater precision than is economically possible with SOR iteration. A typical
solution showing an intermediate development of a vortex street is indicated in
Fig. 17.6.

The Davis and Moore algorithm (1982) has been used to examine the detailed
structure of flow in a driven cavity at Re=10* by Takemoto et al. (1985). More
recently, Takemoto et al. (1986) have modified the algorithm in a number of
important ways. First, they have expressed the governing equations in generalized
curvilinear coordinates (Chap. 12). Second, they have integrated the momentum
equations (17.2, 3) using a fractional step method, in which the convective terms are
handled explicitly and the viscous terms are handled implicitly. A grid with
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Fig. 17.6. Vortex shedding for Re= 1000 with the incident flow inclined at 15" to the horizontal (after
Davis and Moore, 1982; reprinted with permission of Cambridge University Press)

pressure and velocity components defined at the same nodes is used in preference to
a staggered grid. The revised algorithm is used to examine the unsteady flow over a
sinusoidal bump in a channel at Re=10*.

It is interesting that though the flow is unsteady the QUICK algorithm,
essentially (17.32 and 33) with ¢=0.375, is used in preference to the QUICKEST
algorithm, equivalent to (17.34). Tt is conjectured that the relative simplicity and
economy of the QUICK algorithm is preferred. Takemoto and Nakamura (1986)
apply the same algorithm to the three-dimensional driven cavity problem which
previously has been computed by Freitas et al. (1985) using modified QUICK
differencing in conjunction with a SIMPLE-type solution algorithm (Sect. 17.2.3).

17.1.6 Spectral Methods

The spectral method (Sect. 5.6) is more accurate per nodal unknown than any of the
local methods, e.g. finite difference or finite element methods (Fletcher 1984,
Chap. 6). For problems with sufficiently smooth solutions and benign (e.g. periodic)
boundary conditions the spectral method demonstrates very considerable compu-
tational efficiency (Sect.4.5). However, for flow problems with more difficult
boundary conditions the very high accuracy per nodal unknown may not be
achieved and indeed there may be difficuity in obtaining stable solutions (Gottlieb
and Orszag 1977).

The important role of the boundary conditions, in relation to the formulation of
effective spectral methods, has led to the increased use of pseudospectral formu-
lations based on Chebyshev polynomials (Sect. 5.6.3). Since the nodal-point sol-
ution is often obtained directly with modern pseudospectral formulations, the
satisfaction of boundary conditions can also be handled more explicitly.

The Chebyshev pseudospectral matrix (CPSM) approach is described briefly in
Sect. 5.6.3. The crucial feature of this method is that explicit discretisation formulae
for higher-derivatives, e.g. (5.162 and 165), are obtained based on the assumption
that the function behaviour is accurately represented by a Chebyshev series
spanning the global domain. The application of the CPSM method to unsteady
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incompressible viscous flow will be described here, based on the formulation of Ku
et al. (1987a, b).

The nondimensional governing equations are given by (17.1-3). One-dimen-
sional Chebyshev approximate solutions, like (5.150), are used to generate the
following discretisations of spatial derivatives:

du Not1 ou Ny+1
|:6x:|] Z me“z k> |:4:| k: Z Gi(in)“; m
Js

=1 0y J; m=1

o%u Ne+1 52 Ny+1
i GX( i - ~y(2)
|:0le Z P ULk |:6y2:|j,k Z Gk mijm

1= m=1

(17.37)

where the components of G*), etc., correspond to the components of G, etc,, in
(5.161). Equivalent formulae to (17.37) are available for derivatives of v and p.

Time derivatives are discretised using finite difference expressions, and the
projection method (17.22-24) is used to advance the solution in time. The first
component of " in (17.22) is interpreted as

pr g g (S0 Ty 0 dw 17.38
e Re \:0x? 6y2 ox ay |’ (17.38)

where the spatial discretisation utilises (17.37). Similarly F? is based on the CPSM
discretisation of the equivalent terms in (17.3).

After u* has been obtained from (17.22), p"*! follows from (17.24) with a
particular treatment of the boundary conditions. Using (17.37), (17.24) can be
discretised as

Nx+1 Ny Ny+1

Z Gxp Z GXVp e+ Y, G Y GIVp; ,,=RHS'+RHS? | (17.39)
s5=2 m=1
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The summations in (17.39) have been split up to isolate some of the boundary
values. Using the CPSM form of (17.23), RHS® can be replaced with

Ax(1),,n+1 1) Ay(1) nt »(1)
GTulx G}N +1UN. +1k+lev +GkNy+lvjNy+1

HSE=
R At At At At

(17.40)

The boundary velocities appearing in (17.40) are all prescribed boundary values.
Equation (17.39), with (17.40), is applied at all interior nodes. Consequently values
of u*, v* on the boundary are not required. However, boundary values of p appear
in (17.39) so boundary conditions for p are required. These are constructed from
(17.23) and (17.1). For j=1 and N, + 1, this gives

n+1 611*

L | (61} )
=2 45, (17.41)
i At\dy|; ;

0x
and for k=1 and N +1,
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These expressions appear to involve u* and v* on the boundary. However, in
applying the CPSM method the same simplification that led to (17.40) permits
substitution of appropriate values of u"* ! and v"*'. Thus the CPSM form of (17.41
and 42) is

i) for j=1and N +1,
Nx Nx+1 Ny+1
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r=2 I=1
+ DU+ Gt k) , (17.43)

ii) for k=1 and Ny+1,
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The combination of (17.39) at interior nodes and (17.43) or (17.44) at boundary
nodes produces a dense linear system of equations for the pressure p"*1. Because
this system is linear it can be factorised once, e.g. using the subroutine FACT
(Sect. 6.2.1), at the first time-step. Subsequent time-steps require back-substitution
with different right-hand sides to obtain p"*'. Subroutine SOLVE (Sect. 6.2.1)
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performs each back-substitution in O(n?) operations. At each time step, once Pt lis
available, u"* 1, v"*! follow from the discrete form of (17.23) based on the equiva-
lent of (17.37).

Since the implementation of (17.22) in the CPSM method is explicit there is g
restriction on the time-step of the form

2 2 N: N: !

At§<|u|Nx+|v|Ny+Re +Re> . (17.45)

Clearly an increase in the number of grid points causes a severe restriction on
the time-step. For the problem of a driven cavity, Ku et al. (1987b) report accurate
solutions for a Reynolds number of 10° with N,=N,=31 but require 15000 to
30000 time steps to reach the steady state.

As well as using (17.43 and 44) as boundary conditions for the pressure solution,
Ku et al. (1987a) have also tested the more conventional specification of the
pressure gradient through the momentum equations (17.2, 3) at the boundary. For
a thermally driven cavity the two boundary condition specifications produce
similar solutions at a Rayleigh number of 10*. However, at a Rayleigh number of
10° the use of (17.43 and 44), which effectively enforces continuity at the bound-
aries, produces more accurate solutions.

Ku et al. (1987b) extend the formulation to a three-dimensional driven cavity
and obtain solutions for Reynolds numbers up to 1000 and a grid of 31 x 31 x 16
points (the problem is symmetric about z=0.5). The major computational develop-
ment is the use of an eigenfunction expansion to reduce the three-dimensional
Poisson equation to a sequence of one-dimensional problems. This greatly reduces
the storage that would be necessary to factorise the three-dimensional Poisson
equation directly.

Typical steady-state solutions obtained by Ku et al. (1987b) indicate (Fig. 17.7)
that the character of the flow is significantly different in a three-dimensional driven
cavity to that in a two-dimensional driven cavity. The differences are less for lower
Reynolds numbers. The moving lid of the driven cavity is located at y =1 and is of
extent 0=x<1,0<z<1.

Ku et al. (1987a) also consider a CPSM implementation of the traditional MAC
method (Sect. 17.1.2) but without a staggered grid. The global coupling implicit in
the CPSM discretisation of pressure derivatives blocks the appearance of inter-
twined but uncoupled pressure solutions associated with the use of centred
differences on a non-staggered grid (Sect. 17.1.1). Ku et al. (1987a) note that when
boundary values of pressure gradient are eliminated in favour of du/dt and dv/ét,
through the momentum equations, the resulting time-marching algorithm is stable.
This appears to overcome the instability produced by the explicit pseudospectral
method with pressure gradient boundary conditions satisfied by the steady
momentum equations (Moin and Kim 1980).

The main weakness of the CPSM strategy for steady or slowly varying flows is
the severe restriction on the time-step (17.45). If (17.22) were treated implicitly a
dense matrix factorisation and solution would be required at every time step, due
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to the nonlinear nature of (17.22). For realistic problems in two and three
dimensions the resulting scheme would be very uneconomical.

Gottlieb et al. (1984) review time stepping methods for incompressible viscous
flow and suggest that the equivalent of (17.22) can be split into two steps. One step,
involving the convective terms, is handled explicitly. The second step involving the
viscous terms can be handled implicitly. Since this system is linear the CPSM
strategy would only require a matrix factorisation at the first step. Such a splitting
has been used with the pseudospectral method by Moin and Kim (1980) and with a
mixed spectral/pseudospectral method by Orszag and Kells (1980). Orszag and
Kells (1980) handle the convective terms partially implicitly by approximately
linearising the convective terms at each time-step. However, Moin and Kim (1980)
and Orszag and Kells (1980) only use Chebyshev polynomials in one direction;
periodic boundary conditions permit the use of Fourier series in the other two
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directions. In addition, both of these formulations use FFTs instead of the matrix
operations favoured by Ku et al. (1987a, b).

Spectral methods are used to examine fundamental instabilities which trigger
transition from laminar to turbulent flow. Orszag and Kells (1980) show that
transition occurs at a Reynolds number of the order of 1000 for plane Poiseuille
and plane Couette flows. Orszag and Patera (1983) have shown that three-
dimensional disturbances are necessary for transition in shear flows. For transition
research high temporal resolution is more important than high spatial resolution.
However, in the direct simulation of turbulence (Orszag and Patera 1981; Brachet
et al. 1983) high spatial resolution and high temporal resolution is equally
important.

Most applications of spectral methods have been to problems with compu-
tational boundaries that coincide with constant values of the independent vari-
ables. For computational domains of more arbitrary shape it is possible to trans-
form the governing equations using boundary-fitted generalised curvilinear co-
ordinates (Chap. 12) and to apply the particular spectral method in the uniform
generalised coordinate domain. However, to maintain the high accuracy of spectral
methods it is necessary that the transformation parameters, ¢,, etc., also be
evaluated using spectral methods (Orszag 1980). For finite difference methods of
second-order accuracy it is sufficient to use second-order formulae to determine the
transformation parameters (Sect. 12.2).

The use of Chebyshev polynomials to define the collocation sampling points
(5.152) produces a refined grid at the boundary of the domain but a relatively
coarse grid in the interior. For viscous flow problems this is particularly well-suited
to resolving the narrow boundary layers that occur adjacent to solid surfaces for
large values of the Reynolds number. For problems with severe gradients in the
interior, e.g. viscous compressible flow or a moving front problem, the distribution
of sampling points produced by Chebyshev polynomials may be less efficient.

One effective way to overcome this problem and to give the spectral method
greater geometric flexibility is to break up the single global domain into a few,
0(10), subdomains. In each subdomain a spectral method is applied. For the flow
over a backward-facing step (Patera 1984), the global domain (Fig. 17.14) is broken
up into seven subdomains. In each subdomain an interpolation with six to seven
Chebyshev polynomials in each direction is sufficient to produce accurate
solutions.

The use of separate spectral expansions in each subdomain raises the additional
problem of enforcing interdomain solution continuity. For the incompressible
Navier-Stokes equations (17.1-3) continuity of the pressure, velocity components
and first derivatives of the velocity components normal to the subdomain bound-
ary is required. These conditions are imposed directly by Ku and Hatziavramidis
(1985) in a velocity, vorticity formulation for pipe entrance flow.

However, Patera (1984) avoids having to impose continuity on velocity deriv-
atives explicitly. Patera develops a spectral element formulation within which
Lagrange interpolation of the nodal unknowns is undertaken based on Chebyshev
polynomials and collocation points. A modified projection method, equivalent to
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(17.22-24), advances the solution from time level n to n+1. An intermediate
velocity solution is obtained by explicitly advancing the convective terms in the
momentum equation. This intermediate velocity solution provides the source term
for the pressure Poisson equation, equivalent to (17.24). The solution for the
pressure is used in the equivalent of (17.23) to further advance the velocity solution.
The remaining step is to advance the velocity solution due to the viscous terms.
This step is given an equivalent variational formulation and advanced in time with
a Crank—-Nicolson (implicit) construction. The use of the variational formulation
avoids the need for continuity of velocity derivatives at inter-element boundaries.
An alternative means of handling continuity of the velocity derivatives is provided
by the global flux balance method of Macaraeg and Streett (1986).

For simple geometries, like the backward-facing step, the spectral formulation
in each subdomain can be expressed in terms of the physical coordinates. However,
for more general global domains or if internal severe gradients are to be resolved
accurately the use of distorted subdomains is appropriate. Korczak and Patera
(1986) describe such a modification based on the isoparametric construction
(Sect. 5.5.3). Macaraeg and Streett (1986) make use of a generalised curvilinear
coordinate mapping in each distorted subdomains to achieve the same end result.

In conclusion it may be noted that spectral methods are still at a less well-
developed stage than finite difference methods. Their main advantage is the high
spatial accuracy that can be achieved with relatively few terms in the approximate
solution, or equivalently relatively few collocation points (Hussaini and Zang
1987). For time-dependent viscous flow in which small time-steps are required to
achieve sufficient accuracy, spectral methods are already competitive with finite
difference methods, particularly in regular domains. For irregular domains and if
the time dependence is not a limiting factor for accuracy then spectral methods are
usually marched in time, or iterated to the steady state, with considerably less
economy than purely local methods, like the finite difference and finite element
methods. It appears, at present, that the overall computational efficiency of spectral
methods for incompressible viscous flow is not as great as the best finite difference
and finite element methods in complicated geometric domain. However, this could
possibly change for computers with parallel-processing architectures (Ortega and
Voigt 1985; Korczak and Patera 1986; Macaraeg and Streett 1986).

17.2 Primitive Variables: Steady Flow

Any of the techniques described in Sect. 17.1 are applicable to steady flow by
marching in time until the solution no longer changes. In addition if the transient
solution is of no consequence the pseudotransient formulation (Sect. 6.4) is avail-
able to implement more effective algorithms for obtaining the steady flow behav-
lour. The pseudotransient philosophy is exploited in the artificial compressibility
construction (Sect. 17.2.1) and in the practical use of the auxiliary potential
function (Sect. 17.2.2). Although the SIMPLE method (Sect. 17.2.3) was developed
originally to solve the steady Navier-Stokes equations directly, it is found to be
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more effective if cast in a pseudotransient form. Finite element methods
(Sect. 17.2.4) are suitable for either unsteady or steady flow. However, to determine
steady flow behaviour they are usually applied directly to the steady Navier-Stokes
equations.

17.2.1 Artificial Compressibility

In this method the solution to the steady Navier-Stokes equations are sought by
applying a pseudotransient formulation (Sect. 6.4) to the unsteady momentum
equations (17.2, 3) with the continuity equation (17.1) replaced by

op, ,f0u adv\
L (5;+@)_o . (17.46)

In the limit that t— oo, (17.46) coincides with (17.1). The transient solution of (17.46,
17.2 and 3) is not physically meaningful but the steady-state solution is. Equation
(17.46) resembles the compressible continuity equation (11.10) and hence the name
given to the method by Chorin (1967).

The parameter a can be interpreted as an artificial sound speed, such that
p=a’o. However, in practice ¢ does not appear explicitly and a and 4t have the
role of relaxation parameters. Limitations on At will typically be determined by the
stability of the computational algorithm. However, limitations will be necessary on
the value of a as indicated by (17.52-54).

Since a pseudotransient formulation is used to march (17.46, 2 and 3) in time,
appropriate boundary conditions for a specific problem are the same as given in
Sect. 17.1.

In the original formulation, Chorin (1967) used leapfrog time-differencing
(Sect. 9.1.3) and Dufort-Frankel spatial differencing (Sect. 7.1.2) with pressure and
velocity components specified at the same grid points. Peyret and Taylor (1983)
recommend the use of a staggered grid (Sect. 17.1.1) and show that if explicit time
differencing is used, as in Sect. 17.1.2, the pseudotransient artificial compressibility
construction can be interpreted as an iterative procedure to solve the discrete
Poisson equation for the pressure (17.13) at t = c0.

Here we describe an implicit pseudotransient algorithm to solve (17.46, 2 and
3) based on the approximate factorisation procedure (Sect. 8.2.2).

Equations (17.46, 2 and 3) can be written collectively as

oq OF oG 1
— —_— —_— = 047
0t+6x + oy Re DV?*q=0, where (17.47)
p a’u a’v 0 00
qz{uj[, Fz{uﬂ-p , G=| w |, D=0 1 0
v uv v2+p 0 0 1

As in (14.98), Jacobians 4=0F/dq, B=0G/dq are defined. For the present
situation
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0 a2 0 0 0 a°
A=|1 2u 0| and B={0 v u (17.48)
0 v u 1 0 2v

However, in contrast to (14.97), the following relationships arise:
F=Aq—uDq and G=Bq—vDq .
Equation (17.47) is discretised with p, u and v specified at the same grid points and
trapezoidal (Crank-Nicolson) time differencing
Aqn +1
At
0.5D
Re

+0.5L (F"+F"* )+ 05L,(G"+G"* 1)

(Le+L,)q"+q"")=0, (17.49)

where Aq"*'=q"*'—q" and L,, L,,, etc., are three-point centred finite difference
operators. For example L., q"=(q}-; ,—2q¢] . +qj+ L)/ AxE.

As in Sect. 8.2.2, (17.49) is to be manipulated to give a linear system in 4q
The terms F"*1, G**! and q"*! are expanded as Taylor series about the nth time
level to give

n+1

Fn+1an+én Aqn+1 , G"+1QSG"+B"A(]"+1 , qn+1zqn+Aqn+1 .
Consequently (17.49) can be rewritten as
n n l—) n+1
I+054t) L A"+ L,B"— (Lot Ly,) | 44" =RHS (17.50)

where
RHS =A4t[(D/Re)(L,,+L,)q"— L, F—-L,G] .

The left-hand side is approximately factorised (as in Sect. 8.2.2) and solved as a two-
stage algorithm, with additional artificial dissipation,

D
[1+ 0.5At<Lx4"—R;eLxx>+8iAX2Lxx:|Aq*

=RHS—¢,[(V,4,)*+(V,4,)*1q" (17.51)
and

D
[H 0.5At<Ly§"—§-€L”>+aiAy2Lyy]Aq"+ L= Aq* |

where

(VxAx)Zq"EQ?— z,k—4Q3’—1.k+6q§’,k—4f1}’+1,k+q§’+z.k .
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Clearly each stage of the algorithm leads to block tridiagonal systems of equations
that can be solved efficiently (Sect. 6.2.5). The explicit fourth-order smoothing on
the right-hand side of (17.51a) is introduced to overcome any nonlinear instability,
since trapezoidal time differencing is neutrally stable. The implicit second-order
smoothing introduced on the left-hand side of (17.51) acts to balance the explicit
smoothing during the transient to avoid slowing down the convergence to the
steady state. The parameters ¢, and ¢; are chosen so that the artificial dissipation is
negligible compared with the physical dissipation, here determined by the value of
1/Re. The use of artificial dissipation is discussed further in Sect. 18.5.

For non-simple geometries it is appropriate to use generalised coordinates

(Chap. 12). The corresponding algorithm can be deduced from Sect. 18.4 and is -

used by Steger and Kutler (1977) to examine vortex wakes and by Kwak et al,
(1986a) to investigate flow in engine manifolds.

It may be noted that the artificial sound speed, a, appears in the expressions for
A and B (17.48). The eigenvalues of 4 and B are

Ay=u, u,ut(@+ud)'?,  Ag=v0, vE+(a®+vH)? . (17.52)
The transient solution can be thought of as being decomposed into different modes
of the form exp(— 4 41), etc. Thus for large values of a*, different modes will decay at
significantly different rates and the system of equations (17.47) is said to be stiff
(Sect. 7.4). If an explicit algorithm were used to march (17.47) in time the stiffness
associated with large values of a would show up as a severe stability restriction on

At. This is avoided by using the implicit algorithm (17.51). However, Steger and
Kutler (1977) recommend that

1

2 17.53
a <At ( )

to maintain first-order time accuracy in (17.51). If @ is made too small the
continuity equation (17.1) will not be satisfied sufficiently accurately with a
destabilising effect on the transient solution. Kwak et al. (1986a) provide the
following lower bounds for a*. For laminar flow

2 i 4 Xref 2 XL z
e[ () ()] . e

and for turbulent flow,

[ 2
N TR TLE TR (17.55)
L Ret xé xref

where Re, is the Reynolds number based on the turbulent eddy viscosity and x, and
x, are the characteristic lengths that the vorticity and pressure waves have to
propagate during a given time span. For a duct flow, x, is the total duct length and
2x, is the distance between the duct walls. For the example of flow past a circular
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cylinder at Re =40 and using 4t =0.1, Kwak et al. recommend 0.1 <a” < 10. Results
are presented which suggest that the rate of convergence is not overly sensitive to
the choice of a® within this range.

The Kwak et al. algorithm has been used (Kwak et al. 1986b) to compute the
horseshoe vortex pattern produced by the incompressible flow around a post of
circular cross-section on a flat plate at a Reynolds number (based on the cylinder
diameter) of 1000 (Fig. 17.8). The particle paths shown in Fig. 17.8 were obtained
with approximately 100000 grid points and the solution required approximately
800 iterations to reach convergence. The particle paths show the presence of a
strong primary horseshoe vortex structure and also filaments of secondary vorti-

city being convected normal to the flat plate (increasing z) before being swept
downstream (increasing y).

\
5 _ —
* ‘ \}//F;!W
““ \"76‘] =
s N
\ ,/ l”’ o /
\ A)
2! ey

Fig. 17.8. Particle paths for the flow past
a cylinder plate junction at Re=1000
(after Kwak et al. 1986b; reprinted with
permission of NASA)

17.2.2 Auxiliary Potential Function

This method is described in the context of a pseudotransient formulation
(Sect. 6.4) to obtain the steady-state solution. It is convenient to write (17.1-3) in

vector form. Discretising in time produces the following representation for the
momentum equations:

(un+1 _un)
At

1
+V-wut )+ Vp"+Véptt— <Re>V2u"+ =0, (17.56)
where

p"+1=p"+5p”“ .
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To advance the solution, (17.56) is split into two parts. First an estimate of the
solution, u"*1, is obtained by solving

At
u*+AtV~(u"u*)—<Re>V2u*=u"ﬂAt \%% (17.57

for u*. In the second stage
wtl=u*—Ar Vép"rl . (17.58)

Requiring that u"*! satisfy continuity produces the result

V't l=0=V-u*— 4t Vp"*' , or

Viop*tl=(1/4t)V-u* . (17.59)
Clearly (17.59) is a Poisson equation for the pressure correction. This equation is
equivalent to (17.24) that arose in the projection method, but u* is different.

However, there is an alternative way of ensuring that u"* ' satisfies continuity,
which is by adding an irrotational correction field u® and enforcing continuity, i.e.

V_un+1=V.u*+V.u5___0 i (1760)

Since u¢ is irrotational a velocity potential can be introduced such that u"=V¢.
Consequently (17.60) becomes

Vip=—Vu* . (17.61)

Equation (17.61) is a Poisson equation for ¢ which is equivalent to (17.59). If
equivalent boundary conditions are used

¢
opitl=—— . 17.62
p T (17.62)
Thus once (17.61) has been solved for ¢, p"*' follows directly from (17.62).

Boundary conditions for (17.61) are usually specified values of é¢/én subject to the
global constraint, equivalent to (17.4),

f:—¢ds=fV2¢ dA=—[V-u*dA . (17.63)
© On
In practice d¢/cn is set to zero on solid surfaces but the values on open boundaries
are adjusted so that (17.63) is satisfied. The ¢ solution will not necessarily lead to
0¢/0s =0 at the boundary. Therefore it is recommended that when solving (17.57)
for u* the following boundary condition at a solid surface is applied:

u¥ = —[ad’]" . (17.64)

0s
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To O(At) the imposition of (17.64) will ensure that uf *' =0 where the direction s is
tangential to the boundary. Thus the complete no-slip boundary condition are
satisfied at the (n+ 1)-th time level.

For an unsteady problem (17.61) would be solved exactly at every time-step.
However, for steady incompressible viscous flow it is more efficient to replace
(17.61) with

o0

o~ Ve+Vur=0, (17.65)

which can be marched forward in time in conjunction with (17.57). Usually a larger
time step is used in (17.65) or it is advanced three or four time-steps for each time
step that (17.57) is advanced. For small values of time (17.61) will be only
approximately satisfied and it is necessary to under-relax the pressure correction,
Le. (17.62) is replaced with

n+1 n ¢
piti=p BA! . (17.66)
The concept of splitting the velocity field so that one part has zero curl, i.e. can
be obtained from a velocity potential as in (17.61), underlies Chorin’s (1967)
projection method (Sect. 17.1.4). The first explicit use of an auxiliary potential
function was in the SMAC method of Amsden and Harlow (1970). More recently
the method has been used by Dodge (1977), Cazalbou et al. (1983) and Kim and
Moin (1985) with finite difference discretisation and by Ku et al. (1986b) in
conjunction with a pseudospectral method. Briley (1974), Ghia and Sokhey (1977),
Yashchin et al. (1984) and Briley and McDonald (1984) have used an auxiliary
potential to obtain the transverse velocity field in modelling duct flows (Sect.
16.2.2). Khosla and Rubin (1983) have used a conceptually similar idea in con-
structing a composite velocity procedure to obtain the flow behaviour in thick
viscous layers.

17.2.3 SIMPLE Formulations

This family of algorithms is based on a finite volume (Sect. 5.2) discretisation on a
staggered grid (Sect. 17.1.1) of the governing equations. The method was intro-
duced by Patankar and Spalding (1972) and is described in detail by Patankar
(1980). The acronym, SIMPLE, stands for Semi-Implicit Method for Pressure-
Linked Equations and describes the iterative procedure by which the solution to
the discretised equations is obtained. The iterative procedure will be interpreted as
a pseudotransient treatment of the unsteady governing equations (17.1-3) in
discrete form to obtain the steady-state solution. An important link with the
auxiliary potential function method (Sect. 17.2.2) will be indicated.

On a staggered grid different control volumes are used, Fig. 17.9, to discretise
different equations. In addition the grid notation associated with particular depen-
dent variables is staggered, Fig. 17.9. Thus the physical locations of p;, ;;, ,and u; ,
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(a) continuity

.Uj,kd

Puj-1,k Pk

®vik

®uj k-1

¥kt

(b) x - momentum (c) y-momentum

Fig. 17.9. Control volumes used in SIMPLE formulation

are the same, as are the physical locations of p; ;. ,, and v; ;. The discretisation
indicated below corresponds to a uniform grid. The more general case of a
nonuniform grid can be obtained from Sect. 5.2 or Patankar (1980).

For the control volume shown in Fig. 17.9a the application of the finite volume
method (Sect. 5.2) to the continuity equation (17.1) produces the discrete equation

W —ut ]l Ay + i =0 )Ax=0 . (17.67)

Application of the finite volume method to the x-momentum equation (17.2) using
the control volume shown in Fig. 17.9b leads to the discrete equation

Ax A
< At y)(“;j(l “u?,k)+(F3'1+)1/2,k_F}l—)l/z,k)Ay+(G§,1l)c+1/2”Gg',ll)c— 1/2)AX

HP3 =Pk Ay=0, (17.68)

o,
Vis1,k
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where
F‘”:uz—RLeZ—Z and G“’zuv—l:—eg—z :
Thus
L owjeo—uja
Fi2120=0250u;  uy1 4 )2 — o= —% and

Re Ax

1 u; —u;
(1) — jk+1 Js k
Ginr12=025w; o+ 0101 Wy 1t 4y ) —o— 20—

Re Ay
Consequently (17.68) can be written as
AXAy n+ u n u n n
< or +a'},k>“j,kl+zanb“n;1+b +Ay(piit—pii =0, (17.69)

where Zaﬁb up ' denotes all the convection and diffusion contributions from
neighbouring nodes. The coefficients a% ; and 4, depend on the grid sizes and the
solution u, v at the nth time level. The term b* = — AxAy u? ,/At. It may be noted
that some terms in F*) and G'*) have been evaluated at the nth time-level to ensure
that (17.69) is linear in u"* 1.

Using the control volume shown in Fig. 17.9¢ the discretised form of the y-
momentum equation (17.3) can be written

Ax Ay n
< >(L3Hl;1 — U} )+ (F_(j2+)1f2,k_ F;ZJI,‘Z,k)Ay+(G;‘,2l)c+ 12— Gl 0)Ax

At
+(Pikh 1 =P} NAx =0, (17.70)
where
1 ¢v 1 év
FO=—yp—— d G¥=p2—__ 7"
uv Re ax an v Re 2

Substituting for F? and G® allows (17.70) to be written

Ax Ay
< Aty +a§ik>v?ii‘+Zaﬁbv:;‘+b"+Ax(p;,zi1—p;i:1)=o : (17.71)

where the various coefficients have a similar interpretation to that indicated for
(17.69).

At any intermediate stage of the SIMPLE iterative procedure the solution is to
be advanced from the nth time level to the (n+ 1)-th time level. The velocity
solution is advanced in two stages. First the momentum equations (17.69 and 71)
are solved to obtain an approximation, u*, of u”* ! that does not satisfy continuity.
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Using the approximate velocity solution u*, a pressure correction dp is sought
which will both give p"*' =p"+ Jp and provide a velocity correction, u, such that
u"t ' =u* 4 v, where u"*! satisfies continuity in the form of (17.67).

To obtain u*, (17.69 and 71) are approximated as

Ax Ay n n

< jlt) +a?,k>“7fk+2 oy Uy = — b= AY(Pjo L= Pl4) (17.72)
Ax A R , v n n .

( Aty +a},k>l};k+§ Ay Uy = —b" — AX(Pf v 1 —Pja) (17.73)

Patankar (1980) recommends writing (17.72 and 73) as scalar tridiagonal
systems along each x grid line (k constant) and solving them using the Thomas
algorithm (Sect. 6.2.2). Subsequently (17.72 and 73) are written as scalar tridiagonal
systems along each y grid line ( j constant) and solved using the Thomas algorithm.
This is conceptually similar to, although not identical with, the ADI procedure
discussed in Sect. 8.2.1.

To obtain equations for the subsequent velocity correction u¢, (17.72) is sub-
tracted from (17.69) to give

AxAy <
< Aly + a;,k)“;’,k: —Zaﬁb Unp — AY(OPj4 1.k —OPjk) (17.74)

and (17.73) is subtracted from (17.71) to give a corresponding equation for v*.
However, to make the link between u® and Jp as explicit as possible, the SIMPLE
algorithm approximates (17.74) as

U =d; i (0p; —OPj+1.4) » Where (17.75)
d;y=EAy/{(1+E)aj,} and E=Ataj,/AxAy . (17.76)

An equivalent expression can be obtained to link S, with (6p; , —dp; ;. ). Sub-
stitution of u}'=u¥, +u§, into (17.67) and use of (17.75), etc., produces the
following explicit algorithm for dp; ,:

al 5pj,k=z any 0Py + 07 (17.77)

where b"= —(u¥, —u¥_, )4y — (v}, — v}~ ,)4Ax. Equation (17.77) is a disguised
discrete Poisson equation that can be written symbolically as

. 1
Vﬁbp=ZV,,>u* , (17.78)
which is equivalent to (17.59). It may also be noted that (17.75) is equivalent to

1
f=——V,ép . 17.79)
u A[Vd P (
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Comparing (17.79) and (17.62) indicates that dp is an effective velocity potential and
the velocity correction, u‘, is irrotational. The complete SIMPLE algorithm can be
summarised as follows:

1) u* is obtained from (17.72 and 73),
2) dp is obtained from (17.77),
3) u‘ is obtained from (17.75) and equivalent form for ¢*,

4) p"*!is obtained from p"*! =p"+a,0p, where «, is a relaxation parameter.

The SIMPLE algorithm contains two relaxation parameters «, and E(= Ar).
Solving the steady momentum equation is equivalent to setting E = oc. In this case
it is recommended that x,=0.075 to achieve a stable convergence. A more rapid
convergence is found, empirically, if E=1 and «,=0.8 (Patankar 1980).

Raithby and Schneider (1979) have made a systematic study of SIMPLE-type
algorithms and conclude that a more efficient algorithm is obtained if Ex4 and

1
l”_1+E . (17.80)
Van Doormaal and Raithby (1984) call (17.80) a consistent SIMPLE algorithm, or
SIMPLEC as an acronym. However, Van Doormaal and Raithby give an alternative
interpretation of SIMPLEC. It is argued that the approximation inherent in
passing from (17.74) to (17.75) causes an increase in the number of iterations to
convergence, although it does improve the economy of each iteration.

A closer approximation to (17.74) is obtained by subtracting X aj,u5, from
both sides and dropping X ay, (uy, — 5 ) from the right-hand side to give

Wik =djx(0p; k= 0Pjs1.4) (17.81)
in place of (17.75), where
di,=EAy/[(1+E)d},—EZXa},] .

If the correction u¢ is slowly varying in space only a small error is introduced in
dropping X ay, (uy, —u§ ), but (17.81) retains the significant economy of being
explicit. In forming the Poisson equation for dp, (17.81) is used instead of (17.75)
and similarly when computing u; ,. However, when obtaining p"*', as in step 4) of
the SIMPLE algorithm, no underrelaxation is required, i.e. 2, =1, if the SIMPLEC
option (17.81) is introduced. A conceptually similar modification to SIMPLE is
discussed by Connell and Stow (1986).

Application of the original SIMPLE algorithm to a range of problems suggests
that Jp is an effective mechanism for adjusting the velocity field but is often less
effective in rapidly converging the pressure field. Patankar (1980) introduced a
revised algorithm, SIMPLER, to improve the situation. The SIMPLER algorithm
consists of the following steps:

1) A velocity field u is computed from (17.72 and 73) with the pressure terms
deleted from the right-hand sides.
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2) Equation (17.77) then becomes a Poisson equation for p"* " rather than dp with
u replacing the u* terms in b.

3) The p"*! (solution from step 2) replaces p” in (17.72 and 73), which are solved as
in SIMPLE to give u*.

4) Equation (17.77) is solved for dp and it is used to provide u"*! =u* +u‘ but no
further adjustment is made to p"*' from step 2.

Clearly SIMPLER involves solving two Poisson steps and two momentum steps
per iteration cycle. Although more expensive per iteration than SIMPLE, conver-
gence is reached in sufficiently few iterations that SIMPLER is typically 50% more
efficient. It may be noted that steps 1) and 2) of SIMPLER correspond to the
projection method (17.22 and 24).

Van Doormaal and Raithby (1984) have compared SIMPLE, SIMPLEC
and SIMPLER for a recirculating flow and flow over a backward-facing
step. In obtaining solutions, (17.77) is repeated v times at each iteration until
7 " < ypHrpHO, where |, is the rms residual of (17.77), i.e.

1/2
rp=2a5bc3pnb+b”—aj{k6pj,k and IrPl:[Z;rf’} .
J

Optimal values of y, range from 0.05 to 0.25. A comparison of the computational
effort (CPU-secs) to reach convergence is shown in Fig 17.10. Clearly both
SIMPLEC and SIMPLER are more efficient than SIMPLE, with SIMPLEC to be
preferred. However, the optimal choice of E, and to a lesser extent y,, is problem
dependent.

SIMPLE-type algorithms on staggered grids have also been used with gen-
eralised (body-fitted) coordinates (Chap. 12). Raithby et al. (1986) have used the

- 400 ~ 200
< SIMPLE ,a,* 0.8 ,)'p'o-zs » SIMPLE ,ap*08 ,yp*0.2
8 3 o -
> 3001 ) E » 150
& == &
]
|
s Y SIMPLER,y, * 02
w
o 20or SIMPLER 7,025 | _, 10O
< <
= 2
S <]
2 Q
< 1001 2 sof
5 =
SIMPLEC, y,_ = 0.2
s SIMPLEC, y, * 0.25 g 7o
S o ] ! L ! 8 o 1 ! ) !
05 | 2 5 10 20 05 I 2 5 10 20
TIME STEP MULTIPLE ,E TIME STEP MULTIPLE ,E
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Fig. 17.10a, b. Comparison of SIMPLE, SIMPLEC and SIMPLER (after van Doormaal and Raithby,
1984; reprinted with permission of Hemisphere Publishing Co.)
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SIMPLEC algorithm with orthogonal generalised coordinates. It is found that
formulating and discretising the problem at the stress level, as in (11.26) produces a
more efficient code. Appropriate laminar or turbulent stress strain relations are
introduced subsequently in an appropriate discrete form. However, if first-order
upwind discretisations are introduced at this stage, the overall solution accuracy is
often reduced. If higher-order discretisations are used more grid points are coupled
and the solution algorithm is less economical.

Shyy et al. (1985) have applied the SIMPLE algorithm on a staggered grid
with non-orthogonal generalised coordinates. The QUICK differencing scheme
(Sect. 17.1.5) and a three-point second-order upwind scheme [g=1.5 in (9.53)] for
the convective terms are compared. Two-dimensional turbulent flow in a kidney-
shaped channel provides the test problem and 31 x 26 and 56 x 36 grids are used.
Although this problem has no exact solution the second-order upwind scheme is
generally preferred as it is more robust and more efficient without producing
obviously less accurate solutions. The QUICK scheme [¢=0.375 in (9.53)] is
divergent on a very distorted mesh and generally requires more iterations when it is
convergent.

The lack of robustness of the QUICK scheme has also been reported by Pollard
and Siu (1982) and Patel and Markatos (1986) in applying the SIMPLE algorithm
on a Cartesian grid. In relation to (9.53) it can be seen that reducing g produces a
scheme closer to the three-point centred difference formula (g =0). Thus the lack of
robustness with the QUICK scheme (g=0.375) compared with the second-order
upwind scheme (¢=1.5) is not unexpected.

Phillips and Schmidt (1985) have combined a SIMPLE algorithm on a stag-
gered grid with QUICK differencing of the convective terms. A multigrid pro-
cedure (Sect. 6.3.5) is employed to accelerate the convergence to the steady state.
Phillips and Schmidt consider the driven cavity problem at Re=400 and natural
convection in a vertical cavity (de Vahl Davis and Jones 1983) at Ra=10°. The
multigrid procedure is used with different grid refinements in different parts of the
domain. Typically the finest grids (h=1/32) are introduced adjacent to the walls
but a less fine grid (h=1/16) is employed in the interior. The coarsest grid (h=1/4)
in the multigrid procedure is used throughout the domain.

17.2.4 Finite Element Formulation

Most of the algorithms described above substitute a Poisson equation for pressure
or potential for the solution of the continuity equation (17.1). In contrast the
traditional finite element method operates on (17.1) directly. This method will be
described first; subsequently the penalty finite element method will be described.
This method solves a combination of the continuity and momentum equations for
the velocity components, and the pressure does not appear explicitly.

A Galerkin finite element formulation (Sects. 5.3-5.5) is applied to the steady
two-dimensional incompressible Navier-Stokes equations, i.e. (17.1-3) without the
time dependent terms.
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The starting point is to interpolate the velocity and pressure fields as in (5.58),
u=Y ) . v=y udiEn . p=y pelEn . (17.82)
1 1 i

The interpolation is assumed to take place within quadrilateral elements with (&, %)
being local element-based coordinates. Appropriate orders of interpolation for the
different dependent variables will be indicated below.

Substitution of (17.82) into the governing equations produces non-zero re-
siduals. Formation of the Galerkin weighted integral (5.5 and 10) gives

0 )

[ MO p dxdy=0 (17.83)
ox dy

H {e-(u +p)+ :— (uv) }(i)m dxdy
ox cy

1 cu \[ co* cu\( CPy
"Re [()( 0x>+<<v>< oy ﬂ‘“d}
>¢>

R 1 cu ¥r
u = 17.84
] d)+Rej[<F\>¢"‘} dx (17.84)

Ye

eI+ (50 v
Rle [( >¢'"l dHMJ[(:;)(bm]dx (17.85)

In (17.84 and 85) an integration by parts has been made of the weighted vis;oqs
terms; for ease of exposition it is assumed that the computational domain is
rectangular with x, < x £xg and yz <y < y,. Substitution of (17.82) into (17.83~
85) produces a system of equations that can be written

Aq=R‘, (17.86a)
S(q)g+Bp=R", (17.86b)

where ¢ is the vector containing all the unknown nodal values (?f both velocity
components and R™ and R¢ are known vectors arising from the Dirichlet boundary
conditions. . '
Equation (17.86) constitutes a nonlinear global system of equations. Typically
the solution is obtained iteratively using Newton’s method (Sect. 6.1). At each stage
of the iteration a sparse linear system of equations must be solved. This is usually
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carried out with a sparse Gauss elimination procedure (Sect. 6.2) based on the
frontal method (Hood 1976).

The major problem with the above finite element formulation for the incom-
pressible Navier-Stokes equations is the choice of the approximating and weight
functions ¢“, ¢” and ¢? in (17.82-85). It might be expected that equal-order
interpolation of u, v and p in (17.82) would be appropriate. However, this can cause
(17.86) to become singular, because the discrete continuity equation (17.83) is
applied at too many nodes. This was found empirically by Hood and Taylor (1974).
Even if (17.86) is mathematically well-behaved the resulting solution demonstrates
a highly oscillatory pressure field; however, the velocity field is usually well-
behaved.

It may be recalled that a similar situation arises with the use of a centred
difference representation for the pressure derivatives in the momentum equations if
the velocity components and pressure are defined at the same grid points
(Sect. 17.1.1). This was the major reason for introducing a staggered grid.

Taylor and Hood overcame the oscillatory pressure problem by introducing
mixed interpolation, biquadratic interpolation for the velocity components u and v
and bilinear interpolation for the pressure. This produces smooth solutions and has
been widely used subsequently. In a sense this formulation is inefficient in that the
overall accuracy is second-order from the bilinear pressure interpolation whereas
the economy is governed by the use of biquadratic interpolation for the velocity
components. This leads to relatively dense matrices S, 4 and B in (17.86), which
implies a high operation count in the subsequent iterative algorithm (Fletcher 1984,
pp. 95-97).

The computational efficiency is improved somewhat by using linear interp-
olation of the velocity components and a constant value for the pressure in each
clement. However, this combination can produce oscillation in the pressure field
for certain computational domains and choices of boundary conditions. The
general problem of oscillatory pressure solutions occurring for various com-
binations of interpolation has been studied by Sani et al. (1981).

Broadly the problem can be reduced, or eliminated completely, by carefully
matching additional computational boundary conditions to the choice of interp-
olation used. It is always necessary to use pressure interpolation that is of lower
order than the velocity interpolation. If this still permits oscillatory pressure
solutions to occur it is possible to filter or smooth the pressure solution to obtain
useful information. It is shown theoretically by Sani et al., and confirmed numeri-
cally, that the velocity solution is well-behaved even if the pressure solution is
oscillatory.

It is emphasised that the necessity of using lower-order interpolation for the
pressure than that for the velocity stems directly from the use of (7.1) in (17. 83).
Schneider et al. (1978) demonstrate that if an auxiliary potential formulation
(Sect. 17.2.2) is constructed in conjunction with a Galerkin finite element dis-
cretisation, equal-order interpolation for velocity and pressure is well-behaved.
This is also the experience with a group finite element formulation (Fletcher 1982;
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Srinivas and Fletcher 1984) for compressible viscous flow at low subsonic Mach
numbers.

Compared with SIMPLE-type formulations on a staggered grid the use of
quadratic velocity interpolation and linear pressure interpolation produces sol-
utions of high accuracy for the velocity field as long as boundary layers that form at
high Reynolds numbers are properly resolved (Castro et al. 1982). A failure to do
this leads to an oscillatory solution of a cell-Reynolds nature (Sect. 9.3.1). It can be
argued (Gresho and Lee 1981) that this is a virtue since it provides a warning that a
physically important flow feature is not being properly resolved.

In practice the finite element method is often used with a relatively small
number of elements (or equivalently nodal points) spanning the computational
domain. For flows of moderate to high Reynolds numbers the resulting oscillatory
solutions produced by the conventional finite element method has prompted
considerable interest in Petrov-Galerkin (Fletcher 1984, Chap. 7) constructions
that permit an effective “upwind” (Sect. 9.3) treatment of the convective terms. For
example Brooks and Hughes (1982) base such a formulation on ensuring that the
upwind treatment is directed along the local streamline, thereby avoiding numeri-
cal cross-stream diffusion (Sect. 9.5.3).

A very effective way of constructing accurate non-oscillatory finite element
algorithms for high Reynolds number flows is based on identifying the oscillatory
errors with higher-order terms in the Taylor series expansion in time of the
corresponding pseudo-transient formulation. This is an extension of the ideas
developed in Sects. 9.2-9.4. Such a construction is provided in a basic form by
Baker (1983, Chap. 5) and developed as the Taylor weak statement (TWS) of the
Galerkin finite element formulation (Baker et al. 1987).

It is possible to eliminate the explicit appearance of the pressure in the
momentum equations by adopting a penalty function method (Temam 1968). In
this method the continuity equation (7.1) is replaced by

u Ov
T P 17.87
&P <6x (3y> 0, ( )

where ¢ is a small parameter, 107% < ¢ < 10 # typically. This construction has
some similarity with the artificial compressibility method (Sect. 17.2.1) but does not
require a pseudotransient strategy. In practice (17.87), in either exact or discretised
form, is used to eliminate the pressure from the momentum equations. Thus the
solution is obtained in terms of the velocity field only. The pressure is recovered
subsequently from (17.87). The penalty function formulation is widely used with the
finite element method.

For the equivalent Stokes problem, i.e. the Navier-Stokgs equations without
the convective terms, it is demonstrated (Baker 1983, pp. 266-270) that the penalty
function method can be derived by minimising a functional constructed to simul-
taneously satisfy the continuity and momentum equations. The extension to the
Navier-Stokes equations follows by replacing the variational formulation with the
Galerkin (weighted residuals) formulation (Sect. 5.1).
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Two alternative penalty function formulations are used with the finite element
method. First, (17.87) is substituted into the steady form of (17.2 and 3) and the
Galerkin finite element formulation applied to the resulting equations. This con-
struction has been used by Hughes et al. (1979) with the velocity field given a linear
interpolation on quadrilateral elements.

However, in evaluating the integrals numerically in the equivalent of (17.84 and
85) Gauss quadrature (Zienkiewicz 1977) is used. In evaluating the penalty terms
which replace the pressure terms it is necessary to use a lower or reduced order of
Gauss quadrature so that the equivalent of (17.86) is non-singular. All other terms
are evaluated with a sufficiently high-order Gauss quadrature scheme that the
numerical integration is exact. Sani et al. (1981) demonstrate that the use of reduced

- integration is equivalent to the implicit use of lower-order interpolation for the

pressure.

Alternatively, in the consistent penalty function method (Engelman et al. 1982),
(17.87) is discretised using a conventional Galerkin formulation but with lower-
order interpolation used for the pressure field and for the weight function. Sub-
sequently the discrete pressure field arising from (17.84 and 85) is eliminated using
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Fig. 17.11a-d. Natural convection in a wing fuel tank conduit. a) Finite clement grid. b) Temperature
contours. ¢) Velocity vectors. d) Streamlines (after Engelman. 1982; published with permission of Fluid
Dynamics International)
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the discrete form of (17.87). For quadrilateral elements with linear velocity interp-
olation and constant pressure interpolation the two formulations are identical at
the discrete level.

The penalty formulation does provide inherent smoothing for the pressure field
(Sani et al. 1981), although additional smoothing may also be required (Hughes et
al. 1979). The penalty method is usually considerably more economical than the
mixed interpolation (u, v, p) formulation. For quadratically-interpolated velocity
on elements with curved sides (to suit irregular gecometries) the consistent penalty
function formulation is more accurate (Engelman et al. 1982) than the use of
reduced integration and theoretically better supported.

The finite element method lends itself to the construction of general-purpose
codes for solving coupled fluid flow, heat transfer problems in complicated geo-
metric domains. FIDAP (Fluid Dynamic Analysis Program) is such a general-
purpose code and is described by Engelman (1982). A representative problem that
can be successfully modelled by FIDAP is indicated in Fig. 17.11.

A conduit passing through a wing fuel tank contains three electrical wires at
different temperatures. FIDAP determines the natural convection in the air gap
surrounding the wires. Shown in Fig. 17.11 are the finite element grid, temperature
contours, velocity vectors and streamlines for a Rayleigh number of 800 000. The
solution indicates thermal plumes rising from the hot wire and dropping from the
cold wire. The grid contains 2654 nodes and 624 nine-node quadrilateral elements.

17.3 Vorticity, Stream Function Variables

As an alternative to solving the governing equations in primitive variables it is
possible to avoid the explicit appearance of the pressure by introducing the
vorticity and stream function as dependent variables (Sect. 11.5.1), at least in two
dimensions.

In two-dimensional flow the vorticity vector

{=curlq (17.88)
has a single component, which is defined conventionally as

u ov

{ (17.89)

=5——a—x .

The transport equation for the vorticity (11.85) with the aid of the continuity
equation (17.1) is

ot dx | dy Re

ol owd) 6w 1 (0% 0¥
+ + - ~1=0 17.90
ox?  oy? ’ ( )
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where the Reynolds number Re= U L/v. In two dimensions a stream function can
be defined by

é é
u=— and v= i

W (17.91)
Jy 0x

and substitution into (17.89) produces the following Poisson equation for the
stream function:

52 2
AN S (17.92)

éx?  0y?

Equations (17.90-92) constitute the governing equations for the vorticity
stream function formulation of incompressible laminar flow. Strictly by substitut-
ing (17.91) into (17.90) it is possible to eliminate the explicit appearance of u and v.
However, such a formulation may produce less accurate solutions although it
does save the additional storage of u and v. Initial and boundary conditions to suit
(17.90-92) are discussed in Sect. 11.5.1.

The system of equations (17.90-92) is applicable to both steady and unsteady
laminar viscous flow. However, only the vorticity transport equation (17.90)
depends explicitly on time. Consequently, for unsteady problems (17.92) implies
that the stream function field must be determined to be compatible with the time-
dependent vorticity distribution at every time-step.

For unsteady problems (17.90) is parabolic in time if # and v are known. Thus it
can be marched efficiently in time using an ADI or approximation factorisation
technique (Sect. 8.2). At each time step the discrete form of (17.92) is solved for y.
Equation (17.92) is strongly elliptic if { is known and can be solved by iterative
(Sect. 6.3) or direct methods (Sect. 6.2). Since (17.92) is a Poisson equation very
efficient direct methods (Sect. 6.2.6) are available if the grid is uniform.

For steady flow problems, (17.91, 92) and the steady form of (17.90) are a system
of elliptic partial differential equations. Since (17.90) is nonlinear it is necessary to
employ an iterative algorithm. At each step of the iteration (17.90 and 92) are used
to update the { and ¥ solutions either sequentially or as a coupled system. Gupta
and Manohar (1979) employ a sequential algorithm.

It is necessary to use under-relaxation in determining boundary values of the
vorticity, to provide a Dirichlet boundary condition for the steady form of (17.90).
The cause of this problem is that physical boundary conditions are available on ¥
and 0y /dn but none on {. When numerical boundary conditions are constructed
for { which satisfy the integral boundary condition (11.90), no under-relaxation is
required (Quartapelle and Valz-Gris 1981), even though a sequential algorithm is
used.

However, if the steady form of (17.90 and 92) are solved as a coupled system the
two boundary conditions on ¢ and dy/én are sufficient. Campion-Renson and
Crochet (1978) use such a formulation with a finite element method to examine the
flow in a driven cavity. No numerical boundary condition for { is required.
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The pseudotransient strategy (Sect. 6.4) offers an alternative path to obtain the
steady flow solution. To implement the pseudotransient approach (17.92) is
replaced by

W-{az‘/’ﬁz‘//g}:o , (17.93)

dt ax*  oy?

When the steady state is reached (17.93) reverts to (17.92). The choice of the
time-step At that appears after discretisation of (17.93) provides an additional level
of control over the pseudotransient iteration. The sequential versus coupled
treatment of (17.90 and 93) is also relevant to the pseudotransient strategy. Typical
examples are provided in the next section.

17.3.1 Finite Difference Formulations

In this section we consider a typical sequential and a typical coupled solution
algorithm for the steady laminar flow in a driven cavity (Fig. 17.12). The lid of the
cavity moves continuously to the right with a velocity u=1. No-slip boundary
conditions on the velocity components u and v are equivalent, through (17.91), to
the indicated boundary conditions on y and ¢y/cn.

A u=l,v=0 v=0; dy/dy=1
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1 ) C Fig. 17.12. Two-dimensional driven cavity
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A sequential algorithm due to Mallinson and de Vahl Davis (1973) is descril?ed
which is based on a pseudotransient solution of (17.90 and 93). In this formulation
uniform-grid three-point centred difference formulae are introduced for first and
second spatial derivatives. In the notation of Chap. 8,

a(ul) . 3 0 . 5
A :Lx(ug)j,k+0(A-x ) s ﬁ:L})QJ,k_FO(Ay ) s etC.,
ox Oy
where
Ly =T g (17.99
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Mallinson and de Vahl Davis write the semi-discrete form of (17.90) as
Lo
e Ot
Ax(j,k =(1/Re)Lxx€j,k - Lx(uC)j,k s
A =(1/Re) Ly, (;  — Ly (v0); 1

and ¢ is a relaxation parameter that can be varied spatially. When all grid points
are considered the following vector equation results:

ag

Do+ AL (1796)

=(A*+ A", , where (17.95)

The elements of the matrices 4* and 4” can be obtained from (17.94).

Equation (17.96) and an equivalent semi-discrete vector equation, based on
(17.93), are advanced in time using an aigorithm introduced by Samarskii and
Andreev (1963),

(=05 4t AXJAG* =edt[4*+ L],
(17.97)
[I—0.5¢ AI/_‘!Y]AQ"+1 =A{* and

Cn+1=€n+ACn+1 .

It is clear that (17.97) is equivalent to (8.23 and 24) with $=0.5 and the u and v
terms in 4%, 4’ evaluated at time-level n. This is essentially an approximate
factorisation with Crank—Nicolson time differencing. A consideration of the modi-
fied Newton method (Sects. 6.4 and 10.4.3) suggests that setting f=1 would
produce a more rapid convergence to the steady state.

Mallinson and de Vahl Davis apply the Samarskii and Andreev scheme
sequentially to (17.93 and 90). They find that the fastest convergence corresponds
to At~0.84x?>=0.84y? and At~ 50eAt. De Vahl Davis and Mallinson (1976) use
this algorithm to compare three-point central differencing and two-point upwind
differencing for the convective terms in (17.90) for large Reynolds numbers, Clearly
the higher-order upwind schemes (Sects. 9.3.2 and 17.1.5) could be incorporated
into the present method with some modification of the implicit algorithm.

When solving (17.93) for the driven cavity problem the Dirichlet boundary
condition for ¥ is used. When solving (17.90) a Dirichlet boundary condition for { is
constructed. How this is done is indicated in Sect. 17.3.2.

Rubin and Khosla (1981) solve (17.90 and 92) as a coupled system using a
modified strongly implicit procedure (Sect. 6.3.3). To obtain a diagonally dominant
system of coupled equations for large values of Re the following discretisation of
d(ul)/dx is introduced:

d
(@lf)z”xq @O+ (1 —p )Ly @O +0.54x(1 = 2p )L (ul);, ,  (17.98)
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where

L (ul); = L) 10— W) 4] [(@l); = (u0);— 1.4 ] ’

Ax s L (uC)j,k: Ax

and p,=0if Uy Z >0 and p,=1 if u;, <0. The above scheme due to Khosla and
Rubin (1974) is an upwind scheme at the implicit level (n+ 1). However, under
steady-state conditions it reverts to a three-point centred finite difference scheme.

Using (17.98) and an equivalent form for &(v()/dy, but assuming u, v >0, the
discrete form of (17.90 and 92) can be written

yn+1
A LR L QOB — i Lt L3

:%—O.SAx Lo U0y — 054y L, (o0)s (17.99)
(Lot Ly Jyiit =031 =0 . (17.100)
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Fig. 17.13. Streamline pattern for flow in a driven cavity at Re = 10000 (after Ghia et al., 1982; reprinted
with permission of Academic Press)
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Equations (17.99 and 100) constitute a 2 x 2 system of equations which is diagonally
dominant and couples together implicit (n+ 1) values of { and ¥ at grid points
(j—1, k), (j, k), (j+ L, k), (j, k— 1) and (j, k+ 1). The velocity components in (17.99)
are evaluated at the explicit (n) time level. If (17.99 and 100) at all interior nodes are
considered collectively the resulting sparse 2 x 2 block matrix equation can be
solved efficiently using the strongly implicit procedure (Sect. 6.3.3). The details are
provided by Rubin and Khosla (1981). Because of the strong coupling between {
and ¥ at the implicit time level no under-relaxation is required for stability when
implementing the vorticity boundary condition.

Ghia et al. (1982) combine the Rubin and Khosla formulation with multigrid
(Sect. 6.3.5) to obtain the flow behaviour in a driven cavity (Fig. 17.12) for Reynolds
numbers up to 10000 on a 257 x 257 uniform grid. A typical result is shown in
Fig. 17.13. The flow is characterised by a primary eddy filling most of the cavity
and a sequence of counterrotating corner eddies. Ghia et al. note that the use of
multigrid produces an algorithm that is about four times more efficient than using
the strongly implicit procedure conventionally on the finest grid.

17.3.2 Boundary Condition Implementation

The implementation of the boundary conditions for the ¢,y formulation will be
discussed in this section. Most attention will be given to the construction of the
vorticity boundary condition at the solid surface. However, the prescription of
appropriate boundary conditions at inflow and outflow boundaries is also im-
portant and will be discussed in relation to the flow past a backward-facing step.

As indicated in Fig. 17.12 the no-slip boundary conditions at a solid surface are
equivalent to

¥=0 and %’::g. (17.101)

The first boundary condition is used with the Poisson equation for the
streamfunction (17.92). The second boundary condition is used in the construction
of a boundary condition for the vorticity. This will be illustrated for the lid {4D in
Fig. 17.12). A Taylor series expansion of the streamfunction about the grid point
(J, k) on AD gives

oy ay*[ 0%y
= —A — = ce 17.1
Yik-1=V¥;x J’[a lﬁk+ 5 |:6y2 j.k+ (17.102)
From the discrete form of (17.92) and (17.101a),
0%y
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Consequently (17.102) can be rearranged to give

2
Cj,k:Z?(l//j,k—l'i”Ay g;)+0(4y) . (17.104)

This first-order formula was first used by Thom (1933) and has been used
extensively since. Comparable formulae can be readily obtained for the other
surfaces.

Since a second-order accurate discretisation is used in the interior it is desirable
to use a second-order accurate implementation of the boundary conditions
(Sect. 7.3). This can be achieved as follows.

A second-order implementation of (17.103) is

, _%.kﬂ‘z%,k"’%,kﬂ "

k= e 0(4y?) . (17.105)

In addition, a third-order accurate expressions for [0y/dy];  is

po[ ] Y e Mt W ) (17,106
ay |; 64y

The nodal value ¢, , , , lies outside of the computational domain and is eliminated
from (17.105 and 106) to give

0.5 39
(=7 BWju-1 —Vjk- 2D+ 0(4y?) (17.107)

4y* A4y
This form is attributed to Jensen (1959) by Roache (1972) and is used by Pearson
(1965) and Ghia et al. (1982).

Equation (17.107) produces more accurate solutions than the use of (17.104) in
the comparative tests of Gupta and Manohar (1979). However, when used in a
sequential algorithm more iterations are required using (17. 107), and for large
values of Re divergence may occur even when the boundary value of the vorticity is
under-relaxed. When used in a coupled algorithm (17.107) causes no particular
difficulty.

An alternative vorticity boundary condition for
transient formulation,

ml=n, = B{loy/on] — g}k - (17.108)

This appears to provide a more direct implementation of the boundary condition
(17.101b). The relaxation parameter  must be chosen appropriately (Isracli 1972)
to ensure convergence. However, Peyret and Taylor (1983, p. 187) point out a
rather direct link with a vorticity boundary value evaluation via (17.104), as
follows.

At the (n+ 1)-th step of a pseudotransient formulation the boundary value for
the vorticity is given by

is available in a pseudo-
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=+ (=0 (17.109)

where (¥, is obtained from (17.104) and 7 is a relaxation coefficient. Combining
(17.104) and (17.109) to eliminate ¥, gives

n 2/ n n “n
Pl = A S e + Ay @i —0.54Y7 () (17.110)
Ay

If [3y/dn]; . in (17.108) is replaced by (; , — k- 1)/4y the result 1s

o B
—wjk+ l%k 14y 4d) - (17.111)

To O(Ay), (17.110 and 111) are equivalent if f=27/4y.

To examine suitable computational boundary conditions on open boundaries it
is convenient to consider the flow past a backward-facing step, Fig. 17.14. As noted
in Sects. 11.5 and 11.6.4, open boundaries can be classified as inflow and outflow

boundaries and the required number of physical boundary conditions are indicated
in Table 11.5.
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77777777 7777777777777 Fig.17.14. Flow past a backward-facing step

In relation to the flow past a backward-facing step (Fig. 17.14), AF is an inflow
boundary and BC is an outflow boundary. However, AB will be either an inflow or
outflow boundary depending on the local sign of v,5. The crucial feature of
boundary AB is that it is remote from the backward-facing step and the local flow
direction is almost parallel to AB. Such a boundary will be called a farficld
boundary and appropriate boundary conditions will be indicated below that do
not depend on specifically identifying it as an inflow or outflow boundary.

At an inflow boundary it is appropriate (Table 11.5) to specify all but one of
the dependent variables for incompressible viscous flow. For flow past a back-
ward-facing step it is appropriate to specify u(y), p(y) and to determine v(y) from
the interior solution. Thus in the stream function, vorticity formulation y is
specified at inflow; specifying { is not recommended. Roache (1972) prefers to
specify ¢2v/ éx?2=0. On AF in Fig. 17.14, { is obtained from (17.89) as
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if three-point centred difference formulae are used for discretisation. However,
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Thus ¢, , is evaluated in (17.112) from the boundary values of u and the interior
values of . A similar construction is used by Fletcher and Srinivas (1983) except
that [0v/0x= —@%)/dx*]; , is obtained from the interior solution via a one-sided
discretisation without invoking ¢%v/dx?=0.

At outflow, BC in Fig. 17.14, Roache (1972) and Baker (1983) recommend

A2
C_0 and %:0. (17.113)
cx 0x

The second boundary condition is implemented as ¢%y/dy*={, from (17.92).
However, it is important that this boundary condition is compatible with the
boundary conditions on DC and AB. Roache (1972) also recommends an alter-
native vorticity treatment of evaluating (u{)/dx in (17.90) on BC using a two-point
upwind formula and evaluating [0°(/dx*]jyax.x=[02C/0x*1jmax 1.+~ Then no
boundary condition on g is required. Fletcher and Srinivas (1983) obtain a very
similar effect by deleting the term 02{/dx? from (17.90) on BC; this is justified on an
order-of-magnitude basis. However, with this simplification (17.90) becomes spa-
tially parabolic in the x direction and no boundary condition on { is required. An
alternative interpretation, which is computationally equivalent, is to set
¢*{/0x*=0 on BC.

The farfield boundary condition specification of u=1 provides a Neumann
boundary condition on . For streamlined bodies it is possible to compute an
approximate farfield solution by assuming inviscid flow everywhere, e.g. using a
panel method (Sect. 14.1). This often permits a more precise boundary condition
u=U,(x) and allows AB to be brought closer to the body. However, it is
recommended that this procedure be used to provide Neumann boundary con-
ditions, to avoid the possibility of an unphysical boundary layer adjacent to AB
that a Dirichlet boundary condition specification may cause.

For the separating flow field caused by a backward-facing step it is better to
keep AB sufficiently far away that u=1 and { = 0. An alternative frictionless “wind-
tunnel” boundary condition is to specify u=1, v=0 on AB. This effectively
imposes a Dirichlet boundary condition ¥ ;=4 ,. The Dirichlet boundary con-
dition for the vorticity is constructed from the interior ¥ field in the same manner
as (17.104). If these two boundary conditions are combined they also imply
du/dy=Cv/0x=0. As long as AB is sufficiently far from the step the global solution
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will be relatively insensitive to the particular boundary condition specification on
AB. However, a poor choice may introduce a boundary layer or locally oscillatory
solution adjacent to AB.

17.3.3 Group Finite Element Formulation

In this subsection the group finite element formulation (Sect. 10.3) will be applied to
the incompressible laminar flow past a backward-facing step (Fig. 17.14). A
pseudotransient formulation applied to (17.90, 91 and 93) will be used to provide
the steady flow behaviour. Subsequently the related flow past a rearward-facing
cavity (Fig. 17.17) will be considered. When blowing and suction is introduced into
the cavity it is found that an unsteady solution can result.

The Galerkin finite element method, with bilinear interpolation on rectangular
elements (Sect. 5.3), is applied to (17.90). Approximate solutions, like (5.58), are
introduced for { and for the groups u and v{, as in (10.54). The result, in semi-
discrete form, is

: 1
Mx® M}C+M}'® Lxu€+Mx® LyvC_ Q(M)Y®Lxx+Mx®Lyy)c=0 )
(17.114)

where M., M, are directional mass operators and L., L,,, etc., are directional
difference operators (Vol. 1, Appendix A.2). On a rectangular but non-uniform grid
(Fig. 17.15) these operators have the form
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For a uniform grid (r,=r,=1) the formulae given in (17.115) revert to those
given in Table 9.1.

Equation (17.114) represents a system of ordinary differential equations in time.
The following three-level algorithm is derived from (17.114) to advance the solution
in time:

(L4940t —pag

M. ® M, At

=BRHS"*!'+(1—BRHS" , (17.116)

where y and f§ can be chosen to suit the application. For time-dependent problems
a suitable choice is y = 0 and # = 0.5, which produces the Crank—Nicolson scheme.
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Ax rxdx Fig. 17.15. Nonuniform rectangular grid

When obtaining steady-state solutions using a pseudotransient approach a pre-
ferred choice is y=0.5, f=1.0, since it gives faster convergence (Fletcher and
Srinivas 1983). The above algorithm is also applied to the two-dimensional
transport equation (9.87).

In (17.116) the following terms are defined:

ACn+1:Cn+1_C"a Acn:(n_é'nfl and (17117)
RHS=(1/Re){M, @ Ly, + M, ® L,,} — M, ® L.ul —M, ® L,v{ .
To produce an economical algorithm while avoiding severe stability restrictions on
the time-step it is necessary to obtain a linear system of equations from (17.116) for

A1 This requires linearising RHS™**. This is done most efficiently by expanding
as a Taylor series about time level n, i.e.

2 a a u 2
RHS"* ' =RHS"+ | — (RHS) = + Z RHS) ¥ + L RHS) L [dr+ ...
L ot Cu v

ot ot
(17.118)
and truncating after the terms shown. If 6{/dt is replaced by A{"*!/At, substitution
of (17.118) into (17.116) gives

poo

14+9)| M, @M, — 41—
(+/)[ @M, —dr o

(RHS)]A{"* L= AtRHS™ + M, ® M, 4(" .
(17.119)

In RHS™# all terms are evaluated at time level n except u and v which are evaluated
at t"+ fAt. This is desirable for solving unsteady problems, but for steady prob-
lems, where the transient accuracy is not important, it is computationally more
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efficient to evaluate u and v at time-level n as well. The evaluation of u and v in
RHS™# produces scalar, rather than 3 x 3 block, tridiagonal systems of equations
(17.120 and 121). If u and v are evaluated at t" + 4t second-order time accuracy is
preserved.

Equation system (17.119) is a linear implicit system for A{"**. A direct solution
of (17.119) would be computationally expensive. However, the two-stage split
schemes developed for the diffusion equation (8.45, 47) and transport equation
(9.88, 89) are also applicable here. In the first stage, the equation

B (1
M,—At——|_—L.,—Lu)|Al*
[ X 1+_y Re xx xu C

At Y
=" RHS"’+—"— M, ®M, A" (17.120)
1+y 1+y © M, 4L
provides a collection of independent tridiagonal system§ of algebraic equat.ions
along each gridline in the x-direction (constant k in Fig. 17.15). The algorithm
provided in Sects. 6.2.2 and 6.2.3 solves (17.120) efficiently. In the second stage, the
equation

B (1 .

is solved using the Thomas algorithm (Sect.6.2.2) for each gridline in the y-
direction (constant j in Fig. 17.15). In (17.120 and 121) u and v are functions of
position and are operated on by the L, and L, operators respectively. This is not
the case in (9.88 and 89).

The Galerkin finite element discretisation of (17.93) follows the same path as
above. The following semi-discrete form is produced in place of (17.114):

o

M. @M,

(M, @ Ly, +M,® L, }y—M, @M, . (17.122)

Applying the same splitting algorithm as for the vorticity transport equation
produces the two-stage algorithm

A4 m
(MX—ATLL”C)AW* ='1‘+iy(My®Lxx+Mx®LW)l’b

14y
_ AT, Y m (17.123)
and
(M, — AT[B/(1 +7)]L,,} AY™* ' = Ap* . (17.124)

In (17.123 and 124) A7 is a pseudo-time-step that permits the iterative solution
Y™*! to be obtained at each physical time-step 4t. For unsteady problems the
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iterative solution must continue until (17.92) is satisfied, but for steady problems
it is acceptable to iterate (17.123 and 124) three or four times per physical time
step At. Convergence to the solution of (17.92) occurs as the solution of (17.93)
approaches the steady state.

At each time step At the Thomas algorithm, Sect. 6.2.2, can be applied directly
to obtain the solution of (17.123 and 124) along gridlines in the j and k directions
respectively.

Equation (17.91) relates the velocity field to the streamfunction solution.
Applying a one-dimensional Galerkin formulation to (17.91) produces the follow-
ing dependence of the velocity solution on the streamfunction solution:

Myu=Ly and M,v=-L.y . (17.125)

These equations are tridiagonal along gridlines in the k and j directions respect-
ively. Consequently they can be solved efficiently to provide the velocity field (u, v)
once the streamfunction solution is known.

The implementation of the boundary conditions requires additional pro-
cedures. At a solid surface a pseudotransient form of (17.92) is used to provide the
boundary value of {,

oL [ 3%y
== <ax Sty > (17.126)

Application of the Galerkin finite element method and an approximate factoris-
ation produces a two-stage algorithm similar to (17.120 and 121). Thus for the first
stage,

(G +aBANM,, A* =2 At (M, ® Lo+ M, ® L,,) " + 24t [M, f(0)+ M g(0)]
(17.127)

and for the second stage,
M AT =A% (17.128)

The additional terms f(v) and g(u) arise from the application of Green’s theorem to
02y /0x? and 6%y /dy* when the Galerkin node is on the boundary (Sect. 8.4.2). For
surface FE in Fig. 17.14, f(v)=0 and g(u) =ugg/Ay. If the computational boundary
coincides with the surface of the step, upy=0. However, Fletcher and Srinivas
introduce a surface layer to avoid difficulties with the singular behaviour of the
vorticity at E. As a result ugg is non-zero.

In applying the Galerkin finite element method only two rectangular elements
are used adjacent to a boundary, instead of four as in the interior. Consequently the
mass and difference operators normal to the boundary have a different form to that
in the interior (17.115). However, the tangential mass and difference operators have
the same form as in the interior. Thus on surface FE (Fig. 17.14),

1

My {%’%’O}T ’ Lyy:-A?{ls _]~O}T . (17'129)
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Equations (17.127 and 128) are tridiagonal and are included with the interior
equations (17.120, 121) to provide a tridiagonal system of equations whose solution
produces the updated vorticity field {**'. The relaxation parameter x must be
limited to « < 0.1 to avoid instabilities with a sequential implementation. The other
dependent variables, u, v and ¥, have Dirichlet boundary conditions at solid
surfaces.

At the inflow boundary, AF in Fig. 17.14, u is specified as a boundary layer
profile adjacent to F and takes the freestream value u=1 from the boundary layer
outer edge to A. The streamfunction on AF is then obtained from (17.91a).
Equations (17.127 and 128) are used to provide the vorticity on AF with

flvy=v 4/ Ax and g(u)=0. The operators M, and L, appearing in (17.127, 128) are

as indicated in (17.115). However, M, and L_, take the form

1
MxE'{Osévé} > Lxxzﬁ{o’_]’l} . (17]30)

A Dirichlet boundary condition is required for v on AF to evaluate (17.125). This is
provided by the interior ¥ solution via (17.91b),

oL fr+2 1 1
LAF‘E Ftl Yiw— +1>'/’2k+< 7. >¢/3k:|a (17.131)

where j=1 coincides with boundary AF.

At the outflow boundary, BC in Fig. 17.14, the streamfunction is calculated
using (17.123 and 124) with the addition of — A4t M vc/Ax. The operators M, and
L, in(17.123 and 124) are given by (17.115). The operators M, and L, are givén by

i
M,={§30} and L, =-—{1,—10} . (17.132)
X

Once the s solution on BC is available, vg is obtained from the interior  solution,
equivalent to (17.131). The boundary condition ¢2{/éx*=0 is imposed on BC.
Consequently in evaluating (17.120) on BC, L, .(=0. In addition the operators M
and L, are given by

M={(55,00 and L= "{-1.1.0} . (17.133)

Corresponding operators in the y direction are given by (17.115).

At a farfield boundary, AB in Fig. 17.14, u=1 and {=0. The stream function is
obtained from (17.123 and 124) with the addition of the term AtM u,5/A4y to the
right-hand side of (17.123). The operators M, and L, appearing in (17.123 and 124)
take the form

1
M,={0,4, 417 and L},).:A—yz{o,—l,l}T. (17.134)
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As indicated in Fig. 17.14 the computational boundary is displaced from the
solid surface by a thin layer. An order-of-magnitude analysis (Fletcher and Srinivas
1983) is used to evaluate u, v and i at the edge of the layer in terms of the vorticity ¢
at the edge of the layer. The introduction of the surface layer permits the isolation
of the corners, D and E in Fig. 17.14, from the computational domain. This is
important because the vorticity has a singular behaviour at a sharp corner. A local
analytic solution for the vorticity, after Lugt and Schwiderski (1965), adjacent to
the sharp corner is used to determine local values for u, v and . Details are
provided by Fletcher and Srinivas (1983).

The overall procedure to generate the solution at each time-step is to solve
(17.120 and 121) to obtain {"*!, to solve (17.123 and 124) three or four times to
obtain Y"*! and to solve (17.125) to obtain u"*! and v"*!'. This procedure is
repeated for consecutive time steps until the solution no longer changes. The result
is the steady-state solution.

The present formulation has been used to compute the laminar flow past the
two-dimensional step shown in Fig. 17.14. Typical results for the reattachment
length of the flow behind the step are shown in Fig. 17.16. Good agreement with the
experimental results of Sinha et al. (1981) and Goldstein et al. (1970) is apparent.
The flow separates from the sharp edge (E in Fig. 17.14) and a separation bubble of
slowly recirculating fluid forms behind ED. The boundary of the separation bubble
is provided by the dividing streamline from E which reattaches to DC at positions
depending primarily on the step-height Reynolds number (Fig. 17.16). The re-
attachment length behind the step, x,, is a weak function of the upstream boundary
layer thickness adjacent to F in Fig. 17.14. This is the reason for the separation of
the two sets of experimental data.

The finest grid is used adjacent to E in Fig. 17.14. The grid grows in both x
directions until Ax=A4x thereafter r,=1. In the y direction, Ay=A4y,;, from
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DC and F'C’ (edge of the inflow boundary layer). Between F'C’ and AB A4y grows
with the geometric ratio r,. For the finer grid, r, < 1.04, r, £ 1.07. For the coarser

grid, ., r, < 1.15. Depending on the Reynolds number coynvergence to the steady
state requires about 500-1000 time steps and corresponds to the steady-state
residual, RHS in (17.117), being less than 1 x 1077,

The mass operators in equations like (17.114) are responsible for the greater
accuracy of the finite element method, when compared with an equivalent finite
difference method. The equivalent finite difference method can be obtained by

lumping the mass operators. For example, M, in (17.115) is replaced by

1+r
M_=<0, 0.
~{ot5 o)

Consequently by dividing through by 0.25(1 +r,)(1 +r,) the explicit appearance of
the mass operators in the finite difference form of equations like (17.93) can be
avoided.

The impact of mass lumping on the accuracy, stability and computational
efficiency of the above algorithm is examined by Fletcher and Srinivas (1984). On a
coarse grid (29 x 18) the mass operators must be retained adjacent to the compu-
tational boundaries to obtain a stable solution. Mass lumping in the interior does
not affect the stability or seriously reduce the accuracy. In two dimensions interior
mass lumping produces a small (18%) improvement in the economy. An operation
count estimate suggests the improvement in the economy of interior mass lumping
would be about 40% for a three-dimensional flow using a corresponding vorticity,
velocity formulation (Sect. 17.4.2).

The present method can be extended to consider the flow past a rearward-
facing cavity (Fig. 17.17). The cavity is formed by adding a lip, EG, to a backward-
facing step. The introduction of the cavity displaces the primary bubble of
recirculating fluid downstream and a secondary recirculation bubble can form
within the cavity. Blowing and suction is applied normal to the surface DE to
modify the patterns of recirculating flow.

2¢
F ¥ kakstep
_____ —- — — k=KSTEP -1
AT G 1

h=10 A€

l [ ¢ Fig. 17.17. Computational domain
RN Lo p—— S —— c for the flow past a rearward-

7777777777 77777, TI7LLI77 facing cavity
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The governing equations and boundary conditions are the same as for the
backward-facing step. The stream function ¢ is set equal to zero on FGE. The
stream function distribution . is obtained by integrating the known blowing and
suction distribution uy;. On DC the stream function is constant, Y p-=y .

The vorticity at G (Fig. 17.17) is multivalued and a local analytic solution and a
surface layer are used to match the local solution with the adjacent computational
solution at the edge of the surface layer. Details are provided by Fletcher and
Barbuto (1986a).

The introduction of the surface layer (¢=0.05 4y,,;,) produces a very non-
uniform grid downstream of G (Fig. 15.15) in the y direction. In applying the finite
element discretisation for Galerkin nodes on k=KSTEP (Fig. 17.18), the grid line
k=KSTEP—1 is ignored. Consequently the discretised equations have contri-
butions from nodes on k=KSTEP -2, KSTEP and KSTEP + 1. For Galerkin
nodes on k=KSTEP — 1, the gridline k=KSTEP is ignored and contributions to
the discretised equations come from nodes on k=KSTEP—2, KSTEP—1 and
KSTEP + 1. This procedure permits coupling of the local solutions and leads to
locally smooth solutions.

T k= KSTEP +1

by

i

by

l k= KSTEP -2
— AX —

i i i* Fig. 17.18. Grid configuration downstream of lip

A typical flow pattern for a long lip, EG/ED =1.18, is shown in Fig. 17.19 when
clockwise blowing and suction is applied on surface DE. The velocity distribution
upy is linear with a maximum value |up;/U . |=0.6, and blowing and suction is
equal and opposite. The blowing and suction introduces a clockwise circulating cell
which is isolated from the primary cell by a weak anticlockwise circulating cell.
This flow pattern is quite steady.

If the lip is shortened to EG/ED =0.56, a three-cell flow structure is produced
but the flow is no longer steady (Fletcher and Barbuto 1986b). A typical sequence
over a single period is shown in Fig. 17.20. Effectively the absence of the long lip
prevents the secondary cell from stabilising. Since the flow pattern is unsteady
some modification of the above algorithm is required. A typical procedure is
provided by Peyret and Taylor (1983, p. 198). For the present algorithm it is
necessary to introduce an iteration at each time step to ensure that the steady
versions of (17.93 and 126) are satisfied.
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Fig. 17.19. Flow pattern for rearward-facing cavity with a long lip, Re, =217, and clockwise blowing
and suction

Fig. 17.20. Flow pattern for rearward-facing cavity with a short lip. Re, =217, and clockwise blowing
and suction

17.3.4 Pressure Solution

In the stream function vorticity formulation the pressure does not appear explicitly.
However, once the velocity solution is available the pressure solution can be
obtained without difficulty. Techniques will be discussed here for steady flow; the
extension for unsteady flow is straightforward.

The most direct means of computing the pressure is to treat the momentum
equations (17.2 and 3) as ordinary differential equations in p. This technique is
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reasonably effective close to regions of known pressure, e.g. the freestream, and if
the spatial pressure gradients are not large. However, the errors in the velocity field
accumulate so that a long integration may imply a significant error. In addition if
the pressure at a particular point is obtained by integrating along different paths
some means of averaging or smoothing will need to be introduced to avoid a
multivalued pressure solution. Such a technique is described by Raithby and
Schneider (1979) as a modification to the SIMPLE algorithm (Sect. 17.2.3). For the
flow over a backward-facing step Fletcher and Srinivas (1983) have used parallel
integration of the momentum equations and normal extrapolation to obtain the
pressure at the surface.

To obtain the pressure in the interior it is preferable to construct a Poisson
equation from the momentum equations. In two dimensions, this can be written

o*p 3*p du dv 3o du
—+-—=2 —— = 17.135
dx? +8y2 ox 0y 0x dy ( )

where the right-hand side of (17.135) is known from the stream function, vorticity
solution. Equation (17.135) is applicable to both steady and unsteady flow.

Boundary conditions to suit (17.135) are usually Dirichlet boundary conditions
in the freestream and Neumann boundary conditions at a solid surface. The
Neumann boundary conditions are obtained from the normal momentum equa-
tion, which reduces to the following nondimensional form:

(?P_l(l‘:

= (17.136)
cn Re s

where s is measured along the boundary. For high Reynolds number flow parallel
to a flat surface, (17.136) reduces to the boundary layer assumption dp/on=0. The
solution of (17.135) must also satisfy the global integral constraint (17.16). This
implies

”<@p ap> xdy=0= yuds. (17.137)

For internal flow problems where a Neumann boundary condition is specified on
all boundaries it is important to ensure that (17.137) is satisfied.

Since (17.135) is a Poisson equation any of the techniques suitable for linear
strongly elliptic problems are available to solve the discrete form of (17.135). If the
discretisation is undertaken on a uniform grid direct Poisson solvers (Sect. 6.2.6)
are suitable. For both uniform and nonuniform grids the iterative techniques
described in Sect. 6.3 are appropriate.

For external flows, like the flow over a backward-facing step, there is an
advantage of working with the Bernoulli variable, H, instead of the pressure (11.49).
In nondimensional form

H=c,+u*+v*, (17.138)
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where the pressure coefficient ¢, =(P— P, )/0. 50U2. From the momentum equa-
tions, a Poisson equation for H replaces (17.135):

0’H +82H _2<6(uC) _6(0{)) .

PN 3y x (17.139)

Equation (17.139) is applicable to both steady and unsteady flow. Neumann and
Dirichlet boundary conditions for H are obtained from the momentum equations.
Where the flow is locally inviscid H is a constant. Consequently for flow about an
isolated body it is possible to solve the discrete form of (17.139) with the farfield
boundary much closer to the body than would be the case when solving (17.135).
Equation (17.139) is solved to obtain the global pressure distribution for the flow
past rearward-facing cavities (Fletcher and Barbuto 19864, b).

For steady two-dimensional flow (17.135) or (17.139) need only be solved once
after the velocity solution has been obtained. If the pressure is required for an
unsteady flow it is necessary to solve (17.135) or (17.139) at every time step. In this
case a primitive variable approach is often preferred to a stream function vorticity
formulation.

17.4 Vorticity Formulations for Three-Dimensional Flows

In two dimensions the vorticity stream function formulation is often more efficient
than a primitive variable formulation, primarily because the use of the stream func-
tion avoids explicit solution of the continuity equation (17.1). In three dimensions
vorticity-related formulations lead to more dependent variables, typically six, than
is the case for primitive variables, typically four. As a result three-dimensional
vorticity-related formulations have not been used very often.

In this section two alternative formulations are examined. Both use the three-
component vorticity transport equations and avoid the explicit appearance of the
pressure. They differ in the choice of additional equations to obtain the velocity
field.

17.4.1 Vorticity, Vector Potential Formulation

The extension of the vorticity stream function formulation (Sect. 17.3) to three-

dimensional flow requires replacement of the stream function by a three-component

vector potential and requires consideration of all three vorticity components.
The three-component vorticity transport equation, replacing (17.90), is

i§—+V-(u§)—(§~V)u—LV2C=0- (17.140)
ot Re

The structure of (17.140) is similar to that of (17.90) except that a new term ({-V)u
appears, which can be thought of as a vortex stretching term. In Cartesian
coordinates the x-component of (17.140) is
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o, o .. e .. @ _du _du . ou
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1 /ox, &, ¥
_ * 4 x4 * =0 . 17.
Re < ax oy Tz (17.141)

The three vorticity components are related to the velocity components by
{=curlu. However, to obtain the velocity field from the vorticity field it is
necessary to introduce a vector potential {, such that

u=curl{y , ie. (17.142)
2 P N P
oy 0z’ 0z ox ox dy

Clearly the vector potential ¥ is the three-dimensional extension of the scalar
stream function in two dimensions (y =y, ¥, =y,=0).
The three-dimensional equivalent of (17.92) is

Vy=-¢ . (17.143)

Thus three-dimensional viscous incompressible flow is governed by (17.140, 142
and 143). Since each equation has three components the solution of three-dimen-
sional flow is less economical using the vorticity, vector potential formulation than
using primitive variables (Sects. 17.1 and 17.2). However, since (17.140) are trans-
port equations and (17.143) are Poisson equations the same computational tech-
niques are appropriate as in two dimensions.

For confined flows, such as the driven cavity problem, boundary conditions for
the vector potential are given by Aziz and Hellums (1967) as

Oy

1) Surface x=const: ——=y,=¢.=0,
0x
.. _ o,
ii) Surface y=const: —>=y,=y.=0, (17.144)
0y
iii) Surface z=const: ?‘@ff:l//x:l//y:o ,
y
and for the vorticity:
- 0 J
1) Surface x=const: {, =0, Cvz—ﬁ—w R Z=@ ,
: 0x O0x
.. ow d
i1} Surface y=const: {,= " . (=0, “z=——u ,
Jy Jy
ili) Surface z=const: {, = —@ , g“y:@ (=0 . (17.145)
0z 0z
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The vorticity, vector potential formulation has been used by Aziz and Hellums
(1967) and by Mallinson and de Vahl Davis (1977) to study three-dimensional
natural convection in a box.

For problems with inflow and outflow the boundary conditions given by
(17.144, 145) must be generalised. Although this is possible (Hirasaki and Hellums
1968) the result is cumbersome. A preferred procedure (Hirasaki and Hellums 1970)
is to replace (17.142) with

u=curl¥+ Vo , (17.146)

where ¢ is an auxiliary potential (compare Sect. 17.2.2) introduced to provide a
simpler prescription of the inflow, outflow boundary conditions. The satisfaction of
continuity implies that

V=0 . (17.147)
The other governing equations remain as before. The boundary conditions for

(17.147) are of Neumann type,

b _ (17.148)

-~

cn

Thus a prescribed inflow/outflow velocity distribution enters through (17.148). At a
solid surface (17.148) reduces to d¢/én=0. In addition, boundary conditions
(17.144 and 145) are applicable without further modification. Aregbesola and
Burley (1977) have used the vorticity, vector potential, auxiliary potential formulat-
ion to study three-dimensional duct flows.

Wong and Reizes (1984) demonstrate that the introduction of the auxiliary
potential no longer automatically satisfies continuity when the discrete form of the
equations are considered. Consequently they prefer to replace (17.146) with

v=curl y+w, , (17.149)

where w,(x, ¥) is the specified inlet velocity distribution for a straight duct aligned
parallel to the z axis. In this formulation (17.144) are applicable at solid surfaces
and at an inflow boundary, z = const. At an outflow boundary, z=const. Wong and
Reizes (1984) recommend the following boundary condition in place of (17.144):

N Yy W, o, oY,
2 =_ MRS I 17.1
z o) & ax oy (17.150)

The boundary conditions on the vorticity are as indicated in (17.145). The nu-
merical implementation of these boundary conditions is the same as in two
dimensions (Sect. 17.3.2).

17.4.2 Vorticity, Velocity Formulation

In this formulation (Fasel 1978; Dennis et al. 1979) the vorticity transport
equations (17.140) are retained. However, from the definition of the vorticity,
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¢ =curl u, and the continuity equation it is possible to derive the following Poisson
equations for the velocity components:

o, & o, 0l
2,2y >z 2,27 _
V= "o VT e
(17.151)
ol,
2., Ubx Uby
Viw= y ox

In the present formulation (17.140 and 151) provide the governing equations. At
solid surfaces boundary conditions are given by no slip, u=v=w=0, and by
(17.145) for the vorticity. For inflow boundaries it is appropriate to specify the
velocity field; at outflow Neumann boundary conditions for the velocity com-
ponents are specified (17.17). In addition simplifications to the vorticity transport
equations (as in Chap. 16) may avoid the need to prescribe downstream boundary
conditions.

Dennis et al. (1979) use modified exponential differencing (Dennis 1985) for the
convective terms in the vorticity transport equations. Conventional three-point
differencing is used for the second derivative terms in (17.140) and all the terms in
(17.151). The discretised steady form of (17.140) and the discretised form of (17.151)
form a global diagonally dominant system of equations. Dennis et al. solve these
using successive over-relaxation. They compute the flow in a three-dimensional
driven cavity for Reynolds numbers up to Re=400 on a 25 x 25 x 25 grid.

It is possible to consider a two-dimensional version of the vorticity, velocity
formulation, namely the vorticity transport equation (17.90), the vorticity defi-
nition equation (17.89) and the continuity equation (17.1). Gatski et al. (1982) have
used such a formulation to examine the driven cavity problem and more complex
unsteady viscous flows (Gatski and Grosch 1985). Gatski et al. combine the discrete
form of (17.1 and 89) into a global block matrix equation. This equation is not
diagonally dominant and it is reported (Gatski et al. 1982) that the iterative
algorithm to solve the block matrix equation is not very efficient.

To solve the discrete form of (17.90), auxiliary variables are introduced for
8L /0x and 0¢/dy. This allows a form of differencing similar to the Keller box scheme
(Sect. 15.1.3). The discrete vorticity equation is solved using a modified ADI
procedure. The overall algorithm is sequential rather than coupled, i.e. the vorticity
transport equation is solved separately from the vorticity definition, continuity
equation combination.

Fasel (1976) has solved (17.90) in conjunction with (17.151) with {,={,=0to
examine transition phenomena in two-dimensional boundary layer flows. Orlandi
(1987) uses a related scheme but includes the differentiated form of the continuity
equation as well. Orlandi constructs a block ADI-like scheme in which all equa-
tions are coupled at each half time-step. For the first half time-step the coupled
equations are (17.90, 151b) and

u

ou -0 (17.152)
6x2+6x6y
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For the second half time-step the coupled equations are (17.90, 151a) and

o'u v
axdy + i (17.153)
Equations (17.152 and 153) are constructed by differentiating the continuity
equation (17.1). It may also be noted that the differentiated form of the continuity
equation is used in constructing (17.151).

It would appear that using a differentiated form of the incompressible conti-
nuity equation, dD/0x=03D/dy=0, where D is the dilatation (11.13), does not
guarantee that continuity is satisfied unless D is set to zero at least at one point.
Orlandi does this by explicitly imposing (17.1) on the boundary. Orlandi notes that
this guarantees exact mass conservation for the discretised equations.

Orlandi indicates that in practice this leads to a more efficient scheme since
fewer iterations are required to produce a velocity field that satisfies continuity.
Orlandi demonstrates the scheme for the driven cavity problem and the flow over a
backward-facing step.

It may be concluded that vorticity-based formulations are not so efficient as
primitive variables in three dimensions unless the vortex motion, in particular
unsteady, is of special interest. In addition it may be noted that almost all practical
turbulence modelling has been undertaken in terms of the primitive variables.

17.5 Closure

Historically vorticity stream function formulations have been a popular means of
computing two-dimensional incompressible viscous flow. Although such formu-
lations are economical the prescription of an effective solid-surface boundary con-
dition for the vorticity is often a weak point. In addition the advantages of the
economy of vorticity-related formulations do not carry over to three-dimensional
flows.

Consequently the computation of incompressible viscous flow is more often
undertaken using primitive variables. The major difficulty is in satisfying the
continuity equation. This is handled implicitly in the MAC method (Sect. 17.1.2),
the SIMPLE algorithm (Sect. 17.2.3) and the penalty finite element method
(Sect. 17.2.4). Satisfaction of the continuity equation is handled more explicitly in
the artificial compressibility (Sect. 17.2.1), auxiliary potential (Sect.17.2.2) and
traditional finite element method (Sect. 17.2.4).

The pressure is usually obtained by solving a Poisson equation. The Poisson
equation may occur in the continuous form, as in the vorticity stream function
formulation (Sect. 17.3) or in the discrete form, as in the MAC method (Sect. 17.1.2)
and projection method (Sect.17.1.4). It may also occur in disguise, as in the
auxiliary potential function method (Sect.17.2.2) and the SIMPLE algorithm
(Sect. 17.2.3).
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As long as three-point central differencing is used to discretise the convective
and pressure gradient terms it is advantageous to introduce a staggered grid
(Sect. 17.1.1), primarily to avoid an oscillatory pressure solution. However, the use
of a staggered grid with generalised coordinates is rather cumbersome.

For flows with severe velocity gradients there is often an advantage in using
higher-order differencing for the convective terms (Sect. 17.1.5) to obtain accurate
solutions without excessive grid refinement. However, the overall scheme may be
less robust, particularly if used with an explicit marching algorithm.

Different formulations for computing incompressible viscous flow can be
applied with alternative means of discretisation. Thus the spectral method
(Sect. 17.1.6) uses a projection algorithm. The group finite element method
(Sect. 17.3.3) uses a pseudo-transient formulation very similar to that used in finite
difference methods (Sect. 17.3.1). The finite volume method (Sect. 17.2.3) uses the
SIMPLE algorithm, which is very similar to the use of an auxiliary potential
function (Sect. 17.2.2).

No description is provided in this book of vortex methods which, in their
simplest form, simulate incompressible viscous flows by the introduction of point
vortices satisfying Laplace’s equation (11.51). Such methods are reviewed by
Leonard (1980, 1985) and are used to provide qualitative descriptions of complex
unsteady separating flows (e.g. Oshima et al. 1986).

17.6 Problems

Primitive Variables: Unsteady Flow (Sect. 17.1)

17.1 Integrate (17.1) over the square domain 0 < x £ 1,0 <y <1, and dem-
onstrate that (17.4) is satisfied. Subdivide the domain into four cells, 4x =4y
=0.5, and demonstrate that the discrete equivalent also holds if 4 and v are
averaged over each cell face (Fig. 17.1) and two-point differencing is used to
evaluate derivatives, as in (17.5).

17.2  Show that the discrete Poisson equation for the pressure (17.13, 14) can be
obtained from (17.12).

17.3 Confirm the analysis following (17.18 and 19), which demonstrates that
homogeneous Neumann boundary conditions for the pressure are available
with the MAC formulation.

17.4 By setting u equal to a constant, demonstrate that the discretisation scheme
provided by (17.31-33) is equivalent to (9.71, 72).

17.5 Show that values of u* and v* are not required on the boundary in the
CPSM algorithm by demonstrating that (17.41 and 42) follow from (17.39
and 40).

Primitive Variables: Steady Flow (Sect. 17.2)

17.6 Demonstrate that the Jacobians 4 and B are given by (17.48). Show, by
direct substitution, that F=Aq—uDq and G=Bq—vDq.
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17.7 Compare the role of the auxiliary potential in Scct. 17.2.2 with the role of the
pressure correction in the Hirt and Cook formulation (17.26 29) and the
pressure correction in the SIMPLE algorithm (Secct. 17.2.3).

17.8 Determine specific expressions for af , and ay, in (17.69) and for af , and aj,
in (17.77). Demonstrate that (17.77) is a discrete Poisson equation for dp.

17.9 Discuss how (17.69) would change if a three-point second-order upwind
scheme, ¢ =1.5in (9.53), were used to discretise the convective terms in (17.2).

Vorticity, Stream Function Variables (Sect. 17.3)

17.10 Show that the discretisation of &(u)/Cx, given by (17.98), reverts to a three-
point centred difference scheme if (ul)" "' =(u{)", i.e. at steady state.

17.11 Derive the first-order and second-order vorticity boundary condition at a
solid surface (17.104 and 107).

17.12 Obtain the expressions for the mass and difference operators on a non-
uniform grid (17.115) by applying the Galerkin finite element method in one
dimension with linear interpolation (Sect. 5.4 and Vol. 1, Appendix A.2).

17.13 Introduce a three-level time discretisation into (17.114) to generate
(17.116). Demonstrate that (17.116) can be linearised to give (17.119) and that
(17.120 and 121) are consistent with (17.119) to O(4t?).

17.14 Obtain (17.125) by applying a one-dimensional Galerkin formulation to
(17.91). Carry out a Taylor series expansion to demonstrate that (17.125) is
fourth-order accurate on a uniform grid. How accurate is it on a non-
uniform grid?

17.15 Demonstrate, using the resuits of Sect. 8.4.2, that g(u) = u/Ay when (17.127)
1s derived at surface FE.

17.16 Derive the Poisson equation for the Bernoulli function (17.139).

Vorticity Formulations for 3D Flows (Sect. 17.4)

17.17 Develop a scalar three-stage approximate factorisation algorithm based on a
three-point centred difference discretisation of (17.141) in terms of the
correction to the vorticity component, A%*!

17.18 Derive the Poisson equations for the velocity components (17.151).
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In this chapter computational algorithms will be considered for solving flows
governed by the full compressible Navier—Stokes equations, i.e. unsteady flow or
flows with large areas of separation. Steady compressible viscous flows with a
dominant flow direction and only small regions of separation can be handled with
the techniques described in Chap. 16, particularly external flows around bodies in a
supersonic freestream.

Areas of application include transonic flow around aircraft and through
turbomachinery, and low speed duct flows involving significant heat transfer. For
design purposes there is generally more interest in steady than unsteady com-
pressible viscous flow. However, most solution algorithms are constructed around
marching the unsteady equations in time. For steady flow problems this is just the
pseudotransient formulation (Sect. 6.4).

Most compressible viscous flows are also turbulent. The inherent complexity of
the governing equations motivates the use of relatively simple turbulence models.
Most applications incorporate eddy viscosity turbulence models (Sect. 18.1.1),
either algebraic or in conjunction with the k—& formulation (Sect. 11.5.2). For flows
that are subsonic or weakly transonic with large inviscid regions, accurate sol-
utions can be obtained with an algebraic energy equation (Sect. 18.1.2) replacing
the differential energy equation.

For unsteady problems it is computationally efficient to use explicit schemes
as long as the time step is not unduly limited by stability considerations. The
well-known MacCormack scheme is described in Sect. 18.2.1. Runge-Kutta
schemes (Sect. 18.2.2), although explicit, produce stable and accurate solutions with
larger time steps than the typical unit CFL number restriction (Sect. 9.1.2).

The need to use even larger time-steps, as is usually the case with the pseudo-
transient construction, motivates the consideration of implicit schemes (Sect. 18.3).
The implicit MacCormack scheme (Sect. 18.3.1) is a direct extension of the explicit
MacCormack method. The other implicit schemes considered in Sect. 18.3 all
introduce approximate factorisation in the sense of Sect. 8.2.

For problems of practical significance the computational domain will usually
be of irregular shape which can be handled effectively using generalised coordinates
(Sect. 18.4). The approximate factorisation treatment of multidimensional implicit
algorithms is simplified if physically dissipative terms are retained only for direc-
tions normal to solid surfaces (Sects. 18.1.3 and 18.4.1).

If the compressibility of the flow is associated with motion (large Mach number)
then a large Reynolds number and turbulent flow are also to be expected in many
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situations. Many of the computational algorithms available are close to being
neutrally stable and it is necessary to deliberately include additional numerical
dissipation (Sect. 18.5.1). This overcomes aliasing and nonlinear instability in those
parts of the computational domain where the physical dissipation is very small.
If the flow is locally supersonic embedded shock waves are likely to be present.
If these are weak accurate solutions can usually be obtained without modification
to the basic computational algorithm, other than the inclusion of additional
numerical dissipation. However, if the shocks are strong then the same techniques
as described for the Euler equations (Sect. 14.2.6) are appropriate (Sect. 18.5.2).

18.1 Physical Simplifications

The governing equations for unsteady three-dimensional compressible viscous flow
are given by (11.116) and (11.117). The required number and types of boundary
conditions to suit these equations are discussed in Sect. 11.6.4.

For most compressible flows of practical importance that require consideration
of the full Navier-Stokes equations, the flow is turbulent. Although direct simu-
lation and large eddy simulation are conceptually possible, the capacity of present
day computers has prompted greater interest in some form of turbulence model-
ling, typically at the eddy viscosity level (Sect.18.1.1). Turbulence modelling
provides a means of rendering a very complicated set of equations more tractable
and permits flow behaviour in non-simple computational domains to be predicted
without a prohibitive execution time.

If the flows under investigation are restricted to subsonic or transonic con-
ditions with no external heating then the energy equation can be simplified by
assuming that the total enthalpy remains constant. This assumption (Sect. 18.1.2)
allows the differential energy equation to be replaced with an algebraic energy
equation.

For compressible flows at large Reynolds numbers viscous and turbulence
effects are only significant close to solid surfaces in the absence of massive
separation. Consequently dissipative terms, associated with the direction normal to
the surface only, need be retained. This is the essential idea behind the thin-layer
approximation which is described in Sect. 18.1.3. The implementation of this
approximation leads to simpler coding, particularly for implicit schemes (Sect.
18.3), and some gains in economy (Sect. 18.4.1).

A historically important simplification is the notion of subdividing the com-
putational domain into zones such that simpler sets of equations, with faster
equation solvers, may be used in certain zones. Traditionally the boundary layer
equations (Chap. 15) are used adjacent to solid surfaces approximately parallel
with the main flow and the Euler or potential equations are used for the region
farther away. Modern developments of this idea are considered in Sects. 16.3.4-7.

For transonic flows around three-dimensional wings the complicated shock
boundary layer interactions produce local regions of separated flow and it is
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appropriate to use the full Navier-Stokes equations close to the surface and the
Euler equations in the farfield. An example of the type of flow that can be computed
is indicated in Fig. 1.5. The matching of the solutions between the zones is discussed
by Holst et al. (1986). This type of physical simplification will not be discussed in
this chapter.

For turbulent compressible flow a direct application of the Reynolds averaging
process as in Sect. 11.4.2 leads to the appearance of third-order moments, e.g. o'u't/,
containing density and temperature fluctuations as well as velocity fluctuations.
However, the overall complexity of the Reynolds averaged Navier—Stokes
equations can be reduced by introducing mass weighted velocities and thermal
variables (Favre 1965),

i=ou/0 and T=0T/o. (18.1)

To carry out mass-weighted Reynolds averaging it is necessary to split the
dependent variables into average and fluctuating parts,

u=1da+u", T=T+T".

The mass weighted splitting is applied to all variables except density and pressure,
which are split conventionally

o=0+¢0 ., p=p+p .
The detailed procedures involved in mass averaging are described by Cebeci and
Smith (1974, Chap. 2). Application of the averaging process described in Sect. 11..4.2
produces the mass-weighted Reynolds averaged Navier-Stokes equations which
can be made identical with the laminar form at the stress and heat flux level

(11.116), if some small fluctuating terms are neglected (Rubesin and Rose 1973). The
stresses in (11.117) are replaced by, in Cartesian tensor notation,

o, om, 2. 0\ — (18.2)

In the energy equation the heat fluxes become

. T S
0,= —k 2-);+cp oT"u} . (18.3)

The averages over fluctuating quantities appearing in (18.2, 3) must be modelleq as
functions of the mean flow quantities in order to close the system of governing
equations.

Turbulence modelling for compressible flow is reviewed by Marvin (1983) and
Bradshaw (1977). For Mach numbers less than five, turbulence models developed
for incompressible flow can be used almost without modification as long as the
spatial and temporal variation of the mean density is allowed for.
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To date, most modelling of turbulent compressible flow has been via the
introduction of an eddy viscosity, i.e. the Reynolds stresses in (18.2 and 3) are related
to mean flow quantities by

o; oi; 2 Oy 2
o - [ _757 _75 kte 18.4
ouit, “T<axj+axi 3 ”ﬁxk> 309 154
and
oT
—CpQT”u;/ — k’I‘ ax , (18.5)

i

where k' in (18.4) is the turbulent kinetic energy [k in (11.95)], and the term
containing k'* is combined with the pressure in the momentum equations. The
turbulent conductivity, k; is related to the eddy viscosity by k; = ¢, ur /Pry, where
Pr; is the turbulent Prandtl number. For air Pr; = 0.9.

The introduction of the eddy viscosity and turbulent conductivity permits the
same form of the governing equations to be used as for laminar flow if u and k are
replaced by (u+ uy) and (k+k;). Within the eddy viscosity framework both
algebraic models (Sect. 11.4.2) and two-equation models (Sect. 11.5.2) are available.

HaMinh et al. (1986) and Vandromme and HaMinh (1986) have combined a full
Reynolds stress closure with the compressible Navier—Stokes equations. That is,
full transport equations for the Reynolds stresses are included in the equation set.
Full Reynolds stress closure is not discussed in this book.

For two-dimensional compressible turbulent flow, with the assumption that the
Reynolds stresses and turbulent heat fluxes can be related to the mean flow via
(18.4 and 5), the governing equations become (dropping the ~and ~ to denote mean
quantities)

dq JOF 0G
oot -=0 h 18.6
ot +6x + oy , Where ( )
Q ou
u ur+p—1,,
a=| . P2
ov QUD — Ty,
E (E+p_’cxx)u——rxyv+Q.x
ov
Uy —T,,
G= 92 ’ : (18.7)
v +p—r1,,

(E+p~ryy)v—rxyu+Qy
For an ideal gas,

p=(—-DE-050u*+v*)] . (18.8)
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The stresses in the momentum equation are given by

ou 2 2
T = 2(utpr) 5= — 3 (p+pp) D — 0k,

ox 3 3
v 2 2

ryy=2(u+ur)5fy—§(u+ur)9—§ ok, (18.9)
ou ov

Txy=(#+ﬂr) 67y+g >

and the heat fluxes by

. c oT . c oT
0, = —<k+ Pf>ax . 0= —<k+ ;;f’)ay . (18.10)
T T

In (18.9) Z is the dilatation, i.e. 2 = du/0x + 0v/0y.

For unsteady problems (18.6) requires the specification of all dependent vari-
ables q as initial data. Boundary conditions are required for both steady and
unsteady flows. Boundary conditions for (18.6) are discussed in Sect. 11.6.4. At solid
surfaces no-slip velocity boundary conditions and either specified temperature or
heat transfer rate are required. Thus for a stationary surface,

u=v=0, T=T, or k‘sz-Q,,. (18.11)
on

For open boundaries, ie. those through which flow takes place, it is useful to
differentiate between inflow and outflow boundaries. In addition it is useful to
distinguish between internal flows and external flows. For the external flow about a
body in a uniform stream the viscous and turbulent terms are usually negligibly
small at farfield (open) boundaries. Consequently, the governing equations reduce
to the Euler equations and characteristic theory indicates the number and type of
boundary conditions. References are provided in Sect. 14.2.8.

For internal flows or external flows where open boundaries occur close to solid
surfaces, (turbulent) viscous and heat conduction effects cannot be ignored and the
appropriate prescription of boundary conditions is not yet theoretically estab-
lished. Some discussion is provided by Rudy and Strikwerda (1981) and by Bayliss
and Turkel (1982). The number of required boundary conditions to suit the
compressible Navier-Stokes equations is indicated in Table 11.6.

Thus at inflow all dependent variables should be specified. At outflow, bound-
ary conditions for all but one dependent variable should be provided. Typically
the outflow boundary conditions are specified as zero Neumann conditions
(0f /0x = 0, where x is the exit flow direction). Also the governing equations at
the exit can often be reduced to a simpler set with a corresponding reduction in
the number of required boundary conditions (Chap. 16).
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18.1.1 Eddy Viscosity Turbulence Modelling

Most computations involving the turbulent Navier-Stokes equations (Marvin
1983) use algebraic eddy viscosity formulae to represent y, in (18.9 and 10). The
eddy viscosity formulae given by (11.77-79) for incompressible boundary layer flow
can be extended to provide reasonably accurate predictions of mean flow quantities
for separating compressible flow.

The eddy viscosity expression for boundary layer flow (11.77) is generalised to

pr = ol ou 2+ CANE (18.12)
Jy 0x ’ ’

where [ is the mixing length given by (11.78). This mixing length prescription is used
close to solid surfaces. In the outer part of boundary layers and in wakes the
Clauser formulation is available:

pr = 0.0168 ou,6*I |, (18.13)

where u, is the velocity in the flow direction at the outer boundary of the viscous
region. The displacement thickness is given by

e u
5 =f (1—> dy , (18.14)
Yps U,

where ¢ is the outer boundary of the viscous region and yg is the inner boundary.
For a boundary layer yps is the solid surface coordinate; for a wake y,q is the
dividing streamline between the recirculating fluid (Fig. 17.19) and the outer flow.
The intermittency factor I is given by

. 671-1
1=[1+5.5<%’§>} , (18.15)

and accounts for the effect of the intermittency of the turbulence on the average
value of py.

Although the above eddy viscosity expressions imply equilibrium between
turbulence production and dissipation it is possible to allow for upstream effects
empirically via the following relaxation procedure:

pr = A piy Yyp + (1 —a) iy, (18.16)

where pf is evaluated from (18.12) or (18.13) and (i1 )yp 1s the eddy viscosity at the
intersection of the velocity vector projected upstream through grid point ( j, k) and
the nearest grid line (Fig. 18.1). The relaxation parameter « is typically given the
value o = 0.3.

An alternative algebraic eddy viscosity formulation is provided by Baldwin and
Lomax (1978). Close to solid surfaces (18.12) is replaced by

ur = ol|C] (18.17)



400 18. Compressible Viscous Flow

Fig. 18.1. Upstream influence on the eddy viscosity
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where the vorticity { = du/dy—dv/dx. Away from solid surfaces the following
formula is used in place of (18.13):

ur =0.0168 oV, L, , (18.18)
where

Vo = min (Fpuy, 0.25 qZi/Frax) (18.19)
and

Ly =16y, I* . (18.20)

In (18.19) F,., = max(|{|//x) where the mixing length ! and the von Karman
constant x are defined by (11.78). The parameter y,,, is the value of y at which
F . occurs. The quantity g is the difference between the maximum and minimum

m

values of the absolute velocity. The Klebanoff intermittency factor I* is given by

6711
= [1 +55 (0‘3y> } . (18.21)
yma\x

The Baldwin—-Lomax model is more robust than the Clauser formulation in regions
of separated flow (Deiwert 1984). With either of the above turbulence models the
turbulent Prandtl number is usually assumed constant, and for air Pry = 0.9.

The k—¢ turbulence model (Sect. 11.5.2) and other two-equation turbulence
models have been combined with the compressible Navier-Stokes equations by
Coakley (1983) and Horstman (1986), amongst others. Marvin (1983) reports that
additional compressible terms in the k—¢ model are usually insignificant up to a
Mach number of five, and consequently can be dropped.

For turbulent flows very severe normal gradients of velocity and temperature
occur close to solid surfaces. An appropriate local scaling for the turbulent
boundary layer flow over surface FE in Fig. 17.14 is

yr=2Y and wr =2 (18.22)
vV
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where y is the normal direction, u, = (1,/0)!"? and the wall shear stress
T, = Uou/oyl,,.

To properly resolve the velocity profile it is necessary to place the grid point
nearest the wall at a location y* < 5, i.e. in the laminar sublayer. For a com-
pressible flow accurate resolution of the temperature profile in the normal direction
may require the nearest grid point to the wall to be located such that y* < 2.

To avoid needing such fine grids algebraic wall functions are often constructed
by considering a thin layer adjacent to the wall and neglecting velocity and
temperature gradients along the wall. If dp/dx, etc., are treated as externally
determined parameters, the resulting “Couette” flow only involves normal de-
rivatives and can be integrated to provide the solution at the outer edge of the thin
layer. This can be used as the edge of the computational domain and the wall
functions provide the boundary conditions. The thickness of the layer is chosen so
that the computational boundary falls in the range 30 < y* < 200.

Alternatively, a conventional grid can be used, i.e. terminating at the wall, but
with the grid point adjacent to the wall, y,, occurring in the range, 30 < y; < 200.
At this grid point the solution is provided by the wall function. For surface FE in
Fig. 17.14 the wall function is the classical “law-of-the-wall”, i.e.

u; =50+«lny* (18.23)

where the von Karman constant x = 0.41, typically. To convert u™ into physical
coordinates it is necessary to know 7, and hence du/dy|,,. This is evaluated from the
interior solution using a one-sided discretisation.

Wall functions for non-boundary-layer flow, i.e. adjacent to DE in Fig. 17.14,
can still be constructed from the Couette flow model. Patankar and Spalding (1970)
provide a thorough description of the concept. Essentially the same approach is
used to provide boundary conditions to be used with the k—¢ turbulence model
(Launder and Spalding 1974).

18.1.2 Constant Total Enthalpy Flow

For transonic viscous flow without external heat sources the temperature variation
throughout the computational domain is small. Consequently, for steady flow the
governing equations (18.6) can be simplified by replacement of the energy equation
with an algebraic equation. This result can be obtained as follows.

The total enthalpy H =(E + p)/o. Therefore, the steady energy equation (18.6, 7)
can be written

0 0 0 .
a—)z (QuH)'l"@ (QUH)_g(uTxx—F vrxy_Qx)

2 )
+a—}; (vt,, +ut,, —Q,) . (18.24)

Making use of (18.9, 10) and the ideal gas enthalpy relationship
H = ¢, T+5u?+v?) (18.25)
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allows (18.24) to be written as

0 U ury \OH 0
- ) 2 S BaSat W el B _
O0x l:gu <Pr * Pr; ) 0x * Jy vl

where
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Pr Pr, ) dy
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For high Reynolds number flows around bodies in a uniform stream, viscous and
turbulence effects are confined to a thin layer close to the body and in the wake.
An order-of-magnitude analysis for (18.27) indicates that only the term

¢ — 1 I 1 cu
£ (-4)omlr-n )12

is of comparable magnitude to terms in the momentum and continuity equations
and on the left-hand side of (18.26). For purely laminar flow the assumption
Pr = 1.0 causes (18.28) to disappear. For turbulent flow p; > u and the assump-
tion Pr; = 1.0 causes (18.28) to disappear. It may be noted that for air Pr = 0.7 and
Pr; =0.90 so that a small contribution may still be expected. In a region of
limited separation (18.28) is still expected to be the dominant term so that the
above remarks apply. In the inviscid region, i.e. far from solid surfaces, all terms in
(18.27) are negligible.

Therefore, for steady transonic flow it is a reasonable approximation to replace
(18.26) with

¢ 0H 0 u CH
| ouH ~ £ = | ovH -
o I:Qu <P +PrT> 8x]+6y|:QbH ( +Pr;~> ay} 0. (18.29)

Clearly (18.29) is satisfied by H = const, or, from (18.25),

(18.26)

¢, T+ 0.5(u*+v*)=const ,
which can be written as

n_l ,.,_]
L—-B+O.5(uz+vz) YA 2

+05U2 . (18.30)
7o 70
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Equation (18.30) provides an algebraic equation linking p, ¢, # and v and this
replaces the energy equation in (18.6 and 7). This type of formulation is discussed
by Briley and McDonald (1977) and used by Fletcher and Srinivas (1985).

18.1.3 Thin Layer Approximation

As noted in Sect. 18.1.2, viscous and turbulence effects are only significant close to
solid surfaces and in wake regions for flows at large Reynolds number. Unless
massive separation is occurring in the approximate flow direction many of the
dissipative terms, i.e. contributions to the t and Q terms in (18.9 and 10), can be
dropped from the governing equations on an order-of-magnitude basis. For three-
dimensional flows it is usually not possible, due to computer memory limitations,
to provide a fine enough grid in all directions to evaluate accurately all terms in the
three-dimensional equivalent of (18.9 and 10).

These parallel features, one physical and one computational, are combined in
the thin layer approximation (Baldwin and Lomax 1978). First a fine grid is used
only in the direction normal to the surface (Fig. 18.2). The coarse grid parallel to the
surface (x direction) is unable to represent accurately x derivatives associated with
the r and O terms in (18.7). However, such terms can be deleted on an order-
of-magnitude basis. The thin layer approximation of (18.6) to (18.10) is

Y1 £

@ X o ” ©)

Fig. 18.2a, b. Grid refinement close to a solid surface. (a) Cartesian coordinates; (b) generalised
coordinates

oq OF' oG' 8G®

=0 18.31
Sttt 5 + 5 , ( )

where
F' = {ou, ou* + p, ouv,(E+pju}T
G' = {ov, puv, ov* + p,(E+p)v}T and (18.32)
— {0, 75, T, (T u + T, U—Q'y")}T
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In (18.32),

du . 4
3

T;ny:(ﬂ+/lT)a4y" Tyy:

. ur \ 0T
mo ke, ET )
o <+L"Prr>6y

It may be noted that when the various contributions to G are substituted into
(18.31) only y derivatives are present and cross derivatives are excluded. This
simplifies the construction of implicit schemes (Sect. 18.4.1). The thin layer approxi-
mation is usually used in conjunction with generalised coordinates (Chap. 12 and
Sect. 18.4.1) so that significant physical dissipation can be restricted to one co-
ordinate direction for most computational geometries. However, for flow near the
junction of two walls it is appropriate to obtain dissipative terms associated with
the normal directions to both walls. The use of the thin layer approximation then
neglects some cross-derivative terms that may be of comparable magnitude to
terms retained. In practice the overall solution accuracy is not much affected (Hung
and Kordulla 1984).

The thin layer approximation for steady flow can be interpreted as a reduced
form of the Navier-Stokes equations (Chap. 16). Essentially, the same approxi-
mation is used in obtaining the spatial marching algorithm for supersonic viscous
flow (Sect. 16.3.1). However, the further restriction to positive values of u is not
usually used with the thin layer approximation. Instead the thin layer approxi-
mation is combined with the pseudotransient algorithm (Sect. 6.4) to obtain the
steady-state solution. Consequently, flows with small regions of separation in the
main flow direction can be accurately predicted. The thin layer approximation is
widely applicable (Chausee 1984) and demonstrates good agreement with exper-
imental data.

te

v 2
(u+yT)5—y—§Qk , and

18.2 Explicit Schemes

In Sect. 18.2.1 the explicit MacCormack scheme is applied to the compressible
Navier-Stokes equations. Although this scheme is very economical for a genuinely
unsteady flow, the unit CFL time-step restriction makes it less suitable for
obtaining steady solutions. Runge-Kutta schemes, permitting larger time steps, are
described in Sect. 18.2.2.

18.2.1 Explicit MacCormack Scheme

The most widely used explicit scheme for the compressible Navier-Stokes equa-
tions is the MacCormack (1969) scheme, which is described for one-dimensional
inviscid flow in Sect. 14.2.2 and for a time-like multidimensional inviscid flow
problem in Sect. 14.2.4. The application of the MacCormack scheme to equations
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with second spatial derivatives will be illustrated here using the two-dimensional
Burgers’ equations (10.57, 58). The extension to the compressible Navier-Stokes
equations, (18.6) to (18.10), introduces the complication of a mixed second de-
rivative; this will be dealt with subsequently.

The two-dimensional Burgers’ equations are written as in (10.52),

dq oF oG

5+$+E—szo, where (18.33)
q= u  F- u?—véu/ox ’
v uv —vov/0x
uv—vou/dy 0.5u(u® +v?)/v
G= d S= . .
<u2—v8v/6’y> an <0.50(u2+vz)/v (18.34)

MacCormack’s scheme applied to (18.33) on a uniform grid has the form

Predictor stage:
£ n A[ n n A[ n n n
qjx = qj,k‘"ﬁ[Fj+1,k—Fj,k]_'E[Gj,k+1_Gj,k]+AtSj,k (18.35)
Corrector stage:

At
qj ' =05(q],+q%)—05 Ax [FXc—Fril

At
—O.SE[ijk—G;‘jk,l]JrO.SAtS;'jk : (18.36)

It may be noted that each spatial group, F or G, is discretised with one-sided
finite difference operators in the predictor and corrector stages. The overall scheme
is second-order accurate in time and space as long as the derivatives appearing in
the expressions for F and G, ie. from (18.34), are differenced in the opposite
direction to the differencing of F and G in (18.35 and 36). For example, in the
predictor stage,

(F o = (0= 0 =10 g (1837)
Ax
n n v(u'!,k—u'!—l,k)
(F)ix= (uz)j,k——Jﬁ_ .
For the Navier-Stokes equations (18.6) the predictor and corrector stages (18.35,
36) are directly applicable with S = 0. However the components of F and G

(18.7-10) introduce cross derivatives. For example

du ov
G, = ouv—(pu+pr) <6y+ﬁx> . (18.38)
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The discretisation of du/dy is handied as in (18.37). The term 0dv/dx is discretised
using centred differences. Thus, in the corrector stage,

* * * ok
Uip+1 —Ujg 0.5(v% 14 Uj—l,k))

(G)Fx :(qu)ﬁk"(H'F#T)j,k( Ay Ax

and

* *
u;‘,k_u}k,k—l +0~5(Uj+1.k—1"vj—1,k—1)

Ay Ax

(G)E -1 =(ouv)fy—y —(u+ur)j -1 <
(18.39)

The use of forward differencing in the predictor stage and backward differencing in
the corrector stage can be reversed and can be different for different spatial
directions. However, to retain second-order accuracy it is important to maintain
symmetry of the differencing formulae between the predictor and corrector stages.

The stability of the MacCormack schemes applied to (18.33) and (18.6) is
discussed by Peyret and Taylor (1983); precise results are not available. From the
explicit nature of the scheme the inviscid part of the equations are expected to lead
to a CFL-type restriction, similar to (9.11) and the viscous parts to a diffusion-type
restriction (Sect. 7.1.1).

For the scalar equivalent of (18.33), Peyret and Taylor recommend the follow-
ing necessary condition, with Ax= A4y, for stability:

2
At _<_—Ax—— . (18.40)
~ dv+(jul+|v}) Ax

For the laminar compressible Navier-Stokes equations (18.6) Peyret and Taylor
(1983) recommend the corresponding condition for stability, with Ax = Ay:

Ax?

18.41
21Re0) [27/Pr T QAP A W 10 T @ al Ax (184D

a4t <
—(

where a is the speed of sound. .
The form of the stability restrictions (18.40, 41) indicates that the time-step is
more restricted in three dimensions than in two or one dimension.
MacCormack (1971) introduced a time-split version of the above scheme to
avoid this difficulty. The time-split version introduces a sequence of one-dimen-
sional spatial operators, similar to the procedure in Sect. 8.5. For (18.6) the one-
dimensional operators can be written

qf% = P(4t)qfy (18.42)

qrf = P,(41)qf, , (18.43)

18.2  Explicit Schemes 407

where (18.42) is equivalent to

7 At.x
9« = ‘l}'fk‘ﬂ [F}kﬂ,k‘F;fk] and

7 Atx 7 14
q7¥ = 0.5(qf, +4q;,)— 05 e Fie—Fioid

An equivalent expression for (18.43) can be deduced from (18.35 and 36). The
complete algorithm, replacing (18.35, 36), to advance the solution one time-step
becomes

At At At, a\
Qi =P <2y) P, (2> Px( 3 )Py (f) 9 s (18.44)

where the symmetric pattern of repeated spatial operators over At/2 is necessary to
obtain an algorithm that is second-order accurate in time.

The stability of (18.44) is determined by the stability of the individual operators.
Thus the equivalent restriction to (18.41) on P, for arbitrary Ax, Ay, is

Ax?
A = Re Q) (2 Pr+ (/3 S Ay ] % [l + ] A

(18.45)

Clearly larger time steps are available. A further advantage is that different time
steps can be associated with different coordinate directions. For flow past a slender
body parallel to the x direction a fine grid in the y direction will be necessary to
resolve the severe normal gradients of velocity and temperature associated with the
surface boundary layer. The use of the time-split scheme (18.44) avoids the time
step restriction on At, affecting At,.

The time-split scheme is effective, although it may require auxiliary procedures
adjacent to boundaries (Peyret and Taylor 1983, p.73). In addition, for larger
values of the Reynolds number (18.45) the MacCormack scheme is not efficient as a
means of obtaining steady-state solutions via a pseudo-transient formulation
(Sect. 6.2.4) unless a multigrid strategy (Sect. 6.3.5) is also incorporated (Chima and
Johnson 1985).

18.2.2 Runge-Kutta Schemes

The explicit MacCormack schemes described in Sect. 18.2.1 achieve second-order
spatial accuracy very economically. However, particularly when obtaining steady
solutions via a pseudotransient formulation for flows at large Reynolds number,
the time-step restriction (18.45) becomes a severe impediment to overall efficiency.

When the split MacCormack scheme is used at high Reynolds number an
examination of (18.45) indicates the time step is effectively limited to a Courant
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number, C = (Ju|+a) 4t,/Ax, of unity. Of course the large Reynolds number
influence appears directly in the restriction on the size of the spatial grid to resolve
the thin boundary layer.

By adopting the method of lines strategy (Sect. 7.4), of discretising spatially to
reduce the governing equations to a system of time-dependent ordinary differential
equations, it is advantageous to introduce Runge-Kutta time marching schemes
since they allow larger Courant numbers than the MacCormack scheme. For
example, for unsteady flow problems it would be appropriate to use the fourth-
order Runge—Kutta scheme (7.53). This scheme is stable for a Courant number
C < 2./2 if the dissipative terms are small enough.

For steady solutions obtained via a pseudotransient formulation it is prefer-
able to use a rational Runge-Kutta (RRK) scheme (Wambecq 1978) of first or
second order since even larger Courant numbers are possible. The rational
Runge-Kutta time discretisation will be illustrated for the general equation

dg/dt=WI(q) . (18.46)

This equation can be interpreted as one component of (18.6) after a spatial
discretisation. Satofuka et al. (1986), who use an RRK algorithm, recommend
conventional three-point centred difference discretisation of the first and second
spatial derivatives appearing in (18.6-10).

A two-stage RRK scheme, applied to (18.46), can be constructed as follows.
Intermediate corrections are evaluated as

Agt = MW(G") , Ag*=AMWI(q"+cdq') , Aq®> = (1—b)Aq' +bAq* ,

and the solution is obtained from

1 1 3y 4.3 1 1
,,H:q,,+2Aq (14, 49°)—4q°(4q’, 4q') (18.47)

(49°, 4q?)

In (18.47) (e, f) denotes a scalar product, i.e.

ef) =) efi.
with i ranging over all grid points. The scalar products, which are evaluated once
per time-step, provide weighting factors for the respective corrections, Aq' or Ag,
at each grid point. Thus the method is explicit and economical. The RRK scheme
(18.47) is first-order accurate in time unless bc = —0.5, for which it is second-order
accurate. The scheme is A(x) stable (Fig. 7.10) if
—1

<. 18.48
be = 2 cos (2 —cos a) ( )
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When used with the Navier-Stokes equations, Satofuka et al. (1986) report using
Courant numbers up to 4 in obtaining the steady flow solution about a compressor
blade at a transonic Mach number, M, = 0.76, and a Reynolds number of 3 x 10°
with a Baldwin and Lomax turbulence model (Sect. 18.1.1). As indicated in Fig. 18.3
good agreement is achieved with the experimental pressure distribution based on
the use of endwall suction. This solution was obtained with a 129 x 33 grid using
generalised coordinates (Chap. 12).

ael ' NACA 65(12)10
Cp v M_ = 0.76
s I Re = 3.0 X 10° -
c =1.0
= 45°
-0.4 - Bl = 28.5° R
v Ys .
0.0 |- .
0.4 | N
0.8 L —— Present Sol. ° N
p2/p1 = 1.229
a v Exp. No Endwall Suction
1.2 ° Ex all Suction - Fig. 18.3. ‘CoAmpavnson with experimental
pressure distribution 65(12)}10 cascade
(after Satofuka., 1986; reprinted with
1.6 ) » ) s 1 L permission of AIAA)
* 0.0 1.0
CHORD

Runge-Kutta schemes have been combined effectively with multigrid methods
(Jameson 1983) to solve the Euler equations where not such fine grids are required
adjacent to the surface as for the Navier-Stokes equations.

18.3 Implicit Schemes

Notwithstanding the success of explicit schemes when used with Runge—Kutta time
marching algorithms and multigrid, there is a preference for implicit schemes if
only the steady-state solution is of interest. This is because implicit schemes can be
constructed so that there is no formal time-step restriction in the linear stability
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sense (Sect. 4.3). In practice there is an effective time-step limitation but it is much
less restrictive than for explicit schemes. The time-step limitation for implicit
schemes may be due to nonlinear effects or due to accuracy requirements for
unsteady problems or due to slow convergence of pseudotransient procedures for
steady problems.

In this section four implicit algorithms will be described. First, MacCormack’s
bidiagonal scheme will be presented as a direct extension of the explicit scheme
(Sect. 18.2.1). Second, the Beam and Warming (1978) implicit algorithm (Sect.
18.3.2) will be applied to the compressible Navier—Stokes equations. This algorithm
is similar to the approximate factorisation algorithms described in Sects. 8.2, 8.3,
9.5, 104.2 and 14.2.8.

In Sect. 18.3.3 the approximate factorisation group finite element method
(Sect. 17.3.3) is extended to compressible flow. A development of the approximate
factorisation algorithm to introduce a further LU splitting is described in
Sect. 18.3.4.

18.3.1 Implicit MacCormack Scheme

This method will be introduced as an extension to the explicit MacCormack
scheme (Sect. 18.2.1) by applying it to the one-dimensional transport equation
(9.56). To suit the present notation the one-dimensional transport equation is
written as

éq oq &
q+ qa 0q _

ast ] (18.49)

The explicit MacCormack scheme (18.35, 36) applied to (18.49) can be written as
follows.

Predictor stage:

AqF* = —adtL{ ¢+ pdtL,. q! |

(18.50)
a5 =q;+447°,
Corrector stage:
AtV = —adtL; qF° + pAtL g% ¢,
(18.51)

q;" " =05(q)+ g+ 49710
where L, and L] are one-sided difference operators

44 dj+1— 4,
Lx qu : ij 1 ) L;qu J+411x s >
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and L, is the second-order centred difference operator

qj-1—2q;+ 4541

Lquj = AxZ

For stability the time step used in (18.50, 51) must be chosen so that

2u  Ax
2T <. 18.52
+Ax At~ ( )

This condition is the one-dimensional analogue of (18.40).
MacCormack (1982) generates an implicit algorithm, equivalent to (18.50, 51)

as follows.

Predictor stage:

At At )
<1+AA—> Aq¥ Aq*e+< Ax>Aq}";‘1 ,

{18.53)
qF'=qj+Aqr",
Corrector stage:
At +1, A
n 1_ A n+1l,e - A n+1 i
<1+/A >Aq q; +</ A ) 495-
(18.54)

;" =05(q+qr + 4937 ) .
To evaluate (18.53 and 54) the corrections Agq¥© and Aq}* "¢ are obtained from
(18.50 and 51). In evaluating (18.51), ¢¥'° on the right-hand side is replaced by g¥
determined from (18.53).

The parameter A is chosen to ensure unconditional linear stability (Sect. 4.3).
This requires

2u  Ax
A= e . 18.55
> max |:<a+Ax At) 0:' ( )

Comparison with (18.52) indicates that if At is such that the explicit algorithm
alone would be unstable, A is a positive parameter such that the combined
algorithm (18.50-54) is stable. If At is such that the explicit algorithm alone is
stable, i.e. (18.52) is satisfied, 4 is set to zero so that the implicit stages (18.53, 54) are
not required.

Equation (18.55) is evaluated on a point-by-point basis so that for many
problems the additional implicit steps are not required in parts of the com-
putational domain. This contributes to the economy of the overall algorithm.
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As long as pudt/Ax* is bounded as At, Ax approach zero the implicit
MacCormack algorithm is second-order accurate in time and space like the explicit
MacCormack algorithm (18.50, 51). The retention of second-order time accuracy
follows (MacCormack 1982) from the fact that the additional corrections in (18.53
and 54) are third-order accurate in time.

The bidiagonal nature of (18.53 and 54) means that the “implicit” corrections,
Ag*and 4¢q" "1, can be evaluated explicitly. Thus for the predictor step, (18.53) is
evaluated as

AqF©+(At/Ax) AgF,

A ki
4 1+ Adt/Ax

, (18.56)

from the right-hand boundary, j = NX, where it is assumed a Dirichlet boundary
condition is available for gyy. Equation (18.56) is evaluated for decreasing values of
j until the left-hand boundary is reached. The complete implicit algorithm applied
to (18.49) consists of (18.50) followed by (18.53) for the predictor step and (18.51)
followed by (18.54) for the corrector step.

The extension of the method to the compressible Navier-Stokes equations
(18.6) is motivated by constructing an implicit algorithm of the form

|:I+At<8 A+;B>}Aq”“ = Aquite, (18.57)
y

where the Jacobians 4 = 0F/dq and B = 0G/dq, and Aq}}" ¢ = — At[0F/ox
+3G/0y]; ;. The spatial derivatives on the left-hand side of (18.57) operate on the
products A4q and BAg. A comparison with (14.103) indicates that y =0and f = 1
and in (18.57) the spatial discretisation is still to be introduced.

The total algorithm, equivalent to (18.50-54), can be written

Predictor stage:
Aqre = —At(LI ¥} + LS G;{ )
(I—At LI A™(I—AtL] By AqFE' = AqtyE (18.58)
Q¢ =q +AqF"

Corrector stage:
Aqi e = —At(L; F¥ + L, GY,)
(I—AtL; A™(I—AtL; BMAqQ; = Aqi e, (18.59)
0k’ =05(q"+q*+ 4" "),

The one-sided differencing of F and G is the same as that described in Sect. 18.2.
Where cross-derivatives occur, central differencing is used.
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The modified Jacobians, 4™ and B™, are related to the true Jacobians for
inviscid flow, but are guaranteed to have positive eigenvalues. The Jacobians for
inviscid flow can be factorised as in (14.107), i.e

A=T;'4,T, and B=T; 'A,T,, (18.60)
where 4 ,, Ay are diagonal matrices containing the eigenvalues of 4 and B, i.e.
diagA, = {u,u+a,u,u—a} , diagdg={v,v,v+a,v—aj} . (18.61)

The matrices T, and Ty are given by MacCormack (1982).
The modified Jacobians are formed as

A"=T,'D'T, and B=T;'D°T, , (18.62)

where D* and D® are diagonal matrices whose diagonal entries are of the form

) v 0.54x
D}, = max|:|/‘A"l|+QAxAAt’ O.:| and (18.63)

2v. 0.54y 0
ody At T |7

Df, = max |:12.B,_, + (18.64)

where v = max(4y/3, yu/Pr) and u and Pr can be interpreted as their laminar or
turbulent values as appropriate. Equations (18.63 and 64) can take only positive
values and constitute a generalization of (18.55) for two-dimensional systems of
equations. That is, if the relevant diagonal entries D;', and D?, are greater than zero
the implicit steps in (18.58 and 59) are included. If D!, and/or D, = 0 the explicit
contributions will be stable and the relevant implicit steps are not required.

The evaluation of the implicit steps proceeds in two parts. For the predictor
stage an intermediate implicit correction Aq¥,’ is obtained by solving

At At m i
!+A A" | AqF = QT A AT AQT - (18.65)

Starting with the k = N'Y grid line and the right-hand boundary j = NX, (18.65) is
applied for decreasing j values until the left-hand boundary is reached. Sub-
sequently the process is repeated for decreasing values of k until the bottom
boundary is reached.

Comparing (18.65) with (18.58) it is clear that

(I— At L} B™) Ag*' = Aq*y . (18.66)

Consequently, 4g¥}* is obtained from

At At .
<1+ B’">Aq**‘ Aqﬁ'£+TyBTk+1Aq?t’il (=W) . (18.67)
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Starting with the j = NX grid line and the top boundary k = NY, (18.67) is applied
for decreasing k values until the bottom boundary is reached. Subsequently the
process is repeated for decreasing j values until the left-hand boundary is reached.
Because of the block nature of 4™ and B™ in (18.65, 66), each step would appear to
require the solution of a 4 x 4 system of equations. However, this can be avoided by
making use of (18.62). Thus (18.67) is written as

A4 .
<!+Z§(_TB)_IDB_TB)A<I}T?2“=W ; (18.68)

where W is the evaluation of the right-hand side of (18.67). Multiplying both sides
of (18.68) by T® and a little manipulation gives

. At -1
TPAQHy = (HE 1_)8) T5W =Y and (18.69)

Agry =(T%)7'Y . (18.70)

It may be noted that (T#)~! is available analytically. MacCormack (1982) indicates
that the various steps (18.68-70) which replace (18.67) can be coded very efficiently,
requiring about 28 Fortran statements. An equivalent algorithm is available to
solve (18.65).

The above algorithm applied to the compressible Navier-Stokes equations is
second-order accurate in space, as for the model equation (18.49). MacCormack
(1982) demonstrates the algorithm for a shock, boundary layer interaction suf-
ficient to cause separation.

The algorithm is more suitable for obtaining steady solutions than unsteady
solutions because of the approximate treatment of the viscous terms in con-
structing the modified Jacobians 4™ and B™. For transonic flows about inclined
aerofoils Kordulla and MacCormack (1982) find it necessary to include numerical
dissipation in both the explicit and implicit stages of (18.58 and 59) if large time
steps are taken.

From the execution times presented it appears that the fully implicit algorithm
(18.58, 59) requires roughly the same execution time per grid point as the block
tridiagonal algorithm to be described in Sect. 18.3.2. However, an advantage of the
MacCormack scheme is that for many grid points the underlying explicit algorithm
is stable. Consequently for many problems the overall efficiency of the implicit
MacCormack algorithm is superior.

Hung and Kordulla (1984) apply the implicit MacCormack algorithm with the
thin-layer approximation (18.31) in conjunction with finite-volume spatial dis-
cretisation and incorporate a one-dimensional splitting equivalent to that de-
scribed in Sect. 18.2.1. They apply the method to the supersonic flow past a blunt
fin on a flat plate at M, = 2.95. The Reynolds number based on the freestream
velocity and the fin diameter is 0.8 x 10°. The Baldwin-Lomax algebraic eddy
viscosity model (18.17-21) is used to account for turbulence effects. The equations
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are solved in generalised coordinates on a stretched C grid with 40, 32 and 32
points in the circumferential, radial and vertical directions, respectively.

The predicted pressures, Fig. 18.4, show excellent agreement with the measure-
ments of Dolling and Bogdonoff (1982). The upstream pressure rise is associated
with occurrence of the primary horseshoe vortex, the axis of which is at
x/D ~ —0.75. The downstream pressure rise is associated with passage through the
bow shock and compression to stagnation conditions at x/D = 0.

~7
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=—— CALCULATED RESULTS 18

Fig. 18.4. Pressure on the flat plate along the line
of symmetry (after Hung and Kordulla, 1984;
reprinted with permission of AIAA)

The implicit MacCormack (1982) algorithm is effective with Dirichlet boundary
conditions but the bidiagonal solver lacks flexibility in solving some other types of
boundary conditions. MacCormack (1985) prefers to replace the bidiagonal
solver with a line Gauss-Seidel iterative method (Sect. 6.3) or Newton’s method
(Sect. 6.1) after using a flux splitting construction (Steger and Warming 1981) to
render (18.57) diagonally dominant.

18.3.2 Beam and Warming Scheme

This scheme is the forerunner of the approximate factorisation scheme (14.104, 105)
applied to the Euler equations in Sect. 14.2.8. The Beam and Warming (1978)
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scheme and the Briley and McDonald (1977) scheme are both approximate
factorisation schemes closely related to the schemes described in Sects. 8.2 and
10.4.2.

To implement the Beam and Warming scheme the compressible Navier-Stokes
equations (18.6) are written as

éq/ét = RHS , (18.71)
where RHS contains all the spatial derivatives, i.e.

WF A
RHS = — OF _C
ox Oy

~

C i v
= — L [F'—Fi(q.0)-F3(q.q,)]

¢ , :
—Fy[G’—G‘i(q,qx)—G”z(q,qy)] ~ (18.72)

In (18.72), the inviscid fluxes F! and G' coincide with F and G defined by (14.95).
The other terms F{, F4, G} and G} account for the viscous terms in (18.7) after
substituting (18.9 and 18.10), but grouped so that F},GY contain only x derivatives
and FY, GY contain only y derivatives.

Application of the generalised three-level scheme (Sect. 8.2.3) to (18.71) gives

(1+ ) Aq"— 2Aq" = At(BRHS"* ' +(1— B)RHS") , where (18.73)

Aqn+l:qn+1_qn and Aqn:qn_qnfl .

The parameters x and f§ are chosen to secure appropriate stability and accuracy
properties. In (18.73) a is equivalent to 7 in (8.26). In (18.73) RHS"*! is a nonlinear
function of q, q,, q,. Linearisation is made about the ath time level as in (14.101
and 102), ie.

0RH 0 0
RHsn+l=RHsn+<0_§> Aqn+1+<0RHs>Aqx+<( RHS) Aq}+ -

q 0q aq,
(18.74)
or
a
RHsn+1 — RHS"_E(‘:‘ Aqn+l_BAq"+]_BA‘];+1*‘AF’£'"+I)
- (BAqn+1_QAqn+1_AGL{,n+1_SAq;«H) ] (1875)

dv
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In (18.75) 4 and B are the inviscid Jacobians (14.99) and
5] O R— JFy . 0= 0G% an oGY .
’q 0q, Y| aq,

Equation (18.75) can be simplified using

1_):

I_eAq'H—l:(RAq'H-l)x*R A n+1 ,
ch X.4q

X

and similarly for S4q}*'. The terms AFS"*! and AG%"*! introduce cross-de-
rivatives when (18.75) is substituted into (18.73). These terms are handled most
easily by noting that

AF™ U = AF5"+0(41) . AGy"™ ' = AGL"+0(A%) (18.76)

That is, to second order the implicit corrections to F4 and G can be replaced by
the corresponding corrections for the previous time-step which are available
explicitly. It is noted by Beam and Warming (1978) that (18.76) applied to the
model equation (18.49) does not jeopardise the unconditional linear stability of the
present algorithm.

Substitution of (18.75 and 76) into (18.73) produces the following linear system
of equations for Aq"**:

BAt [ ¢ 0?
I CA-P+Ry— R
|:‘+l+oz 6x(‘ P+R.) ﬁsz

A ¢ 0
+'Bt<c (B*Q+S\)n_% Sn)} Aqn+1

1+a\dy = 7 )
At RHS” "At {0 ¢
= 4 P g © p
1+« 1+« 1 +a\0ix oy
- Aq" . (18.77)

Analytic expressions for —P+R,, —Q+S,, R and § are provided by Beam and
Warming. In (18.77) f’ is set equal to f when solving unsteady problems since the
overall scheme is then second order accurate in time if § = 2+ 0.5. However, in
solving steady problems via the pseudotransient formulation (Sect. 6.4) it is more
efficient to use a scheme that is first-order accurate in time and to set /=0 to
economise on the operation count. The spatial accuracy of (18.77) depends on the
spatial discretisation, Beam and Warming recommend second-order central differ-
ence expressions.

Equation (18.77) s linear but globally coupled. To second-order in time the left-
hand side of (18.77) can be approximately factorised in the same manner that
replaces (14.103) with (14.104). The approximate factorisation leads directly to the
following two-stage algorithm, equivalent to (14.105 and 106):

pAt

{!+1—+~[LX(A~B+BX)"—LXXB"]}A¢1* = 4q™ (18.78)
o
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and
ﬁAt n n n+1 *
I, UL(B—=Q+8,)"~ L, 8"} ¢ Aq"" ' = Aq* . (18.79)

In (18.78, 79) L, . R"]} Aq* implies L, (RAq*), etc.

In (18.78) 4q™ is the vector resulting from evaluating the right-hand side of
(18.77).1f L,, L., L,and L,, are three-point centred finite difference expressions, as
in (9.85), (18.78) represents 4 x 4 block tridiagonal systems of equations along each
gridline in the x direction and (18.79) represents 4 x 4 block tridiagonal systems of
equations associated with each gridline in the y direction. The algorithm described
in Sect. 6.2.5 is suitable for efficiently solving these systems of equations.

Beam and Warming (1978) note that if the dependence of x and k on q is
ignored then —P+ R, = 0 and — Q@+, = 0 with a consequent simplification of
(18.78 and 79). This is particularly appropriate with the pseudotransient formu-
lation since the steady-state solution is independent of the treatment of the left-
hand sides of (18.78, 79).

For large Reynolds number flows or if weak shocks are present it is rec-
ommended that higher-order, typically fourth-order, numerical dissipation terms
be added (Sect. 18.5.1). The Beam and Warming algorithm is also applicable to
purely hyperbolic equations (Beam and Warming 1976) like the Euler equations
(Sect. 14.2.8). However, it appears that for the three-dimensional hyperbolic case
the algorithm is only conditionally stable (Jameson and Turkel 1981).

A conceptually similar non-iterative approximate factorisation algorithm for
the compressible Navier-Stokes equations is described by Briley and McDonald
(1977). For large Reynolds number viscous flows the use of implicit algorithms
is particularly appropriate with the pseudotransient formulation since CFL
numbers much larger than unity are available. The relevant two-dimensional CFL
numbers are (ju| +a) 4t/Ax and (|v| 4+ a) 4t/Ay. It is often found that the steady-state
solution is reached in the minimum number of time steps if At is chosen on a local
basis to be O(10). Too large a value implies that the error introduced by the
approximate factorisation will distort the transient path. Too small a value will
follow the correct transient path but unnecessarily slowly.

18.3.3 Group Finite Element Method

For transonic conditions u and k are approximately constant and the energy
equation can be replaced by the algebraic equation (18.30). As a result it is
convenient to replace (18.6-8) with a system of three equatians

dq JF' 0G' R4S 0T

Sttt —+— 18.80

atox T oy Tax Taxay T (18.80)
where F' and G are the inviscid contributions to F and G in (18.7). With a suitable
nondimensionalisation the various vectors in (18.80) are given by
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q={o0u0v}", F'={ouou*+p,ouv}” ,

0o 4u, T
G! = {ov,ouv, o +p}T , R=4-2 2l b (18.81)
Re 3
o pev peu )t B 4o )"
S—{O, 3 ’ 3 } L] T—{GQ’Heu, 3 } .

The effective viscosity is u, = 1/Re + uy in the above expressions. This form of
the equations is suitable for laminar (¢ = 0) or turbulent flow. However, terms
like ud?uy /0y + (Ou/dy)NOuy/0y) in the x and y momentum equations have been
dropped. These terms will only be significant immediately adjacent to a solid
surface where the local velocity solution is usually obtained via the use of wall
functions (18.23). The parameter 6 in the R and T components is a dissipative term
introduced to stabilise the discretised equations for flows with large values of Re. In
equations (18.80, 81) there are four dependent variables u, v, ¢ and p. To close the
system the nondimensional form of (18.30) is made use of, i.e.

14+9M2p = 0{1+0.5(— M2 [1—(?+v))]} | (18.82)

where M, is the freestream Mach number and y is the specific heat ratio.

The group finite element formulation (Sect. 10.3) is applied to (18.80) by
introducing approximate or trial solutions for the groups in (18.81). For example,
with bilinear interpolation in rectangular elements (Sect. 5.3),

F'=) ¢,xyF,, (18.83)
m=1

where ¢,, are bilinear interpolation functions (5.59) and F!, are nodal values of F',
Application of the Galerkin finite element method (Chap. 5) to (18.80) with (18.81)
produces the following semi-discrete form:

M, ® My(;—(:-}-My@ LF +M,®L,G =M,®L,R+L,®LS

+M,®L,T, (18.84)

where the directional mass and difference operators are given by (17.115).
A three-level implicit algorithm can be constructed to march (18.84) in time, just
as (17.120, 121) were constructed. The result is a two-stage algorithm of the form

8 oR .
l:Mx_ 1+« At <Lxxa—q‘_Lx(4)>:| Aq

At o
=— (RHSf’'+— M.® M, Aq" 18.85
l+a( S) +1+oz -®M,4q ( )
and
p o .
- , — Aq" T = Aq* 18.86
|:My 1+aAt L}y oq Ly(g) q q ( )
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Since q and F, etc. are three-component vectors, (18.85 and 86) constitute 3 x 3
block tridiagonal systems of equations associated with gridlines in the x and y
directions respectively. These systems can be solved efficiently using the algorithm
described in Sect. 6.2.5. The parameters 2 and f are the same as in (18.73) and the
same as 7 and f in (17.116). The Jacobians 4 =0F'/dq and B = 0G'/dq are 3x 3
matrices and equivaient to 4 and B defined by (14.99).

The augmented right-hand side, (RHS)?, in (18.85) is given by

(RHS)'=M, ® L, R+L,® L,S+M,® L,,T—M,® L.F'
~M,® L,G'+ L, ® L,(3S/0q) 4q" . (18.87)

The final term in (RHS)® arises from the need to evaluate that term explicitly. This
is equivalent to the treatment of AF% in (18.76). For typical problems this does not
significantly reduce the maximum time-step for which stable solutions can be
obtained.

For the choice x = 0.5, f = 1.0 solutions produced by (18.85 and 86) are
second-order accurate in time and space on a uniform grid. On a uniform grid the
presence of the mass operators has a smoothing effect and produces a fourth-order
spatial discretisation of the inviscid terms ¢F'/éx and 6G'/dy.

The present algorithm has been used to obtain the steady flow behaviour past a
backward-facing step (Fig. 17.14) for subsonic flow conditions (M, = 0.4). Both
laminar and turbulent flows have been considered. For turbulent flow the mixing
length algebraic eddy viscosity model (18.12) is appropriate for regions adjacent to
solid surfaces. In the outer boundary layer region and the wake region the modified
Clauser model with upstream relaxation (18.13-16) is used. In the separated flow
region behind the step (Fig. 17.14) the following expression for the eddy viscosity
(Deiwert 1976) is preferable to (18.13):

1ty = 0.0168 ou,* (}> Dr, (18.88)
ds
where y is measured from the wall (CD in Fig. 17.14) and Dr is the van Driest
damping factor Dr=1—exp(—y*/26) and y™ is given by (18.22).
For the flow over a backward-facing step the pressure distribution behind the
step depends on whether the flow is laminar or turbulent. Typical computed
pressure distributions are shown in Fig. 18.5. The pressure coefficient

C, = 01.)5—912;2: and RE,=U, H)v ,
where H is the step-height. The results shown in Fig. 18.5 were obtained with a
34 x 42 gridpoint distribution. The grid was uniform in the y direction but a
variable grid was used in the x direction with a fine grid close to the step and
a growing grid (r, = 1.2) in both the upstream and downstream directions.

For turbulent flow the corresponding distribution of maximum shear stress is
shown in Fig. 18.6. The shear stress distribution is in good qualitative agreement
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with experimental results (Eaton 1981). Further details and results are provided by
Srinivas and Fletcher (1984).

18.3.4 Approximate LU Factorisation

For the compressible Navier-Stokes equations the construction of implicit
schemes based on approximate factorisation (Sect. 8.2) leads to the solution of 4 x 4
block tridiagonal systems of equations associated with each gridline, for example
(18.78) or (18.79). If the algebraic energy equation can be exploited the block size
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reduces to 3 x 3, for example (18.85 and 86). However, as indicated in Sect. 6.2.5 the
operation count for the block Thomas algorithm is O(SNM?3/3) where M is the
order of the block. Clearly a means of avoiding solving block tridiagonal systems is
desirable.

This can be achieved by constructing the implicit spatial operators from one-
sided difference formulae so that an approximate LU factorisation becomes
possible. Alternatively each approximate factorisation in equations like (18.78, 79)
can be further factorised into approximate LU form. However, it is important that
this additional approximate factorisation is achieved as accurately as possible. A
failure to do so usually leads to a loss of temporal accuracy and for pseudo-
transient steady-state solvers an increase in the number of iterations to reach the
steady state.

An application of the approximate factorisation algorithm (Sect. 8.2.2), to the
one-dimensional scalar convection-diffusion equation,

0q OF

0
5t+5€:0’ where F=F{q)—u£, (18.89)

produces the following implicit algorithm:
[1+BAt(L,A—pL,,)]1A4q}"" = AtRHS" = At(— L F}+puL,. . q}) , (18.90)

where L_, L., are three-point centred difference operators and 4 = 3F'/dq. On the

X? XX

left-hand side of (18.90) the second derivative operator L, can be replaced by

1
L. Agj"t = T —L)aq"t (18.91)

where L and L are forward and backward two-point difference operators after
(18.51).
To O(At) the operator L,AAqg! ™! can be replaced with

L AAG;™ - L7 (Af Agy™ )+ L} (A7 A¢}") , where (18.92)

J

AT =05(A+]4]) and A~ =05(4A—|A4]) . (18.93)

Clearly depending on the sign of A4 either A™ or A~ will be zero. Substituting into
(18.90) gives the system of equations

— + u + - H n+1l __ n
{1+/3At[Lx (Aj +Z;>—Lx (]A,. |+B>:|}qu = AtRHS" . (18.94)

To 0(4t?), (18.94) can be replaced with

(a4 B 1471+ [ ag7tt = arRES
[1+/3Ath (A, +Ax>][1+ﬁAth <|A, |+Ax>] Aq] AtRHS" .
(18.95)

18.3 Implicit Schemes 423

Equation (18.95) is an LU decomposition since the first factor is lower triangular
and the second factor is upper triangular. Equation (18.95) is solved in two stages.

At
AtRHS" + 8= [ A7+ ) 4%,
Ax Ax I
4qF = r p (18.96)
148 AF +
+BAx< ! +Ax>
and
At _ u
Agf+ B (14 |+E) Aqi i}
Agitt = (18.97)

A
1+Bﬁ<\A\+fx~>

Equation (18.96) is solved successively from the left-hand boundary moving in the
increasing j direction. Equation (18.97) is solved successively from the right-hand
boundary moving in the decreasing j direction. It may be noted that the approxi-
mations introduced to evaluate the implicit terms have no effect on the steady-state
solution, RHS" = 0. Thus the approximate LU factorisation is a robust and
economical algorithm for obtaining the steady-state solution.

An equivalent LU factorisation for the compressible Navier-Stokes equations
can be obtained as follows. First (18.6) is written as

dq OF G’ OF 3G!
_ R 18.98
o x ey ax ay (18.98)

with ur = 0, k; = 0 for convenience of exposition. An approximate factorisation of
the discrete form of (18.98) can be written

[I+BAtL, {4—-P}] [I+patL,{B—- Q}] AqQ"*Y = AtRHS" (18.99)
where
RHS" = Lx(F"~F’)+Ly(G”—G’) ,
(18.100)
JoF! 0G! 1) oG’

A=—, B ,
- 0Oq L 0q = 0q

I
i~
It

Equation (18.99) is similar to the Beam and Warming algorithm (18.78, 79) except
that « = 0 and the treatment of the viscous terms is different in (18.99). In forming P
and Q, terms that would lead to spatial cross-derivatives are ignored. This
simplifies the algorithm and is an effective strategy when the steady-state solution is
obtained via a pseudotransient constructions, since the simplification has no effect
on the steady-state solution.
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Equation (18.100) can also be considered to be equivalent to (18.90). To
introduce an approximate LU factorisation into (18.99) it is necessary to extract the
eigenvalues of 4 and B, using (18.60). From (18.61) it is clear that both positive and
negative values are to be expected. Consequently the eigenvalue matrices 4 , and A
are split into positive and negative components in the following way:

B

Ay=A7+A; and Ag=A7+4, , (18.101)

where A ; =0.5{A ,+|A4 ]} and A;=0.5{4 ,—|A ]}, as in (18.93) for the scalar
case.

As a result of the splitting in (18.101), L, 4 and L, B in (18.100) can be replaced
by contributions associated with positive and negative eigenvalues and one-sided
difference formulae as in the scalar case. Thus

LA> L T AT, " +LI T A TS,

and similarly for L, B. Since F = Aq it is also possible to split at the flux vector level
(Steger and Warming 1981) so that F = F* +F~. This is discussed briefly in
Sect. 14.2.5 in relation to computing supersonic flows with shocks. In the present
algorithm, due to Obayashi and Kuwahara (1986), the splitting is introduced solely
to facilitate the LU factorisation on the implicit terms.

Due to the approximately implicit treatment of the viscous terms it is also
possible to split L P and L,Q as

LP=L P=(L;—L;)Pax (18.102)
and similarly for L, Q. Consequently, in (18.100)
L{A—=P L (T AT '+ Pldx)— L] (T, 451+ P/Ax) (18.103)

and similarly for L,{B—Q}. However in the Obayashi and Kuwahara (1986)
formulation, P/Ax is replaced by T,kIT ; !, where k is chosen to ensure stability,
L.e.

k = v/(RepAx) and v=max(2u, yu/Pr) . (18.104)

This approximation of P mimics the scalar form (18.95). With this approximation
and (18.103) the approximate factorisation (18.99) can be factorised further into LU
form:

(I+BAL; AV [ 1—BAtL} A 1[I+ BAtL; B ]
[I—-BAtL; B~]Aq""'= AtRHS" , (18.105)
where

=T (451+kD T, . (18.106)

Iy

Each factor in (18.105) is bidiagonal and can be solved for “Aq” with a single sweep
in either the positive or negative x or y directions. Thus the complete algorithm to
solve (18.105) becomes
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[I+pAtL; AT] Aq* = AtRHS" |

[1—BAtL; A~ ]Aq** = Aq* , (18.107)
[I1+pAtL; B*] Aq***=Aq** , and

[1—pAL) B~ ]AQ"H" = Aq*** .

As an example, the evaluation of the second factor requires a sweep from right to
left in the x direction. At each grid point the following 4 x 4 system of equations is
solved for Aq¥¥:

At Vi | P
LI+B—— A 1A =AaF+ B —— A o AQTE k- (18.108)
Ax Ax

Since A can be factorised as in (18.106) the algorithm provided by (18.68-70) gives
Aqr¥ very efficiently. The solution of (18.108) is repeated for all grid lines in the y
direction. The other systems of equations in (18.107) are dealt with in a similar
manner to that of (18.108).

Obayashi and Kuwahara (1986) apply the above algorithm to laminar shock
boundary layer interaction and Fujii and Obayashi (1986) apply the algorithm to
turbulent transonic flow about an aerofoil using a discretisation in generalised
coordinates (Chap. 12 and Sect. 18.4).

18.4 Generalised Coordinates

To suit flows around bodies of smooth but otherwise arbitrary shape it is
convenient to introduce generalised, body-conforming coordinates (Chap. 12). The
governing equations (18.6) for compressible viscous flow take a form not signifi-
cantly more complicated than for Cartesian coordinates. For large Reynolds
number flows with only small regions of separation it is computationally expedient
to combine the use of generalised coordinates with the thin layer approximation
(Sect. 18.1.3). An advantage of the thin layer approximation is that it streamlines
considerably the implicit treatment of the viscous terms, particularly when con-
structing an approximate factorisation algorithm (Sect. 18.4.1).

The use of generalised coordinates leaves open the choice of discretisation in
the computational domain. In Sect. 18.4.2 the group finite element method is used
which introduces the explicit appearance of mass operators. In Sect. 18.4.2 it is
shown how an approximate factorisation algorithm may be constructed which
preserves the mass operator structure.

18.4.1 Steger Thin Layer Formulation

Using the techniques described in Chap. 12 the equations governing two-dimen-
sional compressible viscous flow are expressed in generalised coordinates as
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0§ oF oG!' OR oS
aq o _

T O :
8t+6é o 2& Ty (18.109)
where
0 oU¢
u “ ulU+ ¢,
j=J 0 T <ep ’
ov ooV +&,p
E (E+p)U*
ove
. ulVe+n,
Gloy-r| O T (18.110)
ovVe+n,p
(E+p Ve
0 0
~ X‘[XX + 'Tx ~ xTxx + TXX
R=Re 'J! % Sy Ty and S=Re 'J! 1 Ty
CX Txy + é)’ TY.V nxrxy + ’7}' T}’)’
éxR4+éyS4 an4+r’yS4

In forming (18.109) it is assumed that & = &(x,y), n = y(x,y). The additional
contributions to (18.110) for the more general case & = &(x, y,z,1), n = n(x, y,z,1)
are provided by Chaussee (1984) for three-dimensional flow. For simplicity of
presentation (18.6-10) are considered in their laminar form, gy, Pr, = 0, in this
section. In addition, the Cartesian velocity components u and v have been non-
dimensionalised with respect to a,, the freestream speed of sound, density with
respect to ¢, and the total energy with respect to o, a?. Consequently the
Reynolds number Re = o a, L/u_, where L is a characteristic length.
In (18.110) J is the Jacobian and is given by

The various metric coefficients, &, etc., are evaluated numerically as in Sect. 12.2
once the grid is constructed. The contravariant velocity components U¢ and V¢ are
related to the Cartesian velocity components u and v by

U'=Cau+io, Vi=nutnu. (18.112)

The flux vectors F/ and G’ are linked to the corresponding Cartesian flux
vectors F' and G’ (14.95) by

., ¢ ¢
FI:_XFI 2y I
7 +JG and
C’z%"F’+%G’. (18.113)
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The terms in the energy equation, R, and S,, are given by

k  0a®
R4 = uTxx+UTxy+mE and
k  da®
S4=uTxy+UTyy+(‘yT)PrE ) (18114)

where the various stresses are obtained from (18.9) with pr = 0 and k'* = 0.

By handling the viscous terms at the shear stress level the need for direct
evaluation of second derivative transformation parameters, e.g. £, ., is avoided. It
may be recalled (Sect. 12.2.3) that second derivatives are handled less accurately
than first derivatives when introducing generalised coordinates. After discretisation
the viscous stresses, 1., etc, are defined at the grid points and a second trans-
formation and discretisation is required to evaluate the viscous stresses from the
velocity field.

For flows at large Reynolds number viscous effects are only significant close to
solid surfaces and in the wake regions. Consequently as long as flows with massive
separation in the main flow direction are not being considered it is advantageous to
introduce the thin layer approximation (Sect. 18.1.3).

By an appropriate grid construction, e.g. a C grid around an isolated aerofoil, it
is possible to ensure that the fine grid in one direction, say #, properly resolves the
significant viscous terms both adjacent to the solid surface and in the wake. As
indicated in Fig. 18.2 a coarse grid is used parallel to the surface (¢ direction). On
such a coarse grid ¢ derivatives associated with viscous terms cannot be accurately
resolved. Consequently all & derivatives arising from the R and $ terms in (18.109)
are dropped. It is clear that the thin layer approximation is applied in the
computational domain rather than in the physical domain.

The thin layer approximation replaces (18.109) with

24 oF" aG' oS

— = 18.115
6t+('3g' +(777 on ( )

After substituting for 7., etc., transforming to (&, #) coordinates and deleting ¢
derivatives, S takes the form

0
p(nz +n3 Yy + (/3 (14, + 11,0,)
S=Re ™' J7M | u(n2+m)v,+ (/30 (1.1, +1,0,) : (18.116)
(3 +n7){k/L(y — DPr](a®), + 0.5 u(u® +v2),}
+(WO) W), +n2 (), +2n.n,uv),]

An approximate factorisation algorithm, similar to the Beam and Warming scheme
(Sect. 18.3.2), is constructed from (18.115). The result is
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(I+BAtL A~ J " Lo J) I+ AL, B— AL, *MJ —¢;J "' L,, ) Aq"
= —AM[LF +L,G'—L,SY —e,J '[(V AP +(V,4,)21J" . (18.117)
Operators L, and L, are second-order central difference operators, as in (18.145)
with r; = 1. The Jacoblans A = 0F'/04 and B = 0G'/8§ are constructed from the

Jacobians of the Cartesian flux vectors 4 = 6F’/6q and B = 0G'/0q by making use
of (18.113). Thus

S S

A=""4A+2B and

- J J

D r]x ’7

B=—"4+2B. 18.118
B="a+" p (18.18)

The Cartesian Jacobians A and B are expressed in terms of the dependent
variables by (14.99). The Jacobian M = 8§/6ﬁ arises in the linearisation of S"*!
about S" i.e. as in (18.74). The Jacobian M has the following elements:

0 0 0 0
) A -1/ ¢ —1/a 0
i my, alig_l/in % ,Q,,/w ’ (18.119)
my 2,007 7/Cn a3Co” /Oy 0
my, My, My Myy
where
¢
My = =% =~ on (“/Q)_IZT(L/Q)
é ¢
my = ;5 g (W)= 3 (v/0) . (18.120)
P
May = —% o [ (E/0*)+u* +v*)/o] — 2, 8’7 (u?/0)
—2ocZ o (uc/g) 13~(UZ/Q)
0 5,
My, = —9‘467](“/9)—’"21 v Mgy = —“456(0/0)—’”31 ’
o !
m44=“4W N and
4 H
x1=#<§'7§+ﬂ§>, %2 =3 MMy
4 vk
A3 = u<n§+3 nf-) ; =§(nf+n§) : (18.12)
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Equation (18.121) is based on the assumption of laminar flow; the equivalent eddy
viscosity form follows directly from (18.9, 10). In forming /fl the dependence of u and
k on the solution q is ignored. To include these terms would substantially increase
the operation count of evaluating (18.117) for 44"*! without increasing the
accuracy significantly for unsteady flows and not at all for steady flows.

Included in (18.117) are fourth-order explicit numerical dissipation terms
(V:4;)?* and second-order implicit terms L, L,,. The explicit dissipation terms
are introduced to damp high-frequency waves arising from the nonlinear terms on
a finite grid, ie. aliasing, at large Reynolds number (Sect. 18.5.1). For small
Reynolds number there is enough physical dissipation to control nonlinear in-
stability. The algebraic form of (V.4,)* is given after (17.51).

If only the explicit dissipation term is included, the overall scheme is con-
ditionally stable if e; > 1/16. This restriction can be removed completely by
introducing fourth-order implicit dissipation terms on the left-hand side of (18.117)
as well. However this would produce a pentadiagonal system of equations which is
more costly to solve than the tridiagonal system arising from the use of three-point
operators. However, since the addition of numerical dissipation terms should be as
small as possible it is convenient to add second-order implicit dissipation terms to
the left-hand side of (18.117) with &, = 2¢; and ¢z = At. At the body surface ¢; and
gp are set to zero. Adjacent to boundaries the explicit fourth-order operator is
replaced by the second-order Laplacian operator.

Equation (18.117) is solved in two stages, as with the Beam and Warming
algorithm (18.78, 79),

(I+BAtL Ae,J 'Ly J)AGE, = A8, (18.122)
and

(I+BAtL,B—BAtL,J " "MJ—e,J 'L, )A4" ' = Ag*%, (18.123)
where

A4S = — AL F + L,G'— LSy —exJ '[(Ved:)* +(V,4,)21J§" . (18.124)

Equations (18.122) are 4 x 4 block tridiagonal systems of equations associated with
grid lines in the ¢ and #5 directions, respectively. The choices = 0.5 and 1.0
produce algorithms that are second and first-order accurate in time, respectively.
When the pseudotransient construction (Sect. 6.4) is used to obtain the steady
state solution the choice f = 1.0 is more robust and more efficient.

The application of (18.122 and 123) with generalised coordinates is not signifi-
cantly less efficient than the use of the Beam and Warming algorithm (18.78, 79) in
Cartesian coordinates. This is primarily because the thin layer approximation and
the assumption in forming M that y and k do not depend on q lead to a significantly
simpler treatment of the viscous terms.

In the early uses of this algorithm (Steger 1978, Pulliam and Steger 1980) the
boundary conditions were implemented explicitly, i.e. §"** is set equal to 4" on the



430 18. Compressible Viscous Flow

boundaries. This introduces a first-order error in time which is of no consequence
in obtaining steady-state solutions. However, for unsteady problems or if the
present algorithm is used in a space-marching context (Sect. 16.3.1) it is desirable to
implement the boundary conditions implicitly so that second-order time accuracy
1s maintained.

At the body surface the no-slip condition provides two boundary conditions

u=v=0, (18.125)
and specified temperature or an adiabatic wall provides a third,
T'=T,, or 0T/on=0, (18.126)

where n is the direction normal to the body surface. For a grid which is locally
orthogonal to the surface, as recommended in Chap. 13, the normal direction n will
coincide with the generalised coordinate direction 7 (Fig. 18.7).

For flows at high Reynolds number, the thin layer assumption implies

@ _P_,

= 18.127
nan - 0 ( )

as long as the surface curvature is not too great. Combining (18.125, 127) and (18.8)

implies that at the surface
oE = °E = (18.128)
on  0n

If this is implemented with a one-sided, first-order accurate finite difference
expression, then

E. ,—E;
i%:o or E,=E,, (18.129)

where grid point (j, 1) lies on the surface.
For an adiabatic wall, d7/0n = 0 can be combined with the ideal gas law
p =0oRT and (18.127) to give

do/on =0, (18.130)
which is implemented as
0i1=20j1 (18.131)

If the wall temperature is specified, then the ideal gas law gives

Di1
9.1 =R; : (18.132)

wall
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The above boundary conditions need to be combined with the approximate
factorisation algorithm (18.122-124). The first stage, (18.122), can be implemented
without difficulty for k =1 (ie. along the body surface) as long as one-sided
difference formulae are used to evaluate x derivatives in (18.124). For the second-
stage the block equation formed at the wall can be written

BAR; ' +CAQ; L' = DY, where (18.133)
- —J,J, 00 0
0 10 0
B= ,
= 0 0 1 0
| 0 0 0 -4,
1 0 0 0
0000
C-= and D* ={0,0,0,0}7 . (18.134)
0000
0001

The form of B, C and D* is appropriate to the adiabatic wall condition. For a
specified wall temperature D* is the same but B and C become

1 0 0 —1/RT,,, 0000
010 0 0000
B - . C= (18.135)
00 I 0 0000
000 —JJ/J, 000 I

Equation (18.133) is combined with the interior grid point equations to form
tridiagonal systems on each 5 grid line (different j value).

In the farfield the flow is essentially inviscid and boundary conditions are
constructed based on characteristic theory (Sect. 14.2.8). These farfield boundary
conditions can also be embedded implicitly in the.approximate factorisation
algorithm (Rai and Chaussee 1984).

The three-dimensional version of the above algorithm has been used to obtain
the flow behaviour about a hemispherical cylinder at 19° incidence for M, = 1.2
and Re = 222500 based on cylinder diameter. The pressure variation along the
length of the hemisphere cylinder is shown in Fig. 18.7.

These results were obtained on an exponentially-stretched grid with 48 points
along the cylinder axis, 20 radial points and 12 circumferential points. Symmetry
about a vertical plane through the hemispherical cylinder is assumed. The spherical
grid has 30 axial and radial points and 12-18 circumferential points. This is a
relatively coarse grid and to compensate for this the solutions shown in Fig. 18.7
were obtained with five-point fourth-order differencing of the convective terms on
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¢ Fig. 18.7. Pressure distribution for hemi-
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the right-hand side of (18.124). With f = 1 the algorithm is still unconditionally
stable, with f = 0.5 it is unconditionally unstable.

The numerical solutions (Pulliam and Steger 1980) show good agreement with
the experimental data of Hsich (1976) except that the numerical results show a
slightly more downstream separation (S in Fig. 18.7) over the hemispherical nose
along the leeward line of symmetry. The point R denotes the predicted reattach-
ment of the streamwise flow. The algorithm is also successful in predicting the
complicated cross flow separation patterns (not shown). This example indicates the
power of the present method and the effectiveness of the thin layer assumption even
if streamwise separation occurs.

18.4.2 Approximate Factorisation Finite Element Method

For transonic viscous flow it is possible to accurately represent the flow behaviour
by (18.80-82). In generalised coordinates (18.80) becomes
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oq oF oG &*R oS T
q - =0, (18.136)

where
. fo ou ov)T
q:{j”T’J} , (18.137)
oU. ]
F= { Eep+ouU +(4E/3+ & up +(Eyy /3 vp, | (18.138)
&+ ovU +(Ee +4L,, /3o, +(Eyy /3)upt,
eV. 1
G- }{nm QU+ (/34 1t + O D, | (18.139)
NP+ ovVe+ (M +4n,,/3)op+ (1., /3)up. |
0(E:+&))o/Re
R= {(4€§/3+£§)uue+6x6y(v/3)ue , (18.140)
(&3 +48 B)op+ & &, (u/3)pse
o i 20(E. 7.+ Eym,)o/ Re
S= 1| A48en/3+ Enyupte + (Ceny+ En) v/ e | (18.141)
| 28+ 48,my/ Do+ G0+ n, S/,
o [ 0(nx +n})o/Re
T=5 (4n2/3 +n}yup, +neny (03, | . (18.142)
| (nx+ 407 3ou,+nny /3,

It may be noted that (18.80) corresponds to (12.54) and (18.136) corresponds to
(12.61).

As was the case for Cartesian coordinates (18.80), it is possible to discretise
(18.136) without regard for the detailed form of F, etc. Thus, using the group
formulation, as in (18.83), with bilinear interpolation in rectangular elements,

4
F=) N,x»F, . (18.143)
m=1

Applying the Galerkin finite element method (Chap. 5) to (18.136), after substi-
tution of expressions like (18.143), produces the result

M. ® M,04/0t+ M, ® LF+ M, ® L,F
~M,® L.R—L.®LS-M.®L,T=0, (18.144)
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which is structurailly equivalent to (18.84). The directional mass and difference
operators appearing in (18.144) are defined as

BEREIRS rol4r, 147
M<=[6‘3’6}’ =] SHE

(71,0’ 1) (1505 _1)T
L = =

L=1—l+ll AE? L—1 1+] lTA”-
=" e ’ré ) = r”’ r) n -

The operator definitions shown in (18.145) correspond to a nonuniform grid in
(&, n) space (Fig. 18.8). This tends to produce less extreme values of the transform-
ation parameters ¢,, etc., than if a uniform rectangular grid (r;=r, = 1) is used in
(&, n) space. The equivalent two-stage block-tridiagonal algorithm to (18.85, 86)
becomes

1 k+1
I',\Ar\

!

k

¢

An

! -1

— AL —>le— re AE—>

i- i j* Fig. 18.8. Grid in (¢, n) space

B R oF .
M.———At| Lo o )= L[ = ) |V 4d*
{ Ty L a) e

At y .
= RHSY'+ ——M,® M Aq"
1+y( ) +1+“/ M, AqQ" (18.146)
and
B oT oG . R
M ——At| L | — }\—L{— Aq" Y = Aq* .
{ T \ 2 "\ 3 q aq* (18.147)

where f and y are parameters controlling the time-marching algorithm (8.26). The
choice f = 1.0, y = 0.5 gives the three-level fully implicit algorithm which is second-
order accurate in time. The augmented right-hand side (RHS)” includes the extra
contribution associated with the explicit treatment of the cross-derivative term, i.c.
S\ .
(RHS)":(RHS)"+BL§®L,,<(,J(A1>Aq" , (18.148)
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and

(RHS'=M,® L,.R— L, ®LS—M,® L, T-M,®L,F-M,® L,,(?S 0

Equations (18.146, 147) produce 3 x 3 block tridiagonal systems of equations
associated with each ¢ and # gridline respectively. These are solved efficiently using
the algorithm described in Sect. 6.2.5.

The above algorithm is described in more detail by Srinivas and Fletcher (1985)
and in a broader context by Fletcher and Srinivas (1985).

For the flow past an asymmetric trailing edge (Fig. 18.9) the use of generalised
coordinates produces a computational domain in which the finite thickness trailing
edge becomes a zero-thickness flat plate, ie. D coincides with B in the compu-
tational domain.

E F

D S

B C
Fig. 18.9. Asymmetric trailing edge
geometry; flow left to right

A G

Solutions have been obtained (Srinivas and Fletcher 1986) using the above
algorithm for the flow conditions M, = 0.4 and Re = 26 x 10°. Turbulence effects
are represented by an algebraic eddy viscosity model (18.12-16). The above
algorithm has been used in a pseudotransient sense to obtain steady-state sol-
utions. For the velocity distributions adjacent to and downstream of the trailing
edge (Fig. 18.10) convergence is assumed when the r.m.s. value of (RHS)" in (18.148)
is less than 1073, For a 41(x, &) by 82(y, ) grid this requires approximately 1000
time-steps.

At the solid surfaces DSCB both velocity components are set to zero. Adjacent
to the solid surfaces, wall functions, Sect. 18.1.1, are used to specify the normal
variation of the tangential velocity component. At the inlet, AB and ED in Fig. 18.9,
u = 1.0 and v =0 far from the body. Close to the body a 1/7 power law flat plate
boundary layer profile appropriate to the local Reynolds number is specified. The
pressure on the inflow boundary is obtained from the interior solution using the
discrete form of the characteristic relationship

o

2L gati=0. (18.150)
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ig. 18.10. Velocity distribution behind the trailing edge

On freestream boundaries, AG and EF, u = 1.0 and v = 0. The pressure is obtained
from the interior solution via the discrete form of the characteristic relationship

a—p— a@— 18.151

ay %" (18.151)
At the downstream boundary, FG in Fig. 18.9,

ou ov

zi;; =0 s ;5;; =0 and

op du

E—Qaa—l—o.?)(p—px)zo . (18.152)

Equation (18.152) is a non-reflecting boundary condition that helps to accelerate
convergence to the steady-state (Sect. 14.2.8).

In Fig. 18.10, x is measured from the trailing edge (C in Fig. 18.9). The
computational results obtained on a 41(x) by 82(y) grid, are seen to be in good
agreement with the experimental results of Cleary et al. (1980). The computational
results of Cleary et al. are based on a finite difference solution using a two-equation
turbulence model on a 60(x) by 100(y) grid. However a later finite difference
solution (Horstman 1983) on a 79 by 82 grid with a modified turbulence model
does achieve better agreement with the experimental results.
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18.5 Numerical Dissipation

In Sect. 9.2 the truncation error, introduced in replacing the continuous governing
equation with a discrete equivalent, is interpreted as a source of numerical
dissipation and dispersion. It is demonstrated that large amounts of either are
undesirable, particularly numerical dissipation if it is of comparable magnitude or
larger than the physical dissipation.

However, it is also noted in Sect. 9.2 that dissipation, numerical or physical,
does attenuate small wavelengths very effectively with a much smaller impact on
large wavelengths. This last feature can be exploited to put numerical dissipation to
good use in computing high Reynolds number flows or flows with shock waves.

In analysing flow behaviour it is often useful to carry out a Fourier analysis of
the physical variables, e.g. velocity components or pressure, to determine the
amplitude associated with different wave-numbers. A Fourier analysis can be made
over time or space as appropriate. The wave number can be interpreted as an
inverse time or length scale.

The instantaneous velocity distribution through a shock wave, e.g. obtained by
solving the one-dimensional Euler equations, is depicted in Fig. 18.11a. A Fourier
analysis of u(x) can be written

lag| 1/m

u(x)

— —

u(x)=Eamexp(imx)' m

Fig. 18.11a,b. Spectral analysis of a discontinuous function. (a) Velocity profile; (b) spectral analysis

N
ux)= Y. ayexp(imx) (18.153)
m=—-N

where m is the wave number (Sect.9.2) and a, is the amplitude of the mth
component. The corresponding spectral analysis, i.e. the variation of amplitude
with wave number, is shown in Fig. 18.11b. Clearly, large amplitudes are associated
with small wave numbers, i.e. large length scales. Small but finite amplitudes are
associated with large wave numbers, i.e. small length scales. It can be seen that in
representing a discontinuous velocity distribution as produced by a shock wave, all
scales are present.

Solutions obtained on a finite grid can only support a finite number of wave
numbers in the discrete Fourier series (18.153). A grid of NX equally spaced points
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will support wave numbers up to N =(NX — 1)/2 if the solution is represented by
(18.153). Clearly, a shock wave “contains” wave numbers greater than N with finite
amplitude.

It may be recalled (Sect. 10.1.1) that it is the nonlinear convective terms that
lead to steepening of the profile and in the absence of dissipation to the presence of
discontinuous profiles or “shocks”. However, when the u solution is interpreted as
a Fourier series, the convective term udu/0x is seen to introduce a product

ou . ) .
u o lzame‘"'lea,e"" ,
X m 1

which implies the appearance of wave numbers m—I and m+ 1. Thus a discrete
unsteady solution, containing wave numbers up to m = N, constantly generates
larger wave numbers at each time step. The amplitude of wave numbers greater
than N add, spuriously, to wave numbers lower than N. Reconstruction of the
solution indicates that an aliasing error is being introduced. If unchecked this
aliasing error will cause nonlinear instability.

This process is shown schematically in Fig. 18.12. Wave numbers greater than
N (coinciding with the cut-off wave number m = n/4x) are referred to as subgrid
wave numbers. Numerical dissipation is deliberately introduced so as to cause a
rapid reduction in amplitude of wave numbers close to, and by implication, greater
than the cut-off wave number. This has the effect of blocking the aliasing process
from taking place. It may be noted that for a typical high Reynolds number flow
the physical dissipation, associated with the eddy viscosity, is only able to attenuate
much larger wave numbers.

t GRID
CUT-OFF

ALIASING|

(EDDY)

VISCOSITY
NUMERICAL !

DISSIPATION

1 > Fig. 18.12. Numerical dissipation of
N=7/Ax m subgrid amplitudes

For flows with shocks the numerical dissipation is applied locally, i.e. at the
shock. This can be introduced explicitly as in Sect. 14.2.7. However, the flux-
limiting schemes described in Sects. 14.2.6 and 18.5.2 can also be interpreted as a
conventional (central) differencing plus numerical dissipation. For high Reynolds
number flow, away from shocks, the level of numerical dissipation required to
control aliasing is much smaller than for shocks, primarily because the amplitudes
in the equivalent of Fig.18.11 are much smaller. In regions where physical
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dissipation is significant, i.c. in shear layers, it is necessary to ensure that the
numerical dissipation is much less than the physical dissipation. In essentially
inviscid regions the numerical dissipation should be sufficiently small so that the
balance between other terms in the governing equation is not changed, i.e. that the
solution is unaffected.

18.5.1 High Reynolds Number Flows

For flows at high Reynolds numbers past a stationary body, viscous and turbu-
lence effects only influence the solution close to the body. Turbulence, particularly
through eddy viscosity turbulence models (Sect. 18.1.1), provides a direct physical
dissipation mechanism in the momentum equations. Laminar viscous effects are
negligible by comparison. To resolve the severe normal velocity gradients a fine
grid is required and the magnitude of the physical dissipation is sufficient to control
the aliasing indicated in Fig. 18.12.

However, away from the body the eddy viscosity, and hence the physical
dissipation, is negligible. In this region the solution is determined by the balance
between the convection and pressure gradient terms. To control aliasing and
nonlinear instability it is necessary to add numerical dissipation.

It may be recalled from Sect. 17.1.1 that, with symmetric differencing of the
pressure gradient term and use of the same grid-point locations for all dependent
variables, there is a tendency for the pressure solution to be oscillatory. Since there
is no term in the compressible Navier-Stokes equations which provides direct
pressure dissipation, oscillatory pressure solutions are also to be expected away
from the body if the physical dissipation, which acts through the velocity field, is
insufficient.

MacCormack and Baldwin (1975) endeavour to control potentially oscillatory
pressure and velocity fields by adding a dissipative term of the following form to the
right-hand side of (18.6):

0 <(|ul+a)

0%p
A 4
e(4x) 0x 4p

ox?

)
"") . (18.154)
0x

This term introduces a fourth-order error and can be interpreted as a smoothing
term on q whose coefficient is proportional to |¢2p/dx?|. If oscillations in p develop,
the smoothing on q is increased. Since p is coupled with the q solution through
(18.8) the p field will also be smoothed. For stability it is necessary that 0 < ¢, £0.5
when used with the MacCormack explicit scheme, Sect. 18.2.1. MacCormack and
Baldwin add (18.154) to the P, operators in the split scheme (18.44) used to study
shock boundary layer interactions.
A more widely used form of numerical dissipation is to add

4

—sE<(Ax)‘*a 1 +(Ay)* 04q> (18.155)

ox* ay*
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to the right-hand side of (18.6). On a uniform grid (Ax*)d*q/0x* is discretised as

pr
(Ax4)ﬁij‘Z.k_L"qj*1,k+6qj,k—4qj+1,k+qj+2,k ; (18.156)

and similarly for (4y*)d*q/8y*. In generalised coordinates this type of numerical
dissipation is included in the Steger approximate factorisation implicit scheme
(18.122-124) as

— e (VA +(V,4,)° 174 (18.157)

on the right-hand side of (18.117). It may be recalled from Sect. 9.1.2 that a fourth
derivative term on the right-hand side of (18.6) introduces positive dissipation if its
coefficient is negative.

The fourth-order dissipation (18.155) is also used in the artificial compressibility
scheme (17.51) for incompressible flow, in the spatial marching scheme (16.145) for
supersonic viscous flow and in obtaining steady solutions of the Euler equations,
Sect. 14.2.8.

18.5.2 Shock Waves

If shock waves are present in the computational domain the “background”
numerical dissipation described in Sect. 18.5.1 is insufficient to prevent dispersive
oscillations close to the shock wave, in the essentially inviscid parts of the domain.
Close to a solid surface the physical dissipative mechanisms reduce the severe
gradients associated with the shock and additional numerical dissipation is not
required, unless the shock is very strong.

The explicit addition of numerical dissipation (artificial viscosity) to smooth
shock profiles is described in Sect. 14.2.3. This can cause a considerable spreading
out of the shock profile (Fig.14.18). FCT algorithms and TVD schemes
(Sect. 14.2.6) can be interpreted as adding numerical dissipation until shock profiles
are monotonic and then selectively removing it to sharpen the shock profile. In this
section a typical TVD scheme will be examined from the perspective of a three-
point central differencing (second-order) with the addition of numerical dissipation.
This type of interpretation lends itself to the construction of more efficient implicit
algorithms for computing steady compressible turbulent flows when shocks are

present.
A nonlinear scalar conservation law is written as
op 0
LAC (18.158)
ot Ox

and u(p) = df/Co.
The TVD scheme (14.88, 89) can be written

At~ ~
Qn+l:Qn_R(f?+l/2_f;}‘l/2) , Where (18159)
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Fie12=05(f;+£41)—0.5[0(1)Clys 124 fj11)2
—0.50[1— ¢ ;124 f 0 1) » (18.160)

Civip=Uj4q1,24t/Ax, 0 =sgnC;, ,, and ¢(r) is the limiter. Various choices for
¢(r) are possible; one particular choice is provided by (14.86).

If (18.160) and an equivalent expression for ]~"j, 1,2 are substituted into (18.159) it
is apparent that the term, 0.5(f;+ f;,,), contributes to a three-point centred
difference discretisation of df /0x. The other terms in (18.160) contribute to numeri-
cal dissipation when substituted into (18.159).

Equation (18.159) is an explicit algorithm that is suitable for unsteady prob-
lems. For problems governed by the steady Euler or compressible Navier-Stokes
equations it is desirable to use an implicit algorithm and to use a form of numerical
flux that is independent of the time-step so that the steady-state solution will be
independent of the time-step.

Yee (1987) achieves these goals by replacing (18.159) with

~ ~ At

At 7 7
ofT + B (¥ — i) =0 —( —B)ﬂ(fjﬁl/l_ffn—l/‘l) ’ (18.161)

Ax

where f has the same role as in (18.73). Equation (18.160) is replaced with
Fia12=05(f;+ £+ =05l 12 1[[1 = 0(1)];2 124054112 - (18.162)

It is found that for (18.161) to be TVD, (14.81), it is necessary to introduce a CFL-
line restriction

2

At
|uj+1/,2|2;<3(17_ﬁ). (18.163)

To compute steady solutions it is recommended that f =1 is used in (18.161) with
the result that (18.163) is satisfied for any choice of 4t.

To make use of a tridiagonal solver (Sect. 6.2.3) it is necessary to linearise
(18.161) about time-level n to generate a linear system of equations for 40" **. This
produces the tridiagonal system

~

At~
B} A0}t + B A0}t + B} 4071 = —E(.fj'luz— 12) (18.164)
where

At At
B} =0-5ﬁ2; (_uj—1 _Ej—1/2) s B,g =1 +0-5ﬂz‘§(Ej—1/2 +Ej+1,f2) s
(18.165)

At
B;ZO'Sﬁ‘A‘g(uj-ﬁ-l_Ej-#hZ) and Ejp1= “j+1‘2‘[]_¢(")]j+12-
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Due to the nature of the coefficients B}, B, B}, (18.164) is a five-point scheme
although tridiagonal in Ap. For purely steady-state calculations, obtained via the
pseudotransient construction (Sect. 6.4), it is more economical (Yee 1987) to drop
the limiter in E in (18.165) so that E;,,, = |u;, ;|- However, the limiters are
retained on the right-hand side of (18.164) so that the scheme is spatially second-
order accurate.

The TVD scheme extends to systems of equations like the Euler equations
(Sect. 14.2.6) by splitting each component equation into a system of characteristic
fields as ir 14.91-92). The above algorithm is applied to each characteristic field.
When the contributions from the characteristic fields are added together, (18.164) is
replaced by a block tridiagonal scheme.

This can be illustrated for the one-dimensional Euler equations (14.43)

0 oF
oq OF o

18.166
ot 0x ( )
The characteristic fields are obtained by replacing (18.166) with
3 A
A, 4890, (18.167)

where the Jacobian 4 = ¢F/dq. The elements of A for the equivalent two-dimen-
sional problem are given by (14.99). The Jacobian A is factorised as in (18.60):

A=T,'4,T, . (18.168)

where the diagonal matrix A, contains the eigenvalues of A4, ie. diagd, = {u,
u+au—aj.
The equivalent of the implicit algorithm (18.164, 165) to solve (18.166) is

, At
BIAQ)} + B2 Aq) 4 B AG T = — S (Fiyin—Fyoin) (18.169)

ji—1
where

At At .
Bl =05p - (~ A —Ejup) . Bi=1+05p (it Ejoip)”
(18.170)

At
B = 0‘5[f3(4j+1 —E;;, ), and

ij+1ﬁ2 =050F;+F; 1 =Ty ;112P;012) - (18.171)

The term ®,, ,,, is equivalent to the second term on the right-hand side of
(18.162) and contains the contributions ¢, ,,, from each (/th) characteristic field

¢j’+1;2 = |;“I/1.j+ 1211 ‘43!(")],41;2 I;.11'+1/2(qj+1 '_qj) . (18.172)
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The terms E in (18.170) are given by
Ejil/ZZ[IAQ Z‘Zl]jruz , where (18.173)
diangJ_ruz:{|)~i«a|(1_¢l(r)}ji1/2 . (18.174)

Equation (18.169) is block tridiagonal and can be solved efficiently using the
algorithm described in Sect. 6.2.5. If (18.171) is substituted into (18.169) it is clear
that the spatial discretisation can be interpreted as central differencing of the flux F
plus additional numerical dissipation constructed from the individual character-
istic fields.

Essentially the same algorithm can be extended to multi-dimensions by in-
troducing an approximate factorisation algorithm, as in Sect. 18.3.2. Yee (1987)
discusses means of diagonalising the left-hand side of (18.169) so that the steady
state may be reached more economically.

For flows with irregular computational domains the present formulation can be
expressed in generalised coordinates (Yee and Harten 1985) leading to an al-
gorithm closely related to that in Sect. 18.4.1, except for the TVD numerical
dissipation treatment of the convective terms. For inviscid steady flow about a
NACA 0012 aerofoil inclined at an angle of 7° and with M = 1.2 Yee obtains
solutions using the above algorithm on a 163 x 49 grid. A comparison is made with
the ARC2D code of Pulliam and Steger (1985), which is a slightly refined version of
the algorithm described in Sect. 18.4.1. As might be expected, the present algorithm
provides a better solution in the region of the bow shock and the trailing edge
shock that forms on the top surface of the aerofoil. The disparity between the two
methods becomes greater when the freestream Mach number is increased to
M, = 1.8. The disparity occurs in the immediate vicinity of the shocks and is due to
the increase in local shock strength.

Away from the shock regions the solutions produced by the two methods are
very similar; in particular, the surface pressure distributions are identical. It should
be noted that the evaluation of the TVD numerical dissipation, even if this is only
done on the equivalent of the right-hand side of (18.169), adds significantly to the
overall execution time.

For unsteady flows it is more accurate to use an explicit scheme, =0 in
(18.169-174). Yee (1986) has considered the passage of a planar shock past a NACA
0018 aerofoil at 30° incidence. The shock speed is M= 1.5 and the solutions are
obtained on a 299 x 79 C-grid. The density solutions are compared with the
experimentally determined density interferograms of Mandella and Bershader
(1987) in Fig. 18.13. The capability of accurately predicting the complex shock
interactions is apparent.

It may be noted that, by interpreting TVD schemes as providing additional
numerical dissipation to conventionally centred differenced inviscid flux terms it is
straightforward to modify existing computer codes to incorporate additional
numerical dissipations (Yee 1987). To make this an economical modification it is
necessary to test the local gradients and to introduce the TVD dissipation only
when the gradients are sufficiently severe, i.e. in regions where shocks occur.
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Interferograms Curved Shock  Planar Shock

2nd-order Symmetric TVD Scheme

Fig. 18.13. Density contours for the shock passage past a NACA 0018 aerofoil at 30° incidence (after
Yee, 1986)
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TVD schemes to discretise the inviscid terms are readily combined with centred
differencing of the viscous and turbulent terms in the compressible Navier-Stokes
equations leading to block tridiagonal algorithms comparable to (18.169). The
pseudotransient solution of the multidimensional compressible steady Navier—
Stokes equations with TVD discretisation may be via approximate factorisation
(Yee 1987), block bidiagonal (Lombard et al. 1986) or relaxation schemes
(Chakravarthy 1987).

Additionally, the TVD algorithm may be based on flux vector splitting similar
to that discussed in Sect. 14.2.5. Walters et al. (1986) describes an algorithm to
compute solutions to the compressible Navier—Stokes equations that combines the
flux-vector splitting of van Leer (1982) with either approximate factorisation or
relaxation schemes to advance the pseudotransient solution. The flux-vector
splitting algorithm can also be interpreted (MacCormack 1984) as a numerically
dissipative modification to a centred difference treatment of the inviscid fluxes.

18.6 Closure

Computational solutions of the full compressible Navier—Stokes equations, for
other than very simple computational domains, are a relatively recent phenom-
enon. The various algorithms available up to 1975 are lucidly summarised by
Peyret and Viviand (1975). Most of these algorithms were explicit. Within four
years, (MacCormack and Lomax 1979), the situation had changed significantly,
with many very efficient implicit algorithms (Sects. 18.3.2 and 18.4.1) becoming
available. This, coupled with the development of generalized-coordinate algor-
ithms (Sect. 18.4.1), facilitated the solution for complicated domains exemplified by
the flow around a two-dimensional aerofoil (Steger 1978).

Ten years after Peyret and Viviand, Shang (1985) indicates that, primarily due
to the advance in computer hardware (Chap. 1), flows around most of the com-
ponents that make up an aircraft can be predicted reasonably efficiently. It is
expected that computations of the compressible turbulent flowfield about complete
aircraft (Anon 1986) will soon be sufficiently economical to form the backbone of
the design process.

It seems likely that such large-scale computations will be based broadly on the
algorithms described in this chapter, particularly Sect. 18.4.1. TVD schemes, and
possibly adaptive grids (Thompson 1984), are expected to provide the primary
means of obtaining sharp shock simulation.

For steady flow predictions the main area for future improvement is in the
acceleration of the convergence process to the steady state. Although multigrid
techniques are helpful it is not clear whether they will be as effective as for the Euler
equations alone due to the wider range of grid scales in the computational domain,
particularly if a zonal strategy is exploited (Holst et al. 1986). Alternatives to the
approximate factorisation construction, such as Newton’s method (Sect. 6.1), may
provide more efficient iterative or smoothing schemes to reach the steady state.
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However, the effectiveness of such techniques will depend on using discretisation
constructions that reinforce diagonal dominance.

The other major area of future development is the improvement of turbulence
models. Presently most of the impetus in this area comes from computing in-
compressible flows. From a design perspective algebraic eddy viscosity models
(Sect. 18.1.1) do give accurate predictions of mean flow quantities, such as the
surface pressure distribution, as long as the flow is attached. But where substantial
areas of separated and/or unsteady flow are to be expected more elaborate
turbulence models, involving the direct solution for the Reynolds stresses, will be
required to augment the compressible Navier-Stokes equations. However, the
structure of the additional equations modelling the turbulence is similar to that of
the Navier-Stokes equations so that no significant changes in the form of the
computational algorithm are expected.

What is more likely to alter the optimal choice for the computational algorithm
are developments in computer architecture. As computers based on parallel
processors, perhaps one per grid point, become more widespread (Ortega and
Voigt 1985) simpler explicit (Sect. 18.2) algorithms will probably be more cost
effective.

In this chapter the discretisation process has been described in terms of finite
difference and finite element techniques. However finite volume techniques are also
very effective and widely used (Deiwert 1984). There have not been many
applications of spectral methods to the compressible Navier-Stokes equations
(Hussaini and Zang 1987), primarily because of the difficulty with embedded
shocks.

18.7 Problems

Physical Simplifications (Sect. 18.1)

18.1 Show that the continuity equation in two-dimensional turbulent flow can be
written as,

(a) with conventional Reynolds averaging,

30  d(ou) W) dov) V)
6t+ ox + ox + 3 + 2 =0, (18.175)

(b) with mass-weighted Reynolds averaging,
09 O(ou O
de  dou)  dev)
ot 0x dy

=0 . (18.176)

18.2 Apply a “Couette” model to the two-dimensional incompressible turbulent
x-momentum equation and show that close to a solid surface (y = 0)

op
Ox

T—7T, =

v, (18.177)
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where the local shear stress T = (v + v;)du/dy and dp/dx is assumed constant
across the layer. Introduce a mixing length representation vy = (ky)?|0u/dy|,
and assuming v > v, show that

Ou op \'?

Ky5_<r‘”+6xy> . (18.178)
Show that (18.23) can be obtained from (18.178) if dp/dx = 0.
Develop a discretised form of (18.178) which will permit the u velocity
component to be obtained at the grid point adjacent to the wall.

18.3 Obtain (18.26) and (18.27) from the steady energy equation (18.24). Carry out
an order-of-magnitude analysis, as in Sect. 16.1.1, and show that (18.26) can
be simplified to give (18.29).

18.4 Delete all x-derivatives associated with viscous terms in (18.6-10) and show
that the thin layer approximation (18.31, 32) is obtained.

Explicit Schemes (Sect. 18.2)

18.5 For the explicit MacCormack scheme (18.35,36) carry out a Taylor series
expansion, at the F, G level, and show that the leading term in the truncation
error is O(4t?, Ax?).

18.6 For the explicit MacCormack scheme applied to (18.49), show that a von
Neumann stability analysis (Sect. 4.3) indicates the following restriction on
At for a stable solution:

Ax?

AL ——— .
~2u+adx

18.7 For the time-split MacCormack method write (18.43) applied to (18.6) in an
appropriate predictor, corrector format.
18.8 Consider the application of the Wambecq scheme (18.47) to the diffusion

equation
2
%‘_ﬂgx_‘z‘:o, (18.179)

Show that, if b= —0.5and c=1,
Aut = Atpl u", Au®=AtuL.u* and
Au® = Atp L, (1.5u" —0.5u*) ,

where u* = u" + Au' and L., is the three-point centred-difference represen-
tation of 0%u/dx>. Assume that the scalar products are such that (e, f)
=ne, f,, i.e. all elements of e and f are equal. Then show that the Wambecq
scheme becomes

H(Lu")?
n+1 — A A 18180)
Au "L (150 —0.5u%) (
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Implement the true Wambecq scheme and (18.180) applied to (18.179) and
determine empirically if there are any limits on At for stable solutions.

Implicit Schemes (Sect. 18.3)

18.9 Show that the additional (implicit) terms in (18.53 and 54) can be interpreted
as third-order (in time) perturbations to (18.50 and 51).

18.10 If 4 is given by (18.55) demonstrate that (18.53 and 54) are unconditionally
stable.

18.11 Starting with (18.58), derive the algorithm given by (18.65, 67, 69 and 70).

18.12 4 aply the Beam and Warming algorithm to the two-dimensional transport
equation (9.81), and show that the equivalent of (18.78 and 79) is given by
(9.88 and 89) with M, = M = {0, 1, 0}.

18.13 Starting with (18.84) derive the approximate factorisation algorithm given
by (18.85-87).

18.14 Expand the left-hand and right-hand sides of (18.92) as Taylor series and
identify the additional dissipative terms introduced on the right-hand side.
Consequently comment on the suitability of the overall algorithm (18.96, 97)
for unsteady problems.

Generalised Coordinates (Sect. 18.4)

18.15 Show that the elements of S in (18.116) are obtained by dropping ¢
derivatives (as part of the thin layer approximation) in the expression for
S given by (18.110). ~

18.16 Derive the coefficients of M given by (18.119-121).

18.17 By using the results of Sect.12.3, demonstrate that (18.136-142) can be
obtained from (18.80-82).

Numerical Dissipation (Sect. 18.5)

18.18 Add a fourth-order dissipative term e, 4x*3* T/8x* to the left-hand side of
the one-dimensional transport equation (9.56). Apply a general two level
implicit scheme
A Tn+ 1

At

= BRHS"*! 4+ (1 — B)RHS" ,

where RHS contains all of the spatial terms discretised with centred finite
difference expressions, three-point for 47/dx and 2 T/éx* and five-point
(18.156) for 0*T/dx™.

Apply a von Neumann analysis to determine the limits on At as a function of
¢x and B, for a stable solution, particularly when o/u is very small.

18.19 Substitute (18.160) into (18.159) and show that the result can be written as a
conventional centred difference construction plus additional dissipative
terms. Demonstrate that this is also the case when (18.162) is substituted into
(18.161).
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— inviscid 1(353-355); 2(32-36, 143-195)

- - potential, governing equation 2(33-35)
compressible viscous flow 2(38-41,394-444)
— boundary conditions 2(39-41)
—and boundary conditions for Euler equa-

tions 2(40,41)

— physical simplifications 2(395)
computational efficiency
— and operation count estimates 1(92-94)
—- Euler vs potential flow codes 2(194)
computer

— architecture 1(5)
— hardware 1(3)

--speed 1(4-6)
conformal coordinates 2(53)
— metrics 2(308, 309}
conformal mapping
— and potential flow 2(87)
— one-step 2(90-93)
— sequential, for streamlined bodies 2(87-89)
conjugate gradient method 1(200)

— as an acceleration technique 1(201-203)
connectivity 1(358)
conservation form of Burgers’ equation 1(333)
conservation

— of energy 1(11)

—of mass 1(11, 38,107)
— of momentum 1(11)
consistency 1(73,75-79)
—- and modified equation method 1(290)
— connection with truncation error 1(77-78)
- of DuFort-Frankel scheme 1(220,221)
- of FTCS scheme 1(77-78)
— of fully implicit scheme 1(78)
constant total enthalpy condition 2(395,401-402)
continuity equation 1(34, 105); 2(6)
continuum hypothesis 2(1)
contravariant velocity components 2(187,426)
convection (11,12, 149)
convection diffusion equation 1(293-298)
— and nonuniform grid accuracy 1(349-350)
— and cell Reynolds number 1(294-296)
— and oscillatory solution 1(294-295)
convection equation, linear 1(31,277-286)

— algebraic schemes for 1(279,280)
— numerical algorithms for 1(277-283)

— sine wave propagation 1(284-286)
convective nonlinearity 1(331)
— cubic 1(359)
— quadratic 1(359)
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convective term, asymmetric discretisation 1(276)
convergence 1(57,73-76)
— Newton’s method (165, 170, 176)
— numerical 1(58, 60, 75-76, 116, 134, 226, 235,
236,239, 240)
— numerical, for 2D Burgers’ equation
1(359, 360)
— pseudotransient Newton’s method 1(210)
- quadratic, for Newton's method 1(165, 170)
— radius of 1(166,179)
rate 1(76,78, 116, 134,226,235, 236,239, 240)
- rate, numerical 1(235,236,239, 240)
— rate of iteration and strong ellipticity 1(198)
coordinate system, element based 1(121,124,127)
— generalised 1(352)
coordinate tre ~<formation 1(22-23)
correction stordge (CS) method (see also multigrid
method) 1(206)
cost of software and hardware 1(3,4)
COUNT: program to obtain basic operation ex-
ecution time 1(375)
Courant (CFL) number 1(278)
— for compressible flow 2(408,418)
- and pseudotransient formulation 2(418)
CPSM method, boundary conditions for press-
ure 2(347)
— time step restriction 2(348)
Crank—Nicolson scheme
— and Richardson extrapolation 1(90)
—for linear convection equation 1(283,284,
286,291)
-— for systems of equations 1(353-355)
— for 1D Burgers’ equation 1(337,338)
— for 1D diffusion scheme 1(228-229)
— for 1D transport equation 1(304-305)
— and four-point upwind scheme 1(305)
- and mass operator method 1(305)
— for 3D boundary layer flow 2(238)
—- generalised for 1D Burgers’ equation
1(338,339)
-~ generalised for 2D diffusion scheme 1(261)
cross-stream diffusion 1(317,326-327); 2(366)
curved pipe flow 2(292)
curved rectangular duct flow 2(285-292)
— computational algorithm 2(289-290)
— vorticity boundary condition 2(289-290)
cycle time, computer 1(4, 5)
cyclic reduction for Poisson equation 1(190,191)
cylinder plate junction flow 2(355)

Davis coupled scheme, for compressible boundary
layer flow 2(214-217)
deferred correction method 1(95)

degenerate  system of partial differential
equations 1(26, 27)
design and CFD 1(1,2,5)
DIFEX: explicit schemes applied to diffusion
equation 1(222-227,236)
DIFF: elementary finite difference program
1(66-68)
difference operators 1(376-379)
— directional 1(377); 2(377)
diffusion equation, one dimensional (1D)
1(34,40, 65, 135, 146-149,216-241)
-— algebraic schemes for 1(219)
— explicit methods for 1(217-222,226)
— implicit methods for 1(227-231)
separation of variables solution 1(67)
diffusion equation, two dimensional (2D)
1(249-251)
— and ADI method 1(252-253)
-and approximate factorisation method
1(254-256)
— generalised implicit scheme 1(254)
-- explicit methods for 1(250)
— implicit methods for 1(251)
— splitting methods for 1(251-256)
diffusion, numerical 1(281,285)
diffusion, physical 1(11,12)
DIFIM: implicit schemes applied to the diffusion
scheme 1(231-236)
dilatation 2(6)
direct Poisson solvers 1(190-192)
direct solution methods for linear algebraic
systems 1(164, 180-182)
Dirichlet boundary conditions 1(20, 36, 37, 108)
discretisation 1(13,47-60, 136)
— accuracy 1(55-64)
-accuracy and truncation error 1(56-58)
— accuracy for first derivatives 1(56-58)
— accuracy for second derivatives 1(56-58)
accuracy via Fourier analysis 1(62-64)
— grid coarseness 1(61)
—and ordinary differential equation connec-
tion 1(51)
— and solution smoothness 1(58-60)
— and wave representation 1(61-64)
— higher-order formulae 1(58-60, 63-64)
— nonuniform grid 2(274)
of derivatives by general technique 1(53-54)
—of derivatives by Taylor series expan-
sion 1(52-53)
— of spatial derivatives 1(49)
— of time derivatives 1(50-51)
— on a staggered grid 2(332-333)
discriminant 1(22, 23, 25)
dispersion, numerical 1(286-292)

— and Fourier analysis 1(288-290, 314, 315)

— and truncation error 1(297,298, 300, 305)

— and 2D transport equation 1(317)

— of a plane wave 1(287)

dispersion wake 1(288)

displacement thickness 2(21-23)

— and injection velocity 2(313)

dissipation

— and truncation error 1(298, 300, 304-306)

— and 2D transport equation 1(326)

— artificial 1(341, 348)

— function 2(11)

— numerical 1(286-292)

— of a plane wave 1(287)

— physical 1(31,43,59)

divergence form of the governing equa-
tions 1(333)

DOROD: prediction of turbulent boundary layer
flow 2(223-233)

Dorodnitsyn finite element method 2(219-222)

Dorodnitsyn spectral method 2(233-235)

— choice of weight functions 2(234)

Dorodnitsyn transformation, boundary layer
equations 2(217-218)

Douglas Gunn splitting algorithm 1(255)

driven cavity flow 2(344,345,348,363,369,371,
373)

duct flow 2(279-291)

— curved, rectangular 2(285-292)

— different regimes 2(269)

— global mass conservation 2(271)

— straight rectangular 2(279-285)

DUCT: viscous flow in a rectangular duct
1(137-143,194-195)

DuFort-Frankel scheme 1(220-221,226,301,302)

dynamic similarity 2(12-14)

eddy viscosity 2(24,273)

— Baldwin, Lomax formulation 2(399-401,414)

— Clauser formulation 2(24,399)

— compressible flow 2(397)

— intermittency factor 2(399)

— separated flow region 2(420)

— upstream relaxation 2(399)

efficiency, computational (see also computational
efficiency) 1(58)

eigenvalue 1(23,81,83, 84, 245)

— annihilation  and  conjugate  gradient
method 1(201)

— maximum, and the power method 1(84)

— and oscillatory solution 1(294, 295)

— of flux Jacobians 2(159-160,413,424)

element-based coordinates 1(378)

elliptic partial differential equation 117,18,
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21-23,25-27,29, 36-38,42-46)

— boundary and integral conditions for 1(38)

energy equation 2(10-11)

— algebraic (see also constant total enthalpy
condition) 2(1)

-— algebraic, inviscid compressible flow 2(33)

— algebraic, inviscid compressible flow, ideal
gas 2(33)

energy method of stability analysis
(reference) 1(94)

enthalpy 2(11)

equation coupling and speed of convergence
2(217)

ERFC: complementary error function evalu-
ation 1(344)

error growth and stability 1(79,81, 85, 86)

error of solution 1(74,89,90,92,94, 102,104,121,
130,134,143)

— and convection diffusion equation 1(298)

— and linear convection equation 1(285-286)

— and mixed Dirichlet/Neumann boundary con-
dition 1(268)

— and Neumann boundary conditions 1(239, 240)

— and 1D Burgers’ equation 1(346,347)

— and 1D diffusion equation 1(226,235,236)

— and 1D transport equation 1(312,313)

— and 2D Burgers’ equation 1(371,372)

— and 2D diffusion equation 1(266)

— and 2D transport equation 1(326)

Euler discretisation scheme 1(51, 152,242)

— stability restriction 1(245)

Euler equations 1(8,353); 2(8, 143-181)

— boundary conditions 2(174-175)

— boundary conditions, pseudotransient form
2(176)

— characteristic form 2(166,442)

—factored form of scalar tridiagonal system
2(173)

— generalised “viscous” boundary condition
2(322)

— implicit schemes 2(170-176)

— multigrid algorithms 2(177-180)

— one dimensional 2(147)

EXBUR: exact solution of 2D Burgers’ equation
1(175)

execution time for basic operations 1(375)

explicit schemes

—for compressible Navier-Stokes equations
2(404)

— for 1D Burgers’ equation 1(334-337,346-347)

— for 1D diffusion equation 1(217-227)

-—for 1D transport equation 1(299-303)

— for 2D diffusion equation 1(250-251)

— for 2D transport equation 1(316-317)
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EXSH: exact solution of 1D Burgers' equation
1(344)

EXSOL.: exact solution of 1D transport equation
1(311)

EXTRA: exact solution of 1D diffusion equation
1(222)

EX-4PU scheme for 1D transport equation 1(307)

FACR algorithm 1(191)

factorisation, approximate (see also approximate
factorisation) 1(254)

FACT/SOLVE: solution of dense systems of al-
gebraic equations 1(180-182)

fast Fourier transform 1(153, 156)

FCT: propagating shock wave by FCT al-
gorithm 2(1.-#-169)

finite difference discretisation 1(47-53, 56-60)

finite difference method 1(13-15,64-69,92,95,
100, 143)

-— and matrix structure 1(163)

finite difference operators 1(138,228,230,250,
270,279, 303, 335)

finite element method 1(15, 116-145)

— and bilinear interpolation 1(121-122, 125)

— and biquadratic interpolation 1(123-126)

— and diffusion equation 1(135-136)

—— and discretisation 1(48-50, 129, 136,139)

— and interpolation 1(116)

— and linear interpolation 1(117-119)

-—and Poisson equation 1(137-138)

— and quadratic interpolation 1(119-121)

— and Sturm-Liouville equation 1(126-135)

—and compressible Navier-Stokes equations
2(418-421,432-437)

— Dorodnitsyn 2(219-233)

— Euler equations 2(196)

— in generalised coordinates 2(433-436)

— and transonic potential equation 2(194)

— and incompressible Navier-Stokes equations
2(363-368,377-385)

— nonoscillatory 2(366)

finite elements 1(121-123,126)

finite volume method 1(15,105-116)

— accuracy and grid refinement 1(116)

— and discretisation 1(48)

— and first derivatives 1(105-107)

— and Laplace’s equation 1(111-116)

— and second derivatives 1(107-111)

--and compressible Navier-Stokes equations
2(414, 446)

— and Euler equations 2(178-181,196)

— and incompressible Navier—Stokes equations
2(357-358)

— iterative convergence and grid refinement
1(116)

— and transonic potential equation 2(194)

first derivative operator and Galerkin weighted
integral 1(378)

FIVOL: finite volume method applied to
Laplace’s equation 1(111-115)

flat plate solar collector 1(166, 167)

flow classification 2(14-16)

flow separation 1(7)

flux, antidiffusive 2(161-162)

flux difference splitting 2(160)

flux Jacobians 2(159,171,172,178,412,417, 423,
442)
and artificial compressibility method
2(352-353)

— eigenvalues 2(424)

— for compressible RNS formulation 2(296)

— in generalised coordinates 2(428)
for positive and negative eigenvalues
2(159-160, 413)

flux limiters, antidiffusive 2(164,441)

flux vector splitting 2(160)

—and TVD schemes 2(445)

flux vectors, in generalised coordinates 2(427)

flux-corrected transport schemes 2(160-162)

— dispersion error minimisation 2(162)

— stability restriction 2(162)

-— TVD interpretation 2(164)

flux-limiting scheme, and numerical dissi-
pation 2(438)

four point upwind scheme (see also upwind
scheme) 1(296-298)

Fourier (stability) analysis 1(80, 85-88)

- for 1D transport equation 1(310,314-315)

— for linear convection equation 1(288-290)

Fourier analysis, pde classification 1(28-30)

Fourier representation of wave-like motion
1(61,62)

Fourier series as approximating and weight func-
tions 1(146)

Fourier series method for Poisson equation
1(190, 191)

Fourier transform and symbol of pde 1(29)

Fourier’s law 2(4)

fractional step method 2(344)

frontal method and sparse Gauss elimin-
ation 2(365)

Froude number 2(12-14)

FTCS scheme 1(65, 156,217-220,226,236,239)

— and Euler schemes 1(243)

— and Burgers’ equation 1(334,346)

— and linear convection equation 1(277,278)

— and Richardson extrapolation 1(91)

— and 2D diffusion equation 1(250)

— fourth-order accuracy 1(77)

— stability of 1(81-82,85-86)

fully implicit scheme for diffusion equation
1(227-228)

Galerkin finite element method 1(126—144, 355,
355-359)
- incompressible Navier—Stokes equation
2(363-365)
— boundary implementation 1(269)
Galerkin spectral method 1(147,150)
Galerkin (weighted residual) method 1(101-194,
377)
Gauss elimination 1(152, 180-183)
-~ narrowly banded 1(184-186)
— sparse 1(182-183)
Gauss quadrature 1(145); 2(367)
Gauss—Seidel iterative method 1(193-196)
general three-level scheme for 1D diffusion
equation 1(229,230)
— for 2D diffusion equation 1(255)
generalised coordinates 1(22,43,107, 156),
2(46-74)
— and comptessible viscous flow 2(425-436)
— equation structure 2(60-65)
— equation structure for first-order pde 2(60-62)
— - equation structure for compressible
momentum equation 2(65)
— equation structure for continuity equation
2(64)
— equation structure for incompressible
momentum equation 2(64)
— equation structure for second-order
pde 2(62-63)
— for compressible RNS equations 2(294,295)
- and Steger thin layer formulation 2(426)
— and 3D boundary layer flow 2(239-240)
global constraint and elliptic partial differential
equation 1(38)
global method vs local method 1(13, 14, 145, 156)
governing equations for fluid flow 2(5-11)
Green’s function method 1(41-42)
Green’s theorem 1(38)
grid control, source terms in Poisson equation
solver 2(100)
grid generation 1(7,9), 2(78-121)
— algebraic mapping 2(101-119)
— as a boundary value problem 2(78,79)
— boundary correspondence 2(80-86)
— boundary correspondence, multiply-connected
regions 2(83-86)
— boundary correspondence, simply-connected
regions 2(80-82)
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— conformal mapping 2(86-93)
partial differential equation solution 2(86-100)

— Poisson equation solution 2(97-100, 121)

grid growth ratio 1(349,377); 2(275)

grid nonuniformity and solution accuracy
1(348-352)

—-and truncation error 1(349,350)

grid point clustering, 1-D boundary
stretching 2(102-103)

grid refinement

— and accuracy 1(58-61,75,89-92,119,121,134,
143,226, 235-240, 266)

—and iterative convergence 1(192,195,198),
2(73)

group finite element method 1(355-360)

— and 1D Burgers' equation 1(340)

— and 2D transport equation 1(319-320)

--- approximate factorisation 2(419-420)

— compressible Navier-Stokes equations
2(418-421)

— comparison with conventional finite element
method 1(358-360)

--- computational efficiency 1(356)

— inflow and outflow boundary condition
2(380-381)

— one-dimensional formulation 1(356)

—- operation count for 1(358-359)

— two-dimensional formulation 1(357-358)

-— vorticity stream function formulation
2(377-381)

heat conduction equation 1(34,48,64-66, 135,
216-217)

higher order difference formulae 1(58-60, 63—-64)

higher order explicit schemes for diffusion
equation 1(221,226)

higher order implicit schemes for diffusion
equation 1(230,231)

hopscotch method 1(251)

hydrostatic pressure 2(2)

hyperbolic partial differential equation 1(17-19,
21-23,25-27,30-38,43-45)

— and discontinuity propagation 1(89)

— boundary conditions for 1(32-34)

— characteristics for 1(30-31)

— domains of dependence and influence 1(31)

—- initial conditions for 1(31)

ideal gas equation 2(2)
ill-conditioned system of equations 1(186)
implicit schemes
- for compressible Navier-Stokes equations
2(409-424)
— for diffusion equation 1(228-236)
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implicit schemes (cont.)

— for the 1D Burgers’ equation 1(337-339)

— for the 1D transport equation 1(304-306)

implicitness parameter 1(82,87, 136)

inclined cone problem, inviscid compressible
flow 2(154)

— MacCormack two-stage algorithm 2(155)

inclined hemisphere cylinder, compressible vis-
cous flow 2(431-432)

incompressible Navier—Stokes equations, bound-
ary conditions 2(26-28, 330)

incompressible viscous flow 2(26-32,329-390)

— laminar 2(28-30)

— primitive variable formulations 2(330-367)

— turbulent 2(30-32)

— vorticity formulations 2(368-390)

incompressible, inviscid flow 2(16-20)

initial conditions 1(19, 20, 241)

instability, nonlinear 1(154)

— physical 1(88)

integral boundary condition for the press-
ure 2(336)

integral form, governing equation 1(106)

internal swirling flow 2(273-278)

— marching iterative algorithm 2(274-277)

interpolation 1(116-126)

— multigrid 1(204-207)

— bilinear 1(121-122, 125, 144); 2(365,
377,419,433)

— biquadratic 1{123-125); 2(365)

— error 1(119,121,125)

— function 1(118,120,121-123,377)

— higher-order 1(121, 126, 134)

— linear 1(117-119,134)

— mixed velocity, pressure 2(365)

— quadratic 1(119-121,134)

inviscid Burgers’ equation 1(332,333,335,337)

inviscid, compressible flow 2(32-36, 143-195)

inviscid flow 1(7-9, 12, 15, 18-20, 30, 32-33,
4445, 58, 116, 353-355); 2(124-194)

— alternative equation systems 2(124)

isoparametric formulation 1(143-145)

iterative methods for algebraic systems of equa-
tions 1(192-207)

— convergence rate and grid refinement 1(198);
2(73)

— convergence acceleration 1(200-207)

—- convergence acceleration via iterative sequence
1(197,214,215)

— convergence rate and strong ellipticity 1(198)

— Gauss—Seidel method 1(193)

— general structure 1(192)

— implicit algorithms 1(196-200)

—- Jacobi method 1(193)

point vs line methods 1(1995)
— SLOR method 1(197)
— SOR method 1(193)

JACBU: evaluates Jacobian of 2D Burgers’
equations 1(177,211)

JACOB: evaluates Jacobian required by Newton'’s
method 1(169,170)

Jacobi iterative method 1(193-197)

-- and pseudotransient method 1(208)

Jacobian

— augmented 2(210)

— flux (see flux Jacobian)

— Newton 1(165,169,170,172,211,212)

- - transformation 1(23, 145); 2(48)

Keller box scheme 2(210)
Khosla-Rubin differencing 2(371-372)
Klebanoff intermittency factor 2(400)
Korteweg de Vries equation 1(44)

LAGEN: solution of Laplace equation in general-
ised coordinates 2(66-73)

Lagrange interpolation function 1(120,123, 124,
126)

LAMBL: computation of laminar boundary layer
flow 2(203-210)

Laplace’s equation 1(12,107-116)
discretisation in generalised coordinates
2(68-69)

—-1in conformal coordinates 2(53)

— 1n generalised coordinates 2(53,67)

— in orthogonal coordinates 2(53)

Lax equivalence theorem 1{(74)

Lax—Wendroff scheme

—and linear convection equation 1(281-283,
291-292)

— and systems of equations 1(353-355)

—and 1D transport equation 1(301,303,307,
312)

- two-stage 1(335, 336, 346, 353-354)

leapfrog scheme for linear convection
equation 1(281,282)

least-squares (weighted residual) method 1(100,
103)

Leith’s scheme 1(282)

Levy-Lees transformation, compressible bound-
ary layer flow 2(212-214)

locally one-dimensional method (see also method
of fractional steps) 1(272)

LU factorisation (approximate) algorithm 2(425)

— and one sided operators 2(422)

—for compressible Navier-Stokes equations
2(421-425)

LU factorisation and Gauss elimination 1(169)
LU-factorisation, incomplete 1(207)

MAC formulation 2(333-337)
and satisfaction of continuity 2(335)

— boundary condition implementation 2(336,
337)

— explicit schemes 2(333)
explicit schemes, stability restriction 2(335)

— implicit schemes 2(338)

— in generalised coordinates 2(340)

— Neumann boundary condition for press-
ure 2(338)
pressure correction method 2(340)

MacCormack scheme, explicit 1(354); 2(144-147)

- and Lerat-Peyret schemes 2(145)

— and multigrid method (407)
for Navier-Stokes equation 2(405)

— for 2D Burgers’ equation 2(405)

— inclined cone problem 2(155)
time-split extension 2(406—407)

— time-step restriction 2(406,407)

MacCormack scheme, implicit

— bidiagonal implementation 2(412)

— for compressible Navier-Stokes equation
2(410-414)

— for 1D transport equation 2(410-412)
stability restriction 2(411)

Mach lines 2(35)

Mach number 1(18); 2(13-14)

MACSYMA, symbolic manipulation 1(291)

mass conservation for enclosures, global 2(330)

mass conservation for steady duct flow,
global 2(271)

mass flow constraint and mean pressure
evaluation 2(272,276)

mass lumping, and computational efficiency
2(383)

mass operator
and bilinear interpolation 1(256)

-— boundary evaluation 1(270-271); 2(380-381)

— directional 1(136, 138, 139,377); 2(377,
419,434)

— generalised 1(231, 260, 283,305, 317,325, 338,
362)

— generalised, and dispersion 1(305, 345)

— computational
scheme 1(307,338,362,376-379)

— and Galerkin weighted integral 1(378)
and linear interpolation and fourth-order accu-
racy 1(379)
and Pade differencing 1(379)

— and three dimensional discretisation 1(379)
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mass-weighted Reynolds averaging 2(396)
matrix
banded 1(163)
— dense 1(163)
— diagonal dominance 1(192)
— fill-in 1(182)
positive definite 1(179)
-—sparse 1{163,182)
spectral radius 1{192)
— structure for finite difference scheme 1(163)
maximum principle for elliptic partial differential
equations 1(37)
megaflop 1(4,6)
method of characteristics {(38-40)
method of fractional steps 1{271-273)
method of lines and ordinary differential equa-
tions 1(241-246)
metric tensor 2(50, 51)
— and conformal coordinates 2(53)
and grid aspect ratio 2(51)
and orthogonality 2(51-53)
— and transformation Jacobian 2(51)
microcomputers and CFD 1(5)
minicomputers and CFD 1(5)
mixed velocity, pressure interpolation
(FEM) 2(365)
mixing length, turbulent 2(24)
modified equation method 1(290-291)
— and 1D transport equation 1(305, 306)
and 2D transport equation 1(324)
momentum equations
for inviscid flow 2(6-8)
- for viscous flow 2(8-10)
— factored form for spatial marching 2(280, 281)
monotone schemes for shock prediction
2(163-164)
Moretti /-scheme 2(157-159)
— logarithm of pressure 2(157)
— non-conservative form 2(159)
role of characteristics 2(157-158)
multigrid method 1(203-207,211)
—- and prolongation (interpolation) operator
1(204)
and restriction operator 1{204-205)
and V-cycle 1(205)
—- correction storage (CS) for linear problems
1(206)
driven cavity flow problem 2(373)
— and Euler equations 2(177-180)
full approximate storage (FAS) for nonlinear
problems 1(207)
— full (FMG) 1(207)
-— and incompressible RNS equations 2(311)
- and MacCormack scheme (explicit) 2(407)
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multigrid method (cont.)

— Ni control volume formulation 2(178-179)
and Runge-Kutta schemes 2(409)

— and transonic potential equation 2(191-193)

multistep-method, linear, for ordinary differential
equations 1(242)

multisurface technique

— and local grid orthogonality 2(107-108)

— effect of control parameters 2(120)
implementation, N=2 2(113-115)

multisurface transformation 2(107)

Navier-Stokes  equations 1(1,19-20, 28, 35,37,
43); 2(9-10)
—reduced form 1(1,7,15,28); 2(248-322)
— thin layer form 1(7)
Neumann boundary conditions 1(20, 36-38,
236-241)
— and stability 1(83-85)
— and splitting 1(266-271)
and spectral method 1(149)
— and finite volume method 1(111)
— and accuracy 1{133,238-240, 268)
finite element implementation 1(269-271)
— finite difference implementation 1(267-268)
- numerical implementation 1(237-238)
NEWTBU, inclusion of augmented Jacobian
1(210-211)
NEWTBU: two dimensional Burgers’ equation
1(171-179)
NEWTON: flat plate collector analysis
1(166-170)
Newtonian fluids 2(4)
Newton’s method 1(163-166)
- and finite element method 2(364)
— and incompressible RNS equations 2(310)
— and Keller box scheme 2(211)
— and mean pressure evaluation 2(281)
Ni's control volume multigrid method 2(178-179)
nondimensionalisation 1(11, 137); 2(12-13, 148)
numerical dissipation 2(353,354,418,429,437-
444)
— and aliasing 2(438)
—and dispersion 1(287-293)
- and flux-limiting schemes 2(438)
- and high Reynolds number flows
2(297,439-440)
- and modified density function 2(187)
— and modified equation method 1(290-291)
— and pressure oscillations 2(439)
- and TVD schemes 2(443)
— approximate factorisation 2(440)
- dispersion and discretisation schemes 1(292)
dispersion and Fourier analysis 1(288-290)

— fourth-order 2(439,440)
stability restrictions 2(154)

ordinary differential equations 1(241-246)
and absolute stability 1(244)
— and linear multistep methods 1(242-243)
-and Runge-Kutta schemes 1(243-245)
O-grid and branch cuts 2(83-84)
one-sided differencing 1(50, 54)
operation count
— and block Thomas algorithm 1(189)
— and finite element method 1(358,359)
— empirical determination 1(92-94)
optimal-rms solution and weighted residual
method 1(103)
orthogonal collocation 1(95, 100, 156)
orthogonal function 1(146, 147)
orthogonal grid generation 2(94-96)
— via elliptic partial differential equation 2(101)
— via orthogonal trajectory method 2(95,96)
orthogonal trajectory method as a method of
characteristics 2(96)
orthogonality of coordinates 2(51-53)
— discrete 2(SS, 56)
ORTHOMIN algorithm 1(202)
orthonormal functions 2(233,234)
oscillatory pressure solutions 2(332)
--and finite element interpolation 2(365)

panel method 1(182); 2(125-142)

— and lifting aerofoil problem 2(138-140)

— connection with boundary element method
2(137-138)

— for inviscid compressible flow 2(142)

— for inviscid incompressible flow 2(126-141)

— higher-order 2(140-141)

— in three dimensions 2(140-141)

PANEL: numerical implementation of panel
method 2(130-136)

panel source strength, circulation adjustment
2(138-140)

parabolic partial differential equation 1(17,18,
21-23,25-26,34-38)

— boundary conditions for 1(36)

parallel processing 1(4-5, 16)
and explicit algorithms 2(446)

partial differential equations (pde) 1(17-42)

—- and coordinate transformation 1(22-23)

---and symbol 1(29)

— boundary and initial conditions for 1(18-20)

— classification by characteristics 1(17,21-24)

— classification by symbol (Fourier) analysis
1(28-30)

- first-order 1(21,24)

— linear 1(12)
— principal part 1(28)
-- second order 1(17,21)
— system of equations 1(24-28)
Peclet number 1(294,305)
penalty function finite element method
2(366-368)
— consistent 2(367-368)
— and reduced integration 2(367)
— for incompressible viscous flow 2(366-368)
— and pressure smoothing 2(368)
pentadiagonal systems of equations/matrix 1(131,
185-188)
Petrov-Galerkin finite element method and up-
wind differencing 2(366)
phase, change of 1(289)
phase error 1(63)
physical properties
— of air 2(2-5)
— of fluids 2(1-5)
— of fluids, variation with temperature 2(3-5)
— of water 2(2-5)
pipe flow, different flow regimes 2(269)
pipeline architecture 1(4-5)
pivoting, partial and Gauss elimination 1(180)
planar shock traverse past an aerofoil 2(443-444)
plane-wave propagation 1(287)
point source 1(41)
Poisson equation 1(37-38,41-42,137)
— for auxiliary potential 2(282,356)
—- for grid generation 2(97-100)
- for pressure 2(360, 386)
— for pressure, discrete 2(335,360)
— for pressure, global integral constraint 2(386)
—- for stream function 2(369)
— for transverse pressure correction 2(283)
Poisson solvers, direct 1(190-192)
potential flow 1(36)
— compressible 2(33)
--- governing equation 2(17)
— incompressible 2(17-20,125)
— about a circular cylinder 2(25)
power method for maximum eigenvalue determi-
nation 1(84)
Prandtl number 1(319); 2(13-14)
Prandtl-Glauert transformation 2(142)
preconditioned conjugate gradient ~method
1(201-203)
predictor corrector scheme for ordinary differen-
tial equations 1(243)
pressure evaluation (mean) from mass flow
constraint 2(272,276)
pressure solution from Bernoulli variable
2(386-387)
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pressure splitting in small-curvature ducts 2(271,
280)

primitive variables 1(34)

product approximation 1(360)

projection method 2(339, 346)

prolongation operator (see also multigrid
method) 1(204-206)

pseudospectral method 1(151-154); 2(345)
in physical space 1(154-156)

pseudotransient method 1(8,208-212)

— and artificial compressibility method 2(352)
local timestep formulae 2(177)

— and 2D steady Burgers’ equation 1(209)

— comparison with Jacobi iteration 1(208)
and Newton’s method 1(210)

quadridiagonal matrix 1(297, 338)
—- and the Thomas algorithm 1(297, 306)
quasi-Newton method 1(179)
quasi-simultaneous method (see viscous inviscid
interaction)

- and triple deck theory 2(318)

QUICK upwind scheme 2(342,345,363)
QUICKEST upwind scheme 2(343-345)

Rankine-Hugoniot shock relations 2(35, 36, 148,
182)

rational Runge-Kutta (RRK) scheme 2(408, 409)

reduced Navier-Stokes (RNS) equations
2(248-322)

RESBU: evaluates residuals of 2D Burgers’ equa-
tions 1(176)

RESID: evaluates residuals required by Newton’s
method 1(169)

residual, equation 1(99-104,127, 146, 176)
evaluation for finite element method
1(261,266)
and multigrid method 1(203-207)

restriction operator (see also multigrid method)
1(204)

Reynolds number 1(2,7,27, 59,294, 305,
319,325, 339,369); 2(12-14)

Reynolds stress 2(23-24,30-31)

Reynolds-averaged compressible Navier-Stokes
equations 2(396)

— boundary conditions for 2(398-401)

RHSBU: evaluates right-hand side of 2D Burgers’
equations 1(370)

Richardson extrapolation 1(89-92,241)

—-active 1{91)
and operation count 1(91-92)

— passive 1(91)

Richardson scheme 1(220)
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RNS approximation in generalised coordi-
nates 2(295)

RNS convection diffusion operator, parabolic
nature 2(258,260-261)

RNS equations

—- and dominant flow direction 2(251)

-- and neglect of streamwise diffusion 2(251)
and the design process 2(249-250)
defect representation 2(319)

— essential features 2(251)
for internal flows 2(269-291)

— (incompressible) one-sided discretisation
2(309)

--- (incompressible) on conformal coordinates
2(308)

—- order-of-magnitude derivation 2(252-256)
qualitative solution behaviour 2(259-263)

— role of pressure 2(261,263)

-- subsonic computational algorithm 2(304-307)

—-and finite element method 2(324)

RNS formulation
elliptic viscous terms 2(262,263,297)

— for incompressible viscous flow 2(307-313)

— iterative solution 2(297)
for external flow 2(292-322)

— for external supersonic flow 2(293-298)

— turbulent flow 2(324)

RNS marching stepsize restriction

—- and stability 2(297, 300, 304)

— and iterative convergence rate 2(311)

RNS sublayer approximation to pressure
2(293-295)

Robin boundary condition 1(20)

round-off error 1(74, 79, 80, 86)

Runge-Kutta method 1(242,243,245)

— explicit 1(242,244)
implicit 1(243)

— for Navier-Stokes equation 2(407)

— for Navier—Stokes equation, time-step restric-
tion 2(408)

— and multigrid method 2(409)

Schwartz—Christoffel transformation
— applied to two-dimensional duct 2(91-92)
- for discrete surfaces 2(90)

— for continuous surfaces 2(93)

search direction and modified Newton’s
method 1(176)

secondary flows induced in curved ducts 2(270)

semi-discrete form of partial differential equa-
tions 1(242)

semi-inverse method 2(319-321)

— boundary conditions 2(319,320)

separation of variables method 1(40-41)

Serendipity elements 1(126)

shape (interpolation) functions 1(117)

shock capturing, theoretical considerations 2(163)

shock fitting 2(144)

shock formation 1(332)

shock profile
and artifical viscosity 2(154)
and dispersion errors 2(149)

— Fourier decomposition 2(437)

— and TVD schemes 2(164)

SHOCK: propagating shock wave problem
2(147-153)

shock propagation speed 2(149)

shock wave 1(7,32,43)

— and stationary Burgers’ equation 1(351, 352)
compression vs expansion 2(183)
propagation 1(353-355)

— propagation and Burgers' equation 1(339,
346-348,357)

— representation and conservation form of equa-
tions 2(144)

similarity variables 2(22,203-205)

SIMPLE algorithm, incompressible viscous
flow 2(361,362)

SIMPLE formulation

— discrete Poisson equation for pressure 2(360)

— in generalised coordinates 2(363)

— incompressible viscous flow 2(357-362)

— and multigrid 2(363)

— pressure solution 2(360)

— pressure solution, and auxiliary potential func-
tion 2(360)

— and QUICK differencing 2(363)

- velocity solution 2(359-360)

SIMPLE algorithm, incompressible viscous flow
2(361,362)

SIMPLER algorithm, incompressible viscous
flow 2(361,362)

skin friction coefficient 2(21,23)

— discrete evaluation 2(209)

— for flow past a wedge 2(210)

smoothness of solution and accuracy of rep-
resentation 1(58,60,61,236)

sound speed 2(33)

source panels, connection with an isolated
source 2(126)

specific heat 2(11)

spectral method 1(9,13,15,47,48,50,98,99, 104,
145-156,182)

— and Burgers’ equation 1(348)

-—and compressible Navier-Stokes equations
2(446)

— and diffusion equation 1(146-149)

- and generalised coordinates 2(350-351)

— and incompressible Navier-Stokes equations
2(345-350)

— and Neumann boundary conditions 1(149-151)

— and nonlinear terms 1(149)

— and shock waves 2(194,196)

— and transition phenomena 2(350)

— in physical space 1(154)

— time-stepping strategies for 2(349)

spectral subdomain method 2(350-351)

— and inter-element continuity 2(351)

splitting (see approximate factorisation)

stability 1(15,55,73-75,79-88)

— absolute, for ordinary differential equations
1(244)

— at boundaries 1(88,238)

— matrix method and FTCS scheme 1(81)

-~ matrix method and generalised two-level
scheme 1(82)

— matrix method and Neumann boundary con-
ditions 1(83-85)

—-of ADI scheme 1(253)

— of convection equation schemes 1(279, 280)

— of diffusion equation schemes 1(219)

—of three-level scheme for 1D diffusion
scheme 1(222)

— of transport equation schemes 1(302,303)

— polynomial for ordinary differential equa-
tions 1(244)

— von Neumann method and FTCS scheme
1(85-86)

— von Neumann method and generalised two-
level scheme 1(86-88)

staggered grid 2(331-333,357-358)

steady flow problems, overall strategy 1(211,212)

stiff systems of equations 1(229,246),2(354)

— and steady-state convergence 1(229,230)

stream function 2(28-30,369)

— equation, pseudotransient formulation 2(370)

— Poisson equation for 2(369)

streamline diffusion (artificial) 1(327)

streamlines 2(16)

streamwise diffusion, neglect of 2(273)

streamwise vorticity in a curved duct 2(286)

stretching function, one dimensional 2(102-103)

strong shock computation 2(160-166)

strongly implicit procedure (SIP) 1(198-199)

— and incompressible viscous flow 2(371)

— modified (MSI) algorithm 1(199-200)

STURM: computation of the Sturm-Liouville
equation 1(130-134)

Sturm-Liouville equation 1(126-135)

subdomain method 1(100, 103, 105, 106, 108)

successive  over-relaxation (SOR) iterative
method 1(111,139,193-198)
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supercomputer 1(2)

supersonic flow 1(6-7, 18,30, 58)

- past a blunt fin on a plate 2(414,415)
inviscid flow 2(143-180)

surface pressure evaluation via 1D inte-
gration 2(386)

switching formulae, sonic line and shock lo-
cation 2(184)

symbolic (Fourier) analysis

— and characteristic analysis 2(259)

— of compressible RNS equations 2(262-263)

— of constant enthalpy compressible RNS equa-
tions 2(261-262)

- of incompressible RNS equations 2(259-260)

— of 2D transport equation 2(256-259)

symmetric SOR (SSOR) iterative method 1(194)

system of algebraic equations 1(163-164)

- nonlinear 1(164)

system of governing equations 1(24-28,331,
353-355)

tau method 1(151)

Taylor series expansion 1(52)

Taylor weak statement (TWS) of finite element
method 1(292); 2(366)

Taylor—Galerkin finite element method 1(292)

temperature 1(3,9, 11,48, 64, 166,277,305, 318)

temperature front convection 1(305-306,
312,313)

tensor product 1(138,139,256,377)

term-by-term finite element discretisation
1(136, 139)

test function 1(100)

TEXCL: semi-exact centreline solution 1(320,
325)

Theodorsen-Garrick transformation 2(89)

THERM: thermal entry problem 1(318-326)

thermal conductivity 2(3-5)

thermal diffusivity 1(48,82)

thermal entry problem, centre-line solution
2(268,269)

thin layer approximation 2(295,395,403-404)
for adjacent surfaces 2(404)

-—and RNS equations 2(404)

thin shear layer flows 2(26)

Thomas algorithm 1(130, 136, 183-184)

— and line iteration method 1(194)
block 1(188-189)

— generalised 1(187-188)

THRED: thermal entry problem via single march
solution 2(263-269)

three level explicit scheme 1(221,226)

three level fully implicit scheme 1(227)

three level generalised implicit scheme 1(229)
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total energy per unit volume 2(39)

total enthalpy 2(401)

total variation diminishing (TVD) require-
ment 2(164)

trajectory method for near-orthogonal grids
2(96,97)

TRAN: convection of a temperature front
1(305-316)

transfinite interpolation 1(7); 2(109-111)

— and grid orthogonality 2(111)

transformation parameters (metrics) 2(49)

— evaluation via finite element formulation
2(56,57)

- evaluation via centered differences 2(54,55)

— inverse 2(49)

transformation relationships 2(48-53)

transonic, inviscid flow 2(181-194)

transonic potential equation 2(182, 185-186)

— and Rankine-~-Hugoniot condition 2(182)

— and finite volume method 2(194)

—- and finite element method 2(194)

— and generalised coordinates 2(187-188)

— iterative schemes 2(189-192)

— multiple solutions 2(194)

— switching function 2(186)

-~ non-isentropic 2(193-194)

— small disturbance 2(183-185)

-~ small disturbance and jump conditions 2(183)

transport equation, one dimensional (1D)
1(11,12,35,299-316)

— algebraic schemes 1(302,303)

— explicit schemes for 1(299-303,312)

— implicit schemes for 1(304-306,312,313)

— phase behaviour of discrete schemes 1(310,
314,315)

— separation of variables solution of 1(306)

transport equation, two dimensional (2D)
1(316-328,376-377); 2(264)

— split formulations for 1(317-318)

transverse pressure correction

- boundary conditions for 2(283)

— in duct flow 2(280,283)

— Poisson equation for 2(283)

transverse velocity splitting 2(285-288)

-— irrotational components 2(286,287)

— order-of-magnitude analysis 2(287)

— rotational components 2(286,287)

— symbolic analysis of 2(288-289)

trapezoidal scheme for ordinary differential
equations 1(243)

trial function 1(98-101)

— and finite element method 1(117)

trial solution and finite element method
1(127,137)

triangular elements 1(143)

tridiagonal systems of algebraic equations
1(136,183-184,252)

truncation error 1(49, 52-57, 60)
and consistency 1(76-79)

— and dissipation and dispersion 1(290-291)

— cancellation 1(77,90,221,226,231)

—-in generalised coordinate formulae 2(57-60)

— leading term 1(56, 57)

turbulence

— direct solution 1(149)
dissipation rate 2(31,32)

— kinetic energy 2(31,32,397)

— (mixing) length scale 2(399)

— modelling, algebraic eddy viscosity formulae
2(24,399)
modelling, compressible flow 2(396-397)

— modelling, k—¢ 2(31-32)

— Prandtl number 2(397)

— wall functions 2(32,401)

TVD schemes 2(440)

— as added numerical dissipation 2(443)

— for systems of equations 2(166)

— for 1D Euler equations 2(442—443)

— implicit 2(441-443)

— in generalised coordinates 2(443)

— one-step nature 2(165)

— stability restriction 2(441)

TWBURG: 2D Burgers’ equation numerical sol-
ution 1(364-372)

TWDIF: generalised FD/FE implementation
1(259-266)

two-boundary technique and local grid orthog-
onality 2(104)

upwind differencing, supersonic regions 2(174)
upwind scheme, four point 1(296-298); 2(292)
— accuracy of 1(298,312,313)
—and q,, 1(345)
— and suppression of dispersion 1(298)
— and 1D transport equation 1(305, 306); 2(342)
— and 1D Burgers’ equation 1(335,338)
— and 2D transport equation 1(324-326)
- and 2D Burgers’ equation 1(364)
— and incompressible viscous flow 2(341-344)
— QUICK scheme 2(342,345,363)
— QUICKEST scheme 2(343-345)
upwind scheme, two point
and convection diffusion equation 1(295,296)
— and cross-stream diffusion 1(317)
--and linear convection equation 1(278,279,
281)
and 1D transport equation 1(301,302)

V-cycle, multigrid 1(204)

vector potential 2(388)

- surface boundary conditions for 2(388)

vector processing 1(4,5,15,16)

VEL: velocity in channel at specified location
1(142)

velocity 1(47,89,137,277,319)

velocity potential 1(12); 2(17,33)

Vigneron criterion and stepsize restriction
(303,304)

Vigneron RNS strategy

— discrete Fourier analysis 2(302,303)

— symbolic analysis 2(299-301)
for axial pressure gradient adjustment
2(298-301)

viscosity 2(3--5)

viscous dissipation 1(34)

viscous flow 1(59,98,116.137, 156,276,332, 336,
359)

viscous, inviscid interaction 2(313-322)

— semi-inverse method 2(315,316,319-321)

— quasi-simultancous method 2(315-318)
inverse method 2(314)

— direct method 2(314,315)

— close to separation 2(314)

— using Euler equations 2(321,322)

viscous inviscid region, coupling formulae
2(314-316, 320, 321)

viscous stresses 2(9)

von Karman-Trefftz transformation 2(87)

von Neumann method of stability analysis
1{85-88)

— and convective nonlinearity 1(372)

vortex methods (reference) 2(392)

vorticity 2(28-30)

— boundary condition at surface 2(373-375, 388)

- boundary condition at surface, pseudotran-
sient implementation 2(380)
formulation, in three dimension 2(387-390)

- singularity at sharp edge 2(382)
vorticity stream function formulation
— pressure solution 2(385-387)
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integral boundary condition 2(369)
group finite element method 2(377-381)
- finite difference algorithm 2(370-372)
- boundary conditions 2(373-376)
— and incompressible viscous flow 2(368-387)
vorticity transport equation, two dimensional
2{368)
vorticity transport equation, three dimensional
2(387)
vorticity vector 2(368)
vorticity, vector potential formulation
inflow. outflow boundary conditions 2(389)
— and auxiliary potential 2(389)
and satisfaction of continuity 2(391)
— in two dimensions 2(390,391)
— in three dimensions 2(390)

wave equation 1(30)

wave number 1(61)

— cut-off 2(438)

— representation on a finite grid 2(437)

wave propagation and  dissipation/disper-
sion 1(287-290)

wave propagation speed 1(62,289)

wave representation 1(60-64)

wavelength 1(61)

— and error distribution 1(200)

— attenuation and dispersion 1{287)
behaviour for 1D transport equation 1(314,
315)

weak form of governing equation 1(100)

weather forecasting 1(3,9)

wedge boundary layer flow 2(204,210)

weight function 1(100, 101,135, 146): 2(365, 367)

weighted residual method 1(98-101)

-and comparison of constituent methods

1{101-105)

well-posed problem 1(18-20)

wind-tunnel experiments vs CFD 1(2)

zonal method 1(7-9), 2(395-396)
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